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1. Introduction

Engineering problems frequently require computational fluid dynamics (CFD) solutions with functional outputs of specified
accuracy. The computational resources available for these solutions are often limited and errors in solutions and outputs are
difficult to control. CFD solutions may be computed with an unnecessarily large number of mesh vertices (and associated high
cost) to try to ensure that the outputs are computed within a required accuracy. One of the powerful methods for increasing the
accuracy and reducing the computational cost is anisotropic mesh adaptation, the purpose of which is to control the accuracy of
the numerical solution by changing the discretization of the computational domain according to mesh size and mesh directions
constraints. This technique allows (i) to automatically capture the anisotropy of the physical phenomena, (ii) to substantially
reduce the number of degrees of freedom, thus impacting favorably the CPU time, and (iii) to access to high order asymptotic
convergence.

The objective of this paper is to propose a time-accurate anisotropic mesh adaptation method for functional outputs of Navier-
Stokes calculations.

Pioneering works have shown a fertile development of Hessian-based or metric-based methods [17, 37, 35, 24, 38, 11, 15,
19, 22, 26] which rely on an ideal representation of the interpolation error and of the mesh. The “multiscale” version relies on
the optimization of the LP norm of the interpolation error [29]. It allows to approximate discontinuous solutions with higher-
order convergence [33]. However, these methods are limited to the minimization of some interpolation errors for some solution
fields, the “sensors”, and do not take into account the PDE being solved. If for many applications, this simplifying standpoint
is an advantage, there are also many applications where Hessian-based mesh adaptation is far from optimal regarding the way
the degrees of freedom are distributed in the computational domain. Indeed, Hessian-based methods aim at controlling the
interpolation error but this purpose is not often so close to the objective that consists in obtaining the best solution of the PDE.
Further, in many engineering applications, a specific scalar output needs to be accurately evaluated, e.g. lift, drag, heat flux, and
Hessian-based adaptation does not address this issue.

In contrast, goal-oriented mesh adaptation does focus on deriving the best mesh to observe a given output functional. Goal-
oriented methods result from a series of papers dealing with a posteriori estimates (see e.g. [10, 39, 21, 38, 36, 40, 25]).
However, extracting informations concerning mesh anisotropy from an a posteriori estimate is a difficult task. Starting from a
priori estimates, Loseille et al. proposed in [32] a fully anisotropic goal-oriented mesh adaptation technique for steady problems.
This latter method combines goal-oriented rationale and the application of Hessian-based analysis to truncation error.

Mesh adaptation for unsteady flows is also an active field of research and brings an attracting increase in simulation efficiency.
Complexity of the algorithms is larger than for steady case: for most flows, the mesh should change during the time interval.
Meshes can be moved as in [9], pattern-split [14, 27], locally refined [7], or globally rebuild as in [2, 23]. Hessian-based
methods are essentially applied with a non-moving mesh system. In this paper, we do not account for time discretization error
but concentrate on spatial error in unsteady simulations. A mesh adaptation fixed-point method was proposed in [2]. The
Hessian criteria at the different time steps of a sub-interval are synthesized into a single criterion for these steps with the metric
intersection [2, 23]. A mesh-PDE solver iteration is applied on time sub-intervals. Extension to L” error estimator [33] requires:
(i) space-time L™ — L? error analysis, (ii) a global fixed-point algorithm to converge the mesh adaptation. This extension has
been proposed in [7].In [12], we combine the fully anisotropic goal-oriented mesh adaptation method of [32] and the global
fixed-point advances of [7] for unsteady Euler flow.
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The object of the present work is the extension of the [12] goal-oriented global fixed point to the Navier-Stokes system.
To this end, ...

We start this paper with...

2. Continuous mesh model

2.1. Mesh parametrization

We propose to work in the continuous mesh framework, introduced in [30, 31]. The main idea of this framework is to model
continuously discrete meshes by Riemannian metric spaces. It allows us to define proper differentiable optimization [1, 8], i.e.,
to use a calculus of variations on continuous meshes which cannot apply on the class of discrete meshes. This framework lies in
the class of metric-based methods.

A continuous mesh M of computational domain Q is identified to a Riemannian metric field [13] M = (M(X))xeq. For all x of Q,
M(x) is a symmetric 3 X 3 matrix having (1;(x));=1 3 as eigenvalues along the principal directions R(X) = (v;(X));=13. Sizes along
1

these directions are denoted (4;(X));=13 = (/li_f(x))i= 13 and the three anisotropy quotients r; are defined by: r; = hf (hihahs) L.
The diagonalisation of M(x) writes:

i rl_% (%) i
M(x) = d3 (x) R(x) r, 3 (x) "R(x), (D

i)

The node density d is equal to: d = (hihohy)™' = (/11/12/13)% = +/det(M). By integrating the node density, we define the
complexity C of a continuous mesh which is the continuous counterpart of the total number of vertices:

C(M):fd(x)dx:f Vdet(M(x)) dx.
Q Q

Given a continuous mesh M, we shall say, following [30, 31], that a discrete mesh H of the same domain Q is a unit mesh
with respect to M, if each tetrahedron K € H, defined by its list of edges (e;);=1..¢, verifies:

Vie[l,6], Cme)e [% «/5] and Qm(K) € [a, 1] with @ >0,

in which the length of an edge {,(e;) and the quality of an element Q ((K) are defined as follows:

¢
Om(K) = ﬁ% € [0, 1], with |K|y = f Vdet(M(x)) dx,
3530, 8 (e) K

1
and Cpq(e;) = f \/’ab M(a + tab) ab dr, with e; = ab.
0

We choose a tolerance a equal to 0.8.
We want to emphasize that the set of all the discrete meshes that are unit meshes with respect to a unique M contains an
infinite number of meshes.

2.2. Continuous interpolation error

Given a smooth function u, to each unit mesh H with respect to M corresponds a local interpolation error |u—1ITu|. In [30, 31],
it is shown that all these interpolation errors are well represented by the so-called continuous interpolation error related to M,
which is expressed locally in terms of the Hessian H,, of u as follows:

%trace(/w% () |H(x, ) M- ())

(u — Tpu)(x, 1)

3

= %d(x)’% ; (%) 3 Vi (%) [ Ho (%, )] vi(X), @

where |H,| is deduced from H,, by taking the absolute values of its eigenvalues and where time-dependency notations *, f)” have
been added for use in next sections.
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2.3. Mesh convergence

Convergence analysis for unstructured meshes is generally made difficult by the poor assumptions that are made concerning
the sequence of meshes considered. In the present paper, we a family of meshes M), described as refinements of a given one in a
unusual way. Indeed, this is formalised in terms of metrics. Any mesh M}, of this family is a unit mesh for a metric M, which is
proportional to a reference one M;:

1
Mhz ﬁMl .

Further, we assume that £ is large enough, in such a way that, as far as the normalized metric M, is smooth enough, the
variation of mesh size between two neihboring cells can be made as small as we wish. At element scale, the mesh is a uniform
mesh. Lastly, for simplicity, we assume that we are able to build each unit mesh in such a way that it is made of isoscele triangles
with symmetry axes aligned with the stretching direction, in order to avoid obtuses angles, see Fig. 1.

3. A priori finite-element analysis

A priori estimates have been derived very earlier, in H'(Q) (“projection property”), and in L>(Q) (Aubin-Nitsche analysis),
but only by means of inequalities, and the leading term of the error is generally not exhibited (only bounds of it are proposed).
In this section, we try to go a little further than the standard a priori analysis. We concentrate on the usual Poisson problem, set
in a polyhedral n-dimensional domain Q for the sake of simplicity:

—Au = fonQ; u=0 on Q. 3)

Its variational form writes:
a(u,v) = fVu.VvdX = (f,v) VYveV @)
Q

where V holds again for the Sobolev space V = Hy(Q) = {u € L*(Q), Vu € (L*(€))", ulsq = 0}. In order to derive an a priori
estimate, we assume that the solution u has some extra regularity:

ueV=vnHQ).
We observe that u is therefore the solution of:
aw,v) = (f,v) VveV

Let 77, be a mesh of Q2 made of simplices, and let V), be the subspace of V of continuous functions that are $; on each element
of the mesh. The discrete variational problem is thus defined by:

a(up,vi) = (f,v) Y eV, (5)
Let us introduce the linear interpolation I1;, from vertices values:
II,: V>V, ; v IIv suchthat II,v|7 is affine V¥ element T and II,v|; = v(x;)Vi vertex .
The approximation error in the sequel will be split into two components:
up —u = up, — yu + Ihu — u (6)

where we recognize in the first difference I1,u — u the interpolation error, while we shall refer to the first difference Ej, = u), — [Tu
as the implicit error. It is useful to remark that the discrete statement is equivalently written:

a(up, 1) = (f, ) VYeeV. (7)
Combining with continuous and discrete systems we get :
a(lpu — up, Tye) = a(llpu, ) — alup, i) = a(lyu, ) — (f, 1) = a(llyu, ie) — alu, Iyp)
which gives:

a(Ep, hp) = a((u—1u), Iyp)  Vee V. ®)
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3.1. 2D Truncation error analysis

We concentrate in this section on analysing the right-hand side of Estimation (8), that is:
< V(u — Iyu), VIl,¢ > ©)

We assume we are in the limit conditions of mesh convergence described in Sec. 2.

In such a extremely regular mesh, the main part of an approximation error can show compensations between two neighboring
elements. For a smooth function u, the approximate gradient VII,u can be of first order accuracy on a given isoscele triangle
T, = ABC,CA = CB, while some of second order convergence can be obtained on the union of this triangle with the triangle 7_
symmetric with respect to the basis AB (cf. Figure 1).

Figure 1: Superconvergent molec In case of stretching, the basis is smaller that the other sides.ule for a vertical derivative

Decomposing the previous Estimate (8) into an integral on each element leads to:
0 0 0 0
<V(u-Tu), VIl > = —(u - ) —Ie + — (@ — M) —I,p | dx
o \0x 0x ay ay

= Z f 2(u - Hhu)il'[hgo + ﬁ(u - Hhu)ﬁl'[hgo dx
7 \0x 0x ay ay
T.element

where the sum X is taken over any element 7 of the mesh. Restricting to the integral over T for xIncaseof stretching, thebasisissmallerthat
terms contribution and applying a Green formula we get:

0 0
fT(a(u —Hhu)al'[hgo) dx =

2
f (u— Hhu)(iﬂhgo) -nldo - f ((u - Hhu)(a—flhtp)) dx
oT 6.7(' T (9x2

where by nl we denoted the x component of the outward normal to the triangle 7 : n = (nl, nyT). The same analysis holds for y

terms. We observe that since IT,¢p is Pl on T, the last integral in the right-hand side vanishes. Further, the derivative in the first
integral is constant, hence:

0 0
f (= Thy)(5-TTyp) - nido = (—tho) Ir f (u — Myu) - nkdo.
aT X ox or
Considering we are in the situation picturized in Figure 1, then the integral over 97T applies to the two triangles 7', and 7_ with
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Figure 2: Molecule for a vertical derivative

edge e as a common edge. We observe that the sum of integrals along e provided by the two triangles gives:

0 0
(—Hhcp) |7, f (u —Iyu) - nf.*da' + (—tho) I f (u —Iyu) - nf‘da’
ox aT.Ne ox aT_Ne

0 0
= (==yglr, — —Telr.) (u — ) - nl+do .
Ox ox aT, Ne

Remembering that IT;¢ is continuous along any edge e, we can write:

0 0
(-Tuglr. = =-Tygly ) -l f (u — Tyu)dor =
X aT,Ne

ox
0 0
(z—Ielr, — yelr) (u — Ipuydo . (10)
8nT+ 6nT+ aT.Ne
In the case of a regular mesh as in Figure 1, the two terms of the difference (%thaln - %thoh_) are derivatives evaluated

at mid-altitudes:

Lemma 3.1. For a regular enough mesh, the term 1" (%Hhtpln - %thalrf) is consistent with a second normal derivative
weighted by the inverse of mean altitude of the two triangles:

0
11 = ..
p- h90|T_)

+

0
-1
— Lol —
U (ann nelr,

Proof:

As explained in Sec.”’Mesh Convergence”, we consider that the mesh is locally made of identical isoscele triangles, with an
altitude aligned with symmetry axis of length 7 and with basis (orthogonal to axis of symmetry) of length £. In case of stretching,
the basis is smaller that the other sides. A couple of neighboring triangles may have a common basis (Fig.1) or a common lateral
side (Fig.2).
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We analyse the second case, remarking that it somewhat involves the first one.

We first analyse how behave our geometry when the stretching, which we can represent by the quotient £/n, is growing, i.e.
&/n — +oo. Let us denote a the small angle between the two equal sides, which therefore tend to zero. Let us introduce:

0= (xp—xc)/é=(xp—2x4)/E
We observe that:

sina

n/é
|AC'|/¢ =|BD'|/é=1-0

cosa

which shows that when stretching £/n tend to infinity, we have:

2 4
o="_4+0

Tag e
4 4
where 0(2—4)/ (2—4) is bounded.

Let us come back to the derivatives under study. It is useful to assume that the origin of axes is the center O of AB, and that
the horizontal axis is AB. We have:

1 1
Xe=5(1-206 : xp=-Q20-1)

For high stretching and case of Fig.2, 6 is small. Conversely, the case of Fig.1 gives 8 = 1/2. Atnodes A, B, C, D, the interpolation
I1,¢ is identical to function ¢:

1 1
() = @(0) — =@, + gfzsoxx + .

pYa = 7
1 1,

pp = Ilhp(B) = 90(0) + Eg‘px + gé: Pxx T e
1 1(1 ' 1 ,

b = Tg(C) = 90) + 3(1 - 2000, + ng, + 5 [ 1(1= 207800 +25(1 = 20000, + Py | + .
1 1(1 ) 1 ,

e = Tig(D) = ¢(0) = 5(1 = 200é¢. — gy + 5 [ (1 = 207860+ 25(1 = 206000y + 7Py | + .

Denoting by C’" and D’ the feet of altitudes from (resp.) C and D, we observe that:

1
Pcr yp(C) = Opa + (1 = O)pp = ¢(0) — 5 (1=20)5p, + E /8¢ + ...

, 1
©p (D" = 8pp + (1 — Opa = ¢(0) + 5(1 —20)ép, + §2/8(,0m + ..

The non-divided differences defining the normal derivatives write:

1 1 1
ec—go = (1-206p, +np, + (g[(l =207 = €% + 5(1 = 20)nps + Enzsoyy) =

1 1 1
oo —¢p = (1-20)p, +1p, - (g[(l =207 = €% + 5(1 = 20)npy + 577%) * o

Remembering that (afﬂ Melr, — ﬁl‘[h@[) = 71] (oc — @' — opr + ©p), we get:

(0 9 L1
n (%thln - %HMT) =7 (Z[(‘ = 20" = 11Epee + (1 = 20)nps, + nzsoyy).

+

If we are in the case of Fig.2: then £/ — +oo, but:

2 4
n 7
[(1-207%-1] = 4e+492=§+0(§—4)
2
(1-20) = 1+0(ZZ
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7,]2

_ 0 d 1
In 1(—Hhsoln - _Hh90|T)| < %Isoxyl + leoxxl + oyl + O(ég .

6nr+ 61’17

+

If we are in the case of Fig.1: thenn > £V3/2 or &/n? <4/3and 0 = 1/2:

0 0 -1 1
Bl -2 2 2 o
II - I1 < — &0, i< . N
In (&m nlr, o, hvaT_)l_In (4§¢ +n QDyy)l n (3|¢ |+|<pw|)

Ancienne version

For the proof of this result we refer to Figure 1. Suppose we denote I the middle of segment [AB] (also denoted edge ¢), then
o(I) = (p(A) + ¢(B)) /2. Next, the difference (%tholr+ - %HWIL) can be expressed by divided difference as:

0 n 1 =y0) (@(C) — (D) + (ye — y) (@(C") — p(]))
welr. = .

0
—Iolr, -
X "o onr, e =yDr —yc)

ai’lT
By hypothesis the mesh is regular enough such that the two triangles (ABC) and (ABC”) can be considered as isosceles, thus we
assume that: yc —y; = y; —y¢ = h. Replacing with & where possible and after further computation we get for the right-hand side
of the previous relation:

1 = yc) (@(C) — o) + e = y1) (@(C") — o)) _ . ©(C) = 20(I) + p(C")
e =yDOr—ycr) n? ’

where we recognize an estimation of the second order derivative from finite difference theory.
To conclude, the following estimate holds:

P P P
—II - —1II ~h—(
( oy nelr, anr It 92 0

In practice the jump for 7, and 7 could differ, that is why we consider the mean jump h = % where by a, we denoted the
altitude of T* triangle and respectively a_ the altitude of the 7~ triangle.
O
Regarding y-terms contribution, the previous estimate holds too.

To synthetize, we have shown until here that:

0 0 0 0

—u—Ihu)—Ie + —( - M) —Ie|dx =

fg(ax(” hu)ax hp ay(u hlt) P ht/)) X
Y, Vil nl, [ = M, de (a1

eedge

where according to the previous Lemma 3.1 the jump [VII,¢ - 1], is identified as a second order derivative:
0 0 0 0
—(u - ) —1Ip + —(u — u)—Il,p|dx =~
fg(ax(” hu)ax ne 6y(u lh) P htp) X

Z h- Vi f(u — T,u), de (12)
eedge ¢

Transformation of Estimate (12) into an integral on Q. Once we have identify a second derivative, we can examine its

weight. Indeed, it is multiplied by half the sum of the two altitudes of the triangles and integrated along the common edge (see

proof of previous Lemma 3.1). Let us denote by G (resp. G_) the centroid of triangle T, (resp. T-), a, (resp. a_) the altitude of

T, (resp T-) orthogonal with respect to e. We shall refer in the sequel to the diamond-shaped surface D, as the surface bounded
7



Figure 3: Diamont shape geometry : (AG.BG_)

by the segments joining either G, or G_ to an extremity of edge e (see Figure 3). The triangle formed by G, and e (or ABG.),
denoted here K., has an area of one third T, ’s area :

1
Tl = 5 -lel - lav] = 3 |Ky].

Then, the sum of K™ and K~ areas is equal to the area of the diamond-shaped surface D,:

la,| +la|

IDel = |K*| + K| = el z

Let us approximate now the integral over edge e of the interpolation error u — IT,u from Estimate (12) with the integral over the
diamond D, for the same expression :

1 1
Ef(u—nhu)dez|D|f(u—l"[hu)dx.
e e D,

We observe that the union of diamond cells covers the whole computational domain €, i.e. |Q| = Y ks |K| = X p, |1D.|. This
allows to estimate the integral on .

0 0 0 0
2= ) LT + 2 (= T = Ty dx ~
fQ ( =T T + =Tl - hw) x

Z 3 f (u — ) V2e(x) dx = 3 f (u — ) V2e(x) dx (13)
D, D, Q

A first estimate. If we try to write an estimate which does not depend too much on function ¢, we can over-estimate the error as
follows:

Lemma 3.2. We have the following bound:
0 0 0 0
— (u = ) — Ty + — (u — Myu)—I1 <
[ =Tl e+ 0= T ] <
3 fIP(H(sD)I | — TTpuldx (14)
Q

where A < B holds for a majoration asymptotically valid, i.e. A < B + O(A). Expression |p(H(p))| holds for the largest (in
absolute value) eigenvalue of the Hessian H(yp).[]

3.2. 3D Truncation error analysis
The previous steps from two dimensional analysis applies here too. Thus, we can skip the calculations and go directly to the
main result and say:

Lemma 3.3. For a regular enough mesh, the term (#Hk(ﬁlT+ - anar Iyl7 ) is consistent with a second normal derivative
+ +

weighted by the inverse of mean altitude of the two tetrahedra T, and T-. [J

To synthetize, as in two dimensional analysis, the following estimate holds:

V(u — IT,u)VIl,p) dQ =~
| - e 3

[VIIne - nlf f(u—l'[;,u)f do . (15)
f.face !

where the jump VII,¢ - n is estimated as a second order derivative, weighted by half the sum of corresponding altitudes of tetra-
hedras 7, and T_.

!| - | holds for volume, area or length of geometrical objects



Transformation of Estimate (15) into an integral on Q.
Let us denote by G, (resp. G_) the centroid of tetrahedron T, (resp. T-), a, (resp. a-) the altitude of T, (resp T-) with
respect to f. The volume of the tetrahedron K* formed by G, and f is equal to:

1
IK*| = gl -lasl.

As for two dimensional case, we construct the diamond-shaped volume D, bounded by the triangular plans joining either G.. or
G_ to a side of face f. Then, the volume of Dy is :

lai|+la_|

IDgl = IK*| + K7 = |f] 9

We shall approximate the integral over face f with the integral over the diamond D;. Then again, the union of diamond cells
covers the whole computational domain €, i.e. [Q2] = }} |Dy|. This allows to estimate the integral on  as:

0 0 0 0
= Tht) =TTy + —(ut — ) —T1 ~
fg; (ax(u hu) Ix e+ ay (M hu)ay h‘P) dx

Z 2 f (u — THu)V3p(x) dx = 4 f (u — Tu)Vp(x) dx (16)
D, 2 D, 2 Ja

G

A first 3D estimate. If we go furthermore and search for an estimate of (16) which does not depend too much on the function ¢,
we can over-estimate the error according to the following lemma:

Lemma 3.4. We have the following bound:

9
|L(V(M_Hhu)vnh90)dg| =5 LIP(H(SD))I |t — IT4uldQ2 a7

where A < B holds for a majoration asymptotically valid, i.e. A < B + O(A). Expression |p(H(p))| holds for the largest (in
absolute value) eigenvalue of the Hessian H(y).l]

Remark: In the case where u# — I1,u does not vanish on the domain boundary denoted here I, then we get an extra term
equivalent to:

f(u - II,u)Vyp - ndo.
r

4. Unsteady Navier-Stokes Models

4.1. Continuous state system

Continuous state system. The 3D unsteady compressible Navier-Stokes system for a perfect gas is set for (x, ¢) in the computa-
tional space-time domain Q = Q X [0, T], where T is the (positive) maximal time and Q C R3 is the spatial domain. It writes

ow
— + V.- FELV.F =0
ot
In the above definition, W is the vector of conservative flow variables. The Euler fluxes are defined by: F£(W) = (771E w), 7725 w), ?}E (
The column vector W and flux tensor F* are given by

P pu
pu puu + pe,
W=|pv |: FEW)=| puv+ pe, | . (18)
ow puw + pe,
pE puH

Here p, p, and E represent the fluid density, thermodynamic pressure, and total energy per unit mass. u, v, and w are the Cartesian

components of the velocity vector u and H is the total enthalpy given by H = E + .

Functions ¢ and W have 5 components, and therefore the product ¢W holds for > ;_; s ¢xWr. We have denoted by I the inviscid
9



subset of the boundary of the computatignal domain Q, n is the outward normal to ', W(0)(x) = W(x, #)|,=o for any x in Q, W, the
initial condition and the boundary flux E contains the different non-viscous boundary conditions, which involve inflow, outflow
and slip boundary conditions.
We describe in short the viscous fluxes as:

TV = [07 O-’ _(q - u‘o-)]Ta

where u = (uy, up, u3) is the velocity vector and the viscous stress tensor o is defined as:

2
o = u(Va+val)- SVl

with u representing the constant viscosity.
The heat flux q is given by Fourier’s law:

q = -AVT
where A is the heat conduction (assumed here to be constant), and T the temperature defined hereafter:

T = l E - i((pul)2 + (pup)* + (Pu3)2)) )
cy 20

with ¢, also assumed to be constant.
The matrix expression of viscous fluxes V writes:

0 0 0
O xx Oyx Ozx
Oxy Oyy Oy >
Oxz Tyz Oz

UOxx +V.0xy + WOz + AVT w0y +v.oyy + Wy + AVT w0y +v.0zy + woy + AVT

And viscous stress o has the following general matrix expression:

ou  Ou  Ou u v dw
ax @ 9z ox  dx ax
o=ull & o e |t @
Ox dy 0z 74 9z 0z
Vu Vu’
Ox + dy + 0z 0 0
~ZH 0 T L
u v w
0 0 Ox + dy + 0z
V.l

An essential ingredient of our discretization and of our analysis is the elementwise linear interpolation operator. In order to

_ 95
use it easily, we define our working functional space as V = [H Qn C(Q)] , that is the set of measurable functions that are
continuous with square integrable gradient. We formulate the Navier-Stokes model in a compact variational formulation in the
functional space V = H'{[0, T]; V} as follows:

Find W € VsuchthatVp e V, (W(W), ¢) =0
with ¥ = ¥ +¥F+¢,

T
f @(O)(Wo — W(0)) dQ + f f oW, dQdr
Q

T
ff(pV FEW)dQdr - ff FEW).ndl dr
f f(pV FY(W)dQdr . (19)

Viscous fluxes provide seven new terms to which we apply the finite-element error-analysis of Section 3, that is based on
estimations of interpolation errors:

(P W)+ F(W). ¢)

+

W), 9

7
YV, y) = wa-TVdﬁz ZEk.
Q k=1
10



The three first terms come from moment equations and depend only on Y34 = (Yo, Y3, )" :

E, = Y234V - uVu dQ

E, = fl//234V'H(Vu)TdQ
o
2

E3 = ——fl,l/234v~/lv.lll dQ.
3 Ja

The four last terms are derived from the energy equation:

E, = fg sV - AVTdQ

Es = L sV - (uuVu) dQ

Es = fg YsV - (wp(Vw)'")dQ
E, = —% fg sV - (uuV.ul)dQ .

4.2. Variational discrete formulation

As a spatially semi-discrete model, we consider the Mixed-Element-Volume formulation [16]. As in [32], we reformulate it
under the form of a finite element variational formulation, this time in the unsteady context. We assume that Q is covered by a
finite-element partition in simplicial elements denoted K. The mesh, denoted by H is the set of the elements. Let us introduce
the following approximation space:

Vi, = {goh eV | @nk 18 affine YK € 'H}
Let IT;, be the usual P! projector:
II, : V — V, suchthat II,¢(x;) = ¢(x;), Y x; vertex of H.
We extend it to time-dependent functions:
I, : H'{[0,T1;V} > HY[0,T1;V,} suchthat (ILp) () = I, (¢(t)), V¢ € [0,T].
The weak discrete formulation writes:
Find W), € H'{[0, T]; V) such that Ve, € H'{[0,T1; V}.}, (¥(Wy), @n) = 0,

T
f @n(0)(IT, Wx(0) — Woy,) dQ + f f op T, W), dQ dr
Q 0 Q

T T T
f f oV - Fu(Wy) dQdr — f f onFr(Wy)ndldr + f f ©n Dp(Wy) dQ dr
0 Q 0 r 0 Q

T
f f onV - F (Wy)dQdt , (20)
0 Q

with: (Pa(Wh) , ¢n)

+

+

In this system, the discretization of Euler terms are essentially applied by projecting the fluxes with the P' interpolator: ThE =

IT,7F and ?:hE = H;ﬂ—c E A numerical diffusion - term Dj,- is added for numerical stability. In short, the Dy, term involves the
difference between the Galerkin central-differences approximation and a second-order Godunov approximation defined as in
[16]. In the present study, we only need to know that for smooth fields, the D, term is a third order term with respect to the mesh
size parameter /.

Notation ¥, (W) holds for a standard P! finite element discretization of the viscous terms, in which only the numerical
quadrature of non-differentiated fields need be specified, which will be done for each term at the same time as we perform our
error analysis.

Since we do not address time discretization errors, we keep the time derivation not-discretized. In the numerical examples,
an explicit time stepping algorithm is used by means of a multi-stage, high-order strong-stability-preserving (SSP) Runge-Kutta
scheme. More details can be found in [5].
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4.3. Mesh adaptation first problem statement

Let g be a function of L*{[0, T1; V}. We assume that the purpose of the simulation problem is to evaluate the functional:
j=1(g, W) where W is the solution of (19).

The problem addressed in this paper is, given a number of nodes N, to find the mesh which minimizes the following functional
error:
0j=(g,W-—-W,) where W is the solution of (19) and W), is the solution of (20).

In order to make this problem more precise we propose in this section an error analysis.

5. Linearised error system
Let ¥ a smooth test function; we choose:
=1y in (19) and on =y in (20).

Then:
P (W), ) — (P dLW), ILy) = — (¥, AL W), ) + (P(W), ILy)

Here we need to assume that W), can be made close enough to IT, W in such a way that we can identify the main term of the
left hand side as a Jacobian times the difference:

0¥,
a_v‘i(Wh)(Wh - 1L,W), th#) ~ = (YpLW), ) + (¥ (W), Tpy) as h— 0.

We are now interested by the right-hand term, made of Euler terms, a stabilization term which we neglect (due to smoothness of
functions W and ¢, and viscous terms.

6. Inviscid right-hand side

6.1. Interpolation errors

The right-hand inviscid side writes:
RHS = f oV (F (W) — ILF (W))dQ - f $n(F (W) = I F*(W)) - n dT
Q r

we recall that ¢;, = I[1;,¢ and next we add and substract a ¢ term:
RHS = RHS|+RHS,

with:
RS, = [ (6= 67 - (F(W) = 7 ()0
Q
- f (TL6 — §)(F (W) — ILF(W)) -n dr .
T

Assuming smoothness of ¢ and (W), we deduce that on €, interpolation errors are of order two and their gradients are of order
one, same on boundary, and RHS | is thus of order three:
RHS, < consth’.

The second term writes:

RHS, = f ¢V - (F (W) - IL;F (W))dQ - f PF (W) = IL,F (W) - n dl
Q r

12



and we transform it as follows:

RHS, = - f (V) - (F(W) - I, F(W))dQ
Q
+j@&nm—nﬁumyn&
Tr

_ f¢(7__-(mt(w) _ Hh?:”m(W)) .ndr.
r

The above estimates shows again the central role of the interpolation error on internal and boundary fluxes for the global
approximation error.

Remark: In RHS , we can apply the same asymptotic extension as in the elliptic case studied in previous section. The expression
of RHS, is in fact very good news. Indeed, due to the smoothness assumptions for ¢ and W, L? estimates for interpolation error
on volume and on boundary apply, so that this term appears as a second-order one:

RHS, < const.h’.
Further, using the same techniques as in [? ], this term can be extended as follows:
RHS> = h* (G(W,m),¢) + R
where the last parenthesis is to be understood as a distribution one. The term R is of higher order:
R = o(h?).0O
6.2. Temporary conclusion
The above study shows that the implicit error W), — IT,W is essentially a function of the interpolation error W — IT,W. In

the numerical applications we shall discard the boundary terms in order to simplify the mesh generation. In [28], it has been
observed that this simplification does not reduce much the quality of the results.

7. Viscous right-hand side

7.1. Notations
As noted below, viscous fluxes provide seven Ej terms to which we apply the finite-element error-analysis of Section 3, that
is based on estimations of interpolation errors:

;
(q)(v,!ﬁ):j‘WVﬂ/dQ:ZEk.
Q k=1

The three first terms come from moment equations and depend only on ¥o34 = (Y2, Y3, Ua)T:

E, = Y234V - uVu dQ
E, = meMWHQ
Q
2
E3 = —-= f !ﬂ234v . /JVUI dQ.
3 Ja

The four last terms are derived from the energy equation:

E, = f YsV - AVTdQ
Q

Es = f UsV - (uuVu)dQ
Q

Es = f YsV - (wu(Vu)") dQ
Q

E7 = —z f W5V . (ll,LquI) dQ.
3 Ja

In the sequel, for each of these seven terms, we derive an error estimator following the a priori finite-element analysis of
previous sections where we have shown how the implicit error is bounded by interpolation error weighted by some weights. The
main idea of the resolution is to retrieve Relation (9) for which Lemma 3.4 can be applied.

13



7.2. Study of truncation error terms

As for the Euler flows case we do not consider in the sequel the boundary error terms.

Study of E1, E, and E;
. Let us concentrate first on the three terms summation derived from the momentum equation:

E = U fQ'l/234V~VudQ = u Z;]Z?:]L,pmﬁ%(%ui)dg’
Ex = p [V -(WdQ = p XL 3Y [l (Lu)de,
By = —ud fyunu¥ (ValdQ = 35l 51 [ (Lu)de

We remark that E, and E3 expressions can be directly additioned with an exchange of i and j derivatives. Then the summation
of these terms writes:

Ei+E,+E5= ii[w iiud9+liif¢/ iiudQ
1 2 3=HM A o t+16xj (3le 3 4 o Hlﬁxi axj J .

It is sufficient to consider eq»3 :

The other terms are depicted identically.
We are interested in the error term:

h azul 62Hhu1
Seiny = epnz —elyy = thl/’i+1axiaxjdﬂ—fnhlﬁl+la o, -dQ

(92
fﬂhlﬁma o, -y — Hpup)d Q.

After a first integration by part and neglecting the boundary terms, the error term writes:

&m=—f (M) 5 9y = Ty d2.
Q J

Now, according to Lemma 3.4 from the elliptic error analysis these volumic contribution is overestimated as:

9
dejs = 3 fP(H(lﬁm))Wz = Iyl
o

And finally, going back to our initial sommation the following a priori estimate holds for the first three terms of viscous flux
contribution:

9 3 L3
OE| + 0E, + 0E3 < FH Z [3 p(HWi1)) + 3 ZP(H(%H)) |u; — Iyl
] =

We recall that 9/2 constant comes from the three dimensional estimator, and since the first term of the summation is independent
on j, it is thus multiplied by 3.

Study of E4
. The first term from the energy equation is discussed now:

Es = f YsV - AVTdQ.
Q
We consider the following discretisation :

Eyy = f IysV - AVIL,TdQ.
Q
14



We focus on the error term:
O0E4y, = fg sV - AVTdQ - fQ sV - AVIL,TdQ.
After a first integration by parts we get:
O0E4) = LH;,%/W -(V(T -11,T))dQ

= f ATLysV(T —T1,T) -ndl - f AV(ITs) (V(T = T1,T)) dQ.
r Q

The boundary terms contribution is neglected as already mentioned. Then, the volume integral is equivalent to Estimation (9) for
which Lemma 3.4 can be applied.
We obtain thus the final estimate:

9
OFun < 3 f Wp(H(Ws)) [T - TIAQ. @1
Q

For the next three remaining terms, Es, E¢ and E;, because of their non-linearity, a slightly different algorithm of resolution
is employed, by some mathematical artifice.

Study of Es
. We start from the following developpement:

303 ou
=pu Z f ( x')dQ.
i=1 j=1 J
We resume next to the integral formulation and analyse the error term:
d ( ou 0 Ollyu,
665 =e5 — egl = f th5_( i )dQ f thﬂs (th/t, nlhi )dQ
Q ox; "0x; i Ox;j Ox;

Because of the non-linearity of this term, we cannot directly add the two integrals and perform an integration by parts for this
summation. In order to obtain a relation equivalent to (9) we perform firstly an integration by part for each one of the two
integrals and discard the boundary terms.

Ses = — f —(Hh%)(u,a )dQ fg —(th5>(nhu,agh“’)d9—
/

f —(thj/S)( W)dg +f _(thS) (ITpu; — u;) anhuldQ .
X a 0x; ox;

J J

I o)

Next, regarding integral I}, after an integration by parts we have:
62
I=- f (M) s s = Ty +
ﬁx.

0
f (Hh'ﬁs) ( u; — Iu;)dQQ — f“i (6—(1_[11%05)) nj (u; — Hpup)dl .
r Xj

Tn Ty

We recognize in T, the hypothesis of Lemma 3.4. Thus:

9
T < 5 f lueilo(H (Yr5)) lui — M| dQ
Q

Regarding T, terms, we observe they are (closed to) identical to I, but opposite signs, thus we discard them.
Finally, the total contribution of Es term writes then:

27 ¢
OEs < Zu ) f udp(H(s)) lu; = Ty dQ. (22)
i=1 V&
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Study of E¢

. In contrast with the previous term, the gradient of the velocity vector is transposed, thus the velocity components will be
crossed.

Let us write:

We analyse the error term:

0 6uj 0 aﬂhuj
= s — (uj— | dQQ — I1 I1 Q
oeg L ns o, (“1 6x,»)d f hlﬁs 5 ( Wi —— ax, d

After a first integration by parts applied on both integrals we obtain:

5 I dQ + I I1 My dQ
e = — fa—( h@lfs)(uz ) fé_( hWS)( Ui —— ax, )

f _(Hh'//S) (Mzw)dg f —(thﬁg) (Hhu,' - M,‘) 3Hhude .
0x, Q 0x; 0

i Xi

1] 12
As for the previous term, a second integration by parts is applied with the assumption that the boundary terms can be neglected:
6thﬁ5 6ul 8thﬂ5
I] = fs; a—xj ax, ( Hhuj) dQ— jr‘ (9)6] s n; (Ltj - Hhu_,-) dr.

T T2

We recognize in T, the estimation of Lemma 3.4, that is:

9
Ty < FH flui|,0(H(¢5)) leej — ITpu;| dQ.
Q

For the T, and I, after further calculation we obtain the interpolation error on velocity vector weighted by a vector with, as
components, cross-products of gradient of the velocity with gradient of 5 . Suppose we denote this weight Vec, we have:

\©

3 3
0Es < 31 Z Z f il p(H(Ws))luj — Tyuj| dQ +,uf Vec [u - IT,u| dQ.
Q Q

i=1 j=1

with (for 3D problems):

Vec =| (Vux Vis), — (Vw X Vigs),

(Vv X Vis), = (Vu X Vis),

(Vw x Vigs), — (Vv X Vigs), ]

and respectively Vec = (=Vv x Vs, Vi x Vigs)” for two dimensional case.

To synthetize, the following estimation holds:

3 3
9
SEq ﬁuZ fg {Z (Glujl p(H@s)) + Veeli]
i= Jj=

[u; — T (23)

Study of E7
. The previous remark regarding the crossing of terms holds for the 7th term too, because of multiplication with indentity matrix.

This terms writes:
I N du,
CEREDNHY [ wsaxk(u,(ax]))dg

k=1 i=1 j=1

And the error term to be analysed can be restricted to:

9 ATl
Seq = f s o — 9 ( ( ”’))dQ - f Hh¢5—a (Hhu,( h”’))dQ
c?x] Q 6xk an
16



After a first integration by parts the previous error term writes:

ou 0 6Hhu,
Ser = - f —(ths)(u, )dQ f —(ths>(nhu,( ))dﬁ-
X; Q Oxy Ox;j

_fa_(thpS)(l/hM)dQ fi(l"[h%)(ﬂhul )( hu])dQ.
o Ox; ox o Ox;

J 0x;

11 12

Furthermore, we apply a second integration by parts:

0 Ou; 0
667 = f(; a_,Xjk(thS)a_xj (l/lj - Hhuj> dQ — fr a—Xk(thﬁs) u; - n; (uthuj)dF +12.

Th T

We recognize in Ty, the estimation from Lemma 3.4, thus the following estimation holds:
T3 [ il pCHWS) oy = Tl
Regarding the integral I, the following estimation holds:
B~ [ 5 (thﬁs)( ) Tyt — 1) d2
After summation we retrieve for this term the weight vector Vec from Es, that is, for two dimensional case:

Tu+h = —Vec@—TIu) + Vs, — vWibsy 3 s, — uhs,) (u—TITu)

Thus, the total contribution of £ term writes:

2 3 3 3 9
OEr =31 D D), [5 fg il pCHs)) lutj = TyusldQ + Thy + I | 24)

k=1 i=1 j=1

8. Continuous Adjoint system and discretization

Continuous adjoint system. The continuous adjoint system related to the objective functional writes:

W' eV, VeV : (ST\I;(WM, W*)—(g,zﬁ) = 0. 25)

Replacing W(W) by its Formulation (19) and integrating by parts, we get:

(6—T(W)w W) f(lﬁ(O)W 0) —y(THW*(T)) dQ + f f ( wr ( ) vw* ) dQdr

ff“”[( ) _(%] '“}drd" 26)

Consequently, the continuous adjoint state W* must be such that:

+

-W - (g@) VW* = gg in Q 27

with the associated adjoint boundary conditions:

oF\ oF
(W)W.n—(aW)Wn—gronF

and the final adjoint state condition:
WHT) =

The adjoint Euler equations is a system of advection equations, where the temporal integration goes backwards, i.e., in the
opposite direction of usual time. Thus, when solving the unsteady adjoint system, one starts at the end of the flow run and
progresses back until reaching the start time.
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Discrete adjoint system. Although any consistent approximation of the continuous adjoint system could be built by discretizing
System (27), we choose the option to build the discrete adjoint system from the discrete state system defined by Relation (20) in
order to be closer to the true error from which the continuous model is derived.

Consider the following semi-discrete unsteady compressible Euler model (explicit RK1 time integration):

n n—1

n—1 Wl h n—1
Wi Wi = e s 0y (W) =0 forn=1...N. (28)

The time-dependent functional is discretized as follows:

Wi(

Jn(Wi) = Zét" .

n=1
For the sake of simplicity, we restrict to the case gr = 0 for the functional output defined by Relation (??). The problem of

minimizing the error committed on the target functional j(W)) = (g, Wj), subject to the Euler system (28), can be transformed
into an unconstrained problem for the following Lagrangian functional [20]:

N N
LW, Wiy = D68 [ Wy = o' (W Wi, Wi,
n=1 n=1
where W, are the N vectors of the Lagrange multipliers (which are the time-dependent adjoint states). The conditions for an
extremum are:
0L oL

o — 0 and

ow, ow}
The first condition is clearly verified from Relation (28). Thus the Lagrangian multipliers W, must be chosen such that the
second condition of extrema is verified. This provides the unsteady discrete adjoint system:

=0, forn=1,..,N.

weN =0
aj! (29)
W;:,n—] — W;,n + 6" (Wn 1) — ot (W* n)T (Wn l)
owp! Wh
or equivalently, the semi-discrete unsteady adjoint model reads:
1 1 #,n—1 n—1 W;'n_l B W;’n * %1 n—1
W W W )=T+(Dh(W’,Wh )=0 forn=1,.,N
with
* *,1 n—1 6]2 ! n—1 #,0\T n—1
W, W, ) = ——(W,7) - (W) W,

Wn 1 Wn 1
As the adjoint system runs in reverse time, the first expression in the adjoint System (29) is referred to as adjoint initializa-
tion”.
Solve state foreward: U(W) =0

- !

Solve adjoint state backward: ¥*(W, W*) =0

#,n—1

Computing W, at time "~ requires the knowledge of state WZ" and adjoint state W,"". Therefore, the knowledge of all

states {WZ 1}n=1 v is needed to compute backward the adjoint state from time 7" to 0 which involves large memory storage effort.
For instance, if we consider a 3D simulation with a mesh composed of one million vertices then we need to store at each iteration
five millions solution data (we have 5 conservative variables). If we perform 1000 iterations, then the memory effort to store
all states is 37.25 Gb for double-type data storage (or 18.62 for float-type data storage). Two strategies are employed to reduce
importantly this drawback: checkpoints and interpolation.

The memory effort can be reduced by out-of-core storage of checkpoints as shown in the picture below. First the state-
simulation is performed to store checkpoints. Second, when computing backward the adjoint, we first recompute all states from
the checkpoint and store them in memory and then we compute the unsteady adjoint until the checkpoint physical time. This
method implies a recomputing effort of the state W.

The other strategy consists in storing solution states in memory only each m solver iterations. When the unsteady adjoint is
solved, solution states between two savings are linearly interpolated. This method leads to a loss of accuracy for the unsteady
adjoint computation.
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Solve state once to get checkpoints Y(W)=0

SEEmam oo

Solve state and backward adjoint state from checkpoints

9. Optimal unsteady adjoint-based metric

9.1. Error analysis (N.B. applied to unsteady Euler model)

We replace in Estimation (??) operators ¥ and ¥, by their expressions given by Relations (19) and (20). In [32], it was
observed that even for shocked flows, it is interesting to neglect the numerical viscosity term. We follow again this option. We
also discard the error committed when imposing the initial condition. We finally get the following simplified error model:

T T
5j f f W* (W - T, W), ddr + f f W* V.(F (W) - TLF (W) dQ d
0 Q 0 Q

T
f f W* (F (W) = IL,F (W))).n dI' dr. (30)
0 I

Integrating by parts leads to:

o)

Q

T T
ffw*(w-nhvv),dgdt— f fVW*(?—'(W)—H,ﬂ-'(W))det
0 Q 0 Q
T
- f f W* (F (W) = IT,F(W))).ndI"dz. (31)
0 T

with & = ¥ — F. We observe that this estimate of 6 is expressed in terms of interpolation errors of the Euler fluxes and of the
time derivative weighted by continuous functions W* and VW*.

Error bound with a safety principle. The integrands in Error Estimation (31) contain positive and negative parts which can
compensate for some particular meshes. In our strategy, we prefer to not rely on these parasitic effects and to slightly over-
estimate the error. To this end, all integrands are bounded by their absolute values:

T T
&Wy=-Ww) < ffIW*II(W—HhW),Idet+f f|VW*IIT(W)—Hh7"(W)Idet
0o Ja 0 Ja
T
f fIW*H(?:(W)—Hh?:(W)).nldth. (32)
0o Jr

9.2. Continuous error model

Working in this framework enables us to write Estimate (32) in a continuous form:
T T
(g, W, — W)~ EM) = f f W (W —mpW),|dQdr + f f VW |F (W) — e pF (W) dQ d2
0 Ja 0o Ja

T
f f |W* [(F (W) = mpF (W)).n| dI” dr. (33)
0 T

We observe that the third term introduce a dependency of the error with respect to the boundary surface mesh. In the present
paper, we discard this term and refer to [32] for a discussion of the influence of it. Then, introducing the continuous interpolation
error, we can write the simplified error model as follows:

T
EM) = f f trace(M’%(x,t)H(x,t)M’%(x,t)) dQdr
0 Q
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5
with H(x,?) = Z ([At]j(x, D+ [Ax]j(x, ) + [Ay](x, 1) + [Az] j(x, t)) R (34)
j=1
in which

ow*
[Af;(x,0) = [Wix. 0)] - [HW;)(x. 0)] - [Ax]j(x,0) = ’a—x%x, |- [HFE W) x, 1),

L (x, 1)

0
NHEW) D], [Azljx,0) = ‘

oW’
[AY]J(X’ t) - ‘a_y(x, t) BZ

HFW)))(x,1)|.

Here, Wj’f denotes the j™ component of the adjoint vector W*, H (Fi(W;)) the Hessian of the j™ component of the vector F;(W),
and H(W;,) the Hessian of the j component of the time derivative of W. The mesh optimization problem writes:

Find M,,; = Argminy; E(M), 35)
under the constraint of bounded mesh fineness:
Cst(M) = Ny, (36)

where N, is a specified total number of nodes. Since we consider an unsteady problem, the space-time (st) complexity used to
compute the solution takes into account the time discretization. The above constraint then imposes the total number of nodes in

the time integral, that is:
T
CyM) = f T(l‘)_l( f dM(x,t)dx) dr (37)
0 Q

where 7(7) is the time step used at time ¢ of interval [0, T].

9.3. Spatial minimization for a fixed t

Let us assume that at time ¢, we seek for the optimal continuous mesh M,,(#) which minimizes the instantaneous error, i.e.,
the spatial error for a fixed time #:

EM(r) = f trace (M7 (x, ) H(x, ) M3 (x,1)) dx
Q
under the constraint that the number of vertices is prescribed to

CM(t)) = L Ao (X, 1) dx = N(1). (38)

Similarly to [32], solving the optimality conditions provides the optimal goal-oriented (“go”) instantaneous continuous mesh
M., (1) = (Mgo(X, 1))xeq at time ¢ defined by:

Meo(X, 1) = N(1)3 Mo (X, 1), (39)

where M, is the optimum for C(M(¢)) = 1:

[HINY

Mo 1 (X, 1) = ( f (det H(X, t))édi) (det H(x, 1))"5 H(x, ). (40)
Q

The corresponding optimal instantaneous error at time ¢ writes:

EM,,(1) = 3N(@)3 ( f (det H(x, t))%dx)3 = 3N K@). (41)
Q

5

For the sequel of this paper we denote: K () = ( fQ(det H(x, t))-%dx)§ .

9.4. Temporal minimization

To complete the resolution of optimization Problem (35-36), we perform a temporal minimization in order to get the optimal
space-time continuous mesh. In other words, we need to find the optimal time law t — N(¢) for the instantaneous mesh size. We
consider the simpler case where the time step 7 is specified by the user as a function of time ¢ — 7(¢).
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Temporal minimization for specified T. Let us consider the case where the time step 7 is specified by a function of time ¢ — 7(?).
After the spatial optimization, the space-time error writes:

T T
B, = [ B 0)di=3 [ v Ko “2)

and we aim at minimizing it under the following space-time complexity constraint:

T
f N@OT(t) " dr = Ny,. (43)
0

In other words, we concentrate on seeking for the optimal distribution of N(t) when the space-time total number of nodes Ny, is
prescribed. Let us apply the one-to-one change of variables:

N = Noyr()™' and K1) = 7(0)F K@) .
Then, our temporal optimization problem becomes:

T T
ml\}n EM) = f N(@)™3 K(t)dr under constraint f N dr = Ny, .
0 0

The solution of this problem is given by:
Nop()73 K@) = const = Nop(t) = C(Ny) ((t) K(1))* .

Here, constant C(Ny,) can be obtained by introducing the above expression in space-time complexity Constraint (43), leading to:

T -1
C(Ny) = ( f () 7<(t>?dr) Ny
0

which completes the description of the optimal space-time metric for a prescribed time step. Using Relation (39), the analytic
expression of the optimal space-time goal-oriented metric My, writes:

Wit

2 T 2 1 N 2 1
Meo(x,) = N ( f ()3 ( f (det H(X, t))idi) dt) 7(1)3 (det H(x, 1)) SH(x, 7). (44)
0 Q

We get the following optimal error:

5

T 3
EM,,) = 3N, ( f (1)73 ( f (det H(x, t))édx) dt) : (45)
0 Q

Wity

9.5. Temporal minimization for time sub-intervals

The previous analysis provides the optimal size of the adapted meshes for each time level. Hence, this analysis requires the
mesh to be adapted at each flow solver time step. But, in practice this approach involves a very large number of remeshing which
is CPU consuming and spoils solution accuracy due to many solution transfers from one mesh to a new one. In consequence,
a new adaptive strategy has been proposed in [2, 7] where the number of remeshing is controlled (thus drastically reduced) by
generating adapted meshes for several solver time steps. The idea is to split the simulation time interval into 1,4, sub-intervals
[ti1, 8] for i = 1,..,n444p. Each spatial mesh M is then kept constant during each sub-interval [#;_;, #;]. We could consider this
partition as a time discretization of the mesh adaptation problem. In other words, the number of nodes N' of the i adapted mesh
M’ on sub-interval [#;_{,#;] should for example be taken equal to:

o Nop(r(y™de
ft’ o't
i-1

Here, we propose a different option in which we get an optimal discrete answer.
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Spatial minimization on a sub-interval. Given the continuous mesh complexity N’ for the single adapted mesh used during time
sub-interval [#;_1, t;], we seek for the optimal continuous mesh M!

2o solution of the following problem:
min E/(M') = f trace (M)™2 (x) H'(x) (M) *(x)) dx  such that C(M') = N',
! Q

where matrix H' on the sub-interval can be defined by either using an L' or an L* norm:

t; )
H;, (x) = f H(x,ndr or Hi.(x)=
ti-1

At; max H(x,1),
with Az; = t; — t;_1. Processing as previously, we get the spatial optimality condition:

t€fti-y.t]

M) = (N)T M, (%) with M| (x) = ( f (detHi(i))édi)_s (det H'(x))"5 Hi(x).
Q

The corresponding optimal error E/(M},) writes:

5

E'M,,) =3 (N): ( f (det H"(x));dx)g =3(N) K
Q

To complete our analysis, we shall perform a temporal minimization. Again, we consider the case where the time step 7 is
specified by a function of time.

Temporal minimization for specified T. After the spatial minimization, the temporal optimization problem reads:

Nadap Nadap

Nadap ¢
minEM) = )" E(Mj,)=3 > (N) K" suchthat ) N’ ( f T(t)_ldt) = Ny
i=1 i=1 i=1 fi-

i-1
We set the one-to-one mapping:

fi ) ) fi 3
Ni= N ( f T(t)"dt) and K'=%K ( f T(t)"dt) ,
liy 1

i-1
then the optimization problem reduces to:

Nadap Nadap
. a2~ ~
min Z(N’) 3K'  such that Z N'=Ng.
M I i=1
The solution is:

Nadap -1
iy = CN) (KD)S with C(Ny) = Ny (Z(«")‘s)

i=1

Nadap

! 1 %
= N =N, [Z(f}(f)i ( f ' T(t)ldt) ] (K)3 ( f T(t)ldt) :
i=1 ti-1 ti-1

and we deduce the following optimal continuous mesh Mg, = {Mgo}[zl,_‘,na dap and error:
. 2 Nadap .3 i 1 % —% 1i . _% . R
Mi,(x) = N;,(Z(?(’)s( f ) dt)‘) ( f (0" dr) " (det H(x) S HI(%) (46)
i=1 ti1 ti1
Nadap

EM,,) = 3N, ( K (ft T(t)_]dt)g);,
i=1 li-1

47
with (K7)3 = f (det H(x))5 dx.
Q
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Remark 1: The choice of the time sub-intervals {[#;-1, #;]}i=1,,,,, fOr a given nyu,, is a mesh adaptation problem: what is the
subdivision of interval [0, T'] in 744, sub-intervals which will minimize the error on optimal mesh/metric M? Since we take a
constant metric in the sub-interval, the error main term in approximating M is the following integral of the absolute value of the

time-derivative of M:
Nadap
i=1 ~[/-1

which can be minimized for instance by isodistribution of the error by sub-interval.

Remark 2: The parameter 71,4,,, number of time sub-intervals is important for the efficiency of the adaptation algorithm. When
a too large value is prescribed for 7,44, the error in mesh-to-mesh interpolation may increase. A compromise needs to be found
by the user.

OM(?)
ot

’ dr.

10. Theoretical Mesh Convergence Analysis

Our motivation in developing mesh adaptation algorithms is to get approximation algorithms with better convergence to
continuous target data. By better, we mean that we want to reach the asymptotic high order convergence with a lower number
of nodes and also for solutions involving discontinuities. Both improvements have been previously obtained in the context of
steady inviscid flows [5]. The present paper focuses on mesh adaptation only controlling the spatial approximation error in the
context of unsteady flows. From this standpoint, we just forget about time approximation error by specifying a time step or by
considering an explicit time advancing context close to the one of references [2, 7, 23]. We assume that accuracy of the time
advancing scheme is second-order at least. Then it can be derived from basic arguments that the time approximation error is
essentially smaller than or equal to the spatial approximation error, controlled by the metric-based method, which justifies to
adapt the mesh only to spatial error [2, 7, 23].

In order to measure the theoretical convergence order of the mesh adaptation algorithm, we need to compare the global mesh
effort -the complexity Ny~ with the corresponding error level. We recall that an adaptative or an uniform discretisation approach
both using N degrees of freedom has a convergence of order « if the approximation error |u — uy| satisfies:

lu— uy| < const. N™@

where d is the computational domain Euclidian dimension.

In the following, the convergence order of numerical solutions computed with the presented adaptive platform is addressed
for the case of smooth flows.

10.1. Smooth flow fields

For some Hessian-based methods, i.e., the L™ — L? approach of [23], an analysis is proposed for predicting the order of
convergence to the continuous solution. In the goal-oriented method discussed in this paper, the adaptive state solution W,
generally does not converge to the continuous one W. However, in the case of regular solutions, the expression of the optimal
error model indicates that the functional output indeed converges, and with a predictable order.

Smooth context with specified time step. Here, we are adapting the mesh with the purpose of reducing the spatial error. The
space dimension is 3. Now, in this case, we have established the following estimate:

E(M,,) = O(N,’) as Ny — co.

for the case of an adaptation at each time step (45) and also for the case of an adaptation with a fixed mesh at each sub-interval
(47), therefore:

Lemma 10.1. The modeled spatial error on functional for a specified time-step converges at second-order rate.

Smooth context with Courant-based time step. According to the argument recalled above, we are adapting the mesh M(¢) in
order to, by the magic of Courant condition, reduce both space and time error. The space-time dimension is 4. Now, in this case,
we have established the following estimate:

-1
E(Mgu) = O(Nstz) as Ny — oo,

for the case of an adaptation at each time step, (??), and also for the case of an adaptation with a fixed mesh at each sub-interval,
(??), therefore:.
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Lemma 10.2. The space-time modeled error on functional for Courant-based time step converges at second-order rate.

Remark 4: Adapting for a time sub-interval instead of adapting at each time steps does not degrade the asymptotic convergence
order which is a very good news. Nevertheless, such a series of adapted meshes is only space-time sub-optimal as the constant
in the error term is larger than the adaptation at each time step.

Remark 5: Between sub-intervals, transfers of the solution fields from the previous mesh to the new one are necessary. The
choice of the transfer operator has certainly some impact on the global accuracy (see for example [6]) together with how fre-
quently it is applied. Reference [6] suggests to consider conservative interpolation for compressible flows.

11. From theory to practice
The continuous mesh adaptation problem takes the form of the following continuous optimality conditions:
WeV, YoeV, WYM,W),p)=0 “Navier-Stokes system”
W eV, VeV, (Z—;PV(M, Wy, W*) =(g,¥)  “adjoint system”
M(x, 1) = Mgo(x, 1) “adapted mesh”. (48)

In practice, it remains to approximate the above three-field coupled system by a discrete one and then solve it. For discretising
the state and adjoint PDE’s, we take the spatial schemes introduced previously which are explicit Runge-Kutta time advancing
schemes. Such time discretization methods have non-linear stability properties like TVD which are particularly suitable for the
integration of system of hyperbolic conservation laws where discontinuities appear. Discretising the last equation consists in
specifying the mesh according to a discrete metric deduced from the discrete states.

In order to remedy all the problematics relative to mesh adaptation for time-dependent simulations stated in the introduction,
an innovative strategy based on a fixed-point algorithm has been initiated in [3] and fully developed in [2]. The fixed-point
algorithm aims at avoiding the generation of a new mesh at each solver iteration which would imply serious degradation of the
CPU time and of the solution accuracy due to the large number of mesh modifications. It is also an answer to the lag problem
occurring when, from the solution at #", a new adapted mesh is generated at level #" to compute next solution at level #**!. In that
latter case, since the mesh is not adapted to the solution evolution between time levels #* and **!, the mesh is always late with
respect to the physics. The fixed point approach has been successfully applied to bi-fluids three-dimensional problems [23], to
a blast simulation in a three-dimensional city [2] and to moving bodies simulations [7]. The basic idea consists in splitting the
simulation time frame [0, T'] into 1444, adaptation sub-intervals:

[0, T] = [0 = 1o, l‘]] u...uU [ti, ti+l] u...u [tn(,d“,,—l’ tn“d,,,,] s

and to keep the same adapted mesh for each sub-interval. Consequently, the time-dependent simulation is performed with only
Nadap different adapted meshes. The mesh used on each sub-interval is adapted to control the solution accuracy from #;,_; to t;. We
examine now how to apply this program.

11.1. Choice of the goal-oriented metric

The optimal adapted meshes for each sub-interval are generated according to analysis of Section 9.5. In this work, the
following particular choice has been made:

o the Hessian metric for sub-interval i is based on a control of the temporal error in L* norm:

Hi.(x) = At; max H(x,1) = At HE (X)),

t€ltiint] max
e function 7 : t — 7(¢) is constant and equal to 1,
e all sub-intervals have the same time length At.

The optimal goal-oriented metric Mg, = {M then simplifies to:

i }
goJi=1,..nadap

Moo= 8 [ [derr antan| ot (et o)t B .
(%) [Z}( fg (det H, (%) x)] (A3 (det H, (%)) (X)

[RIINY

Remark 7: We notice that we obtain a similar expression of the optimal metric to the one proposed in [7], but it is presently
obtained in a goal-oriented context and by means of a space-time error minimization.
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11.2. Global fixed-point mesh adaptation algorithm

To converge the non-linear mesh adaptation problem, i.e., converging the couple mesh-solution, we propose a fixed-point
mesh adaptation algorithm. The parameter Ny representing the total computational effort is prescribed by the user and will

influence the size of all the meshes defined during the time interval. That is, to compute any metric fields M;;,o, we have to

evaluate a global normalization factor which requires the knowledge of all H:_ .. Thus, the whole simulation from 0 to 7 must

be performed to be able to evaluate all metrics Mgo. Similarly to [7], a global fixed point strategy covering the whole time-frame
[0, T'], called Global adjoint fixed-point mesh adaptation algorithm, is considered:

//- Fixed-point loop to converge global space-time mesh adaptation
For j=1,n,p ¢«

//- Solve state once to get checkpoints
For i=1,n44q)

. (W{], = ConservativeSolutionTransfer(?-(,{l,’W{;l,?{ij)
. ‘W-l./ = SolveStateForward(‘W'/’i,‘Hf)
End for

//- Solve state and adjoint backward and store samples
For i=nggqp, 1

. (‘W*)f = AdjointStateTransfer(Hiil,(‘W(’; {H,?{I.j)
o {W/(K), (W) (k)}i-1., = SolveStateAndAdjointBackward(W), (W*)/, H)
. |Hmax|-l.’ = ComputeGoalOrientedHessianMetric(Wl.j, {W-lf(k), (’W*){(k)}kﬂ,nk)

End for

o(C/ = ComputeSpaceTimeComplexity({|Hmax|{},~:,,,,ad“p)

° {M{},-le,,udap = ComputeUnsteadyGoalOrientedMetrics(C/, {|HmaX|{'},~:1,nm,ap)

. {‘H,:i+I } = GenerateAdaptedMeshes({‘I-{,:j}[:mep, {M‘l."},-zly,,adap)

End for

i=1 Nadap

Let us describe this algorithm sketched in Figure 4. It consists in splitting the time interval [0, 7] into the 7444, mesh-
adaptation time sub-intervals: {[#;_j, ti]}i:l,..,nmh,,, with 7y = 0 and ¢, i = T+ On each sub-interval a different mesh is used. A
time-forward computation of the state solution is first performed with a out-of-core storage of all checkpoints, which are taken to
be {Wi(t)}iz1...n,,,,- Between each sub-interval, the solution is interpolated on the new mesh using the conservative interpolation
of [6]. Then, starting from the last sub-interval and proceeding until the first one, we recompute and store in memory all solution
states of the sub-interval from the previously stored checkpoint in order to evaluate time-backward the adjoint state throughout
the sub-interval. At the same time, we evaluate the Hessian metrics H' ,, required to generate new adapted meshes for each
sub-interval. To this end, n; Hessian metric sample are computed on each sub-interval and intersected [2] to obtain H' . At
the end of the computation, the global space-time mesh complexity is evaluated, producing weights for the goal-oriented metric
fields for each sub-interval. Finally, all new adapted meshes are generated according to the prescribed metrics. The time-forward,
time-backward and mesh update steps are repeated into the j = 1, .., 1, global fixed-point loop. Convergence of the fixed-point

is obtained in typically 5 global iterations.

This mesh adaptation loop has been fully parallelized. The solution transfer, the solver and the Hessians computation have
been parallelized using a p-thread paradigm at the element loop level [4]. As regards the computation of the metrics and the
generation of the adapted meshes, we observe that they can be achieved in a decoupled manner once the complete simulation
has been performed, leading to an easy parallelization of these stages. Indeed, if n444, processors are available, each metric and
mesh can be done on one processor.

11.3. Computing the goal-oriented metric

The optimal goal-oriented metric is a function of the adjoint state, the adjoint state gradient, the state time derivative Hessian
and the Euler fluxes Hessians. In practice, these continuous states are approximated by the discrete states and derivative recovery
is applied to get gradients and Hessians. The discrete adjoint state W, is taken to represent the adjoint state W*. The gradient
of the adjoint state VW™ is replaced by VxR W, and the Hessian of each component of the flux vector H(;(W)) is obtained from
Hg(Fi(Wp)). Vg (resp. Hg) stands for the operator that recovers numerically the first (resp. second) order derivatives of an initial
piecewise linear solution field. In this paper, the recovery method is based on the L?-projection formula. Its formulation along
with some comparisons to other methods is available in [5].
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Figure 4: Global Fixed-Point algorithm for unsteady goal-oriented anisotropic mesh adaptation

12. Numerical Experiments

The adaptation algorithms described in this paper have been implemented the CFD code Wolf. As regards meshing, goal-
oriented mesh adaptation requires to update the surface mesh of I on which the functional is observed. This standpoint is needed
in order to ensure a valid coupling between the volume mesh and the surface mesh. This implies to consider a more complex
re-meshing phase. In our case, a local remeshing strategy has been considered. We use Yams [18] for the adaptation in 2D and
Feflo.a [34]in 3D.

13. Conclusion

We have designed a new mesh adaptation algorithm which prescribes the spatial mesh of an unsteady simulation as the
optimum of a goal-oriented error analysis. This method specifies both mesh density and mesh anisotropy by variational calculus.
Accounting for unsteadiness is applied in a time-implicit mesh-solution coupling which needs a non-linear iteration, the fixed
point. In contrast to the Hessian-based fixed-point of [2, 23] which iterates on each sub-interval, the new iteration covers the
whole time interval, including forward steps for evaluating the state and backward ones for the adjoint. This algorithm has been
successful applied to 2D and 3D blast wave Euler test cases and to the calculation of a 2D acoustic wave. Results demonstrate
the favorable behavior expected from an adjoint-based method, which gives an automatic selection of the mesh regions necessary
for the target output.

Several important issues for fully space-time computation have been addressed in this paper. Among them, the strategies for
choosing the splitting in time sub-intervals and the accurate integration of time errors in the mesh adaptation process have been
proposed, together with a more general formulation of the mesh optimization problem.

Time discretization error is not considered in this study. Solving this question is not so important for the type of calculation
that are shown in this paper, but can be of paramount impact in many other cases, in particular when implicit time advancing is
considered. In a future work, the authors plan to consider a space-time error analysis in the context of the proposed method.
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