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The Model Agents and strategies

Selfi and Nash equilibria

Agents, loads and information

Aset N={1,2,...,n} of n > 1 selfish agents

Each i € N has a load w; € [0, 1]

Two bins (bin 0 and bin 1) of unbounded capacity

Each agent has to select one of the two available bins to put
her load

For any (i,j) € N x N, agent i knows either

(a) the exact value of w; or
(b) that wj; is uniformly distributed on [0, 1]

Let /; = {j € N : agent i knows the exact value of w;} and
denote | = (/;)jen
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Selfish Costs and Nash equilibria
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Single-threshold strategies

@ A strategy for agent i is a function s; : [0,1] — {0, 1} such
that s;(w;) is the bin that agent i selects when her load is w;.

@ We only consider single-threshold strategies, i.e. a strategy for
agent i is some t; € [0,1] so that

0 w; <t
si(W’):{ 1 W:'>t:'

o A strategy profile t = (t1,...,t,) € [0,1]" is a combination of
strategies, one for each agent.

@ Denote by (t/,t_;) the strategy profile that is identical to t
except for agent i, who chooses strategy t/ instead of t;.
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Selfish Costs and Nash equilibria

The Selfish Cost Cost;(t; ;) of agent i is the expected load of the
bin she selects, based on

@ her information about the exact loads of all j € /; and

@ her knowledge that the loads of all j ¢ /; are uniformly
distributed on [0, 1].
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Selfish Costs and Nash equilibria

The Selfish Cost Cost;(t; ;) of agent i is the expected load of the
bin she selects, based on

@ her information about the exact loads of all j € /; and

@ her knowledge that the loads of all j ¢ /; are uniformly
distributed on [0, 1].
In a Nash equilibrium, no agent can decrease her Selfish Cost by
deviating:

Definition

The strategy profile t = (t1,...,t,;) € [0,1]"” is a Nash equilibrium
if and only if, for all i € N,

Costi(t; ;) < Cost; ((t/,t—;); l;) Vtj € [0,1].
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The Divergence Ratio

@ Associated with a strategy profile t € [0, 1]" is the Social Cost:
) = i\g; I,' .
SC(t, 1) max Cost;(t; ;)
@ The Players’ Optimum PO(I) is the minimum, over all

possible strategy profiles t € [0, 1]", Social Cost:

PO(I) = |
o(l) ter‘{g)lrf]nSC(t)

e The Divergence Ratio DR(I) is the maximum, over all Nash
equilibria t, of the ratio (E ))
SC(t, 1)
DR(l) =
O N L. PO(I)
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Zero Knowledge

Assume [; = ) for all i € N. Then

Costi(t; ;) =
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Zero Knowledge

Zero Knowledge

Assume [; = ) for all i € N. Then

t; t;
COSt;(t; /,') = 5 + ; tjgj
JF=1
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Zero Knowledge

Assume [; = () for all i € N. Then

t; t;
COSt;(t; /,') = t| =+ Z tjfj
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Zero Knowledge

Assume [; = () for all i € N. Then

t; t;
COSt;(t; /,') = t 5 + Z tjgj
JF
ti+1 ti+1
11—t 1-—
+(1 - 1) 2 (1-5)
J#i
Proposition
C )= 5> n—1 n 1 5
OSt,'(t, ,')—t,' th— > 5—525 .
J#i J#
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Characterization of Nash equilibria

- LY — £ 2 _ n-1 1 2.
Since Cost;(t; ;) = t; (Z#,- tr— 5 ) + 53— 3> it

Consider the case where I; = () for all i € N. Then the strategy
profile t € [0,1]" is a Nash equilibrium if and only if, for all i € N,

—1
=0 = thzn

T 2
JF

_ 5 n—1

=1 = thg 5
JF#i

5 n—1

tie(0,1) = th_ 5
JF
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All Nash equilibria

Theorem

Consider the case where I; = () for all i € N. Then the strategy
profile t € [0,1]" is a Nash equilibrium if and only if k agents
choose threshold 1, A agents choose threshold ta € (0,1),

n — Kk — X\ agents choose threshold 0 and

(1) T =A<k <L A>T 5= 500y — xog o
5, A=0or

3) nisodd, k=", AX=0or

4) nisodd, k="1 X=0or

) nisodd, k="1 \=1.

The maximum, over all Nash equilibria, Social Cost is ~

2) niseven, k=

(
(
(
(5

+1
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All Nash equilibria

Sketch of Proof.

In order to find all Nash equilibria we have to find all the possible
partitions of the set of agents into three sets A, B and C so that

@ Forall i € A, tj = ta for some ty € (0,1) and
(1Al = 1)53 +|C| = 5.
o Foralli€ B, t;=0and |A|t3 +|C| > %2
o Forallie C, tj=1and |A|t3 +|C| -1 < 251
We consider the cases |A| =0, |A| =1 and |A| > 1 so as to find all
Nash equilibria and calculate their Social Cost. O
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The Divergence Ratio

PO(1) = 2 if n is even and PO() = 2L if n is odd.

Therefore

Consider the case where |; = () for all i € N. Then
o DR(l) =1+ 1 ifn is even and
e DR(I) =1 ifnis odd.

Panagiota N. Panagopoulou Selfish Load Balancing under Partial Knowledge



Bounding the yers' Optimum
Bounding the st Social S

Arbitrary Knowledge A lower bound on the Dive

Outline

© Arbitrary Knowledge
@ Bounding the Players’ Optimum
@ Bounding the worst Social Cost
@ A lower bound on the Divergence Ratio

Panagiota N. Panagopoulou Selfish Load Balancing under Partial Knowledge



Bounding the Players’ Optimum
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Arbitrary Knowledge A lower bound on the Divi ce Ratio

Arbitrary Knowledge

@ Assume arbitrary /;'s for all i € N.

@ We will show that, if i € I; and the cardinality of /; is
sufficiently small for all i/ € N, then the divergence ratio can
be as bad as n.
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Arbitrary Knowledge A lower bound on the DI\&I’HE‘HL:‘ Ratio

Arbitrary Knowledge

@ Assume arbitrary /;'s for all i € N.

@ We will show that, if i € I; and the cardinality of /; is
sufficiently small for all i/ € N, then the divergence ratio can
be as bad as n.

Sketch of Proof:

o Consider the instance where w; = 1 for all i € N.

@ Our goal is to find
© a Nash equilibrium t of low Social Cost, so as to upper bound
the Players’ Optimum, and
@ a Nash equilibrium t’ of high Social Cost, so as to lower bound
the worst possible Social Cost.
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Arbitrary Knowledge A lower bound on the Divergence Ratio

Bounding the Players’ Optimum

Consider the strategy profile t such that t; =1 — % for all

=1
i€ N. Then
1
COSt,'(t; /,') = “," +1 - —
2(n— [1])

The profile t is a Nash equilibrium, since the cost for i if she chose
bin 0 would be

n— |l 1 )2 1

1 1-— > L +14

T < n—r/,-r) SRR )
> COSt,'(t;/,')

The Social Cost of the Nash equilibrium t is

SC(t, 1) = max Cost;(t; 1) < max|/;| +1
ieN ieN
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Bounding the worst Social Cost

\/8+16" :
Now consider the profile t’ where t/ = f for all i € N.
Then
li| +2

The profile t’ is also a Nash equilibrium, since the cost for i if she
chose bin 0 would be

n—\lil o n+ |l +2
) = ———
2 (I) 4

= Cost;(t; 1))

1+

The Social Cost the Nash equilibrium t is

en ] +2
Sc(t/a I) = max COSt,‘(t/; |) = n + maxjen | ’| +
ieN 4
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A lower bound on the Divergence Ratio

Thus the Divergence Ratio is

« SC(E,') > SC(t/,l) > n+max,-eN\/,-\ +2
giNE PO(I) — SC(t,1) = 4maxien|li| +4
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A lower bound on the Divergence Ratio

Thus the Divergence Ratio is

« SC(E,') > SC(t/,l) > n -+ maxen ‘/,‘ +2
e PO() = SCEN) = dmaxen [I] 1 4

If|l;] <32 and i € I; for all i € N, then DR(l) > nmax [h]+2

3 4 max; |l;|+4 -
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A lower bound on the Divergence Ratio

Thus the Divergence Ratio is

« SC(E,') > SC(t/,l) > n -+ maxen ‘/,‘ +2
e PO() = SCEN) = dmaxen [I] 1 4

If|l;] <32 and i € I; for all i € N, then DR(l) > nmax [h]+2

3 4 max; |l;|+4 -

If |li| = o(n) and i € I; for all i € N, then limp_.oc DR(I) = oc.
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The Divergence Ratio
Full Knowledge

Full Knowledge

@ Assume that [; = N for all i € N.

@ The cost of i € N for a strategy profile
t=(t1,...,ty) €[0,1]"is

Costi(t; ;) = ZjeN:wjgtj wi ifw <t

@ It suffices to consider single-threshold strategies of the form
tt=0ort;=1, forallieN.

Consider the case where I; = N for all i € N. Then DR(I) = 3.
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The Divergence Ratio
Full Knowledge

The Divergence Ratio

Proof of the upper bound.

o Consider a Nash equilibrium t. The total loads on the bins are
Bo(t) = >_;.;—1 wi and Bi(t) = > ;.. _o wi. Assume that
Bo( ) > Bl(t) Thus SC(t |) = Bo(t).

@ Moreover, PO(I) > ’E’V L - BO(t);rBl(t)_

@ If only one agent pIaces her load on bin 0 then DR(I) = 1.

@ Otherwise, there exists an agent i who chooses bin 0 such that
ﬁ implying that By(t) < By (t) + BOT(t). Therefore,

DR(1) = max 2SBD o Bo(®)

4
et NE PO(I) ~ B@iB(® ~ 3

Ol
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The Divergence Ratio

Proof of Tightness.

@ Consider the case where n is even and n > 2,
wi = wp = (n—2)a and w; = « for all i # 1,2, for some
o € (07 ﬁ} :

@ Then the strategy profile t where t; = t, = 1 and t; = 0 for
all i # 1,2 is a Nash equilibrium which gives a Social Cost
equal to 2(n — 2)a.

o In this case, PO(I) = 2(n — 2)a and thus

2(n—2)a 4

DR(l)z%(nT)a=§.

Ol
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Summary

o If [; = for all i € N, then the Divergence Ratio is almost 1.

e If |I;] is constant for all i € N, then the Divergence Ratio is
lower bounded by n.

o If |/j| = o(n) for all i € N, then the Divergence Ratio tends to
infinity with n.

@ If ; = N for all i € N, then the Divergence Ratio is 4

§ .
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Thank you
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