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We study the problem of gathering information from the nodes of a radio network into a central destination node. A
transmission can be received by a node if it is sent from a distance of at mostdT and there is no interference from
other transmissions. One transmission interferes with the reception of another transmission if the sender of the first
transmission is at distancedI or less from the receiver of the second transmission. In this paper we study the case
dT = 1 anddI > 1 for two-dimensional grid networks with unit time transmissions. We prove lower bounds on the
number of rounds required for any two-dimensional grid and we describe protocols forn×n grids withn odd that are
optimal for odddI and near-optimal for evendI .
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1 Introduction
In this paper, we study a problem suggested by France Telecom concerning the design of efficient strategies
to provide Internet access using wireless devices. Typically, several houses in a village wish to access
a gateway (a satellite antenna) to transmit and recieve data on the Internet. To reduce the cost of the
transceivers, multi-hop wireless relay routing is used. Information can be transmitted from a node to any
node within distancedT . However, a transmission caninterferewith reception at nodes at distances up to
dI > dT from the transmitter. If two calls are mutually non-interfering, we say that they arecompatible.
The goal is to enable access to the gateway by the users with the constraint that the number of different
transmissions that can be done is limited by the number of channels and time slots available. This depends
on the technology used (see [Bia00, Gal04, Müh02], for example). We will use the termround to mean
a time slot on a given channel during which we can have only compatible transmissions orcalls. We are
interested in schedules that minimize the number of rounds.

We consider the case in which the nodes are at the points of the 2-dimensional Euclidean plane. This
is the situation when the streets in the village form a grid pattern. We assume thatdT = 1, so a node at
position(x,y) on the plane can transmit to nodes(x,y±1) and(x±1,y). This choice ofdT minimizes the
cost of the transceivers. We study the problem ofgatheringone piece of information from each node into a
central gateway nodev0 for transmission over the Internet. The inverse problem of gathering, in which each
node receives a personalized message from the central node, is calleddistributionor scatteringand can be
solved by reversing the order and directions of the transmissions in a gathering protocol. We assume that
all pieces of information are of the same size, such as the size of a packet, so all transmissions take one time
unit. The gathering problem then becomes one of organizing the transmissions into rounds of compatible
calls so that the number of rounds is minimized.

We represent the wireless network as a graphG= (V,E) in which the vertices represent wireless network
nodes and there is an edge between each pair of vertices that are at distancedT or less from each other.
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WhendT = 1, the graph is a 2-dimensional grid. We assume thatG is a square grid withN = n2 vertices.
We will concentrate on the case whenn= 2p+1 is odd and the vertices are arranged symmetrically around
the central vertexv0 = (0,0) with p columns of vertices on either side of the vertical axis throughv0 and
p rows above and below the horizontal axis throughv0. If n is even,v0 will be slightly off-centre. Minor
modifications of the techniques described in this paper will work forn even.

In a radio network, a transmission can be received by all nodes at distancedT or less, but in the gathering
problem, only one node will forward the message towards the gateway, so we can assume that each call
involves a pair(s, r) wheres is the sender andr the receiver of the message. When the distanced(si , r j)
between the sender of call(si , r i) and the receiver of call(sj , r j) is such thatdT < d(si , r j) ≤ dI , then the
call (si , r i) is too weak to be received byr j , but it is strong enough to interfere with the reception of call
(sj , r j) by r j . In this paper, we use rectilinear distance (i.e., distance on the grid) as an approximation to
Euclidean distance, mainly because it simplifies the analysis. Rectilinear distance is a good approximation
to Euclidean distance when the ratio betweendI anddT is small, and this is usually the case in practice.

Several examples are shown in Figure 1. In Figure 1(a), the calls(s1, r1) and(s3, r3) are compatible when
dI = 3 and so are the calls(s3, r3) and(s4, r4). All other pairs of calls are incompatible. For example, the
call (s1, r1) does not interfere with reception atr2, but (s2, r2) interferes with reception atr1, so these calls
are incompatible. Figure 1(b) shows the calls aroundv0, which is represented by a large circle, whendI = 3.
None of the calls in the shadedinterference zoneare compatible with each other, so at most one of these
calls can be done at any given time. The situation is slightly different whendI is even. In Figure 1(c), all of
the calls in the shaded interference zone interfere with each other as in the odd case, but the ways in which
information can enter vertices on the boundary of the interference zone are more restricted. The only subset
of four compatible calls from vertices on the dashed square to vertices on the boundary of the interference
zone is shown with solid arrows. All other such calls can only be done two or three at a time.
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Fig. 1: Interference fordT = 1 and (a)dI = 3, (b) dI = 3, (c) dI = 4.

The one-dimensional version of the problem studied in this paper, that is, gathering into a designated node
of a path, is solved in [BCY05]. In [KMP04], the case where there is a continuing demand is considered
and systolic algorithms are given. In [BKMP05], general lower bounds and protocols are given fordT ≥ 1
for various networks such as trees and stars. For the gathering problem, the casedT = dI = 1 is thehalf-
duplex1-port model which has been widely studied in the literature (e.g., [BGRV98]). The broadcasting
and gossiping problems in radio networks withdT = dI = 1 are studied in [GM03] and [GP02] respectively.

2 Lower Bounds
We say that the calls enteringv0 arelevel1 calls, the calls entering neighbours ofv0 are level 2 calls, and
so on. A call(s, r) is a level` call if d(s,v0) = ` andd(r,v0) = `− 1. Note that if` + `′ ≤ dI + 1 then
a level` call interferes with a level̀ ′ call. In particular, whendI = 2k− 1 is odd, all calls at levelk or
less interfere with each other (see Figure 1(b)). WhendI = 2k is even, all calls at levelk or less interfere
with each other and the subsets of compatible levelk+1 calls are restricted. In particular, there is only one
subset of four compatible calls at levelk+1 (see Figure 1(c)), and this subset is incompatible with all calls
in the interference zone.
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Note that information at a vertex at distanced from v0 will use at least one level̀call for each1≤ `≤ d
to reachv0. We will useNd to denote the number of vertices of the square grid (withN = n2 vertices,
n = 2p+ 1) that are at distance exactlyd from v0. We have thatN0 = 1, Nd = 4d for d ≤ p, andNd =
4(2p+1−d) for d > p.

Theorem 1 The number of rounds to gather in then×n grid is at least∑k
i=1 iNi + k(N−∑k

i=0Ni) if dI =
2k−1 is odd, and∑k

i=1 iNi +(k+ 1
4)(N−∑k

i=0Ni) if dI = 2k is even.

Proof Outline:
CasedI = 2k− 1 is odd: Information from vertices at distanced > k from v0 must usek calls inside

the interference zone, all of them pairwise interfering, to reachv0. Information from vertices at distance
d ≤ k from v0 must used calls inside the interference zone. So, the total number of rounds is at least
∑k

i=1 iNi +k(N−∑k
i=0Ni) = k(N−1)−∑k

i=1(k− i)Ni . For example, fordI = 3 (andp≥ 2), we need2N−6
rounds.

CasedI = 2k is even:The lower bound on the number of calls inside the interference zone is the same
as for the odd case:∑k

i=1 iNi +k(N−∑k
i=0Ni). The difference from the odd case is that the levelk+1 calls

are also restricted, so that the information from vertices at levelsk+1 and greater requires14(N−∑k
i=0Ni)

additional rounds for a total of∑k
i=1 iNi +(k+ 1

4)(N−∑k
i=0Ni) rounds. 2

3 Gathering Protocol
In this section, we describe protocols that achieve or come close to the lower bounds of Theorem 1. We
say that a vertex isactiveif it has information that needs to be sent or forwarded tov0. A vertex that is not
active and is not on any path that will be used to forward information in future rounds isdormant.

Theorem 2 Suppose thatn = 2p+ 1 and dI = 2k− 1 are odd. Then gathering in then× n grid can be
completed in∑k

i=1 iNi +k(N−∑k
i=0Ni) rounds and this is optimal.

Proof Outline: The general idea is to organize the calls into stages of4k rounds. In each stage, four active
vertices that are symmetrically arranged aroundv0 are chosen. Information is forwarded along paths from
each of these vertices tov0 for 4k rounds. At the end of the stage, the four vertices become dormant, all other
vertices on the four paths have sent one piece of information and recieved another, andv0 has received four
more pieces of information. The paths are chosen in such a way that the calls in each round are compatible.
We iterate this procedure until the only remaining active vertices are inside the interference zone aroundv0.
It takes∑k

i=1 iNi sequential calls inside the interference zone to move the remaining information intov0. 2

Figures 2(a) shows two examples of stages, one with solid arrows and the other with dotted arrows. The
numbers indicate the rounds during which the calls are made. Stages are executed sequentially, so that at
any given time, only one set of paths is being used. It is not hard to verify that the calls on the solid paths
are compatible in each round. Similarly, the calls of the dotted paths are compatible. In general, paths in
the upper right quadrant go towards the closest axis and then along the axis tov0. The paths in the three
other quadrants are obtained by rotation.

Theorem 3 Suppose thatn= 2p+1 anddI = 2k is even. Then gathering in then×n grid can be completed
in ∑k

i=1 iNi +(k+ 1
4)(N−∑k

i=0Ni)+k−1 rounds.

Proof Outline: If dI is even, the paths are similar to the odd case except for the levelk+ 1 calls which
enter vertices on the boundary of the shaded interference zone from vertices on the dashed square (see
Figure 1(c)). These calls require an extra round in each stage. The most efficient way to do the levelk+1
calls is to use the four calls labelledα in the example in Figure 2(b). This works for all paths starting at
level k+2 or greater. Most of the paths that start at the4k+4 vertices on the dashed box can only be done
two at a time without interference. Careful use of the calls labelledα allows us to do twelve of these calls
three at a time for a total ofk(4k+4)+2k rounds to move the information of these4k+4 vertices tov0. 2
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Fig. 2: Gathering stages fordT = 1 and (a)dI = 5, (b) dI = 6.

Addendum
We have recently improved the lower bound for the casedI even to match the upper bound of Theorem 3.
The proof of this lower bound and also the complete proofs of Theorems 2 and 3 are considerably more
complicated than the proof outlines presented here. All details will appear in the full version of this paper.
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