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QR factorization

“One algorithmic idea in numerical linear algebra is more important
than all the others: QR factorization.”

L. N. Trefethen and D. Bau,

Numerical Linear Algebra, SIAM, 1997.
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Knowing everything you have ever wondered about QR
factorization.
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2. Runtime System for multicore architectures
3. Using Accelerators
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QR factorization
Three-layers paradigm

High-level algorithm
QR factorization ’

Runtime System J

Device kernels ’

CPU core J GPU J




QR factorization

Motivation for tile algorithms

Need to design new algorithm in order to
* reduce communication
* enhance parallelism



QR factorization

1D tile QR - binary tree

Reduce Algorithms: Introduction

The QR factorization of a long and skinny matrix with its data partitioned
vertically across several processors arises in a wide range of applications.

Input: Output:
A is block distributed by rows Qs block distributed by rows
Ris global
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1D tile QR - binary tree

Reduce Algorithms: Introduction

Example of applications:

a) inlinear least squares problems which the number of equations is extremely larger
than the number of unknowns

b) in block iterative methods (iterative methods with multiple right-hand sides or
iterative eigenvalue solvers)

c) indense large and more square QR factorization where they are used as the panel
factorization step

QR Factorization Over Runtime Systems
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Reduce Algorithms: Introduction

Example of applications:

a) in block iterative methods (iterative methods with multiple right-hand sides or
iterative eigenvalue solvers),

b)  indense large and more square QR factorization where they are used as the panel
factorization step, or more simply

c) inlinear least squares problems which the number of equations is extremely larger
than the number of unknowns.

The main characteristics of those three examples are that

a) there is only one column of processors involved but several processor rows,
b) all the data is known from the beginning,

c) and the matrix is dense.

Various methods already exist to perform the QR factorization of such matrices:
a) Gram-Schmidt (mgs(row),cgs),

b) Householder (qr2, grf),

c) or CholeskyQR.

We present a new method:

Allreduce Householder (rhh_qr3, rhh_grf).

QR Factorization Over Runtime Systems
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The CholeskyQR Algorithm

N
C:=ATA (mn2) ' ‘
R :=chol( C) (n%/3)
«+—chol ( )
Q:=A/R (mn?) e N

1"




QR factorization

1D tile QR - binary tree
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Parallel distributed CholeskyQR

The CholeskyQR method in the parallel distributed context can be described as follows:

1: SYRK:

2: MPI_Reduce:

3: CHOL:
4: MPI_Bdcast

5: TRSM:

C:=ATA (mn?)
Ci=sum, ., C (on proc 0)
R:=chol(C) (n3/3)

Broadcast the R factor on proc 0
to all the other processors

Q:=A/R (mn?)

AGULLO - LANGOU

1. W~ H

W +N +N+X,I
3-4. ] +—chol (

ik

QR Factorization Over Runtime Systems
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In this experiment, we fix
the problem: m=100,000

Efficient enough?

and n=50.
2048 § 500
PESEN P <
5512 = 9 400 <
9 2.56 ~—— g 350 — cholqr
 1.28 ~ ~ T 300 cgs
E 064 N S 250
. \ =1 2 200 mgs(row)
0.32 Q rf
\ S 150 al
0.16 £ 100 —— mgs
0.08 : : : —— .§ 50 _.\-—-‘.\—.
1 2 4 8 16 32 T 0 T T
a
#of 2 4 32
of procs # of procs
1 489.2 (1.02) 1341 (3.73) 735 (6.81) 39.1 (12.78) 56.18
2 467.3 (0.54) 789 (3.17) 39.0 (6.41) 223 (11.21) 3121 (8.01)
4 466.4 (0.27) 713 (1.75) 387 (3.23) 222 (5.63) 29.58 (4.23)
8 434.0 (0.14) 67.4 (0.93) 36.7 (1.70) 208 (3.01) 2115 (2.96)
16 359.2 (0.09) 54.2 (0.58) 316 (0.99) 183 (171) 14.44 (2.16)
32 197.8 (0.08) 419 (037) 29.0 (0.54) 158 (0.99) 838 (1.87)

QR Factorization Over Runtime Systems




QR factorization

1D tile QR - binary tree

. L We
Simple enough?
* NN ¥ NN
34 W +chol( )
5. H«H Y
int choleskyqr_A_vO0(int mloc, int n, double *A, int Ida, double *R, int Idr,
MPI_Comm mpi_comm){

int info;
cblas_dsyrk( CblasColMajor, CblasUpper, CblasTrans, n, mloc,
, A, Ida, , R, Idr);
MPI_Allreduce( MPI_IN_PLACE, R, n*n, MPI_DOUBLE, MPI_SUM, mpi_comm );
lapack_dpotrf( lapack_upper, n, R, Idr, &info );
cblas_dtrsm( CblasColMajor, CblasRight, CblasUpper, CblasNoTrans, CblasNonUnit,
mloc, n, , R, Idr, A, Ida);
return 0;

( ... and, OK, you might want to add an MPI user defined datatype to send only the upper part of R)
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m=100, n=50
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Parallel distributed CholeskyQR

The CholeskyQR method in the parallel distributed context can be described as follows:

. P H
1: SYRK: C:=ATA (mn?)
2: MPI_Reduce:  C:=sum, C (on proc 0) 2. N ‘*N . XI . N*XI
4

3: CHOL: R:=chol(C) (n3/3)
3-4. ] +—chol (
4: MPI_Bdcast Broadcast the R factor on proc 0

to all the other processors / il
5: TRSM: Q:=A/R (mn2?)

This method is extremely fast. For two reasons:
1. first, there is only one or two communications phase,
2. second, the local computations are performed with fast operations.
Another advantage of this method is that the resulting code is exactly four lines,
3. sothe method is simple and relies heavily on other libraries.
Despite all those advantages,
4. this method is highly unstable.
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On two processes
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On two processes

'd ° N\
o (1)
, ar( Dof) = ( W& RE)
R0 Vi@




1D tile QR - binary tree

On two processes




1D tile QR - binary tree

On two processes

.
aR( )g( T, QR(M’)Q(N,H’)
W
)
J
.
J




QR factorization

1D tile QR - binary tree

On two processes
QR(E))QI( %,Ru)) }

RY@
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The big picture ....
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Latency but also possibility of fast
panel factorization.

QR factorization and construction of T

* DGEQRS3 is the recursive
algorithm (see Elmroth and

,000
Perf in MFLOP/sec (Times in sec)

Gustavson, 2000), DGEQRF and 0 DGEQR3 DGEQRF DGEQR2
DGEQR2 are the LAPACK 50 1736 (029) 650 (0.77) 646  (0.77)
routines.
100 2405 (0.83) 626 (317) 653 (3.04)
*  Timesinclude QR and DLARFT. 150  277.9 (160)  8L6 (5.46) 642  (6.94)
+ Run on Pentium Ill. 200 3125 (253) 1113 (7.09) 659 (11.98)

o
(73

L —DGEQR3
Qo ——DGEQRF
= DGEQR2
s Q.

A

10 20 30 40 S0 60 70 F0 S0 100 110 120 130 140 150 160 170 180 190 200

m=1000,000, the x axis is n
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When only R is wanted

L v O = Qﬁ
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When only R is wanted: The
MPI_Allreduce

In the case where only R is wanted, instead of constructing our own tree, one can simply use
MPI_Allreduce with a user defined operation. The operation we give to MPI is basically the
Algorithm 2. It performs the operation:

)™ R

This binary operation is associative and this is all MPI needs to use a user-defined operation on
a user-defined datatype. Moreover, if we change the signs of the elements of R so that the
diagonal of R holds positive elements then the binary operation Rfactor becomes
commutative.

The code becomes two lines:
lapack_dgeqrf( mloc, n, A, Ida, tau, &dlwork, Iwork, &info );
MPI_Allreduce( MPI_IN_PLACE, A, 1, MPI_UPPER,
LILA_MPIOP_QR_UPPER, mpi_comm);



QR factorization

1D tile QR - binary tree

Blue Gene L
frost.ncar.edu
800
700
600
500
400

MFLOPs/sec/proc

300

200

100

AGULLO - LANGOU

Q and R: Strong scalability

In this experiment, we fix the problem: m=1,000,000 and n=50.
Then we increase the number of processors.

—-ReduceHH (QR3)
-#-ReduceHH (QRF)

D——— ScalAPACK QRF

S —, ~-ScalAPACK QR2

32 64 128 256
# of processors

QR Factorization Over Runtime Systems
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Grid 5000

Sophia- Q
Afitipoli:
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Grid 5000

Latency (ms) Orsay | Toulouse | Bordeaux | Sophia
Orsay 0.07 7.97 6.98 6.12
Toulouse 0.03 9.03 8.18
Bordeaux 0.05 7.18
Sophia 0.06
Throughput (Mb/s) | Orsay | Toulouse | Bordeaux | Sophia
Orsay 890 78 90 102
Toulouse 890 77 90
Bordeaux 890 83
Sophia 890
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Ilustration of ScalAPACK PDEGQR2 without reduce affinity
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Illustration of ScaLAPACK PDEGQR2 with reduce affinity

Cluster 1

Domain 1,1

Domain 1,2
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Illustration of TSQR with reduce affinity
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TSQR-binary-tree

Classical Gram-Schmidt
32 nodes per cluster, m varies (x-axis), n = 32

Perfomance for pg = 1, 2 or 4 lusters, pe = 32 nodes per cluster, m varies («-axis),n =32 Perfomance for pg = 1, 2 r 4 custers, p
experiments HEmEn it g = [aclusters, 96.20 GFlops/sec|
odel [
2 clusters, 48.25 GFlops/sed]
m = 16.6+06 1 cluster, 24.20 GFlops/sed

10° ¢ : 10° % g § E 2 ]
g 4 clusters, 28.19 GFlops/sed] 8 b
5 g
K 2 clusters, 17.19 GFlops/sed] K
o o

10 10t q

1 cluster, 9.27 GFlops/sed]
10° I 10° L L L
10* 10° 10° 10’ 10* 10° 10° 10’
m
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Consider

architecture: parallel case: P processing units

problem: QR factorization of a m-by-n TS matrix (TS = m/P > n)
(main) assumption: one processor has at least mn/P part of the matrix
and one processor performs at least % flops

= 1D tile QR algorithm with a binary tree

theory:
| TSQR | ScaLAPACK-like | Lower bound
2 3 2 3 2
# flops | W jogp | Zmr 20 S} (%)
2 2 2
# words % log P % log P % logP
# messages | logP 2nlogP logP
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Communication for tile algorithms

* tall and skinny matrix, parallel distributed case
= 1D tile QR algorithm with a flat tree
* tall and skinny matrix, sequential case
* general matrix, sequential case
* general matrix, parallel distributed case
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cache (Mg, 1)

bus («, 8)

main memory (Mg, )
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Consider

architecture: sequential case: one processing unit with cache of size (W)
problem: QR factorization of a m-by-n TS matrix (TS = m > n and

w > %nz)
= 1D tile QR algorithm with a flat tree
theory:
| flattree | LAPACK-like | Lower bound
# flops 2mn* 2mn® O (mn?)
# words mn LR mn
# messages | 7 'g;j S



QR factorization

Communication for tile algorithms

* tall and skinny matrix, parallel distributed case

= 1D tile QR algorithm with a flat tree
* tall and skinny matrix, sequential case

= 1D tile QR algorithm with a flat tree
* general matrix, sequential case
* general matrix, parallel distributed case
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Binary tree Flat tree

QR Factorization Over Runtime Systems



QR factorization

2D tile QR

Binary tree Flat tree
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for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);

QR Factorization Over Runtime Systems m
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1. dgeqrt(A[0](0], T[0][0]);

R T
v A

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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" 1. dgeqrt(A[0][0], T[0][0]);
E. N 2. dlarfb(A[0][0], T[0][O], A[O][1]);

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
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2D tile QR - flat tree

R 1. dgeqrt(A[0][0], T[0][0]);

N 2. dlarfb(A[0][0], T[0][0], A[0][1]);
—_— 3. dlarfb(A[0][0], T[0][0], A[0][2]);
4. dlarfb(A[0][0], T[0][0], A[0](3]);

R Vv A

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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N\ 2. dlarfb(A[0][0], T[0][0], A[0][1]);
. 3. dlarfb(A[0][0], T[0][0], A[0][2]);
4. dlarfb(A[0][0], T[0][O], A[0](3]);

" 1. dgeqrt(A[0][0], T[0][0]);
L

R v A

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);

QR Factorization Over Runtime Systems m




QR factorization

2D tile QR - flat tree

1. dgeqrt(A[0][0], T[0][0]);

2. dlarfb(A[0][0], T[0][0], A[0][1]);
3. dlarfb(A[0][0], T[0][0], A[0][2]);
4. dlarfb(A[0][0], T[0][0], A[0](3]);
5. dtsqrt(A[0](0], A[1][0], T[1][0]);

R T R
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1. dgeqrt(A[0][0], T[0][0]);

2. dlarfb(A[0][0], T[0][0], A[0][1]);
3. dlarfb(A[0][0], T[0][0], A[0][2]);
4. dlarfb(A[0][0], T[0][0], A[0](3]);
5. dtsqrt(A[0](0], A[1][0], T[1][0]);

R T R

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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2 dlarfb(A[0][0], T[0][0], A[0](3]);
= 5. dtsqrt(A[0][0], A[1][0], T[1][0]);

6. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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2D tile QR - flat tree

for (k = 0; k < TILES; k++) {
dgeqrt(A[K][k], TIK][k]);
for (n = k+1; n < TILES; n++) {
dlarfb(A[K][k], TIKI[K], ALk](n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)

4 dlarfb(A[0][0], T[0][0], A[0][3]);
5. dtsqrt(A[0](0], A[1][0], T[1][0]);
6. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);

dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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2D tile QR - flat tree

4. dlarfb(A[0][0], T[0][0], A[0][3]);
5. dtsqrt(A[0][0], A[1][0], T[1][0]);
6. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);
7. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);
8. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);

A A

for (k = 0; k < TILES; k++) {
dgeart(A[K][K], T[k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K] k], TIK][K], Alkl[n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[K](k], Alm][k], T(m][K]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], TIm][k], A[K][n], A[m](n]);
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QR factorization
Lower bounds

1. Extends previous lower bounds on the volume of
communication for matrix-matrix multiplication from

» Hong and Kung (81) - sequential case: (

vl
» Irony,Toledo,Tiskin (04) - parallel case: Q(T)

2. For LU, observe that:

I 0 -B 1 I 0 -B
AT 0 = A I I A-B
0 0 1[I 0 0 I 1

therefore lower bound for matrix-matrix multiply (latency,
bandwidth and operations) also holds for LU.



2D tile QR - binary tree

2D tile QR ScalLAPACK Algorithm

binary tree PDGEQRF Lower bound
# flops (4) - ¢2/p) (4)- @/p) O (i /P)
pworts | (over) - (2VB) | (3esr) (R1vF) < | 0 (e/vP)
pmessages | (}1'7) (v7) Grocr) -t x| o(vF)

SealAPACK X

Performance models of parallel CAQR and ScalLAPACK’s parallel QR factorization

PDGEQREF on a square n x n matrix with P processors, along with lower bounds on the

number of flops, words, and messages. The matrix is stored in a 2-D P, x P, block cyclic
layout with square b x b blocks. We choose b, P, and P, optimally and independently for

each algorithm. Everything (messages, words, and flops) is counted along the critical path.

AGULLO - LANGOU
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2D tile QR - flat tree

2D tile QR LAPACK Algorithm
flat tree DGEQRF Lower bound
# flops 8- () (1) () O (n?)
o) n 1 114 w
# words 3-Tw R O(N)
# messages 12 W’Q—}/z L % X o (W'_f/2>
HAPAGCK X

Performance models of sequential CAQR and blocked sequential Householder QR on a
square n X n matrix with fast memory size W, along with lower bounds on the number of
flops, words, and messages.

AGULLO - LANGOU
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2D tile QR - flat tree

RN

cache (Mg, 1)

bus («, 8)

Mfast =1 (MB)

I\/lslow =1 (GB)

o = 0 (SEC)

5 = 10% (GB/SEC)

v = 10! (GFLOPS/SEC)

main memory (Mg, )

AGULLO - LANGOU
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2D tile QR - flat tree

— 106 - S St I )
Myg, = 10° == M = 10° —-B=10°——y=10
o sequential case —— LU (or QR) factorization of square matrices
5B 500580050505565806008000080|95
.
90! 4
soHLA
I (B
© 4
g of
L 1 \
g 60f) \\ 4
w 0 . = y
g sof! . == 4
=] ! ‘\ - -
S aof! SemT ]
k] ! 1n
= | n=M T
§ 30’| = [ Mslow 1
g |
20 4
| *  problem lower bound
101 upper bound for CAQR-flat-tree g
1 | = = = lower bound for the LAPACK algorithm
olL

L ! L ! . .
5000 10000 15000 20000 25000 30000 35000
n (matrix size)
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2D tile QR - binary tree

Speedup of CAQR over ScalAPACK

25
20

15

Speedup

10

3 35 4 45 5556 657 75
log10(N)
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Communication for tile algorithms

*

Tile algorithms enable to reduce communication in the
sequential case, and in the parallel case wrt existing software

*

We can derive communication lower bounds for our problems

We can attain (polylogarithmically) (assymptotically)
communication lower bounds with tile algorithms

Any tree is possible for the panel factorization
We (Julien) used tile algorithms to minimize communication,

*
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QR factorization

Communication for tile algorithms

*

Tile algorithms enable to reduce communication in the
sequential case, and in the parallel case wrt existing software

*

We can derive communication lower bounds for our problems

*

We can attain (polylogarithmically) (assymptotically)
communication lower bounds with tile algorithms

Any tree is possible for the panel factorization
We (Julien) used tile algorithms to minimize communication,

»*

*

*

We (Emmanuel) now explain them in the context of maximizing
parallelism
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* 70’s - LINPACK, vector operations:
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cache-friendly:
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Software/Algorithms follow hardware evolution in time

* 70’s - LINPACK, vector operations:
Level-1 BLAS operation
* 80’s - LAPACK, block,

cache-friendly:
Level-3 BLAS operation
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QR factorization Algorithms and libraries

Software/Algorithms follow hardware evolution in time

* 70’s - LINPACK, vector operations:
Level-1 BLAS operation

* 80’s - LAPACK, block,

cache-friendly:
Level-3 BLAS operation

* 90’s - ScaLAPACK, distributed
memory:
PBLAS Message passing
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LAPACK QR factorization

LAPACK QR factorization
* Block algorithm
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LAPACK QR factorization

LAPACK QR factorization
* Block algorithm
N — (Movie L1)
epﬂ > wﬁ —> wﬁ» —3 cﬁ CRCE)
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o an dn
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LAPACK QR factorization

LAPACK QR factorization
* Block algorithm
N
s oS o  Smd o Swps e * Fork-join parallelism
B BN By Y
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LAPACK QR factorization
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LAPACK QR factorization
LAPACK QR factorization
* Block algorithm
N
L St e * Fork-join parallelism
ﬁﬂh + Multithreaded BLAS
i — (Movie L4);




QR factorization Algorithms and libraries

LAPACK QR factorization

LAPACK QR factorization

* Block algorithm
NQ

> sep2 o Sepd e * Fork-join parallelism
BB !4 Multithreaded BLAS
i an iy
e T Intel Xeon E7340 quad-socket
B o fd quad-core
) D (16 cores total)



QR factorization Algorithms and libraries

LAPACK QR factorization

LAPACK QR factorization

* Block algorithm
NQ

S E s stepd e * Fork-join parallelism
BB !4 Multithreaded BLAS
e an Y

Need for tile algorithms !



QR factorization Tile QR

Three-layers paradigm

High-level algorithm
2D Tile QR - flat tree ’

Runtime System J

Device kernels ’

CPU core J GPU J




QR factorization

DAG - 2D tile QR - flat tree

for (k = 0; k < TILES; k++) {
dgeqrt(A[K][K], T(k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K][k], T(K][k], Alk][n]);
for (m = k+1; m < TILES; m++){
dtsqrt(A[k][k], Alm][k], T[m][k]);
for (n = k+1; n < TILES; n++)
dssrfb(A[m][k], T[m][k], A[k][n], A[m][n]);
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DAG - 2D tile QR - flat tree

0 1. dgeqrt(A[0][0], T[0][O]);

i 2. dlarfb(A[0][0], T[0][0], A[0][1]);
p=== 3. dlarfb(A[0][0], T[0][0], A[0][2]);
4. dlarfb(A[0][0], T[0][0], A[0][3]);

R Vv A

for (k = 0; k < TILES; k++) {
dgeqrt(A[K][K], T(k][k]);
for (n = k+1; n < TILES; n++) {
diarfb(A[K][k], T(K][k], Alk][n]);
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DAG - 2D tile QR - flat tree

0 1. dgeqrt(A[0][0], T[0][O]);

i 2. dlarfb(A[0][0], T[0][0], A[0][1]);
p=== 3. dlarfb(A[0][0], T[0][0], A[0][2]);
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DAG - 2D tile QR - flat tree

1. dgeqrt(A[0][0], T[0][O]);

2. dlarfb(A[0][0], T[0][O], A[0][1]);
3. dlarfb(A[0][0], T[0][0], A[0][2]);
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R T R
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DAG - 2D tile QR - flat tree

1. dgeqrt(A[0][0], T[0][O]);

2. dlarfb(A[0][0], T[0][O], A[0][1]);
3. dlarfb(A[0][0], T[0][0], A[0][2]);
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R T R
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DAG - 2D tile QR - flat tree

4 dlarfb(A[0][0], T[0][0], A[O][3]);
== 5. dtsqrt(A[0][0], A[1][0], T[1][0]);
' 6. dssrfb(A[1][0], T[1][0], A[0][1], A[2][1]);

T
A A
B Y B
—_—
=]
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DAG - 2D tile QR - flat tree

4 dlarfb(A[0][0], T[0][0], A[O][3]);
== 5. dtsqrt(A[0][0], A[1][0], T[1][0]);
' 6. dssrfb(A[1][0], T[1][0], A[0][1], A[2][1]);

T
A A
B Y B
—_—
=]

for (k = 0; k < TILES; k++) {
dgeqrt(A[K][K], T(k][k]);
for (n = k+1; n < TILES; n++) {
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DAG - 2D tile QR - flat tree

;i.. dlarfb(A[0][0], T[0][O], A[0][3]);
5. dtsqrt(A[0][0], A[1][0], T[1][0]);

N 6. dssrfb(A[1][0], T[1][0], A[O][1], A[1][1]);
! ! 7. dssrfb(A[1][0], T[1][0], A[O][1], A[1][1]);
| 8. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);
T
A A
B Y B
\,
S~
for (k = 0; k < TILES; k++) { ot —> —
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DAG - 2D tile QR - flat tree
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! ! 7. dssrfb(A[1][0], T[1][0], A[O][1], A[1][1]);
| 8. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);
T
A A
B Y B
\,
S~
for (k = 0; k < TILES; k++) { ot —> —
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diarfb(A[K][k], T(K][k], Alk][n]);
for (m = k+1; m < TILES; m++){
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DAG - 2D tile QR - flat tree

4. dlarfb(A[0][0], T[0][0], A[O][3]);
5. dtsqrt(A[0][0], A[1][0], T[1][0]);
6. dssrfb(A[1][0], T[1][0], A[O][1], A[1][1]);
7. dssrfb(A[1][0], T[1][0], A[O][1], A[1][1]);
8. dssrfb(A[1][0], T[1][0], A[0][1], A[1][1]);

for (k = 0; k < TILES; k++) { ¥ ) = —

dgeqrt(A[k][k], T[k][k]);
for (n = k+1; n < TILES; n++) {

diarfb(A[K][k], T(K][k], Alk][n]);
for (m = k+1; m < TILES; m++){

dtsqrt(A[k][k], A{m][K], T[m][k]);

for (n = k+1; n < TILES; n++)

dssrfb(A[m][k], T[m][k], Ak][n], A[m][n]);



QR factorization Tile QR

2D tile QR - flat tree - summary

FOR k = 0..TILES-1
A[KI[K], TIK][k] « DGRQRT(A[K][k])

FOR m = k+1..TILES-1

ALKI[K], Alm]Ck], TIm][k] « DTSQRT(ALKI[K], Alm]Lk], T[mI[k])

FOR n = k+1..TILES-1
ALK][n] « DLARFB(A[K][K], T[KI[K], A[KI[n])
FOR m = k+1..TILES-1

AIK][n], Alm][n] « DSSRFB(A[mI[K], TIm][k], Alk][n], Alm](n])

B R
\ E < =l <
m 1 < <

AGULLO - LANGOU

SOOOOD

» Fine granularity;
Tile layout;
Different numerical properties;

*

*
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QR factorization

Tile QR

2D tile QR - flat tree - summary

FOR k = 0..TILES-1
AIKIIK], TIKIIK] < DGRQRT(AIKI[K])
FOR m = k+1..TILES-1
AIKI[K], Alm](k], T[m][k] « DTSQRT(A[k](k], Alm][k], TIm]k])
FOR n = k+1.TILES-1
AIKI[n] « DLARFB(ATK][K], TTk]{k], ATKI[n])
FOR m = k+1.TILES-1
ALK][n], Alm][n] « DSSRFB(A[mI[K], T[m][K], A[k][n], Alm][n])

DGEQRT DLARFB DLARFB
Vi AR A
L] L] LT
DTSQRT DSSRFB DSSRFB
:
~FH <
*
DTSQRT DSSRFB DSSRFB *
N
ul :
Nl ] 9 <
*

AGULLO - LANGOU

Fine granularity;

Tile layout;

Different numerical properties;
DAG to schedule.

QR Factorization Over Runtime Systems
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2. Runtime System for multicore architectures



Runtime System for multicore architectures Intrusive (static) scheduler : Plasma 2.0

Three-layers paradigm

High-level algorithm
2D Tile QR - flat tree

Runtime System
Intrusive (static) scheduler

Device kernels

CPU core J GPU J




Runtime System for multicore architectures Intrusive (static) scheduler : Plasma 2.0

Implementation with a static pipeline (Plasma 2.0)

void dgeqrt(double *RV1, double

void dtsqrt(double *R, double *V2,  double T);

void dlarfb(double *V1, double *T, double *C1);

void dssrfb(double *V2, double *T, double *C1, double *C2);
k=0;n = my_core_id;

» Work partitioned in one dimension (by
Sl block-columns).

ym=ki

D M EEn L) |

L e = = Cyclic assignment of work across all steps of the

next_m-
if (nex! == TiLES) {

a”:%:‘f*fi?";ﬂisﬁm:;:;aﬁsu factorization (pipelining of factorization steps).
* Process tracking by a global progress table.

if (m == k) . -

* Stall on dependencies (busy waiting).

}

Ise

drsart(AKITK, A[m]lk] Ttk geegue
progressimilk] =

i (n == k) {

5 6 7 0

}
else {
if (m == k)

12 3
{
while(progress{KIik] (= k), M
while(progress(k](n] = 6
dlarfb(A[K][k], T(K][K] Nkl[n])
}
b |
whila(progress[mi(k] (= k),

while(progressmi(n] =
. DGEQRT i DTSQRT . DLARFB D DSSRFB

desriblAlmilkl, TImilkl Alknn! Almitn));
progress(m](n] =

}
N = next_n; m = next_m; k = next_k:

}



Runtime System for multicore architectures Intrusive (static) scheduler : Plasma 2.0

Movies

* Plasma 1 core

* Plasma 4 cores

QR Factorization Over Runtime Systems



Runtime System for multicore architectures Performance

Intel Xeon - 16 cores machine

» Node:
» quad-socket quad-core Intel64 processors (16 cores).

* Intel Xeon processor:
» quad-core;
» frequency: 2,4 GHz.

* Theoretical peak:

» 9.6 Gflop/s/core;
» 153.6 Gflop/s/node.

» System and compilers:

» Linux 2.6.25;
» Intel Compilers 11.0.

QR Factorization Over Runtime Systems




Runtime System for multicore architectures Performance

Intel64- 16 cores - QR
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Runtime System for multicore architectures Performance

IBM Power6 - 32 cores machine

* Node:
» 16 dual-core Power6 processors (32 cores).

* Power6 processor:

dual-core;

each core 2-way SMT;

L1: 64kB data + 64 kB instructions;

L2: 4 MB per core, accessible by the other core;

L3: 32 MB per processor, one controller per core (80 MB/s);
frequency: 4,7 GHz.

* Theoretical peak:

» 18.8 Gflop/s/core;

» 601.6 Gflop/s/node.
» System and compilers:

» AIX5.3;
» xIf version 12.1;
» xlc version 10.1.
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Runtime System for multicore architectures Performance

Power6- 32 cores - QR
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Runtime System for multicore architectures Runtime System

Three-layers paradigm

High-level algorithm J

Runtime System
DAG vs Fork-Join \

Device kernels ’

CPU core J GPU J




Runtime System for multicore architectures DAG vs Fork-Join (Kurzak et al.09)

A few runtime systems

Cilk/Cilk++ ;

SMP Superscalar (SMPSs) — GPUSs — StarSs;
StarPU;

Quark (Plasma, since version 2.1);

DAGUE (dPlasma);

SuperMatrix;

Intel Threading Building Blocks;

Charm++;

*

*

*

*

*

*

*

*



Runtime System for multicore architectures DAG vs Fork-Join (Kurzak et al.09)

A few runtime systems

*

Cilk/Cilk++ [Fork-join];

SMP Superscalar (SMPSs) [DAG] — GPUSs — StarSs;
StarPU;

Quark (Plasma, since version 2.1);

DAGUE (dPlasma);

SuperMatrix;

Intel Threading Building Blocks;

Charm++;

*

*

*

*

*

*

*



Runtime System for multicore architectures

DAG vs Fork-Join (Kurzak et al.09)

Fork-Join model - Cilk - 2D

cilk void dgeqrt(double *RV1, double *T);

cilk void dtsqrt(double *R, double *V2, double *T);

cilk void dlarfb(double *V1, double *T, double *C1);

void dssrfb(double *VV2, double *T, double *C1, double *C2);

cilk void dssrfb_(int m, int n, int k)
{
dssrfb(A[m][k], T[m][k], A[k][n], Alm][n]);

if (m == TILES-1 && n == k+1 && k+1 < TILES)
spawn dgeqrt(A[k+1][k+1], T[k+1][k+1]);

if (n == k+1 && m+1 < TILES)
spawn dtsqrt(A[k][k], Alm+1][k], TIm+11[k]);

spawn dgeqrt(A[0][0], T[0][O]);
sync;

for (k = 0; k < TILES; k++) {

for (n = k+1; n < TILES; n++)
spawn dlarfb(A[k][k], T[k][k], A[k][n]);

if (k+1 < TILES)
spawn dtsqrt(A[KI[k], A[k+1][k], T[k+1][k]);
sync;

for (m = k+1; m < TILES; m++) {
for (n = k+1; n < TILES; n++)
spawn dssrfb_(m, n, k);
sync;

DGEQRT DLARFB DLARFB
VA R Vi
L] L] LT
DTSQRT DSSRFB DSSRFB
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DTSQRT

Nt

DSSRFB

DSSRFB

N [ [

<z

\|"R8 7

ERSY
R
=
SoEE S I
Sl SIS ST V]
e &r@?ﬁ%b:;’{@
bl

QR Factorization Over Runtime Systems



Runtime System for multicore architectures

DAG vs Fork-Join (Kurzak et al.09)

Fork-Join model - Cilk - 1D

void dgeqrt(double *RV1, double *T);
void dtsqrt(double *R, double *V2, double *T);
void dlarfb(double *V1, double *T, double *C1);
void dssrfb(double *V2, double *T, double *C1, double *C2);
cilk void qr_panel(int k)

int m;

dgeart(Alk]lk], TlkIlk]);

for (m = k+1; m < TILES; m++)

dtsqrt(A[k]lk], Alm][k], TIm][k]);

}
cilk void qr_update(int n, int k)

int m;

dlarfb(A[K][K], T[k][K], A[K][n]);

for (m = k+1; m < TILES; m++)
dssrfb(Alm][k], TImI[k], Alk][n], A[m][n]);

if (n==k+1)
spawn qr_panel(k+1);

spawn qr_panel(0);
sync;

for (k = 0; k < TILES; k++) {
for (n = k+1; n < TILES; n++)
spawn gr_update(n, k);
sync;

¥
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Runtime System for multicore architectures DAG vs Fork-Join (Kurzak et al.09)

DAG - SMPSs

#pragma css task |
inout(RV1[NB][NB]) output(T[NB]{NB])

void dgeqrt(double *RV1, double *T); DGEQRT DLARFB DLARFB
#pragma css task | N ] < N %
inout(R[J, V2[NB][NB]) output(T[NB]J[NB]) Il 1] ‘ ]
void dtsqgrt(double *R, double ¥v2, double *T);
DTSQRT DSSRFB DSSRFB
#pragma css task | : e |
input(V1[n], TINB]JINB]) inout(C1[NB][NB]) ‘ % c2 Y%
void dlarfb(double *V1, double *T, double *C1); ] Il
#praglrfa css task \ DTSQPL DSSRFB DSSRFB
input(V2[NBJINB], TINBJINB]) inout(C1[NBI[NB], C2[NB][NB]) | [] L]
void dssrfb(double *V2, double *T, double *C1, double *C2); ‘ [ | % [ | % :‘

#pragma css start
for (k = 0; k < TILES; k++) {

dgeart(A[k]k], TIk][K]);

for (m = k+1; m < TILES; m++)
dtsqrt(ALkI[kIN, Alm][k], T[m][k]);

for (hn = k+1; n <TILES; n++) {
dlarfb(A[k][kIN, T[k][k], A[k][n]);
for (m = k+1; m < TILES; m++)
dssrfb(AlmI[k], TImI[k], AlkI[n], Alm][n]);
}
¥

#pragma css finish




Runtime System for multicore architectures DAG vs Fork-Join (Kurzak et al.09)

Traces [Kurzak et al.’09]

core 3
B ooceort
[ orsorr
core 0
T
corel [ oLares
core 3
] ossres

QR Factorization Over Runtime Systems

AGuLLO



Runtime System for multicore architectures DAG vs Fork-Join (Kurzak et al.09)

Performance - Intel 16 cores [Kurzak et al.'09]

Tile QR Factorization Performance

110 . . . . . .
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Using Accelerators

Outline

3. Using Accelerators



Using Accelerators
Three-layers paradigm

High-level algorithm J

Runtime System J

Device kernels ’

CPU core J GPU J
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Using Accelerators GPU kernels

GPU kernels

* Kernels for update (ormgr and t smgr)
Fully on GPU

* Kernels for panel factorization (geqrt
and tsqgrt)
Hybrid implementation CPU + GPU

CUDA tsmagr kernel:
(8 )=-Ca)n(3 )] ().

1. D!

work

= A + VI Ais

2 —
2 DRy = TDi A,

3. Ami = Am— VD2

work*

J — A O
work =& — Dyons
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Using Accelerators GPU kernels

GPU kernels

* Kernels for update (ormgr and t smgr)
Fully on GPU

* Kernels for panel factorization (geqrt
and tsqgrt)
Hybrid implementation CPU + GPU

CUDA tsmagr kernel:

(%)==Ci)n ()] ()

NB

DN
1. DL = A + VT Awi;
2= 1A A O
2. wak - T/Dwmk’ Ak( - Aki - DwmA’
3. Awi = Awi—ViD2,,.
GPU
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Using Accelerators GPU kernels

GPU kernels

* Kernels for update (ormgr and t smgr)
Fully on GPU

* Kernels for panel factorization (geqrt
and tsqgrt)
Hybrid implementation CPU + GPU

CUDA tsmagr kernel:

(%)==Ci)n ()] ()

NB

1 Al TA .-
1. Dl = Ay + VA

2= 1A A O
2 Dione = TiDyoris Ak = Aty = Diorks
3. Ami =Am—VD% ..

GPU |GPU
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Using Accelerators GPU kernels

GPU kernels

* Kernels for update (ormgr and t smgr)
Fully on GPU
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GPU kernels
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GPU kernels
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Using Accelerators GPU kernels

GPU kernels

* Kernels for update (ormgr and t smgr)
Fully on GPU

* Kernels for panel factorization (geqrt
and tsqgrt)
Hybrid implementation CPU + GPU

CUDA tsmagr kernel:

(%)==Ci)n ()] ()

1 Al TA .-
1. Dl = A+ VA

2= 1A A O
2 Dione = TiDyoris Ak = Aty = Diorks
3. Ami =Am—VD% ..
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Using Accelerators GPU kernels

Architecture

*

AMD Opteron 8358 SE CPU, 4 x 4, 2.4GHz, 4 x 8GB

NVIDIA Tesla S1070 GPU, 4 x 240, 1.3GHz, 4 x 4GB
single precision:

» peak: 3067Gflop/s (307.2 + 2760)

» sgemm: 1908Gflop/s (256 + 1652)
double precision:

» peak: 498.6Gflop/s (153.6 + 345)
» dgemm: 467.2Gflop/s (131.2 + 336)

*

*

*
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Using Accelerators

Tuning

9
32
68 GFlopls

ib:
* 32
v 64
A 96
> 128
& MKL 11.0

GFlop/s

0
480 576 672 768 864 960 1056 1152 1248 1344
Tile size (NB)

Panel factorization
(sgeqgrt kernel)

0
256 384 512 640 768 896 1024 1152 1280 1408 1536 1664 1792 1920 2048
Tile size (NB)

Update phase
(stsmgr kernel)
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Using Accelerators Static scheduling

Performance

900 . .
Single precision - 4 GPUs —&—
Single precision -
L Single precision -
800 Single precision -
Double precision -
Double precision - 3 GPUs
700 Double precision - 2 GPUs b
Double precision - 1 GPUs A
600 / = B
» 500
2 / /'/
S
© 400 A
/
//./
300 7
/
200 T
100
0
0 5000 10000 15000 20000 25000 30000

Matrix order
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Using Accelerators Static scheduling

Performance

900 . .
Single precision - 4 GPUs —&—
Single precision -
L Single precision -
800 Single precision -
Double precision -
Double precision - 3 GPUs
700 Double precision - 2 GPUs b
Double precision - 1 GPUs A
600 / = B
» 500
2 / /'/
S
© 400 A
/
//./
300 7
/
200 T
100
0
0 5000 10000 15000 20000 25000 30000

Matrix order

How to use the 16 CPU cores?
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Using Accelerators StarPU

Three-layers paradigm

High-level algorithm J

Runtime System
StarPU ’

Device kernels ’

CPU core J GPU J
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Using Accelerators StarPU

GPU-enabled runtime systems

*

Cilk/Cilk++;

SMP Superscalar (SMPSs) — GPUSs — StarSs;
StarPU;

Quark (Plasma, since version 2.1);

DAGUE (dPlasma);

SuperMatrix;

Intel Threading Building Blocks;

Charm++;

*

*

*

*

*

*

*
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Using Accelerators StarPU

GPU-enabled runtime systems

*

Cilk/Cilk++;

SMP Superscalar (SMPSs) — GPUSs — StarSs;
StarPU;

Quark (Plasma, since version 2.1);

DAGUE (dPlasma);

SuperMatrix;

Intel Threading Building Blocks;

Charm++;

*

*

*

*

*

*

*

QR Factorization Over Runtime Systems 106



Using Accelerators StarPU

GPU-enabled runtime systems

*

Cilk/Cilk++;

SMP Superscalar (SMPSs) — GPUSs — StarSs;
StarPU;

Quark (Plasma, since version 2.1);

DAGUE (dPlasma);

SuperMatrix;

Intel Threading Building Blocks;

Charm++;

*

*

*

*

*

*

*
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» Data management:
» Checks dependences;
» Ensures coherency;
* Supports:
» SMP/Multicore
Processors (x86, PPC,

)
» NVIDIA GPUs;
» OpenCL devices;
» Cell Processors
(experimental).

* Scheduling module.

AGULLO - LANGOU

Using Accelerators

The StarPU runtime system [Augonnet et al.]

StarPU

HPC Applications

Parallel Parallel
Compilers Libraries
—

StarPU

Drivers (CUDA, OpenCL)
CPU . GPU

QR Factorization Over Runtime Systems
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Using Accelerators StarPU

2D Tile QR - flat tree - over StarPU

for (k = 0; k < min(MT, NT); k++) {
starpu_Insert_Task (&cl_zgeqrt, k , k, ...);

for (n = k+1; n < NT; n++)
starpu_Insert_Task (&cl_zunmgr, k, n, ...);

for (m = k+1; m < MT; m++) {
starpu_Insert_Task (&cl_ztsgrt, m, k, ...);

for (n = k+1; n < NT; n++)
starpu_Insert_Task (&cl_ztsmgr, m, n, k, ...);

QR Factorization Over Runtime Systems
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Using Accelerators StarPU

2D Tile QR - flat tree - over StarPU

for (k = 0; k < min(MT, NT); k++) {
starpu_Insert_Task (&cl_zgeqrt, k , k, ...);

for (n = k+1; n < NT; n++)
starpu_Insert_Task (&cl_zunmgr, k, n, ...);

for (m = k+1; m < MT; m++) {
starpu_Insert_Task (&cl_ztsgrt, m, k, ...);

for (n = k+1; n < NT; n++)
starpu_Insert_Task (&cl_ztsmgr, m, n, k, ...);

}

See code

QR Factorization Over Runtime Systems
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Using Accelerators

Relieving anti-dependencies (SMPSs trick reminder)

#pragma css task |
inout(RV1[NB][NB]) output(T[NB]{NB])

void dgeqrt(double *RV1, double *T); DGEQRT DLARFB DLARFB
#pragma css task | ‘ F* % @H: % %iH
inout(R[N], V2[NB][NB]) output(T[NB][NB]) ‘ ‘ ‘ ] ‘ ‘

void dtsqgrt(double *R, double ¥v2, double *T);

\ |
DTSQRT DSSRFB DSSRFB
#pragma css task | : al |
input(V1In], T[NBJINB]) inout(C1[NB][NB]) A %) W) N
void dlarfb(double *V1, double *T, double *C1); ] ]
DTSQRT DSSRFB DSSRFB

#pragma css task | —
input(V2[NBJINB], TINBJINB]) inout(C1[NBI[NB], C2[NB][NB]) | [] L]
void dssrfb(double *V2, double *T, double *C1, double *C2);

#pragma css start
for (k = 0; k < TILES; k++) {

dgeart(A[k]k], TIk][K]);

for (m = k+1; m < TILES; m++)
dtsqrt(ALkI[kIN, Alm][k], T[m][k]);

for (hn = k+1; n <TILES; n++) {
dlarfb(A[k][kIN, T[k][k], A[k][n]);
for (m = k+1; m < TILES; m++)
dssrfb(AlmI[k], TImI[k], AlkI[n], Alm][n]);
}
¥

#pragma css finish
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Using Accelerators

Relieving anti-dependencies (using StarPU)

1100

1000
/
900 ol

800

/
600

500 /
400

300 '/
200 /

Copy block —+—
: RW access moqe

GFlop/s

100
0 5000 10000 15000 20000 25000 30000 35000 40000

Matrix order
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Using Accelerators

Impact of the scheduling policy

1000

% 600
5
400
200
0 i GREEDY
0 5000 10000 15000 20000 25000 30000 35000
Matrix order
Name Policy description
greedy Greedy policy
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Using Accelerators

Impact of the scheduling policy

1000

g 600
400 s
200 tat
y HEFT-TM oo
i GREE‘DV
0 0 5000 10000 15000 20000 25000 30000 35000
Matrix order

Name Policy description
heft-tm HEFT based on Task duration Models (Tya ransfers + Tcomputation)
greedy Greedy policy

QR Factorization Over Runtime Systems ™



Using Accelerators

Impact of the scheduling policy

1000
800
o 600 e
400 o
200
:7: HEFT-TM-PR «+
HEFT-TM
i GREE‘DV
0 0 5000 10000 15000 20000 25000 30000 35000
Matrix order
Name Policy description
heft-tm-pr heft-tm with data PRefetch
heft-tm HEFT based on Task duration Models (Tya ransfert + Tcomputation)
greedy Greedy policy

AGULLO - LANGOU
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Using Accelerators

Impact of the scheduling policy

1000
800
g 600 % o
400 o
200
HEFT-TMDP
HEFT-TM-PR «+:ate:
HEFT-TM ot
i GREE‘DV
0 0 5000 10000 15000 20000 25000 30000 35000
Matrix order
Name Policy description
heft-tmdp heft-tm with remote Data Penalty (aTauiq iransfers + Teomputation)
heft-tm-pr heft-tm with data PRefetch
heft-tm HEFT based on Task duration Models (Tya ransfert + Tcomputation)
greedy Greedy policy
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Using Accelerators

Impact of the scheduling policy

1000

% 600 :
400
200 HEFT-TMDP-PR st
HEFT-TMDP
HEFT-TM-PR «+ s
HEFT-TM oo
i GREE‘DV
0 0 5000 10000 15000 20000 25000 30000 35000
Matrix order
Name Policy description
heft-tmdp-pr heft-tmdp with data PRefetch
heft-tmdp heft-tm with remote Data Penalty (aTauiq iransfers + Teomputation)
heft-tm-pr heft-tm with data PRefetch
heft-tm HEFT based on Task duration Models (Tya ransfers + Tcomputation)
greedy Greedy policy
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Using Accelerators

Impact of the scheduling policy

1000

o 600 / o
w0 /
200 g
4
HEFT-TMDP-PR =t
HEFT-TM.PR - 8.0
0 0 5000 10000 15000 20000 25000 30000 35000
Matrix order
Name Policy description
heft-tmdp-pr heft-tmdp with data PRefetch
heft-tmdp heft-tm with remote Data Penalty (aTauiq iransfers + Teomputation)
heft-tm-pr heft-tm with data PRefetch
heft-tm HEFT based on Task duration Models (Tya ransfers + Tcomputation)
greedy Greedy policy
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movement

Using Accelerators

Impact of the Data Penalty on the total amount of data

/
j/ IDP-PR =
Matrix order | 9600 | 24960 | 30720 | 34560
heft-tmdp-pr | 1.9GB | 16.3GB | 25.4GB | 41.6GB
heft-tm-pr | 3.8GB | 57.2GB | 105.6GB | 154.7GB

AGULLO - LANGOU

QR Factorization Over Runtime Systems

112



Performance

Using Accelerators

Gflop/s

40000

4 GPUs + 4 CPUs - Single
3 GPUs + 3 CPUs - Single —=—
1000 2 GPUs + 2 CPUs - Single ——
1 GPUs + 1 CPUs - Single
4 GPUs + 4 CPUs - Double
3 GPUs + 3 CPUs - Double ---%---
2 GPUs + 2 CPUs - Double ---x---
1 GPUs + 1 CPUs - Double
800
——
K/
600 e
—_
__,%—’/—4/*
400 / — U
200 / 8
K-
Za el
*17_/,:74’% ORI
0 BT | I
20000 25000 30000 35000
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Matrix order
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Using Accelerators

Performance

4 GPUs + 16 CPUs - Single —=—
- 4 GPUs + 4 CPUs - Single —1
1 - 3 GPUs + 3 CPUs - Single —%—
2 GPUs + 2 CPUs - Single —s%— L
1 GPUs + 1 CPUs - Single
4 GPUs + 16 CPUs - Double ---m---
4 GPUs + 4 CPUs - Double
3 GPUs + 3 CPUs - Double -~
800 - 2 GPUs + 2 CPUs - Double
1 GPUs + 1 CPUs - Double
e
600 "
)
5 /
5 /
—x
%4/*
400 / e
7.7“.“/.”,._,/-———1 -
200 -
P
R B =t
0 i
0 5000 10000 15000 20000 25000 30000 35000 40000

Matrix order

+ 200Gflop/s but 12 cores = 150Gflop/s
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Heterogeneity

Using Accelerators

StarPU

Kernel CPU GPU Speedup
sgeqrt | 9 Gflops | 60 Gflops ~
stsqgrt | 12 Gflops | 67 Gflops ~
sormgr | 8.5 Gflops | 227 Gflops
stsmgr | 10 Gflops | 285 Gflops

* Task distribution observed on StarPU:

» sgeqrt: 20% of tasks on GPUs
» stsmqr: 92.5% of tasks on GPUs

» Taking advantage of heterogeneity !

» Only do what you are good for
» Don’t do what you are not good for

AGULLO - LANGOU
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Enhancing parallelism

Outline

4. Enhancing parallelism

QR Factorization Over Runtime Systems 15
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Enhancing parallelism Enhancing parallelism

DAG of a 4x4 tile matrix

2D tile QR - hybrid binary/flat
tree
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Enhancing parallelism Enhancing parallelism

2D tile QR - hybrid binary/flat tree

First panel factorization and corresponding updates.
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Enhancing parallelism Enhancing parallelism

2D tile QR - hybrid binary/flat tree

Second panel factorization and corresponding updates.
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Enhancing parallelism Enhancing parallelism

2D tile QR - hybrid binary/flat tree

Final panel factorization.
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Enhancing parallelism

2D tile QR - hybrid binary/flat tree

Final panel factorization.
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Enhancing parallelism Enhancing parallelism

16x2 tile matrix - 1 domain (flat tree)

DAG
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Enhancing parallelism Enhancing parallelism

16x2 tile matrix - 8 domains (hybrid tree)
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Enhancing parallelism Enhancing parallelism

16x2 tile matrix - 16 domains (binary tree)

Traces (8 cores)
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Enhancing parallelism

Enhancing parallelism
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Enhancing parallelism Enhancing parallelism

32x4 tile matrix - 16 domains (
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Enhancing parallelism Enhancing parallelism

32x4 tile matrix - 16 domains (

Traces (8 cores)
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Enhancing parallelism Performance on a multicore node

N =400 - 16 cores
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Enhancing parallelism Performance on a multicore node

M = 6400 - 16 cores

100

90

80

70

60

50

Gflop/s

40

30

20

10

AGULLO - LANGOU

800 1600 3200

N (Number of columns)

QR Factorization Over Runtime Systems

6400

124



Enhancing parallelism Performance on a multicore node

M = 51200 — 200 < N < 3200
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Enhancing parallelism

Performance on an heterogeneous node

Heterogeneous platform - double precision - N = 2*960
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Distributed Memory

Outline

5. Distributed Memory
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Distributed Memory

Scalability - Cholesky
6 nodes ; 3 GPUs and 12 cores per node
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Distributed Memory

Scalability - Cholesky

Total of 3 GPUs and 12 cores
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Distributed Memory
Scalability: towards exascale ?
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Conclusion
Conclusion

Conclusion

three-layers paradigm;

productivity and performance portability;
Cholesky, (CA-)QR and LU solvers;

to be released into the MAGMA library.
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Perspectives
* high-level complex routines (eigensolvers, sparse solvers, ...)
* scalable runtime;
* high-performance kernels;
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