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Abstract

We propose a multiclass fluid model for BitTorrent-like content-distribution systems. The new model can model
heterogeneous peers, in which peers have different access bandwidths. The model can also model BitTorrent-like
systems which provide differential service (for example, first class and second class service) to the participating
peers. The fluid model leads to a non-linear system of differential equations with special structure. For the service
differentiation problem, we prove that the system of differential equations admits a unique stable equilibrium,
that we compute in closed-form. We also provide the average download times for both classes. For the bandwidth
diversity problem, we show that the system of differential equations has a stable state that may depend on the initial
conditions. We compute the average download time of both classes for each reachable steady-state.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In a traditional client—server content-distribution system, such as distribution from an ordinary Web
server, a large number of clients download content from a single server. If the single server cannot keep
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up with the demand from all the clients, the load can potentially be handled by replacing the server with
a server farm and increasing the access bandwidth from the server farm. Although it is possible in theory
to match any demand with a sufficient number of servers and sufficiently wide access pipes, the cost can
easily become prohibitive.

BitTorrent is a content-distribution booster which enables a content provider to distribute popular
content to large number of clients without the need of large server farms and expensive high-speed Internet
connections. Theideain essence is to split the file into small chunks, distribute different chunks to different
downloading peers, and then have the different downloading peers obtain their missing chunks from each
other. In this manner, the clients become servers, contributing bandwidth to the content-distribution
system. This approach has proved to be a highly successful mechanism to distribute popular content at
low cost. In BitTorrent terminology, the servers that make available the entire file are called “seeds”. The
clients that are collecting and sharing chunks are called “leechers”. Once a leecher has downloaded the
entire file, it becomes a seed for as long as it continues to distribute chunks to other clients. The BitTorrent
protocol includes a “tit-for-tat” mechanism to ensure that leechers not only download content but also
upload contenfl]. BitTorrent is a peer-to-peer system since clients (peers) upload chunks directly to
each other.

Qiu and Srikanf2] developed a tractable fluid model for BitTorrent-like content-distribution systems.
The model sheds insight on throughput, average download times, and stability of BitTorrent-like systems.
Although the model is elegant and tractable, it has limited applicability. First, the model assumes that
all peers are homogeneous, with all peers having the same upload and download capacity. Currently,
peers have diverse bandwidth characteristics, including dial-up modem access, broadband access (cabl
and ADSL), and high-speed Ethernet access. Second, the model does not allow for the exploration of
distribution systems that provide application-layer differentiated-services. Indeed, itis natural to conceive
of a BitTorrent-like system in which there are, say, first-class peers and second-class peers. The first-class
peers pay more (in some sense) and should receive better service — that is, shorter average downloac
times — than the second-class peers. This is a form of “application-layer differentiated-service” as the
service differentiation would be provided by the BitTorrent-like application rather than by the core of the
Internet. Intuitively, BitTorrent-like systems could provide differentiated-service by having the seeds and
leechers allocate more of their upload bandwidth to first-class peers.

In this paper we propose a deterministic multiclass fluid model for BitTorrent-like content-distribution
systems. The new fluid model can model both heterogeneous peer access and multiple differentiated-
service classes. Our multiclass fluid model results in a system of differential equations which generalize
the single-class equation [8]. The equations are significantly more complex and difficult to solve, as
they explicitly distinguish between the various classes. The system of differential equations are so-called
“linear switched systems” which are non-linear differential equations with special structure. Nevertheless,
foranumber ofimportant special cases, we explicitly solve the equations, obtaining closed-form solutions
for average download times for each of the classes.

In particular, we consider the special case where downloaders leave the system immediately after
completing their download. This is a worst-case scenario since altruistic seeds could instead stay in the
system when they have completed their download, contributing bandwidth and providing any missing
chunk to other peers. For the service differentiation problem we prove that the system of differen-
tial equations governing the system dynamics admits a unique stable equilibrium, that we compute in
closed-form. From this result, we find the average download time for each class of peers and show
how this result can be used to achieve service differentiation among the peers. We also indicate to
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what extent our results remain valid when seeds stay in the system for a non-negligible amount of
time.

In the second part of the paper, we address the bandwidth diversity problem. We show that the systen
of differential equations has a stable stationary state that may depend on the initial conditions. We identify
all stationary solutions and compute the average download time associated with each solution. Last, we
minimize the maximum average download time of both classes, regardless of the initial conditions.

The paper is organized as follows. Sect@meviews related work. In Sectio® we introduce the
multiclass model and derive the equations governing the system dynaeictions 4 and provide
results for the service differentiation problem and bandwidth diversity problem, respectively. Section
concludes the paper.

2. Related work

Several models of BitTorrent-like networks have been proposed, beginnind3jitkthich studies
their transient and steady-state behavior using, respectively, branching processes and numerically solve
Markov chains. Then Qiu and Srikg{ proposed the simple deterministic model described in Settion
which was inspired by Yang and De Vecidi3j

A first multiclass fluid model of BitTorrent-like networks based®@hwas proposed if4]. The authors
study the specific bandwidth diversity problem through a comparison with the single-class homogeneous
model in[2]. This is done in the case of symmetric access links and focuses on parallel download, using
max-min fairness to numerically compute connexion rates. Lo Piccolo gt]gbresents a significant
number of major differences with the work we present in this paper. Mainly, we propose a generic
framework designed to study for instance the resource allocation problem at individual peers. We then
apply our general model to two important problems, including bandwidth diversity, from an optimization
point of view. In addition, we address stability issues for each problem, and study carefully the boundaries
between the working regions defined by the system.

3. Multiclass model

In this paper we consider a BitTorrent-like system with two classes of peers, with the classes denoted
byi = 1andi = 2. Allthe peers in both classes want to obtain the singléfilithout loss of generality,
we take the file size to be equal to 1. Each class has seeds and downloaders (leechers). Seeds have
of the file, whereas downloaders have only portions of the file. When a downloader obtains the whole
file, it immediately becomes a seed. Lefr) andx;(¢) denote the number of seeds and downloaders,
respectively, for clasgpeers at time. Since we consider a deterministic fluid mode(y) andx;(r) are
continuous variables. In this paper, we are particularly interested in the steady-state behgvanf
x;, i = 1, 2. We need to also define the following:

e Let); be the rate at which new clasdownloaders arrive. Whenever a new cladswnloader arrives,
x; iIsincremented by 1.
e Let u; be the upload bandwidth of a peer from class



F. Clévenot-Perronnin et al. / Performance Evaluation 62 (2005) 32—49 35

e Letc; be the download bandwidth of a peer from clasde make the realistic assumption that w;,
which is consistent with the current access technologies. Whenever ad pkesdhas fully downloaded
the file,x; is decremented by 1 andis incremented by 1.

¢ Asin[2], we allow downloaders to abort downloading before fully obtaining the filegLles the rate
at which class-downloaders abort. Whenever a clasiwwnloader aborts;; is decremented by 1.

e Lety; denote the rate at which classeeds leave the system. Whenever a clasgd leaves the system,
y; is decremented by 1.

e Letn; € (0, 1) denote the efficiency of clagglownloaders, which is the average amount of a down-
loader’s upload bandwidth that is being used for content distribution. This parameterwas firstintroduced
in [3] in a Markov chain model, then used[2] in the single-class case.

We now discuss the resource allocation policy. A peer (seed or downloader) will upload chunks to
multiple peers simultaneously. The aggregate rate at which aidasst peer uploadsjis; the aggregate
rate at which a classdownloader peer uploadsigu;. A peer will allocate its upload rate between the
two classes of peers. For a clagseer, leto;(x1, x2) (resp. 1— «;(x1, x2)) be the fraction of its upload
rate that is allocated to claspeers, that is, to peers in its own class (resp. to peers in the other class)
when there are; class-1 downloaders present andclass-2 downloaders present. Thugx, x2) lies
between 0 and 1. We refer tas(x1, x2), aa(x1, x2)) @as adynamic allocation policy. To implement such
a resource allocation, peers only need to know which class the other peers belong to, and also the size of
the population in each class for the dynamic policy. This information may be provided, for instance, by
the tracker server which is used in BitTorrent as a bootstrap to help incoming peers discover seeds and
other downloaders.

Inthis paper we limit our attention keatic allocation policies, namely, policies of the forme; (x1, x2) =
«a; for all x; andx, fori = 1, 2. We will consider dynamic policies in a future work.

Our deterministic model of the two-class multiclass P2P network is now complgtel summarizes
the states and rates in the system.

We now develop a system of differential equations for the fluid-version of the above multiclass model.

At time ¢, the total upload rate provided by claspeers to peers of classs o;u;(n:xi(t) + yi(f))
and to peers of the other class is<{Xv;)u;(n;x;(t) + v;(¢)). Therefore, the total upload rate provided
by classt peers isu;(n;x;(¢) + y;(t)). Let k = 3— j designate the other class. The total download
rate provided to peers of clascannot exceed;x;(r) so that the total flow rate out of staig(r) is
min(c;x;(¢), a; i (nixi (2) + yi(©)) + (1 — ax) (e xi (2) + yi(2))), to which we must adéd; x;(z), the total

e Ao

Fig. 1. General model for a two-class P2P file dissemination system. Solid arcs represent migration rates of users. Dashed arcs
represent the fraction of allocated bandwidth.
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flow rate at which downloaders leave the system without having downloaded the entire file. By definition,
the flow rate into state;(¢) is A,. Hence, the time-evolution ok{(r), x»(¢)) is governed by the following
differential equations:

dx; .
) = B = e ), e @)+ 3 O) (L ek + @) ()

fori=12andk =3 — 1.

Similarly, we find that the total flow rate into stagdr) is given by the total rate at which downloaders
become seeds, namely(n;x;(¢) + yi(t)) + (L — o) ur (mexi(t) + v (2)) as explained above, while the
total flow rate out of state; (¢) is simplyy; y;(¢). This gives the following equations for the time-evolution

of (y1(2), y2(r))

DD _ e 0. e e ) + 30 + (1~ e ) + 9e)) — v @
fori=1,2andk =3 —i.

Egs.(1) and (2)fully define the system dynamics.

We will be particularly interested in the case where downloaders leave the system at once when
they have completed their download, namelyil= 1/y, = 0. There are two reasons why we will be
considering this situation. First, it will yield much more tractable equations, as shown next. Second, this
case represents a worst-case situation, where peers are not willing to cooperate, and leave the system
soon as they have downloaded the file. In this case, they never become seeds, whichj(rypte8 for
all ¢+ > 0. As a result, systerfl) reduces to

P e b))~ minen ) B () + (1~ ) Be(0) ©
fori = 1,2 andk = 3 — i, where
Bi == win;. (4)
Note that
c>p, i=12 (5)
since we have assumed that u; and O< n; < 1. In matrix form(3) writes
X(t) = Aox()X(t) +b (6)

with x(¢) := (x1(f), x2())" andb = (—A1, —1,)" (as usuak™ denotes the transpose vector of the vector
v). In (6) o is an integer-value mapping, taking valuesie {1, 2, 3, 4}, given by

o(x) = 142 x 1(c1x1 > a1f1x1 + (1 — a2)Banzxz) + 1(cox2 > azfonzxs + (1 — a1)Bimxa) (7)

for x = (x1, x2), wherel(A) denotes the indicator function of the even(i.e. 1(A) = 1 if A holds and
zero otherwise). The mappirgis called aswitching condition and a system liké6) is called aswitched
system [5,6]. The 2-by-2 matriced;,i = 1, ..., 4, can easily be identified fro3).

The model where 4y, = 1/, = 0 will be referred to as theo-seed model. A natural question is:
how do downloaders ever get any chunk if there are no seeds? Here, we make a distinction between twe
notions of seeds. A BitTorrent-like system needs, at startup time, at least one seed, for as long as it need
to upload (at least) a complete copy of the file. Though this bootstrap seed is mandatory to make the
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file available, it may leave long before the system reaches a steady-state. Therefore, its role is limited to
starting the torrent, and is negligible on the long term. Note that the general sy4feamsl (2) as well
as the single-class model [iB], also neglect this bootstrap seed, since the system may have a non-zero
solution even ify;(0) = 0 fori = 1, 2. Downloaders which have a complete copy of the file, on the other
hand, will have an impact on the steady-state since they belong to the long-term dynamics of the system.
These regular seeds are considere@linand (2) whereas the no-seed model assumes they leave the
system immediately.

We conclude this section by introducing the cost functions that we will consider throughout the paper.
Let ¢; be thedownload cost of peers of clasg which is defined as the expected download time given that
the peer completes the download. An analytic expressiog; foan easily be derived as follows. Assume
thatx;(¢) has a stationary regime, denotedpyBYy Little’s formula, the expected download tiniefor
peers of classis given byT; = x;/A;. On the other hand, the stationary probabifitythat a classpeer
completes its download ig; = (A; — 6;x;)/A;. Therefore, the download cost for peers of clasdkes the
form

Xi

ki — 6

In the next two sections we shall address two different problems corresponding to different subsets
of (static) allocation policies:of, ap) = (o, 1 — «), referred to as the service differentiation problem
(Section4), and (1, ay) = (o, @), referred to as the bandwidth diversity problem (Sec&pnBoth
problems will be considered for no-seed models.

& i=12 (8)

4. Resource allocation policy for service differentiation

In this section we address the service differentiation problem for the no-seed model (unless otherwise
mentioned). For the sake of simplicity we further restrict the analysis to the case where all peers have the
same download/upload bandwidths and the same efficiency parameters. In other words, we assume tha
1/y; =0,¢i = ¢, u; = pwandn;, = nfori =1, 2. We defines := un.

We recall that the service differentiation problem corresponds to the situation wherd — o, = «

(see end of Sectio8).

Our goal is to solve the resulting system of differential equations (see below) and determine the
download cost (defined i(8)) of the two classes of peers. In particular, we shall show that differential
service can indeed be provided to the two classes of peers via the allocation patameter

Under the above assumptions the system of differential equafg)ngoverning the dynamics of
(x1(2), x2(2)) simplifies to

B _ 1~ Breae) — minesa(). oBn) + o),
2 _ r — Boralt) — minexa), (1 @)B(31(0) + x2(0). ©)

In matrix notation this system is given I§§) with the switching conditiony = (x1, x2))

o(x) =14+ 2 x 1(cx1 > aBf(xy + x2)) + 1(cxz > (1 — o) B(x1 + x2)). (20)
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We introduce the new parameters

A
a = max(O, 1- 02(91+ﬂ)> )

a» ‘= min (l, 7&1(92 + ﬁ))
D

D

with D := B(x1(62 + ¢) + 12(01 + ¢)).
Proposition 4.komputes the equilibrium point of the switched sys{@&n

Proposition 4.1 (Equilibrium point for service differentiation)Regardless of the initial condition x(0),
the system of equations (9) has a unique equilibrium point X given by

A2
(M—Olngc’ ac: ) if 0 <o < a,
Oh+af  6Or+4c
(M(Qz + (1 —a)B) — roaf A2(01+ af) — A1 (1 — )B
02(61 + af) + 01(1L — o) B 02(61 + af) 4 61(1 — )8
Mo A2—(1- Ol)gxlﬁ
(91+c’ b2+ (1—a)B >

|

>
Il

) ifa; < a < ap, (11)

ifay <o <1

Proof. We first check that if lim., ., x(¢) exists, then it is given b{11).
Assume that lim., o, x(r) = x. Lettingt — oo in (6) yields

A;@Xx+b =0, (12)

whereo is given in(10). We consider separately the four systems of linear equations obtaine@f2d)m

when (a)(x) = 1, (b)o(x) = 2, (€)o(x) = 3 and (d)o (%) = 4.

(@) o(x) = 1 or equivalentlyex; < af(x1 + x2) andex, < (1 — o)B(x1 + x2).
The download rate is the bottleneck for both classes of peers. We find

~ A A
ﬂ=( L 2). (13)
01+c Oa+c

(b) o(x) = 2 or equivalentlyx; < aB(x1 + x2) andcxy > (1 — ) B(x1 + x2).
The bottleneck is the download rate for class-1 peers and the upload rate for class-2 peers. We finc

Ao—(L—a)2f
U N A (14)
01+ c 92—|—(1—0(),3

(c) o(x) = 3 or equivalentlyex; > aB(x1 + x2) andcxy < (1 — a)B(x1 + x2).
The bottleneck is the download rate for peers of class 2 and the upload rate for peers of class 1. In
this case

Job
T (% 2 ) (15)
h+aB O+4c

(d) o(x) = 4 or equivalentlyex; > aB(x1 + x2) andexz > (1 — o) B(x1 + x2).
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The bottleneck is the download rate for both classes of peers. The equilibrium point is

a </\1(02 + (1 —a)B) — r2aB ra(01 +af) — Aa(1— “)ﬂ> , (16)

~ \ 0261+ aB) + O1(L— @)B” 62(61 + aB) + 61(1 — )8

In the following, we call “typet equilibrium” the equilibrium found whena(x) = i.

The next step is to check if a typeequilibrium may exist, namely, i(x) = 1 (resp.o(x) = 2,
o(x) = 3, 0(x) = 4) whenx is given by(13) (resp.(14)—(16).

It is easily seen that a type-1 equilibrium may only exist & S. Since this condition is never met
(use(b) with ¢; = ¢ andB; = B) we conclude that there is no type-1 equilibrium.

Recallthat O< o < 1. We prove ilAppendix Athat a type-2 equilibrium may only existdp < o < 1.
The same type of analysis shows that a type-3 equilibrium may only exist &0< a1, and that a type-4
equilibrium may only exist ity < o < ap.

This concludes the proof that, if lim., x(r) = x exists, therx is given by(11) (regardless of the
initial condition).

We now turnto the proofthatlim, ., x(¢) exists. To this end, we investigate the nature of the equilibrium
of each of the linear system¢r) = A;x(¢) + b, fori = 2, 3, 4, with

A, — (‘(91+C) 0 )
2T \--wp -2+ -wp))’

(—Oitep)  —ap [~ +ap) —af
A3‘< 0 —(92+C)> and A4_<—(1—a)ﬂ —(ez+(1—a>ﬂ)>'

Recall that the equilibrium of the systerfr) = A;x(¢r) + b is stable if and only if all eigenval-
ues of the matrix4; have strictly negative real parfZ]. It is easily seen thati, and A3 have two
strictly negative eigenvalues, given by @, + ¢), —(02 + (1 — «)B)) and (01 + o), —(62 + ¢)), re-
spectively. The same property holds fé5. To see this, denote bi(c, r) the closed disc of center
and radius- in the complex plane. From G&gorin circle theoren8, p. 344]we know that both eigen-
values ofA4 lie in the regionD(—6; — aB, aB) U D(—6, — (1 — «)B, (1 — «)B), from which the result
follows.

We have now proved the local stability of the equilibrium of each linear subsystéo éfowever, a
rigorous proof of the global stability ¢®) would require more attention. For brevity, we do not address
this problem here. The interested reader can reffg]téor the stability of linear switched systems.

In summary, we have shown that for a given value:oé unique equilibrium exists, is given (@1),
and is stable. This completes the proof]

4.1. How can we achieve a target QoS ratio k?
It is now possible to achieve service differentiation using paranacsarfollows.

The goal is to differentiate the download cogtsand ¢, of class-1 and class-2 peers, respectively.
These costs are given in the next proposition.
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Proposition 4.2 (Download costs for service differentiationy: a no-seed model, the download cost ¢;
of class-i peers in the service differentiation problem is given by

M0+ ) —argp _1 . )
tT af (201 + A1(62 + ¢))’ b2 = ¢ FOse<a
a2+ B) — aB(h1 + 22) by — A201 — 21 + aB(ri + A2) ifai<a<ap:
LT T Bl + a8 2T T (= a)Bhaby + 2a6) e
1 M1t c)—MBtamB
1= ¢’ b2 = (1= a)B(O2r1 + A2(01 + ©)) oo <=t

First, note that in the service differentiation problem, we considered the static allocation policy (
a). Since the two classes have the same bandwidth characteristies &ey, w1 = u2) and the same
efficiency parameters){ = 1), this policy results in a download cost tradeoff governedabyrhis
tradeoff is represented Fig. 2

There are at least two ways to achieve service differentiation. The first one is to guarantee a subscribec
download cost for one class (egy. = @ for peers of class 1) with no constraint on the download cost of
the other class. This can be done by assigning to the param#ter(unique) root in [0, 1] of the linear
mappinge — ¢1 — @, whereg; is given inProposition 4.2

The second one is to achieve a target download cost kdbietween first- and second-class peers,
namely

2 _
1
The parametet is then obtained as the (unique) rootin [0, 1] of the (either linear or quadratic) mapping

o — ¢o/¢1 — k. For a given set of parameters (see captiéig, 3 reports the value ok that satisfies
(17)as a function ok, for k € [1, 300].

k. (17)

1219
—— class 1 cost
class 2 cost
10
. 8r
-
@
3
w 6
1]
«©
o
4.
2;
0 1 | : T ;
0 0.2 0.4 0.6 0.8 1

o

Fig. 2. Download cost tradeofh{ = A, = 101,60, =6, = 8 = 107%, ¢ = 1079).
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Fig. 3. Selection of for a target cost ratid (A1 = A, =107, 6, =6, = f = 1074, ¢ = 1079).

We conclude that service differentiation in BitTorrent-like networks can easily be achieved through
the single parameter.

4.2. What if users stay connected after the download?

All the results obtained so far in this section have been derived under the assumption that there are no
seeds in the system. As already observed this case can be seen as a worst-case scenario, where peers :
selfish and leave the system as soon as they have downloaded the file.

In this section, we relax the no-seed assumption. In other words, we assume that downloaders do not
leave the system immediately after they have downloaded the file, but continue to upload chunks to the
other peers for some time of average duratigp; & 0 for classt peers.

In this more general setting the time-evolution of the system is given by the system of differential
Egs.(1) and (2) with (a1, a0) = (o, 1 — ). We still assume that, = o, c1 = ¢o andny = 2 (these
assumptions could be relaxed). The analysis of this system is much more complex than that of the no-seed
model. While it is still easy to compute the stationary solution€pfind (2)in explicit form, it is much
more complex to study the existence and stability of these solutions. However, there is no difficulty to
numerically compute the steady-state of these equations once numerical values have been assigned to th
system parameters.

This has been done for the following set of parametgis= A, = 107! peers/sp; = 6> = u =
104s™t, ¢ =103s71, ny = n» = 0.9. These parameters are rounded values of typical values estimated
using the statistics iff] in particular. We also assumed = y, = y.

For given values of anda € (0, 1) we have computed the ratio of download cagts ¢, /¢, for the
seed model and the ratio of download costs ¢, /¢, for the no-seed model.

We have found that foy = ¢, the relative errofR — r|/R averages 1%. Far > c, this relative error
rapidly decreases, making the no-seed model very-well suited for the service differentiation problem. For
y < ¢, the relative error rapidly increases, making a numerical estimatiarnetcessary, usinf) and

(2).
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5. Bandwidth diversity

We now address the bandwidth diversity problem for the no-seed model fies1 fori = 1, 2).

We consider two classes of peers with different bandwidths (e.g., ADSL users and corporate users). Recal
that the bandwidth diversity problem we consider is characterized by a, = « (see SectioR).

Our first objective is to determine the download cost for each class of peers. Then, we will find a
static allocation policyd, ) that minimizes the maximum download cost of both classes. With a slight
abuse of notation a static allocation poliay, &) will simply be referred to as an allocatian from
now on.

Under the aforementioned assumptions the system of differential equédidrecomes

dx .

(Ttl = A1 — O1x1 — Min(c1xq, afrxr + (1 — a)Box2),

dx, .

e Ao — Oox2 — min(caxz, (1 — o) Brx1 + afoxy). (18)

In matrix notation the systeifi8)is given by(6), with the switching condition
o(x) =1+ 2 x 1(cx1 > afixr + (L — a)Bax2) + T(cxz > (1 — a)B1x1 + aBax2). (29)

For the sake of compactness we introduce the new parameters

gt = A2P2(01 + c1) — Ai(c162 + B1Bo) g = A1B1(62 + c2) — c2r2(01 + c1)
AP0 + 1) — Aa(B162 + 2B1B2 — c1B2)’ " MBi(O2+ c2) — Bara(61+ 1)’
a5t — A1B1(62 + c2) — Aa(c201 + B2p1) g i— A2B2(01 + c1) — c1r1(62 + c2)
" 2aBa(O2 + c2) — Aa(B2b1 + 2B261 — c2B1) " ABa(61+ c1) — Brra(62 + o)’
d = (02 + aB2) (61 + ap1) — (1 — @)?B1o. (20)
We also define the elementary conditions
(C1) 1 ra(c162 + B1B2) < A2B2(01 + ¢1) and 0< « < ag, (21)
(C2) 1 coro(br+c1) = Api(fa+c2) Oras < a <1, (22)
(CS) : 12(6291 + ,32,31) < )u]ﬂl(ez + 6‘2) and 0< o < as, (23)
(C4) . c1r1(62+ c2) = A2f2(01 +c1) Orag < a < 1. (24)

Furthermore, let us define the following set of conditions
(D2) = (C1) N (C2), (D3) = (C3)N (C4), (D4) = (not (C1)) N (not (C3)).
The above definitions imply thad) N (D2) = (D4) N (D3) = ¥, where@ denotes the empty set.

However, P2) N (D3) is not necessarily empty, so th@) and (03) may hold simultaneously for some
sets of parameters. Finally, we define the two-dimensional vextars- 2, 3, 4, by
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o re— (L —a)Bily ‘o M—Q-a)b s
c1+ 61 02 + aff2 ’ 01+ apy O+ )’

_ (M(Qz +apf2) — (1 —a)rzf2 Az(01+ afy) — (1— oz)kl,Bl)

X2 =

- d d
whered is defined in(20). Proposition 5.investigates the steady-state behavior of the switched system
(18).

Proposition 5.1 (Equilibrium for bandwidth diversity) The system of differential equations (18) has a
unique equilibrium point X given by

X2, regardless of x(0), if (D2) N (not (D3))hold,
_ X3, regardless of x(0), if (D3)N (not (D2)) hold, (25)
X =

X3, regardless of x(0), if (D4)holds,

x)orxy, depending onx(0), if (D2)N (D3)hold.

Proof. As in Sectiord, we first assume that lim ., x(¢) exists and check that it is given £5).
Lettingr — oo in (6) yields(12), whereo is now given by(19).
We consider separately the four systems of linear equations obtainef2mhen (a)o(x) = 1, (b)

o(X) = 2, (€)o(x) = 3 and (d)o (%) = 4.

(@) o(x) = 1 or equivalentlye;x; < aBfixs + (1 — a)Brxo anderxs < (1 — o) Brxy + afoxo.
The download rate is the bottleneck for both classes of peers. We find

— A A

xT:( 1 %2 ) (26)
O1+c1 O2+c2

(b) O'()_() =20r equivalentlwlfl < 06,31)?1 + (1 — Ol)ﬂg)?g andcoxo > (1 — O(),Bl)?l + Ol,Bz)?z.

The bottleneck is the download rate for class-1 peers and the upload rate for class-2 peers. We find
o M l—Q-o)p Cl):i_lgl '

01+ Cl’ 02 + af

(c) o(x) = 3 or equivalently1x; > aBfix1 + (1 — a)Bzx2 andeaxy < (1 — a)Bix1 + aBaxs.

The bottleneck is the download rate for peers of class 2 and the upload rate for peers of class 1. In
this case

(27)

a_ (M- Q-a)pols A ' 28
01+ afy "0+ ¢
(d) o(x) = 4 or equivalentlye1x; > aBix1 + (1 — a)Boxz andeoxs, > (1 — a)Bix1 + afaxs.
The bottleneck is the download rate for both classes of peers. The stationary solution is
- ()\1(92 +ap2) — (L—a)r2f2 A2(01+ ap) — (1 — Ot))»151> 29)
B d ’ d

whered is defined in(20).
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The next step is to check if a typeequilibrium may exist, namely, i&(x) = 1 (resp.o(X) = 2,
o(X) = 3, o(X) = 4) whenx is given by(26) (resp.(27)—(29).

Itis easily seen that a type-1 equilibrium may only exigt; + cohp < B1A1 + Baro. Sincec; > B;
fori =1, 2 (seeg(5)) we conclude that there is no type-1 equilibrium, where both classes would saturate
their download capacity.

A simple analysis, similar to that iAppendix A shows that a type-2 equilibrium only existq#1)
and (22)are true, and that a type-3 equilibrium only exist$28) and (24)are true. For the existence
conditions of a type-4 equilibrium, we also use the stability condiff)), in addition too(x) = 4, to get
the following condition: (nof21)) and (not (23) It happens that conditions fer= 2 ando = 3 are not
mutually exclusive. When they are simultaneously satisfied (D) (1 (D3) holds) then the steady-state
is given either by(27) or (28)depending on the initial conditions.

We now turn to the proof that lim, ., x(¢) exists. Namely, we investigate the nature of the equilibrium
of each of the linear system$r) = A; x(r) + b, fori = 2, 3, 4, with

A, — —91—C1 0
2T\ —1-a)p —62—aps)’

N [P —(1—a)p2 and A, — [ 2B —(1-a)p2
T 0 —02—c2 T\-A-ap oy )

It is easily seen that the matricds and Az have two strictly negative eigenvalues. The eigenvalues
of the matrixA4 are the roots irk of the polynomial
det(ds — A1)=(61 + a1 + 1)(02 + Bz + 1) — (1 — @)’ B1Ba=A" + (61 + 1 + 02 + o) + d.
wherel denotes the X% 2 identity matrix. The roots of this polynomial have strictly negative real parts if
and only if their product is strictly positive and their sum is strictly negative, which is equivalent to
d> 0. (30)
This shows that all equilibria are stable, which concludes the proaf.

We now compute the download costs and ¢, associated with each equilibrium point found in
Proposition 5.1
In order to simplify the notation, we introduce the following two-dimensional vectors:
0 ( 1 A2(01+ c1) — (1 — o)A )
2 = 77 9
c1’ O2h1P1 + a(h2f2(01 + c1) — A1p162)
= ( M0 + c2) — (1 — a)rap 1 >

v OrraB + a(rapi(B2 + c2) — B122B2) 2
_ (M162 — A2B2 + aBa(r1 + 12))
v </32(/\291 — M1B1) + a(r1Bi(02 4 2B2) — 012122)°
A201 — A1P1 + af1(h1 + A2) )
B1(r162 — A2B2) + a(A2f2(61 + 2B1) — O2haf1) )

The next proposition partially characterizes the download ehstdgs.
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Proposition 5.2 (Download costs for bandwidth diversitylz a no-seed model, the vector of download
costs (¢1, ¢2) in the bandwidth diversity problem is given by

©2 regardless of x(0), if (D2) N (not (D3)) holds,
( )= 3 regardless of x(0), if (D3) N (not (D2)) holds,
f1.92) = ¥4 regardless of x(0), if (D4)holds,

@20rp3 depending on x(0), if (D2) N (D3)holds.
Proof. The proof directly follows fronProposition 5.1 and §8 O
5.1. How can we minimize the highest download cost?

In the bandwidth diversity problem, several optimization problems could be considered. For instance,
one may wish to find an allocatianthat yields the same download costs. Another objective could be
to minimize a linear combination of the download costs. However, as shownojposition 5.2it is
difficult to analytically determing; and¢, whenever D2) N (D3) # ¢, and thereby to solve the above
optimization problems.

Instead, we will seek to minimize the maximum download cost over all initial states and over all classes.
To this end, we introduce the mappiag— E(x), called theenvelope function, defined by

E(@) = max maxag;.
(o) 0e(2,3,4) ie{1,2}¢l

Our objective is to minimize the envelope function as a functiosm. of

We now useProposition 5.20 calculate the value af that minimizesk(w). In Figs. 4 and 5the
envelope function is represented along with the possible valuégs,af{) for « in (0, 1), for two different
sets of physical parameters.

1000 - T
3 - #- Class 2, =2
oo . +- Class 1, 0=2
* 9 —e (Class 1, 0=3
800 i
" —© (Class 2, 0=3
700f — Class 1, c=4
& . \n — Class 2, o=4
7 Y i Maximum cost ||
2 ;
S 500F % &
w
w
o 400 < %
o * %
300 F " %a Minimum of
“-~ envelope
200 e ™ .
-*'-‘N
1001 **--mm.-/"
) po0 o000 0DBFEDGD+ +++++++++H+t++++ .
0 0.2 0.4 0.6 0.8
o

Fig. 4. Minimum of maximum download cost achieved f@r~ 0.78 (A, = 1,/2 =10, B1 = B2/2=1072,c1 =¢p/2 =
400,60, = 6, = 107).
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10000 —¢ '
L B - #- Class 2, 0=2
200 4 +- Class 1, 0=2
8000+ Class 1 5 o=4
i — Class 2, =4
& 70001 4 Maximum cost
3 6000+
b »
& 50001 .
] L3
© 4000} .
. Envelope is
3000 F » minimal on
% interval
2000} S
-
"“11¥ | |
1000 ++++++++++4ttt++ bttt b+ !%nggt;tati:::t L
0

0 0.2 0.4 0.6 08
o

Fig. 5. Minimum of maximum download cost achieved for a whole interval [0.5502,0.8207 ¢.,/4 = 1071, 6, = 26, =
Br=B2/20=10"" c1 = c3/2 =107).

In Fig. 4, we observe thak («) is minimal for a single value ai, wheno = 4 andg; = ¢,. In this case,
the exact value ok that minimizes the maximum download cost can be found by solging ¢, using
Proposition 5.2Note that inFig. 4, we have both type-2 and -3 equilibria fer< 0.32. The steady-state
is then determined by initial conditions.

In Fig. 5, E(«) is minimal on a whole interval on which it is equal to the constant download¢gost
wheno = 2. In this case, the interval can also be determined ugmgosition 5.2by solvingg, = ¢»
for o = 2 for the lower bound, and by determining the maximum value tifat satisfie¢21) and (22)
for the upper bound. Note that Fig. 5, conditions(23) and (24)are never satisfied simultaneously with
this set of physical parameters, since we do not have a type-3 equilibrium.

In any case, finding the value afthat minimizes the worst download cost, amounts to solve a linear
or quadratic equatiog; = ¢, using the appropriate expressiorRroposition 5.2

We conclude that for a given physical set of parameters, it is possible to account for bandwidth diversity
in BitTorrent-like networks through parameter

6. Conclusions and perspectives

In this paper we presented a simple multiclass fluid model for BitTorrent-like distribution systems.
We successfully applied this model to account for two specific problems: service differentiation and
bandwidth diversity. We mainly focused our attention to the special case where peers selfishly leave
the system immediately after their download (“no-seed case”). For both the service differentiation and
bandwidth diversity problems, we have defined a single parameteat defines a resource allocation
strategy. We showed how this parameter affects the steady-state of the system and provided closed-forr
expressions for the successful download time in each case. In addition, we showed how this paramete
a can be chosen so as to achieve a target quality of service ratio (download time ratio) for the service
differentiation problem. We also quantified the impact of the no-seed assumption on this result through a
numerical resolution of the general problem. For the bandwidth diversity problem, we also showed how
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it is possible to choose parameteso as to minimize the highest download time between two classes of
peers.

Many open problems remain. In particular, though the fluid approximation was experimentally validated
in [2], we intend to compare the results of our multiclass model to a simulation of a real P2P file
dissemination system. Another problem for further research is the study of dynamic resource allocation,
wherea would depend on the class population.

Appendix A. Service differentiation: type-2 equilibrium

In this appendix, we show that a type-2 equilibrium existsdfar [0, 1] if and only ifa, < @ < 1,
wherea; is defined inSection 4 By definition, a type-2 equilibrium existsxf= (x1, x,) given in(14)is
suchthat(x) = 2, to which we need to add the condition that>= 0 (note thaf is always non-negative).
Equivalently, we need to find the valuesooin [0, 1] such that

ro— (L —a)BE Ao —(1—a)BE
C€<“ﬂ<5+ez+aw>’ ot (d—a)p
h—(1—-a)pt >0,

Az — (1—a)ﬁ$> ,

= (- (6+ 2

where we have sef := A1/(01 + ¢). The first two conditions express the identityx) = 2 and the
third condition expresses the constraipt> 0. Straightforward algebra shows that these conditions are
simultaneously met fax € [0, 1] if and only if

cha1(62 + B)
S 2T h)

cha(r+c) | ra(0r+ C)> (A.1)

and o > max (1 — ,
D B

where werecallthab = B(11(62 + ¢) + A2(01 + ¢)). Letusfirstcomparer1(62 + 8)/Dto 1 — cr(01 +
¢)/D. We have

) (; Gath

D D ) = 1(C)»l(ﬁz + B) + cA2(61 + ¢) — D)

D

= 2 (c0alb2-+ B) + 3ot + )00 + )+ s + )

= ;(c — B)(A162 + 12(61 + ©)).

We have observed earlier in the prooRybposition 4.thatc > g, which shows thatr,1(6> + 8)/D >
1 — ci2(01 + ¢)/D. We now compareiry(02 + B)/D to 1 — A2(01 + ¢)/(r18). We have
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cha2+6) _ (1_ )‘2(01+C)> =

1 2
D B ) = Dip (Pl + B) = Dhp + 2261+ )D)

1
= m(kﬂ(chwz + B) — Br1(02 + ¢) — Br2(01+¢)

+ A2(01 + €)(02 + ©)) + BA5(61 + ¢)?)
= D:L)Ll()tl()LlQZ(c — B) + 1201 + )62+ c — B))

+25061+¢)?) >0

sincec > B. In summary we have shown that the conditieifs) = 2 andx, > 0 will simultaneously
hold for« € [0, 1] if and only if @ > min(L, cA1(62 + B)/ D) = ay, which is the announced result.
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