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Abstract— A novel multi-user diversity scheme for OFDMA
(Orthogonal Frequency Division Multiplexing Access) is de-
scribed which alleviates the need of feedback and provides
substantial improvements in non-cooperative environments. The
algorithm exploits the reciprocity of the channel and enables a
user to send reliably data at a prescribed rate knowing only
its channel. Moreover, analytical expressions of the cell spectral
efficiency are derived in the asymptotic regime (high number of
carriers) for two filter types: matched filter and optimum filter.
Discussions are also provided for various channel models.

I. INTRODUCTION

A N carrier OFDM (Orthogonal Frequency Division
Multiplexing) system [1] using a Cyclic Prefix (CP) or
Zero-Padding [2] for preventing inter-block interference is
known to be equivalent in the Frequency Domain (FD) to N
flat fading parallel transmission channels. In this paper, we
consider a single cell network with K users simultaneously
communicating with a base station using OFDM modulation
over N carriers (see Figure 1). For this setting, efficient
scheduling algorithms to optimize the user’s rate exist and
are based on multi-user diversity schemes [3] (only users
with the best carrier to noise ratio (CNR) conditions access
the network). This algorithm requires an estimation by
the scheduler (here the best station) of the N carriers of
the K users and can increase dramatically the feedback
load. Moreover, for high mobility, the channel conditions
vary and the algorithm becomes inaccurate. To reduce the
feedback load, selective multiuser diversity algorithms have
been introduced: only the users that have a CNR above
a threshold send feedback to the scheduler [4]. Multiple
feedback thresholds can be used [5] and are generally found
numerically.

In this paper, we describe a novel multi-user diversity
scheme for OFDMA [6], [7] in which no feedback needs to be
sent. Namely, each user knows only the channel coefficients of
its N carriers whereas the scheduler has no channel knowledge.
This is done by exploiting the reciprocity of the channel:
A broadcast training sequence is sent by the base station to
all the users at the beginning of the communication. Each
user estimates its channel and based on an algorithm detailed

afterwards selects the carriers ensuring the required data rate.
Surprisingly, under mild asymptotic conditions, the algorithm
enables each user to send reliably data at a prescribed rate
knowing only its channel. For several channel models, we
derive analytical expressions of the cell spectral efficiency in
the asymptotic regime (high number of carriers) for two filter
types: matched filter and optimum filter. Other type of filters
such as the MMSE can be studied in the same manner.

In section II, we describe the channel inversion OFDMA
model under consideration. Section III provides explicit ex-
pression of the spectral efficiency for the matched and opti-
mum filter. Section IV analyzes the Gaussian Model whereas
section V-A treats the fading model case. Finally, we draw our
conclusions in section VI.

II. MODEL

The scheme considers TDD (Time Division Duplex) mode
slotted transmissions on a channel with coherence time TC =
DNT , where T is the time to transmit one symbol (NT is the
time to transmit one OFDM symbol with N symbols). At the
beginning, the scheduler sends a broadcast training sequence to
all the users: it is a known sequence of G < D OFDM symbols.
Each user k estimates its N carriers hk(i), i ∈ {1, . . . ,N} and
can transmit during the remaining time (D−G)T . The spectral
efficiency should therefore be reduced by a factor D−G

D . In all
the following, we will however suppose that the channel is
perfectly estimated and D−G

D → 1.
Constrained on its total power budget PW (P is the power
spectral density and W is the available bandwidth1), user k
selects Lk carriers, where Lk depends on the particular realiza-
tion of the fading. On each selected carrier i, user k sends the
information xk(i) = sk(i)

hk(i)
, where sk(i) is the transmitted data

such as E

[
|sk(i)|2

]
= PW

N . Therefore, the scheduler does not
need to know the channel state information in this “channel
inversion scheme” which alleviates the need of a feedback
mechanism.

Each user chooses a set Sk ⊆{1, . . . ,N} of Lk ( 1 ≤ Lk ≤ N)
carriers such as ∑i∈Sk

PW
N|hk(i)|2

≤ PW . Thus Sk ⊆ {1, . . . ,N} is

1Note that in this setting the inter-carrier spacing is W
N .



the set of cardinal Lk such that Sk contains the Lk best carriers
such as

1
N ∑

i∈Sk

1

|hk(i)|2
≤ 1. (1)

Note that in this non-cooperative scenario, for each carrier i,
a set Mi ⊆ {1, . . . ,K} of users can select the same frequency
carrier i, which introduces interference. As a consequence, the
received signal on carrier i at the base station is given by:

y(i) = ∑
k∈Mi

sk(i)+ n(i) (2)

where n(i) is a zero mean gaussian noise with variance N0W
N .

III. SPECTRAL EFFICIENCY

Let card(Mi) = Mi. Note that ∑N
i=1 Mi = ∑K

k=1 Lk. Assuming
that each transmitter simultaneously transmits Gaussian-like
signals using a different random code book (known by the
base station), the spectral efficiency of the cell is given by:

• For the optimum filter:

γoptimum(K) =
1
N

K

∑
k=1

∑
i∈Sk

1
Mi

log2

(
1 +

MiP
N0

)
. (3)

• For the matched filter:

γmatched(K) =
1
N

K

∑
k=1

∑
i∈Sk

log2

(
1 +

P
(Mi −1)P+ N0

)
. (4)

By optimum, we refer to a joint decoding of all the
users with separate code books [8] (or successive stripping
of the users where the equivalence is shown in [9]). The
matched filter corresponds to the case where all the users
(except the user of interest) are considered as background
noise. The spectral efficiencies in (3) and (4) are expressed in
bits/seconds/Hz and are a priori random variables that depend
on the realization of the channels. The rates are achievable
if the transmitters know exactly these rates. In the following,
we will consider the channel in the asymptotic regime (high
number of carriers N) and show that under some assumptions
on the channel statistics, the transmitters can send reliably data
at a predictable rate irrespective of a particular realization of
the interfering channels. Let P

N0
= snr; for M ≥ 1 we define

the single-user capacities

γsu
optimum(M) =

1
M

log2 (1 + M snr) (5)

γsu
matched(M) = log2

(
1 +

snr
(M−1)snr+1

)
. (6)

Using the fact that snr = γsu
optimum(M)Eb

N0
(respectively snr =

γsu
matched(M)Eb

N0
) in these expressions, the single-user capacities

are solutions of implicit equations. Concerning the single-
user optimum capacity (5), we remark that if M ≥ 1, x =
Mγsu

optimum(M) is the solution of an implicit equation that does
not depend on M:

x = log2

(
1 + x

Eb

N0

)
. (7)

x is known as the Gaussian single user bound in an AWGN
single user transmission. The total spectral efficiencies from
(3) and (4) can then be calculated as

γoptimum(K) =
1
N

K

∑
k=1

∑
i∈Sk

γsu
optimum(Mi) (8)

γmatched(K) =
1
N

K

∑
k=1

∑
i∈Sk

γsu
matched(Mi). (9)

(8) and (9) can be equivalently written

γoptimum(K) =
1
N

N

∑
i=1

Miγsu
optimum(Mi) (10)

γmatched(K) =
1
N

N

∑
i=1

Miγsu
matched(Mi). (11)

IV. GAUSSIAN CASE

Let us first analyze the case of a Gaussian (no fading) uplink
multiple access network. The result are useful for comparison
purposes with the fading case of section V. For each user k
and each carrier i, hk(i) = 1. Therefore, Sk = {1, . . . ,N} in the
setting of the model. (8) and (9) reduce to:

γoptimum(K) = Kγsu
optimum(K) = x (12)

γmatched(K) = Kγsu
matched(K) (13)

In the case of the optimum receiver (for which the com-
plexity increases with the number of users as joint processing
is performed), the cell spectral efficiency is independent of
the number of users and is equal to the gaussian single user
bound. One can show however that for the matched filter, the
spectral is a decreasing function of K with:

lim
K→∞

γmatched(K) = lim
K→∞

K log2

(
1 +

snr
(K −1)snr+1

)

=
1

ln(2)
(14)

To increase the matched filter spectral efficiency of the
system, we suppose that only a certain proportion β of the
carriers is to be used : in this setting, Sk ⊆ {1, . . . ,N} is
a set of Lk = βN carriers chosen at random for each user.
Since the carriers are chosen at random, the distribution of Mi

(number of users on carrier i with 1 ≤ Mi ≤ K) is binomial
with parameter β:

P(Mi = M) =
(

K
M

)
βM (1−β)K−M (15)

Using (15), (10) and (11) can be written as

γoptimum(K) = ∑K
M=1

(K
M

)
βM (1−β)K−M Mγsu

optimum(M)

= x
(

1− (1−β)K
)

(16)

and

γmatched(K) =
K

∑
M=1

(
K
M

)
βM (1−β)K−M Mγsu

matched(M). (17)



Relation (16) shows that β = 1 is optimum for the optimum
receiver. Moreover, the cell spectral efficiency is an increasing
function of K that achieves the single user bound (whatever
the value of β) at the expense of a decoding complexity. For
the matched filter, for a given value of Eb

N0
and number of users

K, there is an optimum value of β as shown in figure 2. Hence,
the reduction in interference (by optimizing β) can more than
double the spectral efficiency (see figure 3).

V. FADING CASE

A. Independent Fading

In this section we consider that the fading coefficients hk(i)
are i.i.d. complex random variables with Gaussian distribution
hk(i) ∼ N (0,1). In the asymptotic regime, under the assump-
tion that the users know the channel statistics and the total
number of users K, we have the following proposition.

Proposition 1: As N →∞, the mean spectral efficiency with
optimum filter has the following asymptotic expression:

γoptimum(K) = ∑K
M=1

(K
M

)
pM (1− p)K−M Mγsu

optimum(M)

= x
(

1− (1− p)K
)

. (18)

As N → ∞, the mean spectral efficiency with matched filter
has the following asymptotic expression:

γmatched(K) =
K

∑
M=1

(
K
M

)
pM (1− p)K−M Mγsu

matched(M). (19)

The parameter p is given by:

p =
� +∞

E−1
1 (1)

e−udu = exp
(−E−1

1 (1)
)
. (20)

Here, E1 is the exponential integral defined by: E1(t) =� ∞
t

e−u

u du. Given the channel model, p is therefore a known
parameter and is approximately equal to 0.7674. We observe
that (18) and (19) are similar to (16) and (17) with parameter
β = p: in the asymptotic regime, the uncorrelated fading
channel is equivalent to the Gaussian channel with a proportion
β = p of carriers used.

Proof: We use the ergodicity of hk(i), i = 1 . . .N to show
that sums involving hk(i) tend asymptotically to fixed values.
As N → ∞, the sum of inverse of square norms of the complex
random variables hk(i) tends to an integral with respect to the
distribution of the |hk(i)|2, whose distribution is Chi-Squared
with 2 degrees of freedom. Namely,

1
N ∑

i∈Sk

1

|hk(i)|2
→

� +∞

u∗
e−u

u
du (21)

Injecting (21) in (1), we obtain u∗ = E−1
1 (1). Using the fact

that

1
N

card(Sk) =
1
N

N

∑
i=1

1{|hk(i)|2>u∗} →
� +∞

u∗
e−udu

and

p = lim
N→∞

1
N

card(Sk)

we obtain p as in (20). According to this analysis, asymp-
totically it is as if each user chose a set of pN carriers at
random. The distribution of M is therefore given by a binomial
distribution (15) with parameter p and we obtain (18) and (19)
from (10) and (11) as in section IV.

A similar analysis can be conducted for any channel model
with i.i.d. fading coefficients.

Figure 4 shows the mean spectral efficiency of the matched
filter and the optimum filter for various number of users K.
Realistic monte-carlo simulations have been also performed
for N = 256. The theoretical curves and the simulated curves
for both filters match: in other words, in a finite system, a
user is able to send data without knowing the interference
generated by other users. It also appears clearly that for the
matched filter, the optimum number of users in the cell to be
considered is one (result already proved in the downlink case
in [10]). As far as the optimum filter is concerned, the spectral
efficiency increase is substantial and reaches the Gaussian user
bound. Note that one can increase the spectral efficiency of the
matched filter by choosing an optimized subset of the carriers
as in the Gaussian case of section IV.

B. Totally Correlated Fading

If the fading is totally correlated on all carriers of each
user, then for all i, hk(i) = hk ∼ N (0,1), and Lk is a random
variable distributed as a rounded version of N |hk|2, which
follows a Chi-Squared distribution with 2 degrees of freedom.
More specifically,

0 ≤ � ≤ N −1, P(Lk = �) = P

(
�
N ≤ |hk|2 < �+1

N

)
= e−

�+1
N − e−

�
N

P(Lk = N) = P

(
|hk|2 ≥ 1

)
= e−1

From the distribution of the Lk, it is possible to determine the
distribution of M via the relations

P(Mi = M) =
N

∑
�1=1

· · ·
N

∑
�K=1

P(Mi = M|L1 = �1, . . . ,LK = �K)

·P(L1 = �1) · · ·P(LK = �K)

and

P(Mi = M|L1 = �1, . . . ,LK = �K)

= ∑
Mi⊆{1,...,K}
card(Mi)=M

∏
k∈Mi

�k

N ∏
k/∈Mi

(
1− �k

N

)
.

The expectation of the spectral efficiency can then be obtained
from (10) or (11).

C. Effect of the Number of paths

In this section, we would like to assess the effect of channel
correlation on the cell spectral efficiency. We consider the
particular case of a multipath channel. The model of the
channel is given by

ck(τ) =
L−1

∑
p=0

cpkδ(τ− τpk)



where we assume that the channel is invariant during the time
considered. In order to compare channels at the same signal to
noise ratio, we constrain the fading coefficients to be complex
Gaussian i.i.d. random variables with zero mean and variance
1
L . Usually, coefficients cpk are supposed to be independent
with decreasing variance as the delay increases. In all cases,

∑L−1
p=0 E

[∣∣cpk
∣∣2

]
= 1. For each user k, the coefficients hk(i)

are the Discrete Fourier Transform of the fading process. The
Fourier transform of c(τ) is

hk( f ) =
L−1

∑
p=0

cpke− j2π f τpk |Φ( f )|2

where we assume that the filter Φ( f ) is such that, given the
bandwidth W ,

Φ( f ) =

{
1 if − W

2 ≤ f ≤ W
2

0 otherwise

Sampling at the various frequencies f1 =−W
2 , f2 =−W

2 + 1
NW ,

. . . , fN =−W
2 + N−1

N W , we obtain the coefficients hik, 1 ≤ i ≤
N, as

hk(i) = hk( fi) =
L−1

∑
p=0

cpke− j2π i
N W τpk e jπWτpk

For simplicity sake, the delays are supposed to be uniformly
distributed according to the bandwidth

τpk =
p

W

In figure 5, the spectral efficiency has been plotted versus
the number of users at 10 dB for 2 and 16 paths. Interestingly,
for the optimum filter, the spectral efficiency decreases with
correlation whereas for the matched filter, the results are
completely opposite. As the number of users increases, the
difference tends however to disappear.

VI. CONCLUSION

An OFDMA scheme making use of the reciprocity of the
channel to alleviate the need for feedback has been proposed
and its performances analyzed. Surprisingly, we show that in
a non-cooperative environment with channel fading, a user
can send reliable data at a prescribed rate knowing only
his channel. The result is based on the predictability of the
interference as the number of carriers increases. Moreover,
in the case of the matched filter, we show that a judicious
choice of the number of carriers can dramatically increase
the rate (in comparison with the full use of all the carriers).
These results put forward the gain achieved by non-cooperative
reciprocal transmissions. In order to assess the performance
with respect to fully centralized transmissions, the effect of
channel estimation and time-variations should be taken into
account.
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Fig. 1. Multi-User OFDMA Model.
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Fig. 2. Spectral efficiency versus β for the matched filter in the Gaussian
case at 10dB
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Fig. 4. Spectral efficiency versus the number of users for Rayleigh channel
at 10dB
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