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Abstract—In this contribution, the performance of an uplink  the number of user& tends to infinity but the rati(% —
CDMA system with orthogonal spreading is analyzed. A useful js constant. In this contribution, the effect of path loss and
framework is provided in order to determine if synchronization shadowing, albeit important, is neglected (it is however a

of the users gives a significant performance improvement. Using . . .
asymptotic arguments, analytical expressions of the spectral straightforward extension of this paper). The results are based

efficiency for the Matched Filter and Successive Interference ON random unitary matrix theory [6], [7]. This tool enables us
Cancellation Matched Filter are derived. The results, applied to express the SINR in a very simple form in the large system
in the general case of a multipath channel, provide a simple |imjt. Moreover, the theoretical results are shown to be very
expression of the cell capacity based only on a few meaningful 5ccrate predictions of the system’s behavior in the finite size
parameters. : i

case (spreading lengtN of 256, see section V).

This paper is structured as follows. In section I, the CDMA
model is introduced together with some results on Random
Usual studies of uplink CDMA schemes suppose a multiplgnitary Matrix Theory. In section Ill, the SINR (Signal to
access communication scheme where each user modulatedrierference plus Noise ratio) expression with Matched Filter
signal with a pseudo-random i.i.d. [1], [2] sequence. One & derived and discussions are provided in sections IV and V
the reasons relies on the fact that, due to the multipath chantiegether with simulations. Finally, in section VI, the extension

the convolution of the codes with the different channels of tHe other receivers is described.
users can be represented as a new set of codes with properties 1.

b M ODEL
similar to a pseudo-random sequence due to the randomness of . , . .
the channel. As a consequence, even if codes are designed iJve consider a single CDMA cell (inter-cell interference free

an orthogonal multiple access scheme, the multi-path chanfigf€)- The spreading lengfhi is fixed. The number of users
unfortunately destroys orthogonality. However, recently, Delf! the cell IS K, with the assumption thak” < N, so that

bah et al. [3], [4] showed that, as far as downlink is concerne@,e spreading code§ can be chosen. mutuaI.Iy orthogonal. The
a non-negligible gain can be achieved if one uses orthogor£?§lneral case.of wide-band CDMA is considered where the
codes to serve the users, especially for highly loaded systefﬂg.nal transmitted by usér has complex envelope

The intuitive idea is that by appropriate equalization, a user z(t) = Zsknvk(t —nT)

can restore orthogonal access in the network by compensating n

the effect of his own channel (which is also common to a{Jk(t) is an weighted sum of elementary modulation pulses

the users in the downlink). The gain is mainly a functiojhich satisfy the Nyquist criterion with respect to the chip
of the load (see [5]) and the type of equalizer. Howevegterval 7. (T = NT,.)

in the uplink, such a result can not be applied as each user N

code is distorted independently by a different channel. As a vp(t) = Zv/klb(t - (-1T,)
consequence, the ability of any equalization scheme to restore ) ‘
orthogonality is very limited af?d IS m(.)Sﬂy depende_nt_ on th‘?he signal is transmitted over a frequency selective channel
channel -orthogonality destroying- fading characteristics. TQ\ﬁth impulse response (7). Under the assumption of slowly-
goal of this contribution is to assess more precisely how mu'Uérying fading, the continuous time received signé at the
path affects the performance of uplink-CDMA. In particular, '

for a given statistical environment, the gain of orthogonal- K

synchronizing the users will be theoretically quantified with _

respect to the packet-overhead of signaling. The setting isy(t) B Zn: ;1 Sk"/ck(T)vk(t —nT—mjdr+n(t) 1)
analyzed for the simple receiver structure of the Matched Filter eren(t) is t;le complex white Gaussian noise. The signal

as well as the Successive Interference Cancellation Matc r oulse matched filterin ) | moled at th
Filter. In order to obtain interpretable expressions, the probl er puise maiche ernng W. (—1)) is sampled at the
ip rate to get a discrete-time signal that has the form:

is analyzed in the asymptotic regime: a high number of use
is considered where the spreading lengthtends to infinity, y =Civis; + Covaoso + -+ CgVvigskg +n (2)

I. INTRODUCTION

(=1

ase station has the form:



where C;, are N x N Toeplitz matrices representing thewhere ® is the Hadamard (element-wise) produH. is the
frequency selective fading for thieth user. frequency selective fading matrix, of si2é x K:
Users are assumed to employ orthogonal codes. Although

not restrictive and in order to derive tractable expressions of hi bz Ik
the SINR, vectorsv;, = [v1s,...,vni]? are supposed to be H=| : : :
columns extracted from a random unitary maf¥ix A random hyi hn2 ... hnk

unitary matrixV = [v;;] is @ matrix with complex entries such ) . )
asVVH — VHV = 1. Note that the entries are thereford/Ve Will suppose in the following that

depenient (in corrjlvpanson with the i.i.d. case of [8]): Vi k, En, [Vmcﬂ — 0 (4)
Sl = |val* =1, foralll<ik<N W is an N x K orthogonal spreading matrix:
k;l i=1 wi
> wvavy, =0, foralli#k W = [wy|wa- - [wik] wherew, =
=1 WNE

The following definition is given in [7]. Since the sE{N) of

N x N random unitary matrices forms a compact topological Note that asymptotically (a8 — oc), for a given mul-
group with respect to the matrix multiplication and the usudipath channel of length’, model (3) is also valid for the
topology, there exists a unique nonzero left and right invariag@se of uplink DS-CDMA since all Toeplitz matrices can be
measure. It is known as the Haar measure. A random mat@igymptotically diagonalized in a Fourier Basis (see [12], [13]).
V is Haar unitary if it takes its values uniformly iti(N),

i.e., if for any subsef of U(N), the probability thatv € H Il. M ATCHED FILTER
is equal to the normalized Haar measwref H: Without loss of generality, let us focus on the first user and
]P)(V c H) — M(H) denote:

Given that the left invariance characterizes the Haar measure, H= [hl\HC} , W= [w1|wﬂ] , s = {Sﬂ
to show that a unitary random matr is Haar distributed, S
it is sufficient to show that for an{J € U(N), UV has the whereh; is the first column o, w; is the first column oW
same distribution a¥. The Gram-Schmidt orthonormalizationcorresponding to the code of the first user, ands the signal
procedure can be used on the column vectors &f & N of the first user. Supposing perfect channel knowledge at the
Gaussian matrix with independent entries to obtain a Ha@fceiver, the matched filter is given /' = (h; © w)".

unitary matrix. If X is a Gaussian i.i.d. matrix, theN = The signal at the matched filter output is given by:
X (XHX)~1/2 is Haar unitary:
e VVH = X(XFX)~1/2(XHX)1/2XH =1, g’y = o w5 +g" (HE ® WC) s+ gn
o UV = UX(X"UHUX)~1/2? has the same distribution _ .
asV. This leads to the following expression fSINR(x1)

Since the users are supposed to be synchronized and for N 9 5
sake of simplicity, we will consider in all the following that (Zz‘:l |hia|” [wis )
users add a cyclic prefix of length equal to the channel impulse__ 5 9 2 K N . .
response length to their code sequence. This case is similagi=1 i1l [win|” 0% + 304y ‘Zi:l hihikwiy Wik
to uplink MC-CDMA [9], [10] and as a consequence;y }
becomes circulant (see [11]) and can be diagonalized i
Fourier basisF'. Model (2) simplifies therefore to:

y = FH Fv 51 +FH, Fvyso 4+ -+ FHgFlvgsie+n

5 (9

Proposition 1: For given channel coefficients, tH&aNR,
Mith orthogonal codes, converges almost surely to a determin-
istic value asN — oo and £ — «, namely:

where H;, is a diagonal matrix with diagonal elements SINR™™(z;) = 02-5-65(19—771)
{hir}i=1..n. FoOr each uselk, the coefficientsh;, are the
discrete Fourier transform of the channel impulse respon¥g!ere " )
Since users employ Haar unitary codes and every unitary Ep, U&,f_‘zw hl(f)h;;(f)df‘ }
tranformation of a Haar unitary vector is a Haar unitary vector m = W2
(so thatw; = FHv; has the same distribution as for any w W \ha ()| df
i), one can multiplyy with F¥ without any change of the 2
statistics: and "
2
y=Hiwis1 + Howaso + - + Hxkwg sk +n &= %/ " \ha(f))” df

=(HOW)s+n @) Proof: The proof is in the appendix. [ ]



Note that in the case of Gaussian random i.i.d. codasd
(i.i.d. elements with zero mean and varianﬁe, the SINR

W 2
. . . 1 7 N
has the following expression (see [8], [14]): By W ) w I (PR (F)ef
rand _ 51 B
SINR (xl)—02+a9 L1 w 9
_ - 27"f(7';nl Tq )
m characterizes the orthogonality gain of the channel and™ Eeym, ‘ Ocplchw/ ! vdf
p=U g=

ranges from O t@. The orthogonality gain is function of the
selectivity of the channel as well as the correlation between
the channels. For example, if the channels are all the same, Ec, 7
SINRO™ — %% and the orthogonality gain is maximal.

L-1L—-1 2

o SiInTW (Tp1 — Tqi)
Cplch;

W (1p1 — 7
p=0 gq=0 pl qk?)

Using simplifying hypothesis (6), this is equal to

L-1 2 L-1L-1 7
N * . N * * N

E :(’Plcpk =E., E E Cp1Cq1CpkCak

p=0

IV. DISCUSSION

We consider the particular case of a multipath channel. The E,,

model of the channel is given by p=0 q=0 i
-1 L—-1
0 2
)= 3 cud(r = 1) =L 2l
p=0 =
This gives us the following expressions for tHENR:
where we assume that the channel is invariant during the t|m g 9 p
considered. In order to compare channels at the same signal to orth Zp:o |Cp1|
: . : . o SINRO™(z,) = —=2=0 """ __
noise ratio, we constrain the fading coefficients to be complex o2+ ap (1 — %)
Gaussian i.i.d. random variables with zero mean and variance ZL,l | |2
%. Usually, c_oefficie_nt&rpk are suppose_d to be independent SINR’a”d(xl) = 1’2:070"
with decreasing variance as the delay increases. In all cases, o+ ag

S LR [leprl?| = o. For each usek, the coefficientsh;, We observe that the orthogonal gain depends only on the four
p= il 7

are the Discrete Fourier Transform of the fading process. TRarameters, a, ¢ and L:
Fourier transform of:(r) is SINR*™(z1) o2 +ap
SINR®™(z,) o2+ ap(l—1)
= Z cpre 12T |B( )7 Remarkably, at high SNR:€ — 0), the SINR gain is given
p=0 by:
. . . SINR™(z1) L
where we assume that the filtén( f) is such that, given the o 1 _
bandwidth 1, SINR™™(z,) L-—1
. W Hence, in the case of a two-path channel, one can increase
O(f) = 1if -5 <f< 2 by 3 dB the SINR by synchronizing the users whereas for a
0 otherW|se 5-path channel, the synchronization gain is less than 1 dB.

Sampling at the various frequencigs = — 2 , fo = ) _ V. SIMULATIONS o
1w, . fy = - W 4 No 1W we obtain the Coeﬁ|c|ents Simulations (not plotted here due to limited space) show
;J;[Z.k’ 1 S i <N, as that the theoretical formula for the expression of the SINR

- gain isi vcfari; close to curvss obtailned by gdenerati(rj]g at randfom
i AW inWorer a single fading matrix and a single spreading code matrix for
hi = hi(fi) = Z cpe TN W Tk eI T T a realistic spreading length @¥ = 256.
p=0 In figure 1, the mean spectral efficiency of the system with
It is immediate to check that;; satisfies (4). Matched filter has been plotted. For the case of orthogonal
For ease of understanding of the impact of the number #preading, the mean spectral efficiency is given by:
paths on the orthogonality gain, the delays are supposed to be

uniformly distributed according to the bandwidth S lep |
v =aE, |logy | 1+
p
= ® o(H+eli- )
As a consequence, we have: .
L—1 = a/ log, | 1+ < p(x)dx
&= lenl” : o +e-1)
TNg

p=0
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Fig. 1. Spectral efficiency of the multipath channel, SNR = 10dB

wherez represents the random varialie’: ' |c,:|*, andp(z)
is its distribution, given by a Chi-Squared distribution w2h
degrees of freedom
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Fig. 2. Simulations on the multipath channel, L=1, SNR = 10dB

« Inthe case of orthogonal spreading, the spectral efficiency
is higher for low values of. for any receiver (to ensure
orthogonality between users). This is in contrast with the
case of i.i.d. spreading whefemust be high to decrease
the randomness of the fading.

As L increases, the gap between orthogonal and

In order to assess the gap with more complex receivers, the
performance of the Successive Interference Cancellation (SIC)

i.i.d. spreading reduces for any kind of receiver. This
result has already been shown previously through the

Matched Filter [15] has been plotted in figure 1 in addition to  orthogonality gain expression.

the simple Matched Filter (MF). The principle of SIC receivers , For L > 2, the gain of using a SIC scheme with respect

is quite simple: assuming ergodic channels, users are ordered to the Matched filter is equivalent for i.i.d. and orthogonal
and are decoded successively. At each step, supposing that spreading.

the user has been encoded at the appropriate decoding rate,
the signal is decoded and its contribution to the interference is VI. EXTENSION TO OTHER RECEIVERS

then perfectly substracted. This removes some of the inter-useg; the MMSE and optimum filters, the study involves more

interference and therefore increasesShsR of the following
decoded users. THeINR of the k-th decoded user is then:

SINRonh( ) Z;I;/;()l ‘Cpk‘2
Tk) = %
o* + 5o (1- 1)

sophisticated tools for the orthogonal case and results can be
found in [16]. In the case of i.i.d. codes, the results rely on a
theorem due to Girko (see [17], [18]).

In order to evaluate the potential gains, simulations are
shown for both orthogonal and i.i.d. random codes, with

since the contributions of the — 1 first decoded users have3 different filters: Matched Filter (MF), MMSE Filter and

already been substracted. In the limit wh¥n— oo and% —
«, ~v is then given by the implicit equation:

p(x)dzdy

Optimum Filter, on channels with respectively L=1 path (figure
2) and L=5 paths (figure 3). The curves prompt the same
comments as figure 1: though there is always a gain in spectral
efficiency with orthogonal codes, this gain decreased.as
increases for any receiver. However, note that in the particular
case of the optimum receiver, i.i.d. codes achieve the single

[e] +oo
T
’Y:// logy | 1+
0 0 y( 1

b o(i-4))
Mo user Gaussian bound when the load tends to infinity. Therefore,
Figure 1 showsy for various values ofL with orthogonal i.i.d. codes can outperform the performance of orthogonal
codes, with or without successive interference cancellatieodes (if the system is working at high loads, see figure 3).
(SIC), as well as comparative plots efobtained with random
i.i.d. spreading codes. The following results are obtained:
« i.i.d. spreading always provides a lower spectral effi- Using asymptotic arguments, an explicit expression of the
ciency than orthogonal spreading, with respect to tH&NR of an uplink CDMA cell using orthogonal spreading
same filter. codes and Matched Filter has been derived considering a

VIl. CONCLUSION
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[2]
realistic frequency selective fading model. The orthogonality

gain has been shown to depend mainly on the number of path$

and the load of the system through very simple insightful

and

w
11 7, 1
NTW/, i ()b (u)du

It is then rather straightforward to obtain (8).

using the fact that

1
2 2
E |[wal? wal*] = STt
1 .
E [wiwipwpnwy] = NS T) kE>1,i#1

When N becomes large, (9) and (10) tend respectively to

N [y IO IR

w
2
1% /,m
2

hi(v)hj(v)dv

w
2
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