Analytic perturbation of Sylvester and Lyapunov matrix equations

Konstantin E. Avrachenkov^1 Jean B. Lasserre^2

Abstract

We consider an analytic perturbation of the Sylvester matrix equation. Mainly we are interested in the singular case, that is, when the null space of the unperturbed Sylvester operator is not trivial, but the perturbed equation has a unique solution. In this case, the solution of the perturbed equation can be given in terms of a Laurent series. Here we provide a necessary and sufficient condition for the existence of a Laurent series with a first order pole. An efficient recursive procedure for the calculation of the Laurent series’ coefficients is given. Finally, we show that in the particular, but practically important case of semisimple eigenvalues, the recursive procedure can be written in a compact matrix form.

1 Introduction

The Sylvester matrix equation AX + XB = C (or Lyapunov equation when B = A^T ) have numerous applications in control and system theory (see for example [12, 17, 22]). It is well known [6, 19] that when A and B are nearly singular, then solving the Sylvester equation becomes difficult and most standard methods are likely to provide a wrong and meaningless solution. One way to overcome this problem is to use deflation techniques as proposed in [6]. Another possible approach that we investigate in this paper is to use analytic singular perturbation techniques. To the best of our knowledge, the analytic singular perturbation technique have not yet been applied to the perturbation analysis of Sylvester equation. In this latter approach, the matrices A and B are considered to be analytical perturbations A(z) and B(z) of some nominal matrices A(0) and B(0), respectively. One then has to solve the perturbed Sylvester (Lyapunov) equation A(z)X + XB(z) = C(z), (1) that is, to obtain a solution X(z) as a Laurent series. There are at least two advantages of this approach.

1INRIA Sophia Antipolis, 2004 route des Lucioles, B.P.93, 06902, Sophia Antipolis Cedex, France, e-mail: k.avrachenkov@sophia.inria.fr

2LAAS-CNRS, 7 Avenue du Colonel Roche, 31 077 Toulouse, Cédex 4, France, e-mail: lasserre@laas.fr

First, all the computations needed to obtain the coefficients of the Laurent series for X(z) are numerically stable, because we are using a reduction process which works on spaces of small dimension. Second, the Laurent series expansion of X(z) permits one to compute a good approximation of the exact solution and provides interesting information on the behavior of the approximate solution for small values of z.

For other applications involving parametric Sylvester matrix equations (1) see for example [19, 25] and the references therein.

Therefore we will study (1) where A(z) = ∑_∞ k=0 z^kA^{(k)} ∈ C^{m×m} , B(z) = ∑_∞ k=0 z^kB^{(k)} ∈ C^{n×n} , C(z) = ∑_∞ k=0 z^kC^{(k)} ∈ C^{m×n} . These series are assumed to be convergent in some disc in the complex plane, around the origin z = 0. In particular, when z = 0, the equation

A(0)X + XB(0) = C(0) (2)

is called the unperturbed Sylvester equation.

We distinguish between regular and singular perturbations. The perturbation is said to be regular if the unperturbed equation (2) has a unique solution, whereas the perturbation is said to be singular if the unperturbed equation (2) possesses none or multiple solutions, but the perturbed equation (1) has a unique solution for any z ≠ 0 and sufficiently small. The difference between regular and singular perturbations can also be explained in terms of the eigenvalues of A(z) and B(z). Let δ(z) := dist[σ(A(z)), σ(B(z))] = min_{i,j} |λ_i(z) − μ_j (z)|,

where λ_i(z) and μ_i(z) are the respective eigenvalues of A(z) and B(z). Then, in the case of a regular perturbation, δ(0) ≠ 0 whereas in the case of a singular perturbation, δ(0) = 0 but δ(z) > 0 for z ≠ 0 and sufficiently small. If A(z) and B(z) are normal matrices, then the following bounds are available [5]: ||X(z)|| ≤ c δ(z) ||C(z)||. (3) Thus, we can see that the bounds grow to infinity in the case of singular perturbations. This is another justification for using the term “singular perturbations”. Apart from the above bounds there are many other bounds available for additive perturbations (e.g. see [9, 10, 18] and references therein). Since all of them are given in terms of some norm, they only indicate that in the singular case the solution may be very large, but they do not provide any direction for the deviation of the perturbed solution. By contrast, using a more specific analytic approach, we are able to exhibit the asymptotic behaviour of the perturbed solution. Moreover, as will be demonstrated in the sequel, if the unperturbed system has multiple solutions, then the perturbed solution may converge to some particular solution of the unperturbed problem. In the latter case, the normwise estimation (3) does not reflect the real situation. Finally, we would like to mention the paper [15] that uses the special analytic perturbation B(z) = B + zI to obtain feasibility conditions for the unperturbed Sylvester equation.

2 Preliminaries on Sylvester matrix equation

Let A, B, C be complex-valued matrices in C^{m×m} , C^{n×n} , C^{m×n} respectively and consider the Sylvester equation in C^{m×n} , that is: AX + XB = C. (4) In this section, we first discuss the structure of the null space as well as the feasibility conditions of equation (4) in terms of eigen-elements of matrices A and B. Our exposition follows closely the paper [14] (see also related work [21]).

For any two vectors (x, y) in C^m , < x, y > denotes the usual scalar product, that is < x, y >= y^∗x, where y^∗ denotes the conjugate transpose of y. For any two matrices X, Y in C^{m×n} , ⟨X, Y ⟩ denotes the usual scalar product tr(Y^∗X), where again Y^∗ denotes the conjugate transpose matrix of Y .

Let α_i be an eigenvalue of matrix A. Then −α_i is an eigenvalue of −A and there exists a Jordan chain of generalized eigenvectors of −A in C^m satisfying (−A + α_iI_m)x_{ir} = x_{i,r−1}, r = 1, ..., ρ_i. By convention, x_{i0} = 0. Let y_{ir}, r = 1, ..., ρ_i be a system of generalized eigenvectors for the adjoint matrix −A^∗. These vectors satisfy the following equations. (−A^∗ + α^∗_i I_m)y_{ir} = y_{i,r−1}, r = 1, ..., ρ_i. In addition, the systems of vectors {x_{ir}} and {y_{ir}} are biorthogonal, that is: < x_{ip}, y_{jr} >= 0, if i ≠ j, and if i = j, < x_{ip}, y_{ir} >= { 1, p + r = ρ_i + 1, 0, otherwise. (5)

Similarly, let β_j be an eigenvalue of the matrix B. Then there exists a system of eigenvectors u_{js}, s = 1, ..., σ_j in C^n , satisfying (B − β_j I_n)u_{js} = u_{j,s−1}, s = 1, ..., σ_j . By convention, u_{j0} = 0. Let v_{js}, s = 1, ..., σ_j be a system of the generalized eigenvectors for the adjoint matrix B^∗ such that (B^∗ − β^∗_j I_n)v_{js} = v_{j,s−1}, s = 1, ..., σ_j , with v_{j0} = 0. The vectors {u_{js}} and {v_{js}} also form a biorthogonal system. As above, < u_{is}, v_{jl} >= 0, if i ≠ j, and if i = j, < u_{is}, v_{il} >= { 1, s + l = σ_i + 1, 0, otherwise. (6)

Now, consider the linear operator L : C^{m×n} → C^{m×n} defined by X → LX := AX + XB, X ∈ C^{m×n} . All eigenvalues of L are of the form α_i + β_j , where α_i and β_j are eigenvalues of the matrices A and B, respectively. Suppose that α_i +β_j = 0 for some indicies i and j. Then, the operator L has a nontrivial null space spanned by the basis elements X_{ijk} = k∑ s=1 x_{i,k+1−s}v^∗_{js}, k = 1, ..., μ_{ij} , (7) where μ_{ij} = min(ρ_i, σ_j ).

Similarly, the null space of the adjoint operator L^∗ : C^{m×n} → C^{m×n} defined by Y → L^∗Y := A^∗Y + Y B^∗, Y ∈ C^{m×n} is spanned by the basis elements Y_{ijk} = k∑ s=1 y_{i,k+1−s}u^∗_{js}, k = 1, ..., μ_{ij} . (8) Now we can state the necessary and sufficient feasibility condition for the Sylvester equation (4) in terms of the left and right eigenvectors of the matrices A and B.

Proposition 1 The Sylvester equation (4) is feasible if and only if r∑ l=1 y^∗_{p,r+1−l}Cu_{ql} = 0, r = 1, ..., μ_{pq} , (9) with μ_{pq} = min(ρ_p, σ_q ).

Proof: The feasibility condition for the Sylvester equation (4), which can also be rewritten as LX = C, reads

⟨Y_{pqr} , C⟩ = tr(Y^∗_{pqr} C) = 0 ∀p, q s.t. α_p + β_q = 0. (10)

Next, by taking Y_{pqr} as in (8) and substituting it into (10), we get the feasibility condition (9). □

3 Analytic perturbation under non-degeneracy assumption

In this section we briefly discuss the implementation of the algebraic reduction technique of [1] under the non-degeneracy assumption. For more details on the inversion of an analytically perturbed operator the interested reader is also referred to the following papers and books: [7, 8, 13, 20, 23, 24].

Let (X, ⟨., .⟩) be a finite dimensional Hilbert space and consider a family of linear operators L^{(i)} : X → X, i = 0, 1, . . .. Let L(z) : X → X be the linear operator

L(z) := L^{(0)} + zL^{(1)} + z^2L^{(2)} + ..., (11)

that is, L(z) is an analytic perturbation of L^{(0)}. Consider the linear equation L^{(0)}x = c^{(0)}, with c^{(0)} ∈ X, and its perturbed version L(z)x(z) = c(z), (12) with c(z) = c^{(0)} + zc^{(1)} + z^2c^{(2)} + ..., and z a scalar parameter. Suppose that the unperturbed operator L^{(0)} is not invertible, whereas L(z) is invertible for sufficiently small and nonzero z, which is the case of singular perturbations. Note that the perturbed solution x(z) can have a singularity at z = 0. Let the vectors {u_i}^p_{i=1} form a basis for the null space of L^{(0)} and let the vectors {v_i}^p_{i=1} form a basis for the null space of the adjoint operator L^{(0)∗}. Following [16], consider the non-degeneracy assumption

det({< v_i, L^{(1)}u_j >}^n_{i,j=1}) ≠ 0. (13)

If (13) holds, then as one can conclude from the results of [1] the Laurent expansion for the perturbed solution x(z) has at most a simple pole. That is, x(z) = 1 z x^{(−1)} + x^{(0)} + zx^{(1)} + .... (14)

It turns out that the non-degenerate case, that is, when (13) holds, describes the most common case. Furthermore, the case of a higher order pole reduces to the case of a first order pole via a so-called “reduction technique” (see for example [1, 4] for a detailed development of this technique). Therefore, in the sequel, and for the sake of clarity of exposition, we voluntarily restrict ourselves to the non-degenerate case, that is, we will assume that (13) holds. Substituting series (11) and (14) into equation (12) and equating terms with same powers of z, we obtain the following system of fundamental equations:

L^{(0)}x^{(−1)} = 0 (f0) L^{(0)}x^{(0)} + L^{(1)}x^{(−1)} = c^{(0)} (f1) . . . . Then, from equation (f0) we conclude that

x^{(−1)} = p∑ j=1 γ_j u_j . (15)

The coefficients γ_j can be found from the feasibility conditions of the second fundamental equation (f1), that is:

⟨v_i, c^{(0)} − L^{(1)}x^{(−1)}⟩ = 0, i = 1, ..., p.

Substituting (15) into the above equations, the coefficients {γ_i} must be solutions to the linear system of equations p∑ j=1 ⟨v_i, L^{(1)}u_j ⟩γ_j = ⟨v_i, c^{(0)}⟩, i = 1, ..., p. (16)

In the non-degenerate case, the system (16) has a unique solution. In particular, if ⟨v_i, c^{(0)}⟩ = 0 for all i = 1, ..., p, that is, unperturbed equation L^{(0)}x = c^{(0)} is feasible, the singular term in the Laurent series (14) vanishes and the first regular coefficient x^{(0)} corresponds to the best approximation for the perturbed problem. Next, assuming that the coefficients x^{(−1)}, ..., x^{(k−1)} are known, the next coefficient x^{(k)} can be calculated by a recursive formula. Indeed, the (fk+1) fundamental equation

L^{(0)}x^{(k)} = c^{(k)} − k+1∑ i=1 L^{(i)}x^{(k−i)} has a general solution of the form

x^{(k)} = x^{(k)}_∗ + p∑ j=1 γ^{(k)}_j u_j (17)

where x^{(k)}_∗ is any particular solution. For instance, one may choose x^{(k)}_∗ := L^{(0)†}(c^{(k)} − ∑_{k+1} i=1 L^{(i)}x^{(k−i)}), where L^{(0)†} is the Moore-Penrose generalized inverse of L^{(0)}. Then, substituting again the expression (17) into the feasibility conditions for the next fundamental equation (fk+2), we obtain

⟨v_i, c^{(k+1)} − k+2∑ s=1 L^{(s)}x^{(k+1−s)}⟩ = 0, i = 1, ..., p. which yields the linear system of equations p∑ j=1 ⟨v_i, L^{(1)}u_j ⟩γ^{(k)}_j = (18)

⟨v_i, c^{(k+1)} − L^{(1)}x^{(k)}_∗ − k+2∑ s=2 L^{(s)}x^{(k+1−s)}⟩, i = 1, ..., p. The latter system uniquely determines the coefficients {γ^{(k)}_i }. It is worth noting that the linear systems of equations (16) and (18) have the same coefficient matrix in the left hand side. This fact leads to efficient computational procedures. For example, if a LUdecomposition is used for solving (16), it can be stored and re-used for solving (18).

4 Perturbation analysis of the Sylvester equation

First, note that that the perturbed Sylvester equation (1) can be viewed as the perturbed linear system L(z)X(z) = C(z) with perturbed linear operator L(z) : X → A(z)X + XB(z). The linear operator L(z) acts on the Hilbert space of matrices C^{m×n} endowed with the scalar product ⟨X, Y ⟩ = tr(X^∗Y ). As already mentioned before, we only study the case of first-order singular perturbations, that is, when the Laurent series for the perturbed solution X(z) has a simple pole at z = 0. In this case, the system of fundamental equations for the Sylvester operator takes the form

A^{(0)}X^{(−1)} + X^{(−1)}B^{(0)} = 0 (fs0)

(A^{(0)}X^{(0)} + X^{(0)}B^{(0)})+

+(A^{(1)}X^{(−1)} + X^{(−1)}B^{(1)}) = C^{(0)} (fs1)

and so on. To solve the above system, we will follow the general method briefly outlined in the previous section. From the fundamental equation (fs0), X^{(−1)} can be written as the following linear combination

X^{(−1)} = ∑ ijk γ^{(−1)}_{ijk} X_{ijk} ,

where X_{ijk} is as in (7) and where the summation is taken over all pairs of indicies (i, j) such that α_i + β_j = 0. The coefficients γ^{(−1)}_{ijk} are solutions of the linear system of equations induced by the feasibility conditions of the second fundamental equation (fs1). This requires computing the quantities ⟨Y_{pqr} , L^{(1)}X_{ijk} ⟩, with L^{(1)} : X → A^{(1)}X + XB^{(1)}, and with X_{ijk} , Y_{pqr} as in (7) and (8). ⟨Y_{pqr} , L^{(1)}X_{ijk} ⟩ = ⟨Y_{pqr} , A^{(1)}X_{ijk} + X_{ijk} B^{(1)}⟩ (19) The matrix of the linear system (16) in the unknown variables γ^{(−1)}_{ijk} is filled-up with the above coefficients ⟨Y_{pqr}, L^{(1)}X_{ijk} ⟩ defined in (19). Under the non-degeneracy assumption (13), which now reads det [ ⟨Y_{pqr} , L^{(1)}X_{ijk} ⟩ ] ≠ 0, (20)

the matrix is non-singular so that there is a unique solution γ^{(−1)}_{ijk} . We now develop ⟨Y_{pqr} , A^{(1)}X_{ijk} ⟩ and ⟨Y_{pqr} , X_{ijk} B^{(1)}⟩ separately. Using the feasibility condition (9) given in terms of eigen-elements of A and B, and using the biorthogonality condition (6), we obtain ⟨Y_{pqr} , A^{(1)}X_{ijk} ⟩ = r∑ l=1 y^∗_{p,r+1−l}A^{(1)}X_{ijk} u_{ql}

= 0, j ≠ q, r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q +1 x_{i,k+1−s}, j = q,

Similarly, using again (9) and biorthogonality condition (5), we get ⟨Y_{pqr} , X_{ijk} B^{(1)}⟩ = r∑ l=1 y^∗_{p,r+1−l}X_{ijk} B^{(1)}u_{ql}

= 0, i ≠ p, r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p+1 v^∗_{j,k+1−s}B^{(1)}u_{ql}, i = p, We are now able to formulate our main result:

Theorem 1 Under the non-degeneracy assumption (20), the linear system of equations in the unknown variables γ^{(−1)}_{ijk} ∑ ik γ^{(−1)}_{iqk} r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q +1 x_{i,k+1−s} +

∑ jk γ^{(−1)}_{pjk} r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p +1 v^∗_{j,k+1−s}B^{(1)}u_{ql} =

r∑ l=1 y^∗_{p,r+1−l}C^{(0)}u_{ql}, r = 1, ..., μ_{pq}. (21) has a unique solution and the perturbed solution of the Sylvester equation (1) has a Laurent series expansion with a simple pole X(ε) = 1 ε X^{(−1)} + X^{(0)} + εX^{(1)} + ... (22)

where X^{(−1)} = ∑ ijk γ^{(−1)}_{ijk} X_{ijk} and the other coefficients can be calculated recursively by

X^{(k)} = X^{(k)}_∗ + ∑ ijk γ^{(k)}_{ijk} X_{ijk} ,

where X^{(k)}_∗ is any particular solution of (fs k+1) and the coefficients γ^{(k)}_{ijk} are determined by ∑ ik γ^{(−1)}_{iqk} r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q +1 x_{i,k+1−s} +

∑ jk γ^{(−1)}_{pjk} r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p +1 v^∗_{j,k+1−s}B^{(1)}u_{ql} =

r∑ l=1 y^∗_{p,r+1−l}(C^{(k+1)} − A^{(1)}X^{(k)}_∗ − X^{(k)}_∗ B^{(1)}− k+2∑ s=2 [A^{(s}X^{(k+1−s)} + X^{(k+1−s)}B^{(s)}])u_{ql}. (23)

Again we would like to emphasize that the linear systems (21) and (23) have the same coefficient matrix on the left hand side, which permits an efficient calculation of the regular terms in the Laurent series (22). Note also that if the unperturbed system (2) is feasible and the non-degeneracy assumption (13) holds, then the Laurent series (22) has only positive powers of ε and X^{(0)} represents the limit solution as ε → 0, of the perturbed problem.

Consider now a particular but practically important case which yields a concise matrix representation. Suppose that there is only one pair of eigenvalues (α, β) such that α+β = 0, and in addition, assume that α and β are semisimple eigenvalues with respective multiplicities p and q. This case of a unique pair of semisimple eigenvalues was also considered in [19] in the context of a Lyapunov equation. Let us form the following matrices X = [x_1, ..., x_p] and Y = [y_1, ..., y_p], where x_i, y_i are the respective right and left eigenvectors of −A corresponding to the eigenvalue α. Similarly, let the matrices U and V be formed with the right and left eigenvectors of B corresponding the eigenvalue β. Then, the results of Theorem 1 can be rewritten in a more elegant matrix form, as indicated below.

Corollary 1 Let A and B possess only one pair of respective eigenvalues (α, β) such that α + β = 0. In addition, assume that both α and β are semisimple with respective associated bases of right eigenvectors (X and U) and bases of left eigenvectors (Y and V ). Under the non-degeneracy assumption (20), the reduced Sylvester equation

(Y^∗A^{(1)}X)Γ^{(−1)} + Γ^{(−1)}(V^∗B^{(1)}U) = Y^∗C^{(0)}U, (24)

has a unique solution and the perturbed solution of the Sylvester equation (1) can be expanded in the Laurent series (22) with

X^{(−1)} = XΓ^{(−1)}V^∗ (25) and X^{(k)} = X^{(k)}_∗ + XΓ^{(k)}V^∗, (26)

where X^{(k)}_∗ is any particular solution of (fs k+1) and the matrix Γ^{(k)} is a solution of the following Sylvester equation

(Y^∗A^{(1)}X)Γ^{(k)} + Γ^{(k)}(V^∗B^{(1)}U) =

= Y^∗(C^{(k+1)} − A^{(1)}X^{(k)}_∗ − X^{(k)}_∗ B^{(1)}− k+2∑ s=2 [A^{(s}X^{(k+1−s)} + X^{(k+1−s)}B^{(s)}])U (27)

Again, we would like to emphasize that to construct the Laurent series (22), we need to solve a series of new reduced Sylvester equations but with coefficient matrices of much smaller dimensions. This fact is especially useful in the case of higher order singularities. Namely, after each reduction step (see [1, 3]), we obtain new fundamental equations with coefficient matrices of smaller dimensions but the structure of these fundamental equations is essentially the same, that is, in performing the reduction process, one has to solve a series of Sylvester equations of smaller and smaller dimensions.

Finally we would like to note that detail proofs and some examples can be found in the journal version of this paper [2].

Acknowledgement

The authors would like to express their deep gratitute to V. G. Gaitsgory and L. B. Freidovich for stimulating and fruitful discussions.

References [1] K.E. Avrachenkov, M. Haviv and P.G. Howlett, “The inversion of singularly perturbed matrices”, to appear in SIAM Journal on Matr. Anal. and Appl., 1998. [2] K.E. Avrachenkov and J.B. Lasserre, “Analytic perturbation of Sylvester and Lyapunov equations”, under revision for IEEE Trans. Auto. Contr., 2000. [3] K.E. Avrachenkov and J.B. Lasserre, “The fundamental matrix of singularly perturbed Markov chains”, Adv. Appl. Prob., v.31, pp.679-697, 1999. [4] K.E. Avrachenkov and J.B. Lasserre, “Perturbation analysis of reduced resolvents and generalized inverses”, submitted to Numerische Mathematik, 1998. [5] R. Bhatia, C. Davis and A. McIntosh, “Perturbation of spectral subspaces and solution of linear operator equations”, Lin. Alg. Appl., v.52/53, pp.45-67, 1983.

[6] A.R. Ghavimi and A.J. Laub, “An implicit deflation method for ill-conditioned Sylvester and Lyapunov equations”, Int. J. Contr., v. 61, pp.1119-1141, 1995. [7] I. Gohberg, M.A. Kaashoek and F. van Schagen, “On the local theory of regular analytic matrix functions”, Lin. Alg. Appl., v.182, pp.9-25, 1993. [8] I. Gohberg, P. Lancaster and L. Rodman, Matrix Polynomials, Academic Press, Newyork, 1982.

[9] N.J. Higham, “Perturbation theory and backward error for AX − XB = C”, BIT, v.33, pp.124-136, 1993. [10] B. Kagstroem, “A perturbation analysis of the generalized Sylvester equation (AR − LB, DR − LE) = (C, F )”, SIAM J. Matr. Anal. Appl., v.15, pp. 1045- 1060, 1994.

[11] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin, 1966.

[12] C.S. Kenney and A.J. Laub, “Controllability and stability radii for companion form systems”, Math. Contr. Sig. Syst., v.1, pp.239-256.

[13] V.S. Korolyuk and A.F. Turbin, Mathematical foundations of the state lumping of large systems, Kluwer Academic Publishers, 1996.

[14] V. Kucera, “The matrix equation AX +XB = C”, SIAM J. Appl. Math., v.26, pp.15-25, 1974. [15] P. Lancaster, “Explicit solutions of linear matrix equations”, SIAM Review, v.12, pp.544-566, 1970. [16] V.B. Lidskii, “Perturbation theory of nonconjugate operators”, USSR Comput. Math. and Math. Phys., v.1, pp.73-85, 1965, (Zh. Vychisl. Mat. i Mat. Fiz., v.6, pp.52-60, 1965).

[17] B.C. Moore, “Principal component analysis in linear systems: controllability, observability and model reduction”, IEEE Trans. Auto. Contr., v.26, pp.17-31, 1981.

[18] S. Peng and C. E. de Souza, “Bounds on the solution of the algebraic Riccati equation under perturbations in the coefficients”, Syst. Contr. Letters, v.15, pp.175-181, 1990.

[19] A.A. Pervozvanski and V.G. Gaitsgori, Theory of Suboptimal Decisions, Kluwer Academic Publishers, Dordrecht, 1988.

[20] P.J. Schweitzer and G.W. Stewart, “The Laurent expansion of pencils that are singular at the origin”, Lin. Alg. Appl., v.183, pp.237-254, 1993.

[21] A. Trampus, “A canonical basis for the matrix transformation X → AX + XB”, J. Math. Anal. Appl., v.14, pp. 242-252, 1966.

[22] C.C. Tsui, “A new approach to robust observer design”, Int. J. Contr., v.47, pp. 745-751, 1988. [23] M.M. Vainberg and V.A. Trenogin, Theory of branching of solutions of non-linear equations, Noordhoff International Publishing, Leyden, 1974. [24] M.I. Vishik and L.A. Lyusternik, “The solution of some perturbation problems in the case of matrices and self-adjoint and non-self-adjoint differential equations”, Uspechi Mat. Nauk, v.15, pp. 3-80, 1960.

[25] H.K. Wimmer, The generalized Sylvester equation in polynomial matrices, IEEE trans. Auto. Contr., v. AC-41, pp. 1372-1376, 1996.