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Context

What is a Conjectural Variations Equilibrium?
A game-theoretic concept in which players have a
conjecture about the behavior of their opponents: they
think the others will play in function of their own decision.

What is it useful for?

• As a possible alternative to Nash Equilibria...
• behavioral model
• explicative model (suitable for empirical studies)

• especially when information is incomplete
• or to model implicit cooperation.
• A shorthand for dynamic interactions
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Static conjectural variations equilibria
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Preliminaries

Consider a two-player game with

• V i the payoff of player i,
• ei the strategy of player i in some set E .

Consider some benchmark strategy profile eb = (eb
1, e

b
2).

Assume that player i thinks that if she deviates from eb
i by

some infinitesimal quantity dei, then player j will “react” by
deviating from eb

j by the quantity:

rj(e
b
i , e

b
j) dei ,

for some function rj.
rj is the conjectural variation assumed by player i.
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Preliminaries (continued)

Non infinitesimal deviations?
Player i is logically led to think that if she deviates by ∆ei

from eb
i , then player j will play:

ej = ρc
j(e

b
i + ∆ei) ,

where ρc
j is solution of:

∂ρc
j(ei; e

b
i , e

b
j)

∂ei

= rj(ei, ρ
c
j(ei; e

b
i , e

b
j)) .

with initial condition ρc
j(e

b
i ; e

b
i , e

b
j) = eb

j.
This function is the conjectured reaction function.
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Definition

Definition: Conjectural Variations Equilibrium
A pair of variational conjectures ri(ej, ei) i = 1, 2, together
with a pair of strategies (ec

1, e
c
2) ∈ E is a General

Conjectural Variations Equilibrium (GCVE) if (ec
1, e

c
2) is

solution of the optimization problem:

max{V i(ei, ej) | (e1, e2) ∈ E and ej = ρc
j(ei; e

c
i , e

c
j)} ,

simultaneously for i = 1, 2.
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First order conditions

Theorem: Assume that V i is twice differentiable.
If (r1, r2) and (ec

1, e
c
2) is a GCVE, then it satisfies

ec
i = χi(e

c
j) i 6= j ,

where the function χi(ej) is implicitly defined by the solution
of the following first order conditions for each player:

V i
i (ei, ej) + rj(ei, ej) V i

j (ei, ej) = 0 .
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Observations

Several comments:
• A CVE can be seen as the fixed point of the mapping

(ei, ej) 7→ (χi(ej), χj(ei)) .

By analogy with Nash’s best response functions, χi is
called the conjectural best response function.

• When the benchmark strategy is a CVE, no player has
an incentive to deviate from it, according to her own
beliefs.

• There are appropriate second order conditions.
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CVE, Nash Equilibria, Pareto Outcomes

CVEs generalize Nash equilibria
Property: A Nash equilibrium is a CVE for the conjectural
variations

rj = 0 .

Pareto outcomes may be CVE
Property: in a symmetric game, the strategy e that
maximizes V (e, e) is a CVE with conjectures

rj = 1 .
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Example 1: Cournot’s duopoly

Bowley (1924) introduced CVE in Cournot’s duopoly.
Assume linear cost and inverse demand. The profit
function has the form:

V i(ei, ej) = (a − b(ei + ej))ei − cei .

With constant variations r, the first order conditions are:

0 = V i
i + rV i

j = a − (2ei + ej) − c − rbei .

The solution is therefore:

ec
i = ec

j =
a − c

b(3 + r)
.
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Example 2: Public goods

Itaya and Dasgupta (1995) have proposed the following
model of a voluntary contribution to a public good.
The construction leads to the (Cobb-Douglas) payoff
function:

V i(ei, ej) = (I − ei)
α(ei + ej)

1−α

with α < 1/2.
There exists a unique CVE with constant conjectural
variations r:

ec
1 = ec

2 = I
(1 − α)(1 + r)

(1 − α)(1 + r) + 2α
.
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Example 2 (continued)

Variation of the payoff in function of the conjecture:
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Objections

Several objections have been raised against CVE.

Individual Rationality.
In situations of complete information and common
knowledge of rationality, players should consider only
strategies remaining after the iterated elimination of
dominated strategies. Often, only Nash equilibria remain...

→ But if incomplete information?
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Objections (continued)

Credible behavior.
Both players are assumed to act à la Stackelberg.
However there is not sequentiality. No player observes the
opponent’s play.

→ But if repeated interactions?

Refutability.
By selecting carefully the conjectures, any outcome may
be a CVE. The theory accounts for all observable results!

→ Definition of consistent conjectures. Conjectures
“endogeneized”.
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Consistency

Consistency is the requirement that conjectural best
responses and conjectured reactions coincide.

Definition: Consistent GCVE
A pair of strategies (ec

1, e
c
2) and the variational conjectures

ri(e1, e2), i = 1, 2 are a Consistent General Conjectural
Variations Equilibrium if:

i) (ec
1, e

c
2) is a GCVE for conjectures (r1, r2);

ii) χi(ej) being a solution in ei of

V i
i (ei, ej) + rj(ei, ej) V i

j (ei, ej) = 0 .
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Consistency

Consistency is the requirement that conjectural best
responses and conjectured reactions coincide.

Definition: Consistent GCVE
A pair of strategies (ec

1, e
c
2) and the variational conjectures

ri(e1, e2), i = 1, 2 are a Consistent General Conjectural
Variations Equilibrium if:

i) (ec
1, e

c
2) is a GCVE for conjectures (r1, r2);

ii) χi(ej) being the conjectural best response of player i,
then in some neighborhood of (ec

i , e
c
j),

χ′

i(ej) = ri(χi(ej), ej) .
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Geometry of consistency
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Geometry of consistency (continued)
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Computing consistent CVE

In general, computing CVE requires solving systems of
difference-differential equations: find fi and fj,

0 = (1 + (fi)
′(ej)(fj)

′(ei))V i
ij(ei, ej) + (fi)

′(ej)V
i
ii(ei, ej)

+ (fj)
′(ei)V

i
jj(ei, ej) + (fi)

′(ej) (fj)
′′(ei) V i

j (ei, ej) ,

with ei = fi(ej).

• Few solutions are known, all with constant conjectures.
• In the duopoly, Bresnahan (1981) finds there are no

analytic solutions. Olsder (1981) finds a multiplicity of
solutions. To be investigated...
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Conjectural variations equilibria as shorthands
for dynamic interactions

Séminaire du GERAD, Montréal, lundi 26 avril 2004 – p. 20/33



Contents

Static Conjectural Variations Equilibria (CVE)

CVE as shorthands for dynamic interactions

• Principle
• Model of voluntary contribution to a public good
• Duopoly
• Conclusions
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Principle

Ingredients

• A game with repeated interactions, with or without
dynamics,

• some family of policies in which an optimal is sought
• a resulting stationary state.

Idea: the stationary state may be “summarized” by a static
conjectural variations equilibrium. The conjecture captures
the inter-temporal forces of the game.

When does it work?
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The model of Itaya and Okamura

Itaya and Okamura (2003) consider a repeated game with
quadratic payoff function.
The problem of player i is:

max
ei(·)

∞
∑

t=0

θt
[

Ii − ei(t) + G(t)(A − G(t))
]

,

where ei is i’s contribution to a public good: G(t) =
∑

i ei(t).

Players adopt trigger strategies: given a profile (e∗1, . . . , e
∗

n)

ei(t) =

{

e∗i if ej(t − 1) = e∗j , ∀j 6= i

0 if ej(t − 1) 6= e∗j , for some j
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Itaya and Okamura (continued)

Among such strategies that are Nash Eq., the best is:

e∗i =
1

2
(A − 1) − E∗

−i +

√

θ

1 + θ
E∗

−i.

Also, a CVE with constant variation r satisfies:

ec
i =

1

2

(

A −
1

1 + r

)

− Ec
−i .

Identification yields (symmetric case):

r

1 + r
= 2

√

θ

1 + θ
(n − 1) e∗ .
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Public goods, dynamic game

Feshtman and Nitzan (1991), Itaya and Shimomura (2001)
have considered the game:

max
ei(·)

∫

∞

0

e−θtU i(ei(t), G(t)) dt ,

Ġ =
∑

i

ei(t) − δG .

The associated static game is:

max
ei

U i(ei, G) with G =
∑

i

ei .
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Public goods, dynamic game (continued)

The first order equations write as:

open loop Nash equilibrium U i
x +

1

θ + δ
U i

G = 0

feedback Nash equilibrium

with ei = φ1 + φ2G U i
x +

1

δ − (n − 1)φ2
U i

G = 0

CVE with variation r U i
x + r U i

G = 0
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Dynamic duopoly

Driskill and McCafferty (1989) and Dockner (1992)
consider a dynamic duopoly with adjustment costs:

∫

∞

0

e−θ t
[

p(ei(t), ej(t))ei(t) − C(ei(t)) − A (xi (t))
]

dt .

where ei is a stock, Qi an investment and:

ėi = Qi .

The associated static game is:

max
ei

p(ei, ej) ei − C(ei) .
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Dynamic duopoly (continued)

The first order equations write as:

open loop Nash equilibrium p [1 + φ] = C ′

feedback Nash equilibrium

with Qi = φ1 + φ2ei + φ3ej p

[

1 +

(

1 +
φ3

θ − φ2

)

φ

]

= C ′

CVE with variation r p (E) [1 + (1 + r)φ] = C ′

i
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Generalization

Figuières (2000) has studied the general linear-quadratic
case:

max
Qi(·)

∫

∞

0

e−θt
[

P i(ei(t), ej(t)) − C(Qi(t))
]

dt

with

P i(ei, ej) = a0 + a1 ei + a2 ej +
a3

2
e2

i + a4 eiej +
a5

2
e2

j ,

C(Qi) =
c

2
Q2

i + q Qi ,

ėi = Qi − δei .
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Generalization (continued)

The CVE is:

ec =
a1 + a2r

− (a3 + a4) − (a4 + a5) r
.

The steady-state feedback and open-loop Nash equilibria
are:

ef =
a1 − (θ + δ)q + a2

y∗/c
θ+δ−x∗/c

(θ + δ)δc − (a3 + a4) − (a4 + a5)
y∗/c

θ+δ−x∗/c

,

eo =
a1 − (θ + δ)q

(θ + δ)δc − (a3 + a4)
.
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Conclusion

Equivalence... in some cases.
The connection between dynamic games and static
conjectural variations equilibria needs to be investigated
further.
Relationship between feedback strategies and consistent
conjectural variations?

Pending issues for static conjectural variations:
• existence and uniqueness results of CVE
• existence of consistent CVE
• connexions with other models of “conjectures”

(rationalizable...)
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