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Introdution
Priniple of inentive equilibria: developed for dynami games byEhtamo and Hämäläinen Journal of Eonomi Dynamis and Control(1993) and Group Deision and Negotiation (1995), inspired from thework of Osborne (1976) about the de�nition of a �quota rule� able toexplain the stability of a Cartel.Used in several papers by those authors, Jørgensen and Zaour,Martín-Herrán and Zaour, in disrete-time and ontinuous-timegames.
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ResultsWe onsider:stati gamesdynami games with open-loop strategiesWe �nd:Neessary onditions for ∃ of redible inentive equilibriaredible inentive equilibria with di�erentiable inentive do notexist without very strong onditions on the payo�(Nash+Pareto!)for pieewise-di�erentiable inentive funtions, an in�nity ofredible inentive equilibria an be hosen.We illustrate with examples:the stability of a Cartelan environmental problem
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1 Introdution2 De�nitions: inentives and redibility3 Analysis of the stati ase4 Analysis of a dynami ase: Nash open-loop5 Examples
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De�nitionsConsider a two-player game: strategies Ei ∈ Σi , payo� funtions:Ji : Σ1 × Σ2 → R .Players agree, before playing the game, that a ertain Paretooptimum E∗ is a desired output of the gameDe�nition (Inentive equilibrium)Consider a Pareto optimum (E∗1 ,E∗2 ) of the game. An inentiveequilibrium strategy at this optimum is a pair of mappings (Ψ1, Ψ2),with Ψ1 : Σ2 → Σ1, Ψ2 : Σ1 → Σ2, and suh that:J1(E1, Ψ2(E1)) ≤ J1(E∗1 , Ψ2(E∗1 )) ∀E1 ∈ Σ1J2(Ψ1(E2),E2) ≤ J2(Ψ1(E∗2 ),E∗2 ) ∀E2 ∈ Σ2

Ψ1(E∗2 ) = E∗1 Ψ2(E∗1 ) = E∗2 .
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Inentive design and Credibility
The inentive problem:onstrut a game in whih players are indued to play aooperative desired outome E∗ by de�ning an inentive ruleE∗ equilibrium of the gamethe inentive rule is redibleCredibility holds if every player, if faed with a deviation from heropponent, would prefer to follow the inentive rather than stiking toher equilibrium value.
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Credibility
De�nition (Credible inentive equilibrium)The pair (Ψ1, Ψ2) is a redible inentive equilibrium at (E∗1 ,E∗2 ) if itis an inentive equilibrium, and if there exists a subset Σ′1 × Σ′2 of
Σ1 × Σ2 suh that:J1(Ψ1(E2),E2) ≥ J1(E∗1 ,E2) , ∀E2 ∈ Σ′2J2(E1, Ψ2(E1)) ≥ J2(E1,E∗2 ) , ∀E1 ∈ Σ′1 .An equilibrium is redible if: whatever the admissible deviation E2 ofPlayer 2 with respet to the equilibrium E∗2 , Player 1 is better o� byfollowing the inentive Ψ1(E2) rather than stiking to the equilibriumE∗1 .
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Weak redible inentive equilibriumA weaker onept: dropping the requirement that (E∗1 ,E∗2 ) be aPareto solution.De�nition (Weak redible inentive equilibrium)A weak redible inentive equilibrium is a ouple of states (E∗1 ,E∗2 )and of inentives (Ψ1, Ψ2) suh thatJ1(E1, Ψ2(E1)) ≤ J1(E∗1 , Ψ2(E∗1 )) ∀E1 ∈ Σ1J2(Ψ1(E2),E2) ≤ J2(Ψ1(E∗2 ),E∗2 ) ∀E2 ∈ Σ2J1(Ψ1(E2),E2) ≥ J1(E∗1 ,E2) ∀E2 ∈ Σ2J2(E1, Ψ2(E1)) ≥ J1(E2,E∗1 ) ∀E1 ∈ Σ1

Ψ1(E∗2 ) = E∗1 Ψ2(E∗1 ) = E∗2 .
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Conjetural variationsConjetural variations equilibria have been introdued for statigames by Bowley (1924), Frish (1933) and others.Both de�nitions are formally similar.De�nition (Conjetural variations equilibrium)A onjetural variations equilibrium is a pair of funtions (r1, r2) anda pair of states (E∗1 ,E∗2 ) suh that:

∂J1
∂E1 (E∗1 ,E∗2 ) + r2(E∗1 )

∂J1
∂E2 (E∗1 ,E∗2 ) = 0 ,and symmetrially for J2.r2(e1) is the antiipated variation of Player 2: Player 1 thinks that ifhe deviates from δe1, Player 2 will deviate from δe2 = r2(e1)δe1.
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Conjetural variations as an optimization problem
TheoremA onjetural variations equilibrium is suh that:J1(E1, Ψ2(E1)) ≤ J1(E∗1 , Ψ2(E∗1 )) ∀E1 ∈ Σ1(symmetrially for J2), with:

Ψ2(E2) = E∗2 +

∫ E2E∗2 r2(u) du .



On theexistene ofinentiveequilibriaAlainJean-Marie,Mabel TidballIntrodutionDe�nitionsInentives andConjetures
ComparisonsIn inentive equilibria, inentive funtions Ψi are hosen andimposed/reommended by an authority. The equilibrium

(E∗1 ,E∗2 ) is a given goal to be reahed.In onjetural equilibria, onjetures are resulting from a privaterepresentation of players, their utilities and their intentions. Theequilibrium (E∗1 ,E∗2 ) is a result.Both lead to optimization problems, where the value of thepayo� of the opponent is unknown.Both lead to rationality problems:why wouldn't a player heat=deviate from the inentive?how does a player form its onjetures?
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The stati ase
Inentive funtions:

Ψi(Ej ) =

{

Ψ+i (Ej ) if Ej ≥ E∗j
Ψ−i (Ej ) if Ej ≤ E∗j ,where Ψ+i and Ψ−i are di�erentiable, inluding at Ej = E∗j .a+i = (Ψ+i )′(E∗j ) , and a−i = (Ψ−i )′(E∗j )Ai = −
∂Ji/∂Ei
∂Ji/∂Ej (E∗1 ,E∗2 ) .
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Neessary onditions for equilibriaE∗ NOT NECESSARILY A PARETO OPTIMUMTheoremNeessary onditions for the existene of weak inentive equilibriumfuntion Ψ1 are as follows:

∂J1/∂E1 ∂J2/∂E1 Conditions- - A2 = 0 and a+1 = a−1 = 0+ + A2 = 0 and a+1 = a−1 = 0- + a+1 ≤ min(A2, 0) ≤ max(A2, 0) ≤ a−1+ - a−1 ≤ min(A2, 0) ≤ max(A2, 0) ≤ a+10 - a−1 ≤ A2 ≤ a+10 + a+1 ≤ A2 ≤ a−1+ 0 ∂J2/∂E2 = 0 and a−1 ≤ 0 ≤ a+1- 0 ∂J2/∂E2 = 0 and a+1 ≤ 0 ≤ a−10 0 ∂J2/∂E2 = 0



On theexistene ofinentiveequilibriaAlainJean-Marie,Mabel TidballThe statiaseExample:Osborne's rule
Neessary onditions for equilibria (td)CorollaryLet E∗ be a Pareto optimum,a/ ∂J1/∂E1 > 0, ∂J1/∂E2 < 0, ∂J2/∂E1 < 0, ∂J2/∂E2 > 0.

→ a−1 ≤ 0 ≤ A2 ≤ a+1 , and a−2 ≤ 0 ≤ A1 ≤ a+2 .b/ ∂J1/∂E1 < 0, ∂J1/∂E2 > 0, ∂J2/∂E1 > 0, ∂J2/∂E2 < 0.
→ a+1 ≤ 0 ≤ A2 ≤ a−1 , and a+2 ≤ 0 ≤ A1 ≤ a−2 ./ ∂J1/∂E1 > 0, ∂J1/∂E2 > 0, ∂J2/∂E1 < 0, ∂J2/∂E2 < 0.
→ a−1 ≤ A2 ≤ 0 ≤ a+1 , and a+2 ≤ A1 ≤ 0 ≤ a−2 ...........................



On theexistene ofinentiveequilibriaAlainJean-Marie,Mabel TidballThe statiaseExample:Osborne's rule
Di�erentiable inentive equilibriumInentives funtions are assumed di�erentiable: a+i = a−i = ai .E∗ NOT NECESSARILY A PARETO OPTIMUMa/ if a1 = 0 and a2 = 0, then neessarily

∂Ji
∂Ei (E∗1 ,E∗2 ) = 0 , i = 1, 2 ;b/ if a1 6= 0 and a2 6= 0, then neessarily

∂Ji
∂Ej (E∗1 ,E∗2 ) = 0 , i , j = 1, 2 ;/ if a1 = 0 and a2 6= 0, then neessarily

∂J2
∂E2 (E∗1 ,E∗2 ) = 0 ,

∂J1
∂E1 (E∗1 ,E∗2 ) + a2 ∂J1

∂E2 (E∗1 ,E∗2 ) = 0
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Di�erentiable redible inentive equilibria
A redible inentive equilibrium requires strong properties on thepayo� funtions:TheoremLet (Ψ1, Ψ2) be a redible inentive equilibrium at a Pareto optimum,where the inentive funtions Ψi are di�erentiable. Then, neessarily:

∂Ji
∂Ej (E∗1 ,E∗2 ) = 0 , i , j = 1, 2 .The onverse property holds: a simultaneous maximum (E∗1 ,E∗2 ) is aredible inentive equilibrium, for any inentive funtions Ψi .
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Nash equilibria
Among andidate weak redible inentive equilibria, one �nds Nashequilibria:TheoremA Nash equilibrium (E∗1 ,E∗2 ) is a weak redible inentive equilibriumfor the (onstant) inentive funtions: Ψi (Ej) = E∗i .



On theexistene ofinentiveequilibriaAlainJean-Marie,Mabel TidballThe statiaseExample:Osborne's rule
One-sided inentives
One-sided inentives:

Ψ+i (Ej ) = E∗i or Ψ−i (Ej) = E∗i ,or in other words, a+i = 0 or a−i = 0 .We an use the table to �nd on whih side of the inentiveequilibrium E∗ it an be redible not to reat, depending on the signof the partial derivatives of the payo� funtions.
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Osborne's exampleThe topi of Osborne's paper is the stability of a Cartel (for instane,the OPEC).Strategies Ei : level of prodution of the �rms, Ji (·), their pro�tfuntions. With ∂Ji/∂Ei > 0 and ∂Ji/∂Ej < 0.In this ontext, the �inentive� funtion is atually a threatfuntion, with whih members of the Cartel would retaliate topotential heaters.

Ψi(Ej ) = max{E∗i ,E∗i +
E∗iE∗j (Ej − E∗j )

}

,This is a one-sided redible inentive equilibrium, with:a−i = 0, a+i =
E∗iE∗j .
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The ase of Nash Open Loop equilibriaThe state of the system evolves aording to the di�erential equationẋ(t) = f (E1(t),E2(t), x(t)) , x(0) = x0 ,where Ei (t) is the ation of player i at time t aording to herstrategy Ei . Payo� of player i :Ji (E1,E2; x0) =

∫ T0 e−ρtFi (E1(t),E2(t), x(t)) dt ,with a time horizon T < +∞ and a disount fator ρ ≥ 0.Consider a�ne inentive equilibria of the form:
Ψi (Ej )(t) = E∗i (t) + vi (t)(Ej (t) − E∗j (t)) .for some salar funtions v1(t) and v2(t).
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Neessary onditions for the Open-Loop ase
A redible a�ne inentive equilibrium at a Pareto optimum is asolution of the following system of equations, for some α1 > 0 and
α2 > 0:Conditions for being Pareto



























0 = α1 ∂F1
∂Ei + α2 ∂F2

∂Ei + λ∗
∂f
∂Ei i = 1, 2

λ̇∗ = −α1 ∂F1
∂x − α2 ∂F2

∂x − λ∗
∂f
∂x + ρλ∗ ; λ∗(T ) = 0ẋ∗ = f ; x(0) = x0
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Neessary onditions for the Open-Loop ase
Conditions for being an inentive equilibria



















































0 =
∂F1
∂E1 + v2 ∂F1

∂E2 + λ1 (

∂f
∂E1 + v2 ∂f

∂E2)

λ̇1 = −
∂F1
∂x − λ1 ∂f

∂x + ρλ1 ; λ1(T ) = 00 = v1 ∂F2
∂E1 +

∂F2
∂E2 + λ2 (v1 ∂f

∂E1 +
∂f
∂E2)

λ̇2 = −
∂F2
∂x − λ2 ∂f

∂x + ρλ2 ; λ2(T ) = 0
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Neessary onditions for the Open-Loop ase
Conditions for being redible



















































0 = −v1 ∂F1
∂E1 + λ1 ∂f

∂E2 + λ1 (v1 ∂f
∂E1 +

∂f
∂E2)

λ̇1 =
∂F1
∂x − λ1 ∂f

∂x + ρλ1 ; λ1(T ) = 00 = −v2 ∂F2
∂E2 + λ2 ∂f

∂E1 + λ2 (

∂f
∂E1 + v2 ∂f

∂E2)

λ̇2 =
∂F2
∂x − λ2 ∂f

∂x + ρλ2 ; λ2(T ) = 0
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Elements of the proofPareto. First, E∗i is required to be the solution for the ooperativeproblem:maxE1,E2 [J1(E1,E2, x0) + J2(E1,E2, x0)] = maxE1,E2 2

∑i=1 ∫ T0 Fi (E1(t),E2(t), x(t)) dtsuh that ẋ(t) = f (E1(t),E2(t), x(t)), x(0) = x0.The Hamiltonian for this problem isH∗(E1,E2, x , λ∗) = F1(E1,E2, x) + F2(E1,E2, x) + λ∗f (E1,E2, x)and the �rst order onditions give the �rst group of equations.
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Elements of the proof (td.)Inentives. vi (t), i = 1, 2, must be the solutions of the followingoptimization problems:maxE1 J1(E1, Ψ2(E1), x0) = maxE1 ∫ T0 F1(E1(t), Ψ2(E1), x1(t)) dt ,suh thatẋ1(t) = f (E1(t), Ψ2(E1)(t), x1(t)), x1(0) = x0.and symmetrially for x2(t). For this problems the orrespondingHamiltonians are:H1(E1, x , λ1) = F1(E1, Ψ2(E1), x) + λ1f (E1, Ψ2(E1), x)H2(E2, x , λ2) = F2(Ψ1(E2),E2, x) + λ2f (Ψ1(E2),E2, x) .and the �rst order onditions give the seond group of equationsbeause x1 ≡ x2 ≡ x∗.
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Elements of the proof (end)Credibility. Consider the point of view of Player 1. The followingonditions must hold:J1(Ψ1(E2),E2; x0) ≥ J1(E∗1 ,E2; x0), ∀E2where J1(Ψ1(E2),E2; x0) =

∫ T0 F1(Ψ1(E2),E2, x2) dt ,ẋ2(t) = f (Ψ1(E2),E2, x2(t)), x2(0) = x0 ,and J1(E∗1 ,E2, x0) =

∫ T0 F1(E∗1 ,E2, x2(t)) dt ,

˙x2(t) = f (E∗1 ,E2, x2(t)), x2(0) = x0.Consider the di�erene:D1(E2) = J1(E∗1 ,E2; x0) − J1(Ψ1(E2),E2; x0) .The equilibrium is redible i� D1(E2) ≤ 0 for all E2 ∈ Σ2 ⇐⇒maxE2 D1(E2) = 0 , and argmaxE2D1(E2) = E∗2 .For this problem the Hamiltonian H1 is:H1 E2 x1a x1 1a 1 F1 E1 E2 x1 F1 1 E2 E2 x1a1 f E1 E2 x1 1af E2 E2 x1aFirst order onditions give the third group of equations with ia i .
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Counting the equations
Why do we fae existene problems?For a (strong) redible inentive equilibrium, there are: 12 equationswith 10 unknowns:the ooperative solution E∗1 and E∗2 ;the inentive oe�ients v1(t) and v2(t);the state variable x∗(t);the adjoint variables λ∗(t), λ1(t), λ2(t), λ1 (t) and λ2(t).For a weak redible inentive equilibrium, 8 equations and 8unknowns.
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Weak redible equilibriaTheoremA (strong) redible a�ne inentive equilibrium may hold only if one of thefollowing onditions is met:v1 = v2 = 0 and

∂Fi
∂Ei + λ

i ∂f
∂Ei = 0 , i = 1, 2 .v1 6= 0 and v2 6= 0 and

∂Fi
∂Ej + λ

i ∂f
∂Ej = 0 , i , j = 1, 2 .v1 = 0 and v2 6= 0 (and symetrially if v1 6= 0 and v2 = 0), and0 =

∂F2
∂E2 + λ

2 ∂f
∂E20 =

∂F1
∂E1 + v2 ∂F1

∂E2 + λ
1 „

∂f
∂E1 + v2 ∂f

∂E2 «CorollaryA redible a�ne inentive equilibrium at the ooperative solution may holdonly if: FiEj i fEj 0 i j 1 2
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Properties

Neessary onditions stated → E∗ must be a simultaneousmaximum for both payo� funtions Ji .Pieewise-di�erentiable inentive funtions.Vi (t,Ej (t)) = V+i (t,Ej(t)) if Ej(t) ≥ E∗j (t) andVi (t,Ej (t)) = V−i (t,Ej(t)) if Ej(t) ≤ E∗j (t).Left and right-derivatives: v±i (t) = ∂V±i /∂Ej(t,E∗j (t)).Transposition of the results of the stati ase: replae �∂Ji/∂Ej�by �∂Fi/∂Ej + λi∂f /∂Ej �.
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Examples for dynami games
The examples illustrateThe omputation of (one-sided) redible inentivesThe problem of guaranteeing redibility with respet todeviations in a dynami settingThat inentives may be redible over a limited domain
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Case study: the model of Jørgensen and Zaour
We onsider in this setion a dynami model proposed by Jørgensenand Zaour in Jørgensen, S. and Zaour, G., �Channel oordinationover time: Inentive equilibria and redibility�, 2002.ẋ = E1 + E2 − δx ,Fi (E1,E2, x) = φi x −

wi2 E 2i .Cheking the neessary onditions of Corollary 11, we have the result:There does not exist a redible inentive equilibrium inthis game.
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Weak redible inentive equilibria
Aording to the Theorem, we have:If v1 6= 0 and v2 6= 0, no solution exists.If v1 = v2 = 0, this is the Nash-redible inentive equilibrium.If v1 = 0 and v2 6= 0, then the andidate solutionsE∗1 (t) =

φ1(1 + v2)w1δ (1− eδ(t−T ))E∗2 (t) =
φ2w2δ (1− eδ(t−T ))satisfy the neessary onditions, but not the redibility equations.
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Deviations from referene strategies
Computations an be performed in the following framework: onsiderthat the players have strategies of the form:Ei (t) = Ai g(t) − ∆i , g(t) = 1− eδ(t−T ) , (1)The alulations lead to the onlusion:For the urrent example, there does not exist redibleinentive equilibria, even if the deviations are onstrained tobe of the form (1).
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Credibility with respet to small deviationsEhtamo and Hämäläinen, Jørgensen and Zaour, have studied theredibility of inentive equilibria with respet to small impulsionaldeviations. De�ne ∆τ to be the ontrol suh that:

∆τ (t) =

{

∆ if t ≤ τ0 if t > τ .De�nition (Loally Credible inentive equilibrium)The pair (Ψ1, Ψ2) is a loally redible inentive equilibrium at
(E∗1 ,E∗2 ) if J1(Ψ1(E2),E2) ≥ J1(E∗1 ,E2) ,J2(E1, Ψ2(E1)) ≥ J1(E2,E∗1 ) ,for all E1 = E∗1 − ∆τ and E2 = E∗2 − ∆τ , for some ∆ and τ small.
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Di�ulty of the analysisFind the sign of:
φ(τ, ∆) = J1(E∗1 − v1∆τ ,E∗2 − ∆τ ) − J1(E∗1 ,E∗2 − ∆τ ) withJ1(E∗1 − v1∆τ ,E∗2 − ∆τ )

=

∫ τ0 F1(E∗1 − v1∆,E∗2 − ∆, x) dt +

∫ T
τ

F1(E∗1 ,E∗2 x dtfor x sol. of ẋ =

{ f1(E∗1 − v1∆,E∗2 − ∆, x) 0 ≤ tf1(E∗1 ,E∗2 , x) τ < t TJ1(E∗1 ,E∗2 − ∆τ ) =

∫ τ0 F1(E∗1 ,E∗2 − ∆, x̃) dt +

∫ T
τ

F1(E∗1 ,E∗2 , x̃) dtfor x̃ sol. of ˙̃x =

{ f1(E∗1 ,E∗2 − ∆, x̃) 0 ≤ t ≤ τf1(E∗1 ,E∗2 , x̃) τ < t ≤ T .
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Environmental example
An exemple of pollution aumulation due to prodution ativities.Ji (E1(·),E2(·); x0) =

∫ ∞0 e−ρt (log(Ei (t)) − φix(t)) dt ,ẋ(t) = E1(t) + E2(t) − δx(t), x(0) = x0 .Pareto solution, the maximization of ∑i αiJi , is:E∗i =
αi (δ + ρ)

α1φ1 + α2φ2 .The Pareto-optimal ontrol does not depend on time



On theexistene ofinentiveequilibriaAlainJean-Marie,Mabel TidballExample:retailerooperationEnvironmentalexample
Environmental example. Stati redibility
Consider only time-invariant strategies. The total payo� of player i isgiven by:Ji (e1, e2; x0) =

1
ρ
log(ei ) −

φi
ρ(ρ + δ)

(e1 + e2) −
φix0
ρ + δ

.Ai =
αjφj
αiφi , Aj =

1Ai =
αiφi
αjφj .a−i ≤ 0 ≤

αiφi
αjφj ≤ a+i .
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Environmental example. Stati redibilityWe selet the pieewise a�ne funtion:

Ψi (ej ) = max{e∗i , e∗i +
αiφi
αjφj (ej − e∗j )

}

.For Player 1, the redibility ondition beomes: for e2 ≥ e∗2 :0 ≤ log e∗1 + α1φ1/α2φ2(e2 − e∗2 )e∗1 − φ1 α1φ1
α2φ2 (e2 − e∗2 ) .

∃ interval [e∗2 , ē2] where the ondition is satis�ed.ē2 ≥ e∗2 {1 + 2 α2
α1 (

φ2
φ1 )2}

.
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Environmental example. Dynami redibility
α1 = α2 = 1.This implies that e∗1 = e∗2 = e∗ = (δ + ρ)/(φ1 + φ2).We selet the inentive funtion:

Ψi (Ej)(t) = e∗ + max{

φi
φj (Ej(t) − e∗), 0} .
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Environmental example. Dynami redibility
Condition of redibility for player 1

∫ +∞0 [log(Ψ1(E2(t))e∗ ) − φ1xΨ(t) + φ1x∗(t)] e−ρt dt ≥ 0 ,where the two trajetories xΨ(·) and x∗(·) are the respetivesolutions ofẋ = e∗ +
φ1
φ2 max(0,E2(t) − e∗) + E2(t) − δx(t)ẋ = e∗ + E2(t) − δx(t)
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Environmental example. Dynami redibility
Assume that there exists M ≥ 1 suh that for all t,E2(t) ≤ M e∗ .Credibility implies that E2(·) veri�es

∫ +∞0 [

φ1
φ2 +

2φ21
φ22 ] E2(t)e∗ e−ρtdt ≥1

ρ

[

φ21
φ22 (M2 − 1) +

φ1
φ2 +

φ21
φ22 M − 1

ρ + δ
e∗] .
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Environmental example. Dynami redibility
For instane, it an be heked that the equilibrium is redible withrespet to strategies of the formE2(t) = eN + (e∗ − eN)e−αt ,or E2(t) = e∗ + (eN − e∗)e−αt ,where eN = (ρ + δ)/2 is the Nash equilibrium of the game (atime-invariant strategy as well).
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Conlusion

Credibility is di�ult to obtain in stati and ontinuous-timegames: at a Pareto solution as well as elsewhere, if the inentivefuntion is required to be di�erentiable. A redible inentiveequilibria may happen only at ritial points of both payo�funtions simultaneously.With pieewise-di�erentiable inentive funtions, (loal)redibility is rather easy to obtain, and many slopes are generallyallowed for these inentive funtions. The atual hallenge is to�nd inentive funtions that provide a �domain of redibility� aslarge as possible.
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Extensions
As logial ontinuations of this work, we mention:Study whether redibility of open-loop strategies may hold in aneighborhood of the equilibrium, not only in a partiular subsetof deviations.Extend the analysis to disrete-time problems.Investigate inentives de�ned on Nash-Feedbak strategies.Extend study to T = +∞, disounted.Alternate �rationality� ondition: onsisteny of onjeturalequilibria?
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