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Floating-point standardization

IEEE 754-854

Fg(ﬁ, t, L, U) = {ﬂ:dodl . dt—l X ﬁe |
(base 3, precision ¢t and normalized exponent

range [L,U])

Principle 1: exact rounding

Rounding () : Ry — X satisfies

Ox) == Ve e X
z<y= Oz) <O) vz,y € Ro

Roundings: round to nearest, round up, round
down, truncate

Principle 2: exactly rounded operations
r®y=Ox*xy) Ve,y e X

Operations: +, —, X, /, /» remainder, I/O and

conversions between number sets X;.




IEEE 754-854

Principle 3: closed number system

R = RyUSRy
= RoU{0, (+)o0, INV}
X £ XUSX

e denormal numbers

+do.dy...di—1 x B, dy =0,3d; # 0

— no underflow exception in addition
e signed infinities: +oo

— affine arithmetic

e signed zeroes: %0

+0 =~ +¢, —0= =4, (+0) B (—0) =7

— IEEE-based arithmetic:
(+0) ® (—0) = +0

— TI-based arithmetic: (+0) @ (—0) =0




IEEE 754-854

e NaN: result of invalid operation
+00 4+ (—o00) = NaN
+00 — (+00) = NaN
—00 — (—o0) = NaN
£ = NaN
+0 x 00 = NaN
+0 _
Fo — NaN
x REM £0 = NaN
+o0o REM y = NaN

vz = NaN when z < 0

Conclusion:

F = FouU{Z0, (&)oo, denormals, NaN} = FoUSTF,




Strange output?

[Rump]:
a="77617,b = 33096

z = 333.750° + a*(11a°b* — b° — 121b* — 2)
r = b5.5b°
ot —
= zZ4+xT+ =
Y 2

< 5.76461... x 10'7
< 6.33825...x 10%
= 1.1726...

= —0.827396...




Strange output?

INTEL Pentium (Borland C++ compiler):
(1) literals and variables: t=24
intermediate results: t=64

g = 5.76461 ... x 10'7

(2) literals and variables: t=24
intermediate results: t=24

§ = 6.33825... x 10%°

(3) literals and variables: t=53
intermediate results: t=64
g = 5.76461 ... x 107
(4) literals and variables: t=>53
intermediate results: t=53
y=1.1726...
(5) literals and variables: t=64
intermediate results: t=64

g = 5.76461 ... x 107




Strange output?

SUN Sparc (Sun 77, Sun cc):
(1) literals and variables: t=24
intermediate results: t=64
y = unavailable
(2) literals and variables: t=24
intermediate results: t=24
§ = 6.33825... x 10%°
(3) literals and variables: t=>53
intermediate results: t=64
y = unavailable
(4) literals and variables: t=53
intermediate results: t=>53
y=1.1726...
(5) literals and variables: t=113
intermediate results: t=113

j=1.1726...
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Machine epsilon

#include <iostream.h>

int main()

{ double epsilonZero, epsilonOne, epsTmp;
int i;

epsilonZero = 1.0; i = 0;

while (epsilonZero > 0.0)
{
i = i+1;
epsTmp = epsilonZero;
epsilonZero = epsilonZero/2.0;
}

cout << i << " " << epsTmp << "\n";

epsilonOne = 1.0; 1 = 0;

while (1.0+epsilonOne > 1.0)
{
i = i+1;
epsTmp = epsilonOne;
epsilonOne = epsilonOne/2.0;
}

cout << i << " " << epsTmp << "\n"; }

=1= CC -o macheps.x -fast macheps.cpp
=2= macheps.x
1023 2.22507e-308
53 2.22045e-16
=3= CC -o macheps.x macheps.cpp
=4= macheps.x
1075 4.94066e-324
53 2.22045e-16




[Higham]:

Counting to six

2—1
| 2
(COS(lOOTK‘ + 7'('/4))
g tan(arctan(10000))
: 10000
(W)
(14 e 109 —1
P e 100y — 1
In(£6000)

1000

2

12



Counting to six

one = 1.0000000000000000
two = 2.0000000000001110

three = 2.9999999999971618
four = 2.7182818081824731
five = NaN

six = Infinity
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Exception handling

[Kahan]:

Vz € RoU{0,+0} : 2" =1

4
NaN! = 1
IEEE 754-854]: ?P
rK = 100
i) = — OO
r = x1+x9=x=NaN
' = NaN

y' = NaN
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Reliable

Integrated

*Matlab, Octave, ...

*Maple, Mathematica, ...

LN
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The toolkit era

Graphics

“daisy with 90 leaves” |Geulig & Krémer]:

1
r=g sin(90¢)
r = (14 r)cos(t)
y=14r)sint) t=0...27
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Graphics

Maple 5.0:
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Graphics

Mathematica 4.02:
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= N
.c
lsl

19



Graphics

7

fa) =3 (1) 07 =@ -1y

i=0
Mathematica 4.02:
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Graphics

Matlab 5.03:

x107™

2
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Tough sign problem

Wilkinson polynomial

po(z) =(x —1)...(x — 20)
= 2432902008176640000 — 8752948036761600000x -+

2

13803759753640704000x~ — 1287093124&’5150988800303 +

4

8037811822645051776x "~ — 3599979517947607200905 +

120664780378037336020 — 311333643161390640z " +
63030812099294896x° — 101422998655114502° +
13075350105403952 10 — 135585182899530x 1 1 +

11310276995381x12 — 756111184500z 15 +

40171771630x1% — 1672280820215 + 53327946416

— 1256850217 + 20615218 — 210219 4+ 220

Real roots:

Modified Wilkinson polynomial

—23 19
p1(z) = po(x) — 2 x
Real roots:
z1 = 1.0000000. .. z9 = 2.0000000. . .
zg = 3.0000000. . . z4 = 4.0000000. . .
zg = 4.9999993 . .. zg = 6.0000069 . ..
z7 = 6.9996972 ... 2zg = 8.0072676 . ..

zg = 8.9172502. .. z10 = 20.846908 . ..




Tough sign problem

Aim: Obtain reliable bounds for real roots of
pi(z) =0
False Position Method

Given:

(xﬁaff)a(xhvfh) f€<07fh > ()

Compute:

rn =t S
In :f(xn)
if f, <0 then x; = x,

else r, = x,
Mathematically:

Zi € [.CU[, ,th]
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Tough sign problem
Implementation: IEEE arithmetic

e data error in representation of coefficients
of p1(x)

e rounding error in evaluation of p;(x)

Implementation yields floating-point bounds
[Z1, Zh)t=53

Z; € [f?l, jh]?

No guarantee!

zg = 8.917250249 . ..

29 & [%, T ;)53 = [8.9172245567595, 8.9172249342899]

p1(Zi)t=53 = +5.369856€7
P1(Zj)t=53 = —2.626468€8

p1(Z4) — +4.87759¢e7
p1(%;)t=53 € [~1.177340€9, +1.324868¢9]
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Computational

scomplex arithmetic
sharp interval arithmetic
ereliable graphics

ecalculator, parser, precompiler, GUI
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25



v/ ® Floating-point standardization
v ® The toolkitera . . . . . .. ..

= o Reliability in view . . . . . . .
Strange output unraveled
Reliable graphics
Advanced exception handling

Reliable false position

26



Reliability in view
Strange output unraveled

[Cuyt& Verdonk]:
e multiprecision float (¢t = 122) :

z = —7.917111340668961361101134701524942850e36

x = +7.917111340668961361101134701524942848e36
z 4+ x = —2.00000000000000000000000000000000000

Yy = —8.27396059946821368141165095479816292e—1

e single precision interval (t = 24) :

z = [—7.917116e36; —7.917105e36]

x = [7.917108e36; 7.917112e36]
z+x = [—7.605904€e30; 6.338254¢e30]

Yy = [—7.605904e30; 6.338254¢e30]

e double precision interval (¢ = 53) :

z = [—7.91711134066897e36; —7.91711134066895e36]

x = [7.91711134066895e36; 7.91711134066896e36]
z+x = [—8.26414134502188e21; 7.08354972430447e21]

y = [—8.26414134502188e21; 7.08354972430447e21]

e multiprecision interval (¢t = 122) :

z =[—7.9171113406689613611011347015249428 g e36]

r = [7.9171113406689613611011347015249428Z636]

z 4+ x = [—2.0000000000000000000000000000000000 (1)]
y = [—8.2739605994682136814116509547981629 ? e—1]
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ke Arithmetic Explorer - Untitled

File Edt Seach Buttons Program  Options  Help

e8] SR B |

[_[=] x]

2| = 2| EElE =]k £

Duput format - |O] x|
Flaating-point Rational
¥ Decimal Float [™ Decimal Float
v Einary Float v Rational
" Binary Bepresentation [ Flags
[~ Hexadecimal Fepresentation = Barameters
[~ Rational
[" Flags
[ Parameters

™ Werbose output

v K | opeeoy | Mcacel| 2 Her

Parser i =] B
& Paie I mParse.ﬁ.lll xEIearAII| ? Help |

rode: F

set{precision=i4;exponent=35; rounding=N}
a=7761"7?

h=33096

z=333.75%h " 64+a"2% (11"a"2*h"2-h" 6-121%h" 4-2])
print(z)

X=5.5%b"8

print (x)

y=E4+X

print (v}

y=y+a/ (27%h)

print|y]
set{precision=53;exponent=11;rounding=HN}
z=333.75%h* 64+ 2% (1iva*Z+h*2-h"6-121%b"4-2)
print(z)

¥=5.5%h"3

print ()

y=z4+x

print(v]

v=v+a/ (2 *h)

print(v]

mode: X

Z=333.75*h 6+at 2  (11*a2*h*2-b"6-121*h"4-2)
print (=)

x=5.5*kb*g

print ()

y=E+x

print (y)

y=y+a/ [2%h)

print (v]

mode: F

set{precision=12Z;exponent=5; rounding=HN}
Z=333.75*h 6+at 2  (11*a2*h*2-b"6-121*h"4-2)
print (=)

¥=5.5%h"3

print ()

y=E+x

print(v]

y=y+a/ [2%h)

print (y)

- |nput string stack
- Float stack,
- R ational stack

|epect |

| Precision OF.

| Prec:122 Exp:8 | Rnd: M | Oper: HOME | Rel: HOME | Conw: NOME

| Elerm: HONE
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ke Arithmetic Explorer - Edit Untitled

File  Edit

| eBlEa) e B |

Search  Buttons

Program  Options  Help

A =

il R B égl
e | sinse]

Parser Argument

DecFloat
BinFloat
Parser Argument
DecFloat @ 7
BinFloat : 1
Parser Argument
DecFloat HE -1
BinFloat : 1.
Parser Argument
DecFloat @ 6.
BinFloat : 1.

Parser Argument

DecFloat
BinFloat
Parser Argument
DecFloat @ 7
BinFloat = 1
Parser Argument
DecFloat : O
BinFloat : O
Parser Argument
DecFloat : 1
BinFloat -1

Parser Argument
Rational
Parser Argument
Rational
Parser Argument

(z)

-7.9171111599001 066123329591 20824208312"3 6
-1.01111101001100011110111*1111010

(x)
V917111823 72E40672704 765986091 7E8028% 36
.01111101001100011111000+11110410
(¥)
L33EE5300114114700748351602688 29
00000000000000000000000 1100011
HIS 8
FIEEE300114114700748351602688%29
0000000000000000000000041100011

(z)

—-7.91711134066896029259027611918022896%3 6
-1.0111110100110001111011100111180111001010010001001011+1111010a

(x)
9171113406689 A089890376119180232825 3 6
,011111010011000111101110011110011100101001000100101141111010
(v}

t(¥)
LA172603940053 175624 92444060837 3383197378 1E8EE9 35359378
.0010110000101111110001011001010110110000011010111111

(z)

=79171113406658961361101134701524942850

(x)

T917111340665896153611011534701524942848

(¥)

Rational : -2

Parser Argument
Rational

Parser Argument
DecFloat
BinFloat

(¥)

-54767/66192

(z)

-7.91711134066896136110113470152494285 36
-1.011111010011000111101110011110011100101001000100101101100100001110010001101

110111001100001011001011000000000000000000000141111010

Parser Argument
DecFloat @ 7
BinFloat -1

(x)
LH171113406658961361101134701524942542"3 6
.0111110100110001111011100111100111001010010001001011011001000011100100011011

101110011000010110010118000000000000000000000~1111010

Parser Argument
DecFloat
BinFloat

(¥)

—&.00000000000000000000000000000000000
=1.000000000000000000000000000000000000000000000000000000000000000000000000000

0000000000000000000000000000000000000000000000"1

Parser Argument
DecFloat

(¥)

—-§.2739605595405821536814116050954798 1029200548881 59608405854058419070371208465506415296

458753161 3460669177584350109100341796875% -1

BinFloat

-1.101001111010000001110100110101001001111100101000001010010001011010110101110

01110000111111100111001111110110110101119011110"-1

|EHp0nentDK

|Pmcﬂ22 Exp:8 |Hnd:N |Dpen+ |HekNDNE |C0nv:NDNE |Ebm:NDNE
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Reliable graphics

[Tupper]: generalized interval arithmetic
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Advanced exception handling

[ARITHMOS]:
rA = -+o0
o = —00
r = x1+x9=x=NaN

y = V-1 iy:IaCo

IaY: result can only be represented in Y D X
— JaC, IaCy, IaC ~Inf, IaCy ~Inf

Ve € Y U{0, +oo} ' =1

y
(IaY)’ = 1

2’ = NaN
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Reliable false position

#include "MpIeee.h"
#include "Rational.h"

Rational coef [NR_OF_COEF];

MpIeee f(MpIeee xx)
{ Rational result, x(xx);

result=coef [DEGREE] ;

for(int i=DEGREE-1;i>=0;i--) {
result=x*result+coef[i]; }

return result.toMpleee(53,11);

}

void regfalsi(MpIeee x1,Mpleee x2,
MpIeee (*f) (MpIleee x),MpIleee eps)
{ MpIeee xh, x1, f1, fh, xnew, fxnew;

for (int count=0;count<MAXIT;count++) {
xnew=xh+fh* (xh-x1)/(f1-fh);
fxnew=f (xnew) ;
if (fxnew<0) {

x1l=xnew;
fl=fxnew; }

else {
xh=xnew;
fh=fxnew; }
.}

32



Reliable false position

[ARITHMOS]:

main()
{ MpIeee (*fptr) (Mpleee);
MpIleee startl, starth, eps;

coef [0]=Rational("2432902008176640000.0") ;
coef [1]=Rational ("-8752948036761600000.0") ;
coef [2]=Rational ("13803759753640704000.0") ;
coef [3]=Rational ("-12870931245150988800.0") ;
coef [4]=Rational("8037811822645051776.0") ;

coef [19]=Rational("-210.0")-pow(2,-23);
coef[20]=Rational("1.0");

regfalsi(startl,starth,fptr,eps);
}
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A0 Arithimetic Explorer - Log to untitled.log - Save stack to untitled.stk

File Edit Search Buttons Program Options Help

0O = - Set compiler
Parameters...
Bize Qf Hilkert mat Output format...
solution wvector:
L00000001938301 Campile...
.99994746986189~-1 X
L00028811024895 Precampile...

.93705863560855~-1
LO0T7106022280484
L27T12868173134~-1
.98344302244708
-4,45179443109459
1.08637725955434+1

0O L D D

Precampile + compile...

Precompile settings...

Floating—Paint
Decimal Float
Binary Float

Rational
Flags
Parameters

3
-
I Binary Representation

™ Hexidecimal Representation
-

-

-

Integer and Ratior
[ Decimal Float
™ Binary Represer
I+ Rational
™ Flags
I Parameters

§.30614213411523 Lit —
-1.37907671079256%— MNaive Gauss 3 Linear Systems Lose OutpLt
-1.05153878572212 el L ; ; 5
2.44650555464736 Tridiagonal Nonlinear equation Cancel
6.85858671952841 ~-1 R Interpolation 5 Cance ||
PR R R R RS E RS
Toepliz Smoothing »
Sharp Interval Sobver Function approximation  »
Size gf Hilbert matrix = rpndition number
solution wvector:
9.5999599559959595032 768953441
1.00000000001026056662410 X
5.5999595594 74291 826677431 -1
1.00000001175871046592002 * Floating Paoint " Rational
9.5099959856215893176598031 -1 B : B ]
1.00000108102657971438495 IS AT
9.99994647460441575183012 -1 Base & 2 ¢ 10 7 2°29
1.00001818915602583391234 Mode & Real
9,99956595884047726144499—1 e g
1.00007341758084026358115 - -
5.959124378333007344626144-1 Precision [0 =l Mode & c
1.000071862668552271624773 Exponent [13 =
§.999612598750057055173592 -1
1.00001229931263555536535 L= -16382
9.9999825172551256790915%9~-1 Range | _ 1g3a3
LR SRR R RS RS EEEEEEEEEEEEEEEES
Rounding Rounding
@« Nearest (M) ¢ Upward (L) =
 Zero (€] " Downward (D g
T Interval (FI) -
Input string stack |
Float stack Uk Lsiet] el
Rational stack
=

GEPP
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kg Arithmetic Explorer - Edit F-\ArE xphmc2000hlinsys. oo
File Edit Search Buttons Optiohz  Help

] 2B|Bs| o] flm oot Comeier b ElEkE] = sk £l

Parameters. .
for (i = matrix_: Outputformat.. :I
sum = EB[i]: Compile...
for (j = i+1:
s -= A[i][: Calculatar...
X[l] = =um / E| Farzer...
b MHumerical Library. .

|} Carmmand line argurments. ..

Fun...

woid rational solwveTri(int n, ratiohal *a, rational *d, rational *c,
rational *b, rational *x) {
int i:

rational xmult:

for (i = 1; i < n: i++) |
xwult = al[i-1] / d[i-11:
d[i] = d[i] - xmwualtc * c[i-1]:
bl[i] -= xmult * b[i-1];
}
®x[n-1] = kb[n-1] / d[n-1]:
for (i n-2; i »= 0; i--)
®x[1] th[i] - e[i] * =x[i+1]) /7 d[i]:

woid rationsl forward elim [(int matrix_size, ratiohal **4, rational *E,
rational *X) {

int i, 3, k:

rational xmult;

for (k = 1; k <« matrix_size; kK++] |
for (i = k +1; i <= matrix_size; i++) {
wwult = A[i]1[k] / A[K][kI:
A[i] [k] = xmwulc;
for (3 = k + 1; j <= matrix size; J++4)

A[1]1[3] -= wwult * A[K][3]:
B[i] -= =mwult * B[k]:
i
i
Z[watrix_size] = EBlmatrix_size] £ Alwatrix_ size] [matrix_size]:

i

woid rational back_subst (int matrix size, rational *¥A4, rational *E,
rational *X) {
int i, 3:
rational sum;

for (i = matrix_size-1; 1 »>= 1; i--] |
sum = B[1i]:
for (3 = i4+1; j <= watrix =size; J++]
sum —-= A[1][3] * X[]]:

X[i] = sum / A[i][4]:

Specify the 'cout’ options for compiled C++ programs
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