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Abstract

Mobile robot localizationis the problemof determininga robot’s posefrom sensordata.
Thisarticlepresentsafamily of probabilisticlocalizationalgorithmsknownasMonteCarlo
Localization(MCL). MCL algorithmsrepresenta robot’s belief by a setof weightedhy-
potheses(samples),which approximatetheposteriorundera commonBayesianformula-
tion of thelocalizationproblem.Building onthebasicMCL algorithm,thisarticledevelops
a morerobustalgorithmcalledMixture-MCL, which integratestwo complimentaryways
of generatingsamplesin theestimation.To applythisalgorithmto mobilerobotsequipped
with rangefinders,a kd-treeis learnedthat permitsfast sampling.Systematicempirical
resultsillustratetherobustnessandcomputationalefficiency of theapproach.

Key words: Mobile robots,localization,positionestimation,particlefilters,kerneldensity
trees

1 Intr oduction

Mobile robot localizationis the problemof estimatinga robot’s pose(location,
orientation)relative to its environment.Thelocalizationproblemis a key problem
in mobilerobotics.it playsapivotalrolein varioussuccessfulmobilerobotsystems
(seee.g., [10,25,31,45,59,65,74]andvariouschaptersin [4,41]). Occasionally, it
hasbeenreferredto as“ themostfundamentalproblemto providing amobilerobot
with autonomouscapabilities”[8].

Themobilerobotlocalizationproblemcomesin many differentflavors[4,24].The
mostsimple localizationproblem—whichhasreceived by far the mostattention
in the literature—ispositiontracking [4,75,64,74].Here the initial robot poseis
known, and the problemis to compensateincrementalerrorsin a robot’s odom-
etry. Algorithms for position trackingoften makerestrictive assumptionson the
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sizeof the error andthe shapeof the robot’s uncertainty, requiredby a rangeof
existing localizationalgorithms.More challengingis theglobal localizationprob-
lem [6,34,61],wherea robotis not told its initial posebut insteadhasto determine
it from scratch.Thegloballocalizationproblemis moredifficult, sincetheerrorin
the robot’s estimatecannotbeassumedto besmall.Consequently, a robotshould
beableto handlemultiple,distincthypotheses.Evenmoredifficult is thekidnapped
robotproblem[20,24],in which a well-localizedrobotis tele-portedto someother
placewithoutbeingtold.Thisproblemdiffersfrom thegloballocalizationproblem
in thattherobotmightfirmly believe itself to besomewhereelseat thetimeof the
kidnapping.Thekidnappedrobotproblemis oftenusedto testa robot’s ability to
recover from catastrophiclocalizationfailures.Finally, all theseproblemsarepar-
ticularly hardin dynamicenvironments,e.g.,if robotsoperatein theproximity of
peoplewho corrupttherobot’ssensormeasurements[5,71].

The vastmajority of existing algorithmsaddressonly the positiontrackingprob-
lem (seee.g.,thereview [4]). Thenatureof small,incrementalerrorsmakesalgo-
rithmssuchasKalmanfilters [28,37,47,68]applicable,which have beensuccess-
fully appliedin arangeof fieldedsystems(e.g.,[27,44,42,63]).Kalmanfiltersesti-
mateposteriordistributionsof robotposesconditionedonsensordata.Exploitinga
rangeof restrictiveassumptions—suchasGaussian-distributednoiseandGaussian-
distributedinitial uncertainty—they representposteriorsby Gaussians.Kalmanfil-
tersofferanelegantandefficientalgorithmfor localization.However, therestrictive
natureof thebeliefrepresentationmakesplainKalmanfiltersinapplicableto global
localizationproblems.

This limitation is overcomeby two relatedfamilies of algorithms:localization
with multi-hypothesisKalman filters and Markov localization. Multi-hypothesis
Kalmanfilters representbeliefsusingmixturesof Gaussians[9,34,60,61],thereby
enablingthemto pursuemultiple,distincthypotheses,eachof whichis represented
by a separateGaussian.However, this approachinherits from Kalmanfilters the
Gaussiannoiseassumption.To meetthis assumption,virtually all practical im-
plementationsextract low-dimensionalfeaturesfrom the sensordata,therebyig-
noring muchof the informationacquiredby a robot’s sensors.Markov localiza-
tion algorithms,in contrast,representbeliefsby piecewiseconstantfunctions(his-
tograms)over thespaceof all possibleposes[7,24,30,36,40,50,55,56,66,70].Just
like Gaussianmixtures,piecewise constantfunctionsarecapableof representing
complex, multi-modalrepresentations.Someof thesealgorithmsalsorely on fea-
tures[36,40,50,55,66,70],hencearesubjectto similar shortcomingsasthe algo-
rithmsbasedon multi-hypothesisKalmanfilters. Otherslocalizerobotsbasedon
raw sensordatawith non-Gaussiannoisedistributions[7,24].However, accommo-
datingraw sensordatarequiresfine-grainedrepresentations,which imposesignif-
icant computationalburdens.To overcomethis limitation, researchershave pro-
posedselective updatingalgorithms[24] and tree-basedrepresentationsthat dy-
namicallychangetheir resolution[6]. It is remarkablethatall of thesealgorithms
sharethe sameprobabilisticbasis.They all estimateposteriordistributionsover
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posesundercertainindependenceassumptions—whichwill alsobethecasefor the
approachpresentedin thisarticle.

This articlepresentsa probabilisticlocalizationalgorithmcalledMonteCarlo lo-
calization(MCL) [13,21].MCL solvesthegloballocalizationandkidnappedrobot
problemin a highly robustandefficient way. It canaccommodatearbitrarynoise
distributions (and non-linearities).Thus, MCL avoids a needto extract features
from thesensordata.

The key ideaof MCL is to representthe belief by a setof samples(alsocalled:
particles), drawn accordingto theposteriordistribution over robotposes.In other
words,ratherthanapproximatingposteriorsin parametricform, asis thecasefor
Kalmanfilter andMarkov localizationalgorithms,MCL simplyrepresentsthepos-
teriorsby arandomcollectionof weightedparticleswhichapproximatesthedesired
distribution[62]. Theideaof estimatingstaterecursively usingparticlesis notnew,
althoughmostwork on this topic is very recent.In the statisticalliterature,it is
known asparticle filters [17,18,46,58],andrecentlycomputervision researchers
haveproposedthesamealgorithmunderthenameof condensationalgorithm[33].
Within thecontext of localization,theparticlerepresentationhasa rangeof char-
acteristicsthatsetsit asidefrom previousapproaches:

(1) Particlefilterscanaccommodate(almost)arbitrarysensorcharacteristics,mo-
tion dynamics,andnoisedistributions.

(2) Particlefilters areuniversaldensityapproximators,weakeningthe restrictive
assumptionson theshapeof theposteriordensitywhencomparedto previous
parametricapproaches.

(3) Particlefilters focuscomputationalresourcesin areasthataremostrelevant,
by samplingin proportionto theposteriorlikelihood.

(4) By controllingthenumberof sampleson-line,particlefilterscanadaptto the
availablecomputationalresources.Thesamecodecan,thus,beexecutedon
computerswith vastlydifferentspeedwithoutmodification.

(5) Finally, participle filters are surprisinglyeasyto implement,which makes
themanattractiveparadigmfor mobilerobotlocalization.Consequently, MCL
hasalreadybeenadoptedby several researchteams[16,43], who have ex-
tendedthebasicparadigmin interestingnew ways.

However, therearepitfalls, too, arisingfrom thestochasticnatureof theapproxi-
mation.Someof thesepitfalls areobvious:For example,if the samplesetsizeis
small,awell-localizedrobotmight losetrackof its positionjustbecauseMCL fails
to generatea samplein theright location.TheregularMCL algorithmis alsounfit
for thekidnappedrobotproblem,sincetheremightbenosurviving samplesnearby
the robot’s new poseafter it hasbeenkidnapped.Somewhat counter-intuitive is
the fact that the basicalgorithmdegradespoorly whensensorsare too accurate.
In the extreme,regular MCL will fail with perfect,noise-freesensors.All these
problemscanbeovercome,e.g.,by augmentingthesamplesetthroughuniformly
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distributedsamples[21], generatingsamplesconsistentwith themostrecentsensor
reading[43] (an ideafamiliar from multi-hypothesisKalmanfiltering [1,34,61]),
or assuminga higher level of sensornoisethanactually is the case.While these
extensionsyield improvedperformance,they aremathematicallyquestionable.In
particular, theseextensionsdo not approximatethe correctdensity;which makes
theinterpretationof their resultsdifficult.

To overcometheseproblems,thisarticledescribesanextensionof MCL closelyre-
latedto [43], calledMixture-MCL[72]. Mixture-MCL addressesall theseproblems
in a waythatis mathematicallymotivated.Thekey ideais to modify thewaysam-
plesaregeneratedin MCL. Mixture-MCL combinesregularMCL samplingwith
a “dual” of MCL, which basicallyinvertsMCL’s samplingprocess.More specif-
ically, while regularMCL first guessesa new poseusingodometry, thenusesthe
sensormeasurementsto assessthe“importance”of thissample,dualMCL guesses
posesusingthemostrecentsensormeasurement,thenusesodometryto assessthe
complianceof this guesswith therobot’s previousbelief andodometrydata.Nei-
therof thesesamplingmethodologiesaloneis sufficient; in combination,however,
they workverywell. In particular, Mixture-MCL workswell if thesamplesetsizeis
small(e.g.,50samples),it recoversfasterfrom robotkidnappingthanany previous
variationof MCL, andit alsoworkswell whensensormodelsaretoo narrow for
regularMCL. Thus,from a performancepointof view, Mixture-MCL is uniformly
superiorto regularMCL andparticlefilters.

The key disadvantageof Mixture-MCL is a requirementfor a sensormodelthat
permitsfastsamplingof poses.While in certaincases,suchamodelcantrivially be
obtained,in others,suchasthenavigationdomainsstudiedhereandin [24], it can-
not.To overcomethis difficulty, our approachusessufficient statisticsanddensity
treesto learna samplingmodelfrom data.More specifically, in a pre-processing
phasesensorreadingsaremappedinto a setof discriminatingfeatures,andpoten-
tial robotposesarethendrawn randomlyusingtreesgenerated.Oncethetreehas
beenconstructed,dualsamplingcanbedoneveryefficiently.

To shedlight onto theperformanceof Mixture-MCL in practice,empiricalresults
arepresentedusingarobotsimulatoranddatacollectedby physicalrobots.Simula-
tion is usedsinceit allowsusto systematicallyvarykey parameterssuchasthesen-
sornoise,therebyenablingus to characterizethedegradationof MCL in extreme
situations.To verify theexperimentalfindingsobtainedwith simulation,Mixture-
MCL is alsoappliedto two extensive datasetsgatheredin a public museum(a
Smithsonianmuseumin Washington,DC), whereduringa two-weekperiodin the
fall of 1998our mobilerobotMinerva gave interactive toursto thousandsof visi-
tors[71]. Oneof thedatasetcompriseslaserrangedata,whereametricmapof the
museumis usedfor localization[71]. Theotherdatasetcontainsimagesegments
recordedwith a camerapointedtowardsthemuseum’s ceiling,usinga large-scale
ceiling mosaicfor cross-referencingthe robot’s position [14]. In the past,these
datahave beenusedasbenchmark,sincelocalizationin this crowdedandfeature-
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impoverishedmuseumis a challengingproblem.Ourexperimentssuggestthatour
new MCL algorithmis highly efficientandaccurate.

Theremainderof thisarticleis organizedasfollows.Section2 introducestheregu-
lar MCL algorithm,which includesa mathematicalderivationfrom first principles
andan experimentalcharacterizationof MCL in practice.The sectionalsocom-
paresMCL with grid-basedMarkov localization[24], an alternative localization
algorithmscapableof globallocalization.Section3 presentsexampleswhereregu-
lar MCL performspoorly, alongwith abrief analysisof theunderlyingcauses.This
sectionis followedby thedescriptionof dualMCL andMixture-MCL in Section4.
Section5 describesour approachto learningtreesfor efficient samplingin dual
MCL. Experimentalresultsaregivenin Section6. Finally, weconcludethisarticle
by adescriptionof relatedwork in Section7, andadiscussionof thestrengthsand
weaknessesof Mixture-MCL (Section8).

2 Monte Carlo Localization

2.1 BayesFiltering

MCL is a recursive Bayesfilter that estimatesthe posteriordistribution of robot
posesconditionedon sensordata.Bayesfilters addresstheproblemof estimating
thestate� of a dynamicalsystem(partially observableMarkov chain)from sensor
measurements.For example,in mobilerobot localizationthedynamicalsystemis
amobilerobotandits environment,thestateis therobot’sposetherein(oftenspec-
ified by a position in a two-dimensionalCartesianspaceandthe robot’s heading
direction),andmeasurementsmay include rangemeasurements,cameraimages,
andodometryreadings.Bayesfilters assumethat theenvironmentis Markov, that
is, pastand future dataare(conditionally) independentif oneknows the current
state.TheMarkov assumptionwill bemademoreexplicit below.

The key ideaof Bayesfiltering is to estimatea probability densityover the state
spaceconditionedon the data.This posterioris typically calledthe belief andis
denoted

���	��
 �
���
��� 
 ����� ��������� ���
Here � denotesthestate,� � is thestateat time � , and � ������� � denotesthedatastarting
at time � up to time � . For mobile robots,we distinguishtwo typesof data:per-
ceptualdata suchas laserrangemeasurements,andodometrydata, which carry
informationaboutrobot motion.Denotingthe former by � (for observation) and
thelatterby � (for action), wehave
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���	��
 �
���
��� 
 ����� �	�� ��!��"
#$ %�&��"
#$ %�!��"('*)	)	)$ ��	�	� (1)

Without lossof generality, we assumethat observationsandactionsarrive in an
alternatingsequence.Noticethatwe will use�!��"
# to referto theodometryreading
that measuresthe motion thatoccurredin the time interval +��-,/.102��3 , to illustrate
thatthemotionis theresultof thecontrolactionassertedat time �4,5. .
Bayesfiltersestimatethebelief recursively. The initial belief characterizesthe ini-
tial knowledgeaboutthesystemstate.In theabsenceof suchknowledge,it is typ-
ically initialized by a uniform distribution over the statespace.In mobile robot
localization,a uniform initial distribution correspondsto the global localization
problem,wheretheinitial robotposeis unknown.

To derivearecursiveupdateequation,weobserve thatExpression(1) canbetrans-
formedby Bayesrule to

���	��
 � � �
� � 
 �&�$���
�6 ��!��"
#$ 7)	)	)$ ��	�	�8� 
 �
�����9��"
#� 7)	)	)	 ��	�	�� 
 �	�$���9��"
#� 	)7)	): %�&�	� (2)

Becausethe denominatoris a constantrelative to the variable � � , Bayesrule is
usuallywrittenas

���	��
 �
���
�<;=� 
 �&�$���
�6 ��!��"
#$ 7)	)	)$ ��	�	�8� 
 �
�����9��"
#� 7)	)	)$ ��	�	� (3)

where; is thenormalizationconstant

;>��� 
 �	�$���9��"
#� 	)7)	): %�&�	� "
# (4)

As noticedabove, Bayesfilters reston theassumptionthat futuredatais indepen-
dentof pastdatagiven knowledgeof the currentstate—anassumptiontypically
referredto astheMarkovassumption. Putmathematically, theMarkov assumption
implies

� 
 �	��� ���� %�!��"
#% 	)	)	)$ ��	�	�?�@� 
 �	�:� �
��� (5)

andhenceour targetexpression(3) canbesimplifiedto:

���	��
 �
���
�<;=� 
 �&�$���
�A�8� 
 �
�����9��"
#� 7)	)	)	 ��	�	�
We will now expandtherightmosttermby integratingover thestateat time �B,5. :

���	��
 �
���
�<;=� 
 �&�$���
�A��CD� 
 �
�����
��"
#$ ��9��"
#� 	)7)	): %�&�	�E� 
 �
��"
#F���9��"
#$ 	)	)	)$ ��	�	�B�9�
�G"H# (6)

6



Again,we canexploit theMarkov assumptionto simplify � 
 ����� �
�G"H#� ��9��"
#$ 	)	)	)$ ��	�	� :
� 
 �
��� ����"
#% ��9�G"H#� 	)	)7)	 ��	�	�
��� 
 �
��� ����"
#$ %�!��"
#I� (7)

whichgivesusthefollowing expression:

���	��
 �
���
�<;=� 
 �&�$���
�A��CD� 
 �
�����
��"
#$ ��9��"
#2�E� 
 �
�G"H#F���9�G"H#� 	)	)7): ��	�F�4�9�
��"
# (8)

Substitutingthebasicdefinitionof thebelief
���7�

backinto (8), we obtainthe im-
portantrecursiveequation

���	��
 �
���
�<;=� 
 �&�$���
�A� C � 
 �
�����
��"
#$ ��9��"
#2� ���7�J
 �
�G"H#J�B�9�
��"
# (9)

This equationis the recursive updateequationin Bayesfilters. Togetherwith the
initial belief, it definesa recursive estimatorfor thestateof a partially observable
system.This equationis of centralimportancein this article,asit is thebasisfor
variousMCL algorithmsstudiedhere.

To implement(9), one needsto know two conditionaldensities:the probability� 
 ����� �
�G"H#� ��9��"
#�� , which we will refer to as next statedensityor simply motion
model, and the density � 
 �	�:� ���K� , which we will call perceptualmodelor sensor
model. Both modelsaretypically stationary(alsocalled: time-invariant), that is,
they donotdependonthespecifictime � . Thisstationarityallowsusto simplify the
notationby denotingthesemodels� 
 �
LK� �M %��� , and� 
 �
���8� , respectively.

2.2 ProbabilisticModelsfor Localization

Thenatureof themodels� 
 ��L6���* ��
� and � 
 �
���8� dependson thespecificestimation
problem.In mobilerobotlocalization,whichis thefocusof thisarticle,bothmodels
arerelatively straightforwardandcanbe implementedin a few linesof code.The
specificprobabilisticmodelsusedin our implementationhave beendescribedin
depthelsewhere[24]; therefore,we will only provideaninformalaccount.

The motion model, � 
 � L � �* ���� , is a probabilisticgeneralizationof robot kinemat-
ics [10,73]. As noticedabove, for a robot operatingin the planethe poses� and� L arethree-dimensionalvariables.Eachposecomprisesarobot’s two-dimensional
Cartesiancoordinatesand its headingdirection(orientation,bearing).The value
of � may be an odometryreadingor a control command,both of which charac-
terize the changeof pose.In robotics,changeof poseis calledkinematics. The
conventionalkinematicequations,however, describeonly theexpectedpose��L that
an ideal,noise-freerobotwould attainstartingat � , andaftermoving asspecified
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Fig. 1. The density NEO�P LRQ PTSIU�V after moving 40 meter(left diagram)and80 meter(right
diagram).Thedarkerapose,themorelikely it is.

by � . Of course,physicalrobotmotionis erroneous;thus,thepose� L is uncertain.
To accountfor this inherentuncertainty, theprobabilisticmotionmodel � 
 � L � �* ����
describesa posteriordensityover possiblesuccessors� L . Noiseis typically mod-
eledby zerocentered,Gaussiannoisethat is addedto the translationandrotation
componentsin theodometrymeasurements[24]. Thus,� 
 � L ���* ��
� generalizesexact
mobilerobotkinematicstypically describedin robottextbooks[10,73]by a proba-
bilistic component.

Figure1 shows two examplesof � 
 �
LK���* ��
� . In bothexamples,the initial pose� is
shown on theleft, andthesolid line depictstheodometrydataasmeasuredby the
robot.Thegraylyshadedareaon theright depictsthedensity� 
 �
LK���* ��
� : thedarker
apose,themorelikely it is. A comparisonof bothdiagramsrevealsthatthemargin
of uncertaintydependson theoverallmotion:Eventhoughtheposeof a noise-free
robotarethesamefor bothmotionsegments,theuncertaintyin theright diagram
is largerdueto thelongeroverall distancetraversedby therobot.

For theMCL algorithmdescribedfurtherbelow, onedoesnot needa closed-form
descriptionof themotionmodel� 
 �
LK� �M %��� . Instead,asamplingmodelof � 
 �
LK� �* ����
suffices.A samplingmodelis a routinethataccepts� and � asan input andgen-
eratesrandomposes� L distributedaccordingto � 
 � L � �M %��� . Samplingmodelsare
usuallyeasierto codethanroutinesthatcomputedensitiesin closedform. Figure2
shows a samplemodelof � 
 �
LK���* ��
� , appliedto a sequenceof odometrymeasure-
ments,asindicatedby thesolid line. As is easyto beseen,thesequenceof particle
setsapproximatesthedensitiesof a robotthatonly measuresodometry.

Let us now turn our attentionto the perceptualmodel, � 
 ��� �8� . Mobile robotsare
commonlyequippedwith rangefinders,suchasultrasonictransducers(sonarsen-
sors)or laserrangefinders.Figure 3a shows an exampleof a laserrangescan,
obtainedwith an RWI B21 robot in an environmentwhoseapproximateshapeis
alsoshown in Figure3a.Notice that the rangefinderemitsa plateauof light that
covers a horizontal180 degreerange,for which it measuresthe distanceto the
nearestobjects.
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10 meters

Start location

Fig. 2. Sampling-basedapproximationof thepositionbelief for a robotthatonly measures
odometry. Thesolid line displaystheactions,andthesamplesrepresenttherobot’sbelief
atdifferentpointsin time.

For rangefinders,wedecomposetheproblemof computing� 
 �
���8� into threeparts:

(1) thecomputationof thevaluea noise-freesensorwouldgenerate;
(2) themodelingof sensornoise;and
(3) theintegrationof many individualsensorbeamsinto asingledensityvalue.

Assumethe robot’s poseis � , and let �	W denotean individual sensorbeamwith
bearingXMW relative to the robot.Let Y 
 �* �X*W�� denotethemeasurementof an ideal,
noise-freesensorwhoserelative bearingis X*W . Sincewe assumethat the robot is
givenamapof theenvironmentsuchastheoneshown in Figure3a, Y 
 �* �X*WG� canbe
computedusingray tracing[49]. We assumethatthis “expected”distanceY 
 �* �XMWA�
is asufficientstatisticfor theprobability � 
 �	W����8� , thatis

� 
 � W � �Z�(�[� 
 � W � Y 
 �M %X W �2� (10)

Theexactdensity� 
 � W ���8� is shown in Figure3b. This densityis a mixtureof three
densities:a Gaussiancenteredat Y 
 �* �X*W�� that modelsthe event of measuringthe
correctdistancewith smalladdedGaussiannoise,anexponentialdensitythatmod-
els randomreadingsas often causedby people,and a discretelarge probability
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Fig. 3. (a) Laserrangescan,projectedinto a map.(b) ThedensityN8O�\ Q P(V , wherethepeak
correspondsto the distancean ideal,noise-freesensorwould measure.(c) NEO�\ Q P]V for the
scanshown in (a).Basedonasinglesensorscan,therobotassignshighlikelihoodfor being
somewherein themaincorridor.

10



(mathematicallymodeledby a narrow uniform density) that modelsmax-range
measurements,which frequentlyoccurwhena rangesensorfails to detectanob-
ject.Thespecificparametersof thedensityin Figure3bhave beenestimatedusing
an algorithmsimilar to EM [15,52], which startswith a crudeinitial modeland
iteratively labelsseveral million measurementscollectedin the Smithsonianmu-
seum,while refiningthemodel.A smoothedversionof thesedatais alsoshown in
Figure3b,illustratingthatourprobabilisticmodelis highly accurate.

Finally, theindividualdensityvalues� 
 �	W����8� areintegratedmultiplicatively, assum-
ing conditionalindependencebetweentheindividualmeasurements:

� 
 �
� �Z�H�_^ W � 
 �	W����8� (11)

Clearly, this conditionalindependencecanbe violated in the presenceof people
(whichoftenblockmorethanonesensorbeam).In suchcases,it mightbeadvisable
to subsamplethesensorreadingsandusea reducedsetfor localization[24].

Figure3cdepicts� 
 �
� �Z� for thesensorscanshown in Figure3aandthemapshown
in gray in Figure3c. Most of theprobabilitymassis foundin thecorridorregion,
which reflectsthefact that thespecificsensormeasurementis morelikely to have
originatedin thecorridor thanin oneof the rooms.Theprobabilitymassroughly
lies on two bands,andotherwiseis spreadthroughmostof the corridor. Coinci-
dentally, the densityshown in Figure3c is equivalentto the posteriorbelief of a
globally localizingrobotafterperceiving only onesensormeasurement.

2.3 Particle Approximation

If thestatespaceis continuous,asis thecasein mobilerobot localization,imple-
menting(9) is notatrivial matter—particularlyif oneis concernedaboutefficiency.

The idea of MCL (andother particlefilter algorithms)is to representthe belief���7�J
 �Z� by a setof ` weightedsamplesdistributedaccordingto
���7�J
 �8� :

���	��
 �8�9aDb1�8c Wed  %fgc Wed�h WeiT#�j������ j k
Hereeach � c Wed is a sampleof the randomvariable � , that is, a hypothesizedstate
(pose).Thenon-negativenumericalparametersf c Wld arecalledimportancefactors,
which throughoutthis paperwill be suchthat they sumto 1 (althoughthis is not
strictly requiredin particlefiltering). As the namesuggests,the importancefac-
torsdeterminetheweight(=importance)of eachsample[62]. Thesetof samples,
thus,definea discreteprobabilityfunctionthatapproximatesthecontinuousbelief���7�J
 �Z� .
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Theinitial setof samplesrepresentstheinitial knowledge
���7�J
 �
�m� aboutthestateof

thedynamicalsystem.For example,in globalmobilerobotlocalization,the initial
belief is a setof posesdrawn accordingto a uniform distribution over therobot’s
universe,annotatedby theuniformimportancefactor #k . If theinitial poseis known
up to somesmall margin of error,

���7��
 �
��� may be initialized by samplesdrawn
from a narrow Gaussiancenteredon thecorrectpose.

Therecursiveupdateis realizedin threesteps.

(1) Sample� c Wed��"
#on ���7��
 �
��"
#�� fromthe(weighted)samplesetrepresenting
���7�J
 �
�G"H#J� .

Eachsuchparticle� c Wed��"
# isdistributedaccordingto thebeliefdistribution
���7��
 �
��"
#�� .

(2) Sample� c Wed�pn � 
 �
����� c Wed��"
#  ��9��"
#2� . Obviously, thepair q6� c Wed�  �� c Wed��"
#�r is distributed
accordingto theproductdistributions �9tu��� 
 ����� �
�G"H#$ ��!��"
#I�wv ���7�J
 ����"
#�� (12)

In accordancewith the literatureon the SIR algorithm(short for: Sampling
importanceresampling)[67,62,69],we will refer to this distribution s � asthe
proposaldistribution. Its role is to “propose”samplesof thedesiredposterior
distribution, which is given in Equation(9); however, it is not equivalentto
thedesiredposterior.

(3) Finally, correctfor themismatchbetweentheproposaldistribution s � andthe
desireddistributionspecifiedin Equation(9) andrestatedherefor thesample
pair qK� c Wed��"
# )x� c Wld� r :;y� 
 �&�$��� c Wed� �E� 
 � c Wed� � � c Wed�G"H#  ��9��"
#2� ���7�J
 � c Wed�G"H# � (13)

Thismismatchisaccountedfor by thefollowing(non-normalized)importance
factor, which is assignedto the z -th sample:f=c Wld ��� 
 �	�$��� c Wld� � (14)

Following [62], theimportancefactoris obtainedasthequotientof thetarget
distribution (13) andthe proposaldistribution (12), up to a constantscaling
factor:;y� 
 � � ��� c Wed� ��� 
 � c Wed� ��� c Wed��"
#  �� ��"
# � ���7��
 � c Wed��"
# �� 
 � c Wed� ��� c Wed��"
#  ��9��"
#�� ���7�J
 � c Wed��"
# � �<;=� 
 �	�:� � c Wed� � (15)

Noticethatthis quotientis proportionalto f c Wld , since ; is aconstant.

Thesamplingroutineis repeated̀ times,producinga setof ` weightedsamples� c Wed� (with z{�/.1 	)	)	)7 �` ). Afterwards,theimportancefactorsarenormalizedsothat
they sumupto 1 andhencedefinea discreteprobabilitydistribution.

Table1 summarizestheMCL algorithm.It is known [69] thatundermild assump-
tions (which hold in our work), the sampleset converges to the true posterior
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Algorithm MCL( |�S2U(S2\ ):| L9}�~
for � }�� to � do

generaterandomP from | accordingto � # S$�$�:��SI� k
generaterandomP L9� NEOGP L Q U(S2P(V� L } NEO�\ Q P L V
add ��P L SI� L�� to | L

endfor
normalizetheimportancefactors� L in | L
return | L

Table1
TheMCL algorithm.

���7�J
 ����� as ` goesto infinity, with aconvergencespeedin � 
 #� k � . Thespeedmay
vary by a constantfactor, which canvary drasticallydependingon the proposal
distribution.Dueto thenormalization,theparticlefilter is only asymptoticallyun-
biased.Carehasto betakenif thenumberof samplesis extremelysmall(e.g.,less
than10),asthebiasincreasesasthesamplesetsizedecreases.In theextremecase
of `���. , themeasurements�&� will plainly beignored,andtheresultingexpecta-
tion of thissinglesampleis heavily biasedby theprior. In all our implementations,
however, thenumberof samplesis sufficiently large.

2.4 Examples

We performedsystematicexperimentsin a rangeof differentsettingsto evaluate
theperformanceof MCL in practice.

2.5 Simulation

Simulationwasemployedfor evaluationsinceit allows us to freely vary key pa-
rameters,suchastheamountof sensornoise.Furtherbelow, we will makeuseof
this freedomto characterizesituationsin whichMCL performspoorly.

Figure4 showsanexamplein whichasimulatedmobilerobotlocalizesanobjectin
3D. In oursimulation,this robotcandetectthe(approximate)locationof theobject
in the imagetakenby its camera,but the lack of depthestimationin mono-vision
makesit impossibleto localizetheobjectfrom a singlecameraimage.Instead,the
simulatedrobothasto view theobjectfrom multiple viewpoints.However, chang-
ing theviewpoint introducesadditionaluncertainty, asrobotmotionis inaccurate.
Additionally, in our simulation,thevisualfield of the robot is limited to a narrow

13



Step1 Step20

Step34 Step47

� robot� object

� robot� object

� robot

� object

�
obser-
vation � robot� object

Fig.4.Successfullocalizationsequencefor ourrobotsimulationof objectlocalization.The
final erroris 36.0cm.

region in front of therobot,which furthercomplicatestheobjectlocalizationprob-
lem.Ournoisesimulationincludesa simulationof measurementnoise,falseposi-
tivemeasurements(phantomdetections)andfalsenegativemeasurements(failures
to detectthetargetobject).To enableusto systematicallyvarykey parameterssuch
astheperceptualnoise,ourresultsuseamobilerobotsimulatorthatmodelscontrol
error(reminiscentof aRWI B21robot)andnoisein perception(Gaussianposition
noise,falsenegatives,and falsepositives).Notice that this task is moredifficult
thanthefirst one,dueto theimpoverishednatureof therobotsensorsandthelarge
numberof symmetries.

Figure 4 depictsdifferent statesof global object localization.Initially, the pose
of the object is unknown, as representedby the uniform sampleset in Figure4
(first diagram).As the simulatedrobot turns in a wide circle, unableto seethe
object(despitea handfulof phantomdetections),the samplesgraduallypopulate
theunexploredpartof thestatespace(Figure4,seconddiagram).Thethirddiagram
shows thefirst “correct” objectsighting,whichreinforcesthesamplesthathappen
to becloseto thecorrectobjectpose.A few measurementslater, repetitivesightings
of theobjectleadto a posteriorshown in thefourth diagramof Figure4. Figure5
shows systematicerrorcurvesfor MCL in global localizationfor differentsample
setsizes̀ , averagedover1,000individualexperiments.Thebarsin thisfigureare
confidenceintervalsat the95%level.

The readershouldnotice that theseresultshave beenobtainedfor a perceptual
noiselevel of 20% (for both false-negative and false-positive) andan additional
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Fig. 5. Average error of MCL as a function of the number of simulated robot
steps/measurements.

positionnoisethat is Gaussian-distributedwith a varianceof 10 degrees.For our
existingvisionsystem,theseerrorratesaremuchlower, but maynotnecessarilybe
independent.

2.6 RobotWith SonarSensors

Figure6 shows an exampleof MCL in the context of localizing a mobile robot
globally in anoffice environment.This robot,calledMinerva, is a RWI B18 robot
equippedwith sonarrangefinders.It is given a mapof the environment.In Fig-
ure 6a, the robot is globally uncertain;hencethe samplesare spreaduniformly
throughthe free-space(projectedinto 2D). Figure6b shows the samplesetafter
approximately2 metersof robot motion,at which point MCL hasdisambiguated
therobot’spositionupto asinglesymmetry. Finally, afteranother2 metersof robot
motion,theambiguityis resolved,andtherobotknowswhereit is. Themajorityof
samplesarenow centeredtightly aroundthecorrectposition,asshown in Figure6c.

Of particularinterestshallbea comparisonof MCL to analternative localization
algorithmcapableof globalmobilerobot localization.In particular, we compared
MCL to grid-basedMarkov localization,our previousbeststochasticlocalization
algorithmandoneof the very few algorithmscapableof localizing a robot glob-
ally [7,23]. The grid-basedlocalizationalgorithmrelieson a fine-grainedpiece-
wise constantapproximationfor the belief

���7�
, usingotherwiseidenticalsensor

andmotionmodels.Thefact thatour implementationemploysidenticalsensorand
motion modelsandis capableof processingthe samedatagreatlyfacilitatesthe
comparison.Figure7aplotsthelocalizationaccuracy for grid-basedlocalizationas
afunctionof thegrid resolution.Noticethattheresultsin Figure7awerenotgener-
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(a)

Robot position

(b)

Robot position

(c)

Robot position

Fig. 6. Globallocalizationof a mobilerobotusingMCL (10,000samples):(a) initial parti-
cleset,uniformlydistributed(projectedinto 2D). (b) Particlesafterapproximately2 meters
of robotmotion.Dueto environmentsymmetry, mostparticlesarecenteredaroundtwo lo-
cations.(c) Particle setafter moving into a room, therebybreakingthe symmetry. These
experimentswerecarriedout with aRWI B21robot.

16



0

5

10

15

20

25

30

0 10 20 30 40 50 60 70

A
ve

ra
ge

 e
st

im
at

io
n 

er
ro

r 
[c

m
]

�

Cell size [cm]

Sonar
Laser

0

5

10

15

20

25

30

10 100 1000 10000 100000

A
ve

ra
ge

 e
st

im
at

io
n 

er
ro

r 
[c

m
]

�

Number of samples

Sonar
Laser

(a) (b)

Fig. 7. (a) Accuracy of grid-basedMarkov localizationusingdifferentspatialresolutions.
(b) Accuracy of MCL for differentnumbersof samples(log scale).

atedin real-time.As shown there,theaccuracy increaseswith theresolutionof the
grid,bothfor sonar(solid line) andfor laserdata(dashedline).However, grid sizes
below 8 cmdonotpermitupdatingin real-timein thespecifictestingenvironment,
even whenhighly efficient selective updateschemesareapplied[24]. Resultsfor
MCL with fixedsamplesetsizesareshown in Figure7b. Theseresultshave been
generatedusingreal-timeconditions,wherelargesamplesizes( � 1,000samples)
result in lossof sensordatadueto time constraints.Herevery small samplesets
aredisadvantageous,sincethey infer too largeanerrorin theapproximation.Large
samplesetsare also disadvantageous,sinceprocessingthem requirestoo much
time andfewer sensoritemscanbeprocessedin real-time.The“optimal” sample
setsize,accordingto Figure7b, is somewherebetween1,000and5,000samples.
Grid-basedlocalization,to reachthesamelevel of accuracy, hasto usegridswith
4cmresolution—whichis infeasiblegivenevenourbestcomputers.

2.7 RobotWith Upward-PointedCamera

Similar resultswereobtainedusinga cameraas the primary sensorfor localiza-
tion [12]. To testMCL underchallengingreal-worldconditions,we evaluatedit
usingdatacollectedin a populatedmuseum.During a two-weekexhibition, our
robotMinerva (Figure8) wasemployedasa tour-guidein theSmithsonian’s Mu-
seumof NaturalHistory, during which it traversedmorethan44km [71]. To aid
localization,Minerva is equippedwith a camerapointedtowardstheceiling. Fig-
ure8 showsamosaicof themuseum’sceiling.Sincetheceilingheightis unknown,
only thecenterregionin thecameraimageis usedfor localization.

This dataset is amongthe mostdifficult in our possession,asthe robot traveled
with speedsof upto 163cm/sec.Whenever it enteredor left thecarpetedareain the
centerof themuseum,it crosseda2cmbumpwhichintroducedsignificanterrorsin
therobot’sodometry. Whenonly usingvision information,grid-basedlocalization
fatally failed to tracktherobot.This is becausetheenormouscomputationalover-
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Fig. 8. Ceiling mapof theNationalMuseumof AmericanHistory, which wasusedasthe
perceptualmodelin navigatingwith a vision sensor. The mapwasacquiredusinga RWI
B18robot.

headmakesit impossibleto incorporatesufficiently many images.MCL, however,
succeededin globally localizingtherobotandtrackingtherobot’s positionin this
specificdataset.Figure9 showsa sequenceof belief distributionsduringlocaliza-
tionusingMCL. However, aswewill seebelow, in aseconddatasequencerecorded
during themuseum’s openinghoursMCL would have failed to localizethe robot
if only vision informationhadbeenused—ofcourse,in the actualexhibit [5] the
laserwasinstrumentalfor localization.

3 Limitations of MCL

As noticedby several authors[17,46,58],thebasicparticlefilter performspoorly
if the proposaldistribution, which is usedto generatesamples,placestoo little
samplesin regionswherethedesiredposterior

���7��
 �
��� is large.

This problemhasindeedpracticalimportancein the context of MCL, asthe fol-
lowing exampleillustrates.Thesolid curve in Figure10 shows, for our objectlo-
calizationexample,theaccuracy MCL achievesafter100steps,using `���.1 ����1�
samples.Theseresultswereobtainedin simulation,enablingusto varytheamount
of perceptualnoisefrom 50%(ontheright) to 1%(ontheleft). It appearsthatMCL
worksbestfor 10%to 20%perceptualnoise.Thedegradationof performanceto-
wardsthe right, whenthereis a lot of noise,hardlysurprises.The lessaccuratea
sensor, thelargeranerroroneshouldexpect.However, MCL alsoperformspoorly
whenthenoiselevel is too small.In otherwords,MCL with accuratesensorsmay
performworsethanMCL with inaccuratesensors.At first glance,thisfindingmay
appearto bea bit counter-intuitive in thatit suggeststhatMCL only workswell in
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(a)

(b)

(c)

Fig. 9. Global localizationof a mobile robot usinga camerapointedat the ceiling. This
experimenthasbeencarriedoutwith theMinerva tour-guiderobot,a RWI B18robot.
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MCL

(dashed:high error model)

Fig. 10.Solid curve: errorof MCL after100steps,asa functionof thesensornoise.95%
confidenceintervalsareindicatedby the bars.Notice that this function is not monotonic,
asonemightexpect.Dashedcurve:Sameexperimentwith high-errormodel.Theseresults
wereobtainedthroughsimulation.

specificsituations,namelythosewherethesensorspossessthe “right” amountof
noise.

Figure11 depictsanexamplerun for highly accuratesensorsin which MCL fails.
Whentheobjectis first sighted,noneof thesamplesis closeenoughto theobject’s
trueposition.As a consequence,MCL graduallyremovesall sampleswith theex-
ceptionof thoselocatedin thesimulatedrobot’s “deadspot,” whichis thecenterof
its circular trajectory. Clearly, localizationfails in this example,with a final error
of 394cm.Unfortunately, themoreaccuratethesensors,thesmallerthesupportof� 
 ��� �8� , hencethemorelikely thisproblemoccurs.

Thereare,of course,fixes.At first glance,onemightaddartificial noiseto thesen-
sorreadings.A moresensiblestrategy wouldbeto useaperceptualmodel� 
 �	�:� ���A�
that overestimatesthe actualsensornoise,insteadof addingnoiseto the sensor
measurements.In fact, sucha strategy, which hasbeenadoptedin [21], partially
alleviatestheproblem:Thedashedcurve in Figure10bshows theaccuracy if the
errormodelassumesa fixed10%noise(shown thereonly for smaller“true” error
rates).While theperformanceis better, this is hardlya fix. Theoverly pessimistic
sensormodelis inaccurate,throwing awaypreciousinformationin thesensorread-
ings. In fact, the resultingbelief is not any longer a posterior, even if infinitely
many sampleswereused.Otherfixesincludetheadditionof randomsamplesinto
the posterior[21], and the generationof samplesat locationsthat areconsistent
with thesensorreadings[43]—astrategy thatis similar to Mixture-MCL below but
without propersampleweightingis mathematicallynot quiteasmotivated.While
theseapproacheshave shown superiorperformanceover strictMCL in certainset-
tings,neitherof themcanbeexpectedto convergeto thetrueposteriorasthesample
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� robot

� object
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���
samples

Fig. 11.Unsuccessfullocalizationsequencefor our robotsimulationof objectlocalization.
Thefinal errorin thiscaseis 394cm.

setsizegoesto infinity.

To analyzetheproblemmorethoroughly, wefirst noticethatthetruegoalof Bayes
filtering is to calculatethe productdistribution specifiedin Equation(13). Thus,
theoptimalproposaldistributionwouldbethisproductdistribution.However, sam-
pling from this distribution directly is too difficult. As noticedabove, MCL sam-
ples insteadfrom the proposaldistribution s � definedin Equation(12), anduses
the importancefactors(15) to accountfor the difference.It is well known from
the statisticalliterature[17,46,58,69]that the divergencebetween(12) and (13)
determinestheconvergencespeed.This differenceis accountedby theperceptual
density � 
 � � ��� � � : If the sensorsareentirely uninformative, this distribution is flat
and(12) is equivalentto (13).For low-noisesensors,however, � 
 � � � � � � is typically
quitenarrow, henceMCL convergesslowly. Thus,theerror in Figure10 is in fact
causedby twodifferenttypesof errors:onearisingfrom thelimitationof thesensor
data(=noise),andonethatarisesfrom themismatchof (12) and(13) in MCL. As
we will show in this article,an alternative versionof MCL exists that practically
eliminatestheseconderrorsource,therebyenhancingtheaccuracy androbustness
of theapproach.

21



4 Mixtur e-MCL

4.1 TheDual of MCL

We will now deriveanalternativeversionof MCL, calleddualMonteCarlo local-
ization. This algorithmwill ultimatelyleadto themainalgorithmproposedin this
article,theMixture-MCLalgorithm.

Thekey ideaof thedualis to “invert” thesamplingprocess,by exchangingtheroles
of theproposaldistributionandtheimportancefactorsin MCL. More specifically,
dual MCL generatessamplesof the state � c Wed� by virtue of the following proposal
distribution:

�s �*� � 
 �&��� �
�K�� 
 � � � with � 
 �	���o� C � 
 �	�����
�K�4�9�
� (16)

Herethenormalizer, � 
 �	�A� , is assumedto befinite,whichindeedis thecasefor mo-
bile robotlocalizationin environmentsof boundedsize.Dual MCL canbeviewed
asthelogicalinverseof thesamplingin regularMCL: Ratherthanguessingthestate� c Wed� andthenusingthemostrecentobservationto adjusttheimportanceof aguess,
dualMCL guessesstatescorrespondingto themostrecentobservation,andadjusts
theimportancefactorin accordancewith theprior belief

���	��
 �
��"
#�� . Consequently,
thedualproposaldistributionpossessescomplimentarystrengthsandweaknesses:
while it is ideal for highly accuratesensors,its performanceis negatively affected
by measurementnoise.Thekey advantageof dualMCL is thatwhenthedistribu-
tion of � 
 �
���8� is narrow—which is thecasefor low-noisesensors—dualsampling
canbemoreeffectivethanconventionalMCL.

4.2 ImportanceFactors

We will now provide threealternativewaysto calculatethe importancefactorsfor�s � . Thefirst is mathematicallythemostelegant,but for reasonsdetailedbelow it is
not well suitedfor mobile robot localization.Theothertwo requirean additional
smoothingstep.Bothwork well for mobilerobotlocalization.

4.2.1 Approach 1

(ProposedbyArnaudDoucet,personalcommunication)Theideais todraw random
pairs qK� c Wed�  �� c Wld��"
#2r by sampling � c Wed� asdescribedabove, and � c Wed��"
# by drawing from���7�J
 ����"
#�� . Obviously, thecombinedproposaldistribution is thengivenby
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�s #�j ��� � 
 �	�$���
���� 
 �	�A� v ���7��
 �
��"
#�� (17)

andtheimportancefactorsaregivenby

f c Wed ��� 
 � c Wed� ��� c Wed��"
#  �� ��"
# � (18)

To seethe latter, we noticethat the importancefactor is thequotientof the target
distribution(13) andtheproposaldistribution (17),up to a scalingfactor:

�� � 
 �	����� c Wed� �� 
 �	��� ���	��
 � c Wed��"
# ���� "
# ;=� 
 �	�$��� c Wld� �8� 
 � c Wld� ��� c Wed��"
#  ��9�G"H#2� ���7�J
 � c Wed��"
# �
��;=� 
 � c Wed� ��� c Wld��"
#  ��9��"
#2� � 
 �	�K�� � 
 � c Wed� � � c Wed�G"H#  ��9��"
#2� (19)

This approachis mathematicallymoreelegantthanthe two alternativesdescribed
below, in thatit avoidstheneedto transformsamplesetsinto densities(whichwill
bethecasebelow). However, in thecontext of globalmobilerobotlocalization,the
importancefactor � 
 � c Wed� ���9��"
#� %� c Wed��"
# � will be zero(or vanishinglysmall) for many
posepairs q6� c Wed�  �� c Wed��"
#�r . Thisis becauseit is unlikely thatindependentlydrawn poses� c Wed� and � c Wed��"
# are“consistent”with theaction �9�G"H# underthemotionmodel.Wehave
thereforenot implementedthis approach.However, for otherestimationproblems
usingparticlefilters it might work well, which is thereasonwhy it is describedin
thisarticle.

4.2.2 Approach 2

Thesecondapproachseeksto calculateimportancefactorsfor samples� c Wed� more
directly. This approachrequiresa separateforward phase,in which an auxiliary
densityfunction is constructedthat is subsequentlyusedto calculateimportance
factors.

In the forward phase,our approachgeneratessamples� c¡  d��"
# n ���	��
 �
��"
#�� andthen� c¡  d�Dn � 
 � � ��� c¡  d��"
#  �� �G"H# � . As is easilyseen,eachresultingsample� c¡  d� is distributed
accordingto � 
 � � ��� ��"
#  �� ������� �G"H# � . Together, they representtherobot’sbeliefat time �
before incorporatingthesensormeasurement� � . Belief distributionsof thistypeare
oftenreferredto aspredictivedistributions in theKalmanfiltering literature[51],
sincethey representthepredictionof state�
� basedontheaction �!��"
# andprevious
data,but beforeincorporatingthe sensormeasurementat time � . To usethis dis-
tribution for calculatingimportancefactors,the ‘trick’ is to transformthesamples
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� c¡  d� into a kerneldensitytree (kd-tree)[3,53] that representsthe predictive dis-
tribution � 
 �
�����9��"
#$ ���������� ��"
#�� in closedform. Using this tree,we cannow calculate� 
 � c Wed� ���9�G"H#� ���������� ��"
#�� for any sample� c Wed� generatedby thedualsampler.

We now have all piecestogetherto definethesecondversionof thedualsampler.
Similar to thepreviousapproach,samples� c Wed� aregeneratedaccordingto thepro-
posaldistribution

�s '2j �-� �s � asdefinedin Equation(16). However, insteadof sam-
pling from

���	��
 �
��"
#I� , thisapproachdirectlyassignsimportancefactorsto samples� c Wed� usingthekd-treethatrepresents

f c Wed ��� 
 � c Wed� ���9�G"H#� ���������� ��"
#�� (20)

To verify thecorrectnessof thisapproach,we noticethatthequotientof theBayes
filter targetdistribution(9) andtheproposaldistribution(16) is indeedproportional
to theimportancefactorsf c Wed .

�� � 
 �&��� � c Wed� �� 
 �&�K� �� "H# ;¢� 
 �	�$��� c Wed� � C � 
 � c Wed� ���
��"
#� %�!��"
#�� ���7��
 �
��"
#2�B�9�
��"
#
� �� � 
 � � � � c Wed� �� 
 �&�K� �� "H# ;¢� 
 �	�$��� c Wed� �E� 
 � c Wed� ���9��"
#� %���m����� ��"
#��
�<; � 
 �	�A�8� 
 � c Wld� � �!��"
#% ���������� �G"H#2� (21)

In comparisonto thefirst approachdiscussedhere,thisapproachavoidsthedanger
of generatingpairsof posesq6� c Wed�  �� c Wed��"
#�r for which f c Wed ��� . On theotherhand,it
involvesanexplicit forwardsamplingphasethatrequirestheinductionof a proba-
bility densityfunctionfrom samplesusinga kd-tree.Theinductionstepsmoothes
the resultingdensity, which reducesthe varianceof the estimation.However, the
primaryroleof convertingsamplesinto kd-treesis thatit facilitatesthecalculation
of theimportanceweights.

4.2.3 Approach 3

The third approachavoids the explicit forward-samplingphaseof the secondap-
proach,but it tendsto generatesmallerimportancefactors.In particular, the third
approachtransformsthe initial belief

���7�J
 ����"
#I� into a kd-tree,very muchlike in
theforwardphaseof thesecondapproach.For eachsample� c Wld�[n �s � , onenow draws
a sample� c Wed��"
# from thedistribution
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Algorithm dual MCL 3(|�S2U(S2\ ):| L9}�~
generatekd-tree£ from |
for � }�� to � do

generaterandomP L9� NEOGP L Q \7VJ¤F¥4O�\	V
generaterandomP � NEO�P L Ql¦U9S2P(V�¤§¥4O�P L Q U1V� L } £FO�P]V
add ��P L SI� L � to | L

endfor
normalizetheimportancefactors� L in | L
return | L

Table2
ThedualMCL algorithm(third approach).

� 
 � c Wed� ��� ��"
#  �� ��"
# �� 
 � c Wld� ���9��"
#�� (22)

where

� 
 � c Wed� ���9��"
#��
� C � 
 � c Wed� � �
�G"H#� ��9��"
#2�B�9�
��"
# (23)

As above, we assumethat the integral � 
 � c Wld� ���9�G"H#2� is finite, which is trivially the
casein thecontext of mobilerobotlocalization.

In otherwords,ourapproachprojects� c Wed� backto apossiblepredecessorpose� c Wld��"
# .
Consequently, thepair of posesqK� c Wed�  %� c Wed��"
#Ir is distributedaccordingto theproposal
distribution

�s:¨ j ��� � 
 � � ��� � �� 
 �	�A� v � 
 � � ��� ��"
#  %� ��"
# �� 
 �
�2���9��"
#2� (24)

whichgivesriseto thefollowing importancefactor:

f c Wed � ���7�J
 � c Wed��"
# � (25)

To see,we noticethat f c Wld is proportionalto the following quotientof the target
distribution(13) andtheproposaldistribution

�s:¨ j � specifiedin (24):

�� � 
 �&��� � c Wed� �� 
 �&�K� � 
 � c Wed� � � c Wed�G"H#  ��!��"
#I�� 
 � c Wed� ���9�G"H#�� �� "
# ;=� 
 � � ��� c Wed� �E� 
 � c Wed� � � c Wed�G"H#  �� ��"
# � ���	��
 � c Wed��"
# �
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Fig. 12.Errorof dualMCL asa functionof thesensornoise.Theerrorappearsto increase
monotonicallywith thesensornoise,but theoverallerrorlevel is high.Comparethisgraph
to Figure10.Theseresultswereobtainedthroughsimulation.

�<; � 
 �	�A� � 
 � c Wed� � �!��"
#I� ���7��
 � c Wld��"
# � (26)

Whencalculating f c Wed , the term
���7��
 � c Wed��"
# � is calculatedusing the kd-treerepre-

sentingthis belief density. In our derivation, we silently assumedthat the term� 
 � c Wld� ���9�G"H#2� is aconstant,hencecanbeomitted.This is indeedaverygoodapprox-
imation for mobile robot localization,althoughin the generalcaseof dynamical
systemsthis assumptionmaynotbevalid. Table2 shows thealgorithmthatimple-
mentsthis specificversionof dualMCL.

4.2.4 Performance

The readershouldnoticethat all threeapproachesrequirea methodfor sampling
posesfrom observationsaccordingto

�s � —whichcanbenon-trivial in mobilerobot
applications.The first approachis the easiestto implementand mathematically
moststraightforward.However, asnotedabove,wesuspectthatit will beinefficient
for mobilerobot localization.The two otherapproachesrely on a densityestima-
tion method(suchaskd-trees).Thethird alsorequiresamethodfor samplingposes
backwardsin time,whichfurthercomplicatesits implementation.However, thesu-
periorresultsgivenbelow maywell makethis additionalwork (i.e., implementing
thedual)worthwhile.

Unfortunately, dual MCL aloneis insufficient for localization.Figure12 depicts
theperformanceof dualMCL usingthethird approach,underthesameconditions
thatled to theMCL resultsshown in Figure10.In bothfigures,thehorizontalaxis
depictsthe amountof noisein perception,andthe vertical axis depictsthe error
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Algorithm Mixtur eMCL( |@SIU]SI\ ):| L9}�~
generatekd-tree£ from |
for � }�� to � do

with probability ©oª¬« do
generaterandomP from | accordingto �-#�S$�:�$��S2�­k
generaterandomP L®� N8O�P L Q U]SIP]V� L } NEO�\ Q P L V
add �AP L SI� L�� to | L

elsedo
generaterandomP L � N8O�P L Q \	V�¤F¥{O�\	V
generaterandomP � NEO�P LRQl¦U]SIP]V�¤F¥4OGP LeQ U1V� L } ¥4O�\	VE¥{O�P L Q U1V*£FOGP(V
add �AP L SI� L�� to | L

endif
endfor
normalizetheimportancefactors� L in | L
return | L

Table3
TheMixture MCL algorithm,hereusingthethird variantof dualMCL (seeTable2).

in centimeters,averagedover 1,000independentruns.Two thingsareremarkable:
First, the accuracy is now monotonicin perceptualnoise:More accuratesensors
give betterresults.Second,however, theoverall performanceis muchpoorerthan
thatof conventionalMCL. Thepoorperformanceof dualMCL isdueto thefactthat
erroneoussensormeasurementshave a devastatingeffect on theestimatedbelief,
sincealmostall samplesaregeneratedat the“wrong” place.

4.3 TheMixture-MCLAlgorithm

In many practicalsituations,plain MCL will work sufficiently well. However, as
the experimentalresultssuggest,neitherversionof MCL alone—theplain MCL
algorithmandits dual—deliverssatisfactoryperformancein certainsituations.The
plainMCL algorithmfails if theperceptuallikelihoodis toopeaked.ThedualMCL
only considersthemostrecentsensormeasurement,henceis proneto failurewhen
thesensorsfail, regardlessof whichof thethreealternativesis usedto calculateim-
portancefactors.However, eachapproachhascomplimentarystrengthsandweak-
nesses,suggestingthatacombinationof bothmightyield superiorperformance.

Mixture-MCL, thefinal algorithmdescribedin thispaper, mergesbothapproaches.
In Mixture-MCL, samplesaregeneratedby bothplainMCL, and(oneof) its duals,
with a mixing rateof ¯ (with ��°±¯²°³. ). This is achieved by generatingeach
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Fig. 13. Error of Mixture-MCL, combiningregular anddual importancesampling.Mix-
ture-MCL outperformsbothcomponentsby a largemargin, andits error is monotonicin
thesensornoise.Thick line: secondapproach,thin line: third approachfor dualsampling.
Comparethisgraphto Figures10and12.Theseresultswereobtainedthroughsimulation.

samplewith probability .w,D¯ usingstandardMCL, andwith probability ¯ usinga
dual.

Table3 statesthe Mixture-MCL algorithm,usingthe third variantfor calculating
importancefactorsin thedual.As is easyto beseen,theMixture-MCL algorithm
combinestheMCL algorithmsin Table1 with thedualalgorithmin Table2, using
the(probabilistic)mixing ratio ¯ . With probability .-,_¯ , MCL’s samplingmecha-
nismsis usedto generatea new sample.Otherwise,samplesaregeneratedvia the
dual.Notice that both typesof samplesareaddedto the samesamplesetbefore
normalization.To makethetwo typesof importancefactorscompatible,it is nec-
essaryto multiply theimportancefactorsof thedualsamplesby � 
 ��� � 
 � L � ��� , when
comparedto the algorithm statedin Table 2. To seewhy, we notice that Equa-
tion (15) suggeststhat the importancefactorsfor plain MCL shouldbe ;§� 
 �
���8� .
Similarly, the importancefactorsof the third versionof the dual werederivedas; � 
 ��� � 
 � L � ���µ´ 
 �Z� , accordingto Equation(26), where ´ denotesthe treegenerated
from thecorrespondingbelief

���	�
. Sincetheconstant; occursin bothof versions

of MCL, it cansafelybeomitted.Thus,anappropriateimportancefactorfor sam-
plesgeneratedby regularMCL is � 
 ��� �
L¶� , and � 
 ��� � 
 �
L�� ���µ´ 
 �Z� for samplesgener-
atedby its dual.In our implementation,weapproximate� 
 ��� � 
 �
L�� ��� by aconstant.

Figure13 shows resultsobtainedin simulation.Shown thereareperformancere-
sultsof Mixture-MCL, usingthesecond(thick line) andthird (thin line) variantof
thedualfor calculatingimportancefactors.All experimentsuseafixedmixing ratio¯·�¸�()¶. , andareaveragedover 1,000independentexperimentsperdatapoint. A
comparisonwith Figure10suggeststhatMixture-MCL is vastlysuperiorto regular
MCL, andin certaincasesreducestheerrorby morethananorderof magnitude.
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Theseresultshave beenobtainedwith thethird methodfor calculatingimportance
factors.In our simulationexperiments,we found that thesecondapproachyields
slightly worseresults,but thedifferencewasnot significantat the95%confidence
level.

5 SamplingFrom The Dual ProposalDistrib ution

For somesensors,samplingfrom thedualproposaldistribution
�s canbe far from

trivial. For example,if themobilerobotusesproximity sensorsandametricmapas
describedin Section2.2, samplingfrom the inverse,

�s is not straightforward.The
readermay recall that Section2.2 outlinesa closed-formroutine for computing
the forward model � 
 �
���8� , which acceptsboth the pose � and an observation �
as an input. However, dual MCL requiresus to sampleposes� from a density
proportionalto � 
 �
���8� , givenjust theobservation � asaninput. In otherwords,we
arein needof a routinethatacceptsa rangescan � asinput, andwhich generates
poses� .

Thekey ideahereis to “learn” a samplingmodelof the joint distribution � 
 �9 ��8�
from data,suchthatsamplesof thedesiredproposaldistribution canbegenerated
with ease.Thespecificrepresentationchosenhereis againa setof kd-trees,each
of whichmodels� 
 �9 ��8� for asubsetof “similar” observations� , andeachof which
recursively partitionsthespaceof all posesin a way thatmakesit easyto sample
from

�s �¹� 
 �
� �Z�Iº � 
 �®� .
Thedatausedto constructthetreesaresamplesq6�M %� r of poses� andobservations�
thataredistributedaccordingto thejoint distribution, � 
 �M %�®� . Therearetwowaysto
samplefrom thejoint: (1) synthetically, usingtheexistingprobabilisticmodels,and
(2) usingthephysicalrobotto gatherdata(andtheprobabilisticmodelto augment
suchdata).» Thesyntheticsamplingschemeis relativelystraightforward.To generateasingle

sample,joint canbedonein two cascadedsamplingsteps
(1) apose� is sampledfrom auniformdistribution,and
(2) for this pose,anobservationis sampledaccordingto � 
 �
���8� .

Samplingis repeated,until a sufficient numberof sampleshasbeengenerated
(e.g.,amillion). Obviously, theresultingsamplesetrepresentsthejoint distribu-
tion � 
 �M %�®� .» An alternative way to generatesamplesof the joint is to usedata collectedby
a physicalrobot. This approachis preferableif onecannoteasilysamplefrom
theperceptualmodel� 
 �
� �Z� —asis actuallythecasein ourexistingsoftwareim-
plementation(fixessuchasrejectionsampling[69] areinefficient). In general,
samplingfrom theperceptualmodelis particularlydifficult whenusingcameras,
sincethis is aproblemsimilar to thecomputergraphicsproblem.Luckily, sensor
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measurements� randomlycollectedby a robot aresamplesof � 
 �®� , assuming
that the robot is placedrandomlyin its environment.However, robotsareusu-
ally unableto measuretheirposes—otherwisetherewouldnot bea localization
problem.

Luckily, importancesampling[62] offers a solution.The following routine
generatessamplesfrom thedesiredjoint distribution:

(1) Generateanobservation � usingaphysicalrobotin aknown environmentwith
arandom(but unknown) pose.

(2) Generatea largenumberof poses� accordingto a uniform distribution over
thesetof all robotposes.

(3) For eachpose � , computethe importancefactor � 
 ��� �8� usingthe perceptual
modeldescribedin Section2.2.

SamplesqK�* �� r generatedusingthisapproach,alongwith theirimportancefactors� 
 ��� �8� , approximatethejoint � 
 �9 ��8� .
Equippedwith samplesrepresentingthejoint distribution,let usnow turnouratten-
tion to learningtreesthatpermit fastsamplingfrom thedualproposaldistribution�s . Again, therearemultiple optionsto generatesuchtrees.In our approach,the
sensormeasurements� aremappedinto a low-dimensionalfeaturevector. For laser
rangescans,agoodsetof featuresis thefollowing three:» The location of a sensorscan’s centerof gravity, relative to the robot’s local

coordinatesystem.Thecenterof gravity isobtainedbyconnectingtheend-points
of theindividual rangemeasurementsandcalculatingthecenterof gravity of the
enclosedareain 2D, relative to the robot’s location.Its locationis encodedin
polarcoordinates(two parameters).» Theaveragedistancemeasurement,which is a singlenumericalparameter.

Together, thesethreevaluesaretreatedlike sufficientstatistics, that is, we assume
it sufficesto know ¼ 
 ��� to sample� , hence

� 
 �
� �Z�� 
 ��� � � 
 ¼ 
 ���	���8�� 
 ¼ 
 ���2� (27)

A discretegrid is thenstipulatedover thesethreevalues,andakd-treeis grown for
every (discrete)combinationof the featurevalues ¼ 
 ��� . Eachtree,thus,is condi-
tionedon ¼ 
 ��� (andhenceon � ). Thedepthof thetreedependson thetotal likeli-
hoodof a region in posespace:themorelikely a posegivena specificobservation¼ 
 �®� , the deeperthe tree(andhencethe smallerthe region coveredby that leaf).
Samplingfrom a tree is very efficient, sinceit only involvesa small numberof
randomcoinflips.

Figure14 illustratesour samplingalgorithmin practice.Shown in Figure14a is
an examplerangescanalong with an occupancy grid map [19,54] as described
in Section2.2.From this scan,our approachextractsthe threefeaturesdescribed
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(a) laserscanandmap

(b) treefor thisscan

(c) samplesof posesgeneratedfrom tree

Fig. 14. Samplingfrom a distribution proportionalto NEO�P Q \	V : (a) examplerangescanand
map,(b) treethatpartitionsthestatespacefor this scan,and(c) samplesof posesP gen-
eratedfrom the tree.The underlyingdatawascollectedby theMinerva data,a RWI B18
robot.
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Mixtur e-MCL

Standard MCL

Fig. 15. Error of MCL (top curve) and Mixture-MCL (bottom curve) with 50 samples
(insteadof 1,000)for eachbelief state.Theseresultswereobtainedthroughsimulation.

above (centerof gravity, averagedistance).Figure 14b shows the tree that cor-
respondsto thesefeatures,which partitionsthe statespacerecursively into small
hyper-rectangularregions.Samplingfrom this treeyieldssamplesetslike theone
shown in Figure14c.

The treeconstructedherecanbe built off-line, beforerobot operation.This is in
contrastto thetreesusedto representbeliefsin Mixture-MCL, whichmustbebuilt
on-lineaftereachbeliefupdate.Thisdistinctionis importantwhenconsideringrun-
ning timesof thedifferentvariantsof MCL. Becausebuilding a treerepresenting� 
 �! %�Z� is anoff-line operation,it doesnot factorinto therunningtimeof thealgo-
rithm. It shouldbenoted,however, thatthetreesignificantlyincreasesthememory
requirementsof the approach.For example,the treefor generatingsamplesfrom
laserrangescansin the museumenvironmentrequiresapproximately80 MB of
memory.

6 Experimental Results

Systematicexperimentalresultswereconductedtoevaluatetheadvantageof Mixture-
MCL to regularMCL underawiderangeof circumstances.Thecomparisonswere
carriedout for a rangeof localizationproblems,with an emphasison the more
difficult global localizationproblemandthekidnappedrobot problem.As above,
realrobotexperimentswereaugmentsby systematicsimulationresults,wherekey
parameterssuchas the amountof sensornoisecould easilybe controlled.When
emulatingglobal localizationfailuresin thekidnappedrobotproblem,it is impor-
tant that the treeusedfor calculatingimportancefactorsin thedualfilter be non-
zeroeverywhere.This wasachieved by usinga Dirichlet prior for estimatingthe
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Fig.16.Kidnappedrobotproblem:Localizationerrorasa functionof time,for threediffer-
entapproaches:MCL (thin curve), MCL with addedrandomsamples(dashedcurve),and
Mixture-MCL (thick curve). At time ½ } © �F� , the robot is tele-portedto a randompose
without beingtold. As theseresultssuggest,Mixture-MCL is mostefficient in recovering
from this incident.Theseresultswereobtainedthroughsimulation.

probabilitiesin theleavesof thetree.

6.1 Simulation

Figure13 shows theperformanceof Mixture-MCL, underconditionsthatareoth-
erwiseidentical to thosein Figures10. As theseresultssuggest,our new MCL
algorithmoutperformsbothMCL andits dual by a large margin. At every single
noiselevel, our new algorithmoutperformsits alternativesby a factorthat ranges
from 1.07(highnoiselevel) to 9.7(low noiselevel).For example,atanoiselevel of
1%,Mixture-MCL algorithmexhibits anaverageerrorof ¾§¿
)ÁÀ cm,whereasMCL’s
error is ¾�Â1Ã cm andthat of dual MCL is ¾1Ä�Â cm. In comparison,the averageerror
with noise-freesensorsandtheoptimalestimatoris approximately.	Ä])ÁÅ cm.

Mixture-MCL degradesgracefullyto very small samplesets.Figure15 plots the
errorof conventionalMCL (top curve) andMixture-MCL (bottomcurve) for dif-
ferenterror levels, using ` �±Å�� samples.With only 50 samples,regular MCL
basicallyfails to track the robot’s position in our simulation.Mixture-MCL ex-
hibits excellentperformance,andis only slightly inferior to `p�Æ.� %����� samples.
Vieweddifferently, thesefindingssuggestthatMixture-MCL is computationallyan
orderof magnitudemoreefficient thanconventionalMCL.

Finally, Mixture-MCL tendsto exhibit superiorperformancein thekidnappedrobot
problem.Figure16 shows theaveragelocalizationerroraveragedover 1,000sim-
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Fig. 17.Estimatedpathof theMinerva robotin theSmithsonianMuseumof NationalHis-
tory.

ulationruns,asa functionof time. Thethreedifferentcurvesin thatfigurecorre-
spondto threedifferentalgorithms:MCL (thin curve), MCL with addedrandom
samples(dashedcurve), and Mixture-MCL (thick curve). At time step100, the
simulatedrobotis kidnapped:it is tele-portedto arandomposewithoutbeingtold.
As arguedin the introduction,kidnappingis a way to test the ability of a local-
izationalgorithmto recover from catastrophicfailures.As theresultsin Figure16
suggest,Mixture-MCL recoversfasterthanany alternativeMCL algorithm,despite
thefact thatwe optimizedparameterssuchastheratioof randomsamplesbefore-
hand.RegularMCL fails entirelyto recover from thekidnapping,sinceit tendsto
lack samplesat the new robot pose.The additionof randomsamplesovercomes
this problem,but is inefficient. Mixture-MCL placessamplesmorethoughtfully,
which increasesits efficiency in recoveringfrom kidnapping.

6.2 RobotWith LaserRangeFinder

Mixture-MCL hasalsobeenevaluatedusingdatarecordedby Minerva.As outlined
above, thedatacontainslogsof odometrymeasurementsandsensorscanstakenby
Minerva’stwo laserrange-finders(see[22] for details).Figure17showspartof the
mapof themuseumandthepathof therobotusedfor thisevaluation.

As alreadyreportedin Section2.4, conventionalMCL reliably succeedsin local-
izing the robot.Thus,our attentionhereis to evaluateMixture-MCL for the kid-
nappedrobotproblem.To doso,werepeatedlyintroducederrorsinto theodometry
information.Theseerrorsmadetherobotlosetrackof its positionwith probability
of 0.01whenadvancingonemeter.
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Fig.18.Performanceof conventional(topcurve),conventionalwith randomsamples(mid-
dlecurve)andmixture(bottomcurve)MCL for thekidnappedrobotproblemin theSmith-
sonianmuseum.The error rateis measuredin percentageof time duringwhich the robot
lost trackof its position.Theseresultswereobtainedusinga physicalrobot.

Figure18showscomparativeresultsfor ourthreedifferentapproaches.Theerroris
measuredby thepercentageof time,duringwhich theestimatedpositiondeviates
by morethan2 metersfrom thereferenceposition.Obviously, Mixture-MCL yields
significantlybetterresults,evenif plainMCL isaugmentedby 5%randomsamples.
Mixture-MCL reducestheerrorrateof localizationby asmuchas70%morethan
plain MCL; and32%whencomparedto thecasewhereplain MCL is augmented
with uniformsamples.Theseresultsaresignificantat the95%confidencelevel.

6.3 RobotWith Upward-PointedCamera

We alsocomparedMixture-MCL in thecontext of visual localization,usingonly
cameraimageryobtainedwith therobotMinervaduringpublicmuseumhours[12].
Notice that this dataset is not the sameas the one usedabove; in particular, it
containsanunexplained,unnaturallylargeodometryerror, which occurredfor un-
known reasons.In this particularcase,theodometryreportedbackby the robot’s
low-level motioncontrollerjumpedby alargemount.Wesuspectthattheerrorwas
causedby anoverflow in thelow-level robotmotioncontrolsoftware,which is in-
accessibleto us.Sincewe did notexpectsuchanerror, oursoftwaredid not check
for unnaturallylargeodometryreadingsandacceptedit asif it wascorrect.Such
an error, whatever it’ s cause,inducesa kidnappedrobot problem.Moreover, the
imagesequenceusedfor evaluationis of poorquality, aspeopleoftenintentionally
coveredthecamerawith theirhandandplaceddirt on thelens.

Figure19 shows two samplesets(largeimages),superimposedon theceiling mo-
saic, which have beengeneratedby Mixture-MCL during localization.Arrows
marksamplesgeneratedby theregularMCL sampler. Next to thesediagrams,the
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(a) samplesetandceilingmosaic

cameraimage
(centerregion)

ÇÇÈ

(b) samplesetandceilingmosaic

cameraimage
(centerregion)

ÉÉÊ

Fig. 19. Two samplesetsgeneratedby Mixture-MCL, alongwith themostrecentcamera
image(centerregion of theimageonly). Thearrowsmarkthesamplesgeneratedusingthe
conventionalMCL sampler, whereastheothersamplesaregeneratedby thedual.In (a),the
mostrecentcamerameasurementsuggeststhat our Minerva robot is neara ceiling light,
whereasin (b) themeasurementsuggestsa locationin thecenteroctagon.

centerregionsof themostrecentcameraimagesareshown (smalldiagrams),which
areusedfor generatingsamplesin thedualfilter. In Figure19a,themostrecentim-
agesuggeststhattherobotis undera ceiling light. Consequently, thedualsampler
generatessamplescloseto light sources.In Figure19b,the camerameasurement
is considerablydark,suggestinga location in the centeroctagon.Notice that we
changedthebrightnessof theceiling mapto increasethevisibility of thesamples;
theauthenticceilingmapis shown in Figure8.

Figure20depictsthelocalizationerrorobtainedwhenusingvisiononly (calculated
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Fig. 20. Plain MCL (dashedcurve) comparedto Mixture-MCL (solid line). Shown here
is the error for a 4,000-secondepisodeof camera-basedlocalizationin the Smithsonian
museum,usingtherobotMinerva.

using the localizationresultsfrom the laseras groundtruth). The datacovers a
period of approximately4,000seconds,during which MCL processesa total of
20,740images.After approximately630seconds,theaforementionederror in the
robot’s odometryleadsto a lossof the position.As the two curves in Figure20
illustrate,regularMCL (dashedcurve)is unableto recoverfrom thisevent,whereas
Mixture-MCL (solid curve) recovers.For this dataset,MCL with addedrandom
sampleperformssimilarly well asMixture-MCL. Theseresultsarenotstatistically
significantin thatonly asinglerunisconsidered,but they confirmourfindingswith
laserrangefinders,indicating that Mixture-MCL is indeeda robust localization
method.

6.4 RunningTimes

A final issueaddressedin our experimentsconcernstherunningtime of MCL al-
gorithms.Clearly, the absolutetime dependson a variety of factors,suchas the
numberof samples,thenatureof theprobabilisticmodelsandthesensordata,the
amountof pre-processingrequired(e.g.,for extracting featuresfrom cameraim-
ages),andthe underlyingcomputerplatform.Thenumbersdiscussedin this sec-
tion shedsomelight onto the relative requirementsof MCL andMixture-MCL.
They alsoillustratethatMCL methodscanbe implementedhighly efficiently, re-
quiring only a small fraction of the computationalresourcesof a typical PC.All
resultsreportedherewereobtainedwith a PentiumPC runningat 500 MHz and
equippedwith sufficientRAM to holdall datain mainmemory.

Figure 21ashows the time requiredfor a full MCL updateas a function of the
numberof samples,for our robot simulation.The solid line in Figure21acorre-
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Fig.21.(a)Time(in secondsona500MHzPentiumPC)requiredfor onefull beliefcompu-
tationusingregularMCL (dashedline) andMixture-MCL (solidline),plottedasafunction
of the numberof particles.(b) Percentageof time spentgeneratingdensitytreesin Mix-
ture-MCL.All resultsareaveragedover 1,000updatesusingtherobotsimulator.

spondsto regular MCL, whereasthe dashedline shows the time requiredto run
Mixture-MCL. Bothcoordinateaxesarelogarithmic.Thetimemeasurementis ap-
proximatelylinear, asonewould expectwhenincreasingthe numberof samples.
With ÏÑÐ�Ò�Ó%Ô�Ô�Ô , regularMCL consumeson averageÕ]ÖÁ×�ØÚÙ(Ò	Ô9Û9Ü secondsperup-
date.Mixture-MCL with mixing ratio ÝÞÐßÔ]ÖàÒ requiresÒ�ÖxÔ1áâÙ9Ò7Ô!Û(ã seconds,which
is Ò7ä]Ö¶ÒFå slowerthanregularMCL. Thisresultappearsto beinvariantto themixing
ratio Ý aslong as ÝDæçÔ . For Ï�ÐèÒ�Ó�Ô1Ô�Ô , á1ä]Öeé�å of thetotal time is spenton con-
structingthekd-tree.Figure21bplotsthefractionof timespentbuilding thetreein
Mixture-MCL for differentsamplesetsizesÏ . As canbeseenthere,thecurvefirst
decreaseswith increasingsamplesize(from ê®Õ]Öxä9å for ÏëÐìÒ	Ô1Ô samplesto á�Õ(Öué1å
for Ï ÐÆ×(Ó�Ô�Ô1Ô ). For Ï ÐíÒ	Ô(Ó�Ô�Ô1Ô samples,thepercentageincreasesslightly (toî Ò1Ö¶Ò§å ), anincreasethatis statisticallysignificantat the95%level. Theexactcause
of this non-monotonicbehavior is unknown to us;we attributeit to sideeffectsof
thePCarchitecture(e.g.,computingwith cacheversusmainmemory).

The timing resultsof our physicalrobot implementationaresimilar. The running
timesfor theMCL implementationusingrangedataareshown in Figure22.This
diagramshowsthecomputationtimeona500MhzPentiumPC,asafunctionof the
samplesetsize,bothplottedin logarithmicscale.Thecomputationtime is broken
town into the two basiccomponents:the integrationof odometrymeasurements
(curvemarkedwith solidblacksquares),andtheintegrationof rangedata(all other
curves).For example,with Ï Ð Ò�Ó�Ô1Ô�Ô samples,both typesof updatescan be
performedin lessthanfivethousandsof asecond,whichis approximately40times
fasterthansensordataarrives.

Figure22 shows four differenttiming graphsfor integratingrangemeasurements.
Thesecorrespondto differentsensors(laserversussonar)anddifferentimplemen-
tations.Thetop two curvesin Figure22depictthecomputationtime for astraight-
forward implementationof MCL. This implementationcalculatesthe distanceto
thenearestobstacleon-line, while integratingsensordata.Two of thethreebottom
curves show the computationtime for an implementationwherethesedistances
arepre-computedandstoredin a large table(see[24] for moredetails).By pre-
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Fig. 22.Processortimerequiredby ourMCL implementationusingrangedata.Theresults
arebrokendown into thepredictionstep(bottomcurve),whereodometrydatais processed
by samplingnew poses,andtheobservationstep(top curve),whererangedatais incorpo-
ratedinto the importancefactors.Noticethatbothaxesarelogarithmic.Thebarsindicate
95%confidenceintervals.

calculatingthesedistances,the integrationof sensormeasurementsis spedup by
a factorof 16.9.Thedownsideof this techniqueis its memoryrequirement,which
lies between50MB and200MBfor indoormapslike theonesshown in this paper.
The differencein computationtime betweenlaserandsonardata,which canbe
observedregardlessof whetheror not distancesarepre-computed,stemsfrom the
fact thattherearemany morelaserbeamsperscanthantherearesonarbeams.Our
currentsoftwareintegrates60 individual lasermeasurementsfor eachlaserscan,
comparedto 12 individualsonarmeasurementspersonarscan.

All theseresultswereobtainedfor samplesetsof fixed size.We noticethat our
physicalrobot implementationof MCL generatessamplesetsof variablesizes,
drivenby events.More specifically, our implementationgeneratessamplesuntil a
new sensormeasurementbecomesavailable(uptoamaximumnumberof samples).
Theadvantageof suchanimplementationis its adaptivity to theavailablecompu-
tationalresources.Suchresource-adaptivealgorithmsaresometimesreferredto as
any-timealgorithms[11,76].They have theadvantagethatwhenportedto adiffer-
entcomputer(e.g.,anew, fasterPC),they canexploit theadditionalcomputational
power without any modificationto theprogramcode.An argumentin [5] empha-
sizestheuseof resource-adaptivealgorithmsasagenericdesignprincipleof mobile
robotsoftware.
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7 RelatedWork

Mobile robot localizationis a fundamentalproblemin mobilerobotics,which has
receivedconsiderableattentionover thepastdecades[4,10,25,31,41,45,59,65,74].
Asarguedin theintroductionof thisarticle,thevastmajorityof work focusesonthe
positiontrackingproblem,whereerrorsareassumedto besmall.Mostapproaches
are incapableof recovering from localizationfailures,thoughmethodsexist for
detectingsuchconditions.Usually, failuresof the localizationcomponentrequire
thata robot’spositionbeenteredmanually.

Approachesthatsolve thegloballocalizationandthekidnappedrobotproblemare
relatively recent,andthey commonlyrely onBayesfiltering with multi-modalden-
sity representations,just like MCL. A recentarticle [24] gives a comprehensive
overview of algorithmsfor mobilerobotlocalizationwith many references.As ar-
guedin theintroductionof thisarticle,thereareseveralalternativesto theapproach
proposedhere.Among the mostprominentonesareprobabilisticalgorithmsthat
usepiecewise constantfunctionsandGaussianmixturesto representthe robot’s
belief.Theformerareknown asMarkov localizationalgorithms,andthelatterare
oftenimplementedasmulti-hypothesisKalmanfilters.All of theseapproachescan
bederivedfrom theBayesfilter describedin Section2.1,which is alsothemathe-
maticalbasisof thevariousMCL algorithmspresentedin this article.Thus,all of
thesealgorithmssharethesamemathematicalbasis.

Examplefor approximatingtheposteriorusingpiecewiseconstantdensitiescanbe
found in [7,24,30,36,40,50,55,56,66,70].Many of theseapproachesapproximate
the belief using topological representationsof robot environments.In suchrep-
resentations,the environmentis decomposedinto a small numberof significant
places,whosesizeandlocationdependson thestructureof theenvironment.The
belief distribution is approximatedby a finite distribution parameterizedby these
places,sometimesalongwith theheadingdirection.In [24], a variantis described
that usesa fine-grainedmetricgrid to representthe belief. Sincethe belief space
is three-dimensional,the sizeof the grid is immense.Thus,[24] presentsan ap-
proximateupdatingalgorithmthat restrictsupdatesto a small subsetof all grid
cells thataredeemedmostrelevant.This ideais carriedfurther in [6], which pro-
posesto usetreesfor representingbeliefs.Thesetreesrepresentprobability den-
sitieswith varying resolution,so that morelikely regionsareapproximatedmore
accurately(similarto thekd-treesgeneratedfrom samplesfor dualMCL). All these
approachesdiffer from theMCL family of algorithmsin that they useparametric
representations.They aredifficult to implementif high accuracy is needed,but to-
day’s bestimplementationsyield somewhatinferior performance,assuggestedby
thecomparisonin Section2.6.

Localizationalgorithmsbasedon the multi-hypothesisKalmanfilter [1,2] repre-
sentbeliefsusingmixturesof Gaussians[9,34,60,61].To calculatethecovariance
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matricesof the individualGaussianmixturecomponents,theKalmanfiltering ap-
proachlinearizesthemotionmodelandtheperceptualmodel(see[35] for a recent
non-linearextensionof Kalmanfilters). It alsoassumesthaterrorsin sensormea-
surementsandrobot motion areGaussian.For most robot sensors,measurement
noiseis not Gaussian.Therefore,Kalmanfiltering algorithmsusuallydo not use
raw sensordatafor localization.Instead,they extract featuresfrom which robot
posescanbeestimatedwith (assumed)Gaussiannoise[9,34,60,61].Theliterature
suggestsarangeof methodsto extractfeatures,suchaspointfeatures,line features,
pairsof points,etc.Using featuresinsteadof theraw sensordatacanbe loss-free
if thefeaturesaresufficient statisticsof thesensordatarelative to theproblemof
estimatingposes.In practice,however, this is usuallynot thecase,andsignificant
informationmay be lost whengoing from raw datato features.Hereinlies a pri-
marydifferenceto theMCL algorithmspresentedin this article,which canhandle
arbitrarynoisemodelsandarecapableof usingraw sensordata(e.g.,laserrange
data)for localization.

Nevertheless,multi-hypothesisKalmanfilters have appliedwith greatsuccessto
variousversionsof thelocalizationproblem,includingpositiontrackingandglobal
localization[34,60,61].Certainupdatestepsin themulti-hypothesisKalmanfilter
canbeleveragedacrossmultiple Gaussians,which leadsto anefficient implemen-
tation [61]. The basicupdateequationsof theseapproachescanbe shown to be
hybridversionsof theBayesfilter with continuousanddiscretecomponents.Thus,
thesealgorithmsare imminently relatedto the MCL algorithmsdescribedhere.
From theconceptualpoint of view, Gaussianmixturesaresimilar to samplesets,
with the key differencethat Gaussiansarecontinuousdistributions,not just dis-
cretesamples,sincethey possessanassociatedcovariancematrix.Two of thethree
versionsof Mixture-MCL, for example,requireastepwherea kd-treeis generated
from a sampleset;sucha setwould not benecessarywith theGaussianrepresen-
tations,sincemixturesof Gaussiansarealreadycontinuousdistributions.To keep
thenumberof mixturecomponentsmanageablein real-time,theapproachesrefer-
encedabove applyheuristicsfor terminatingunlikely Gaussiansandcreatingnew
oneswhenindicatedby thesensordata.Theseheuristicsaresimilar, but not iden-
tical, to the techniquesproposedhere.In MCL, unlikely samplesare terminated
probabilistically, asa sideeffect of the samplingstep.Mixture-MCL createsnew
hypothesesbasedonmomentarysensormeasurements,but it doessostochastically,
andit considersthepreviousbelief whendeterminingtheinitial weight (probabil-
ity) given to a new hypothesis.The significanceif thesedifferencesarecurrently
poorly understood.Generatinga sampleis generallyfasterthana Kalman filter
update(which requiresmatrix inversion),but we suspectthat more samplesare
neededto approximatea densitythanGaussianmixtures.

Particlefilters,asbasicstatisticaltools,havebecomepopularfor trackingandposi-
tion estimationin thelastfew years,asfor exampledocumentedby a forthcoming
bookon this topic [18]. Recentresearch,hasled to a rangeof variantsof thebasic
particlefilters. Thepoorperformanceof particlefiltering in caseswherethe pro-
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posaldistributiondifferssignificantlyfromthetargetdistributionhasbeenobserved
by severalauthors,e.g.,[17,39,46,58].Typical “fix es” involve thedesignof a dif-
ferentproposaldistribution that placesmoreweighton the tails of a distribution.
In this light, Mixture-MCL canbe views asoneway to dealwith this mismatch
problem,onethatworkswell for mobilerobotlocalization.

Particlefiltershavebeenappliedwith greatsuccessto otherestimationandtracking
problemsof practicalimportance.In computervision,particlefiltersarecommonly
known ascondensationalgorithm, wherethey have beenappliedwith remarkable
successto visual trackingproblems[32,33,48].Their applicationto mobile robot
localizationhasbeenproposedin [13,21]andsincebeenadopted(andextended)by
severalotherresearchers[16,43].In our own work, we recentlyextendedthebasic
paradigmto collaborativelocalizationfor awholeteamof mobilerobots[22].

To thebestof ourknowledge,theideaof thedualparticlefilter proposedhereand
in [72] is new. Obviously, it workswell in thecontext of mobilerobotlocalization.
While theaim of thearticleis to evaluatetheMixture-MCL algorithmin practice,
it shouldbestraightforwardto devisea proof of convergenceof all threeversions
of Mixture-MCL, assumingconvergenceof kd-trees.The ideaof a dual is related
to arecentarticleby LenserandVeloso[43], whoalsoproposeto generatesamples
in accordancewith the most recentsensormeasurement.Like us, they evaluated
their approachin thecontext of mobilerobotlocalization.Therearetwo maindif-
ferencesbetweentheir andour work: First, their approachgeneratessamplesthat
maximizetheperceptualdensityï8ð6ñ
ò�ó8ô , insteadof samplingfrom ïEðKñ
ò�ó8ô . Second,
andmoreimportantly, theirapproachdoesnottakepastevidenceintoaccountwhen
generatingsamplesfrom sensorreadings,thatis, theirapproachdoesnotadjustthe
importancefactorsof samplesgeneratedby thedualin accordancewith õ�ö	÷�ðKó
ø Û
ù ô .
Consequently, the resultingestimatedoesnot approximatethe posterior. For ex-
ample,if theenvironmentconsistsof disconnectedcomponents(e.g.,rooms),such
anapproachcanplacenon-zerolikelihoodbehindwalls thatarephysicallyimpos-
sible to traverse.Our approachrelieson the samebasicidea,but asymptotically
approximatesthedesiredposterior.

Theideaof samplingfrom thesensormeasurement(the“evidence”)hasalsobeen
proposedin thecontext of Bayesnetworks[57,29], in particularin thecontext of
marginalizationusing Monte Carlo sampling.Under the nameof “arc reversal,”
Kanazawa andcolleagues[38] have proposedanefficientsamplingalgorithmthat
jump-startssamplesat Bayesnetworknodeswhosevalueis known, thenpropa-
gatingthosesamplesthroughoutthenetworkto obtainanestimateof the desired
marginaldistribution.This approachis significantlymoreefficient thantheimpor-
tancesamplerin Bayesnetworks(which follows the causalityexpressedby the
Bayesnetwork),for reasonsthat are identical to thosegiven here.Our approach
canbe viewedasimplementingthis ideain thecontext of particlefiltering, using
somewhatdifferentmathematicalequationsto accountfor thedifferencesof Bayes
networksandparticlefiltering. Also, our approachmixesbothsamplingmethod-
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ologies,which is essentialfor thesuperiorperformanceof this approach.

8 Conclusion

This article introduceda new mobile robot localizationalgorithm,calledMixture
Monte CarloLocalization.Mixture-MCL is a versionof particlefilters thatcom-
binesaregularsamplerwith its dual.By combiningboth,ourapproachovercomes
a rangeof limitations that currentlyexist for differentversionsof MCL, suchas
theinability to estimateposteriorsfor highly accuratesensors,poordegradationto
small samplesets,andtheability to recover from unexpectedlargestatechanges
(robotkidnapping).

Mixture-MCL possessesa rangeof uniqueadvantagesover previous localization
algorithmscapableof globallocalizationfrom ambiguousfeatures:

(1) Efficiency. Mixture-MCL inherits its computationalefficiency from particle
filters,which focuscomputationalresourcesin areasthataremostprobable.

(2) Versatility. It also inherits from particlefilters the ability to approximatea
hugerangeof non-parametricdensities,andto accommodate(almost)arbi-
trary non-linearsystemdynamics,sensorcharacteristics,and non-Gaussian
noise.Often,theposterioris centeredon a smallsubspaceof thestatespace.
Mixture-MCL doesnotrequireanexplicit, parametricmodelof thissubspace;
instead,it modelssuchsubspacesimplicitly by generatingsamplesaccord-
ingly.

(3) ResourceAdaptiveness.Ourimplementationof Mixture-MCL isany-time[11,76],
in that thenumberof samplesis determineddynamicallybasedon theavail-
ablecomputationaltimebetweentwo consecutivesensormeasurements.As a
consequence,thesoftwarecanberun on many differentcomputerplatforms,
whereit adaptsto theavailablecomputationalresources.

(4) Robustness.By mixing regularforwardsamplingwith its dual,Mixture-MCL
performsrobustly undera rangeof circumstances,suchas highly accurate
sensors,robotkidnapping,andverysmallsamplesets.

ExtensiveexperimentalresultssuggestthatMixture-MCL consistentlyoutperforms
MCL andrelatedMarkov localizationalgorithms.

While this articlefocusedon themobilerobotlocalizationproblem,weconjecture
thatits basicalgorithmstranscendto amuchbroaderrangeof stateestimationprob-
lemsfor temporaldynamicsystems.Bayesfilters have beenappliedto estimation
problemsfor decades,andarecentinterestin MonteCarloapproximations[18,26]
suggeststhat the probabilisticparadigmis well suitedfor a broadrangeof state
estimationproblemsin noisy temporaldomains.While this article hasdescribed
the limitationsof particlefiltering in the context of mobile robot localization,we
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envisionthatmany otherestimationdomainsmightsuffersimilarproblemsthatcan
beovercomeby mixing particlefilterswith theirduals.
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