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Abstract

Mobile robotlocalizationis the problemof determininga robot’s posefrom sensordata.
Thisarticlepresentsifamily of probabilisticdocalizationalgorithmsknown asMonteCarlo
Localization(MCL). MCL algorithmsrepresena robot’s belief by a setof weightedhy-

pothesegsamples)which approximatehe posteriorundera commonBayesiarformula-
tion of thelocalizationproblem Building onthebasicMCL algorithm thisarticledevelops
a morerobustalgorithmcalled Mixture-MCL, which integratestwo complimentaryways
of generatingsamplesn theestimationTo applythis algorithmto mobile robotsequipped
with rangefinders,a kd-treeis learnedthat permitsfast sampling.Systematicempirical
resultsillustratetherobustnesandcomputationaéfficiengy of theapproach.
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trees

1 Intr oduction

Mobile robot localizationis the problemof estimatinga robot’s pose(location,
orientation)relative to its ervironment.The localizationproblemis a key problem
in mobilerobotics.t playsapivotalrolein varioussuccessfumnobilerobotsystems
(seee.g.,[10,25,31,45,59,65,74nd variouschaptersn [4,41]). Occasionallyit
hasbeenreferredto as* themostfundamentaproblemto providing amobilerobot
with autonomousapabilities™[8].

Themobilerobotlocalizationproblemcomesn mary differentflavors[4,24]. The
mostsimple localizationproblem—whichhasreceved by far the mostattention
in the literature—ispositiontradcing [4,75,64,74].Here the initial robot poseis
known, andthe problemis to compensaténcrementalerrorsin a robot’s odom-
etry. Algorithms for position tracking often makerestrictve assumption®n the
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size of the error andthe shapeof the robot’s uncertainty requiredby a rangeof
existing localizationalgorithms.More challengings the global localizationprob-
lem[6,34,61],wherearobotis nottold its initial posebut insteadhasto determine
it from scratchThegloballocalizationproblemis moredifficult, sincetheerrorin
the robot’s estimatecannotbe assumedo be small. Consequentlya robot should
beableto handlemultiple, distincthypothesesEvenmoredifficult is thekidnapped
robotproblem[20,24],in which awell-localizedrobotis tele-portedo someother
placewithoutbeingtold. This problemdiffersfrom thegloballocalizationproblem
in thattherobotmightfirmly believe itself to be somavhereelseat the time of the
kidnapping.The kidnappedobot problemis oftenusedto testarobot’s ability to
recover from catastrophidocalizationfailures.Finally, all theseproblemsare par
ticularly hardin dynamicervironmentsge.g.,if robotsoperaten the proximity of
peoplewho corrupttherobot’s sensomeasuremen{$,71].

The vastmajority of existing algorithmsaddressonly the positiontrackingprob-
lem (seee.g.,thereview [4]). The natureof small,incrementakrrorsmakesalgo-
rithms suchasKalmanfilters [28,37,47,68Japplicable which have beensuccess-
fully appliedin arangeof fieldedsystemge.qg.,[27,44,42,63]) Kalmanfilters esti-
mateposteriordistributionsof robotposexonditionedon sensodata.Exploitinga
rangeof restrictve assumptions—suasGaussian-distritednoiseandGaussian-
distributedinitial uncertainty—thg represenposteriordy GaussianKalmanfil-
tersoffer anelegantandefficientalgorithmfor localization However, therestrictve
natureof thebeliefrepresentatiomakeslain Kalmanfiltersinapplicableo global
localizationproblems.

This limitation is overcomeby two relatedfamilies of algorithms:localization
with multi-hypothesisKalman filters and Markov localization Multi-hypothesis
Kalmanfilters represenbeliefsusingmixturesof Gaussian§9,34,60,61]thereby
enablingthemto pursuemultiple, distincthypothesesachof whichis represented
by a separatésaussianHowever, this approachinheritsfrom Kalmanfilters the
Gaussiamoise assumption.To meetthis assumptionyirtually all practicalim-
plementationsxtract low-dimensionafeaturesfrom the sensordata,therebyig-
noring much of the informationacquiredby a robot’s sensorsMarkov localiza-
tion algorithms,in contrastrepresenbeliefsby piecavise constanfunctions(his-
tograms)over the spaceof all possibleposed7,24,30,36,40,50,55,56,66,70Lst
like Gaussiammixtures,pieceavise constanffunctionsare capableof representing
comple, multi-modalrepresentationssomeof thesealgorithmsalsorely on fea-
tures[36,40,50,55,66,70henceare subjectto similar shortcomingsasthe algo-
rithms basedon multi-hypothesiKalmanfilters. Otherslocalize robotsbasedon
raw sensoidatawith non-Gaussianoisedistributions[7,24]. However, accommo-
datingraw sensodatarequiresfine-grainedepresentationsyhich imposesignif-
icant computationaburdens.To overcomethis limitation, researchertave pro-
posedselectve updatingalgorithms[24] and tree-basedepresentationthat dy-
namicallychangetheir resolution[6]. It is remarkablehatall of thesealgorithms
sharethe sameprobabilisticbasis.They all estimateposteriordistributions over



poseaundercertainindependencassumptions—whictill alsobethecasefor the
approactpresentedh thisarticle.

This article presentsa probabilisticlocalizationalgorithmcalled Monte Carlo lo-
calization(MCL) [13,21].MCL solvesthegloballocalizationandkidnappedobot
problemin a highly robustandefficient way. It canaccommodatarbitrarynoise
distributions (and non-linearities).Thus, MCL avoids a needto extract features
from the sensodata.

The key ideaof MCL is to representhe belief by a setof samplegalsocalled:
particleg, dravn accordingto the posteriordistribution over robot posesin other
words,ratherthanapproximatingposterioran parametridorm, asis the casefor
Kalmanfilter andMarkov localizationalgorithms MCL simplyrepresentthepos-
teriorsby arandoncollectionof weightedparticlesvhichapproximatethedesired
distribution[62]. Theideaof estimatingstaterecursvely usingparticlesis notnew,
althoughmostwork on this topic is very recent.In the statisticalliterature,it is
known as particle filters [17,18,46,58],and recentlycomputervision researchers
have proposedhesamealgorithmunderthe nameof condensatiomlgorithm[33].
Within the context of localization,the particlerepresentatiohasa rangeof char
acteristicghatsetsit asidefrom previousapproaches:

(1) Particlefilterscanaccommodatéalmost)arbitrarysensorcharacteristicano-
tion dynamicsandnoisedistributions.

(2) Particlefilters are universaldensityapproximatorsyeakeninghe restrictve
assumptionsnthe shapeof the posteriordensitywhencomparedo previous
parametri@approaches.

(3) Particlefilters focuscomputationatesourcesn areasthataremostrelevant,
by samplingin proportionto the posteriorikelihood.

(4) By controllingthe numberof sampleson-line,particlefilters canadaptto the
availablecomputationatesourcesThe samecodecan, thus, be executedon
computerswith vastlydifferentspeedvithout modification.

(5) Finally, participle filters are surprisingly easyto implement,which makes
themanattractve paradignfor mobilerobotlocalization ConsequentiyMCL
hasalreadybeenadoptedby sereral researchteams[16,43], who have ex-
tendedthe basicparadigmin interestingnew ways.

However, therearepitfalls, too, arisingfrom the stochastimatureof the approxi-
mation.Someof thesepitfalls are obvious: For example,if the samplesetsizeis
small,awell-localizedrobotmightlosetrackof its positionjust becaus®CL fails
to generatea samplen theright location.TheregularMCL algorithmis alsounfit
for thekidnappedobotproblem sincetheremightbeno surviving samplesiearby
the robot’s new poseafter it hasbeenkidnapped.Somevhat counterintuitive is
the fact that the basicalgorithm degradespoorly when sensorsare too accurate.
In the extreme,regular MCL will fail with perfect,noise-freesensorsAll these
problemscanbe overcome g.g.,by augmentinghe samplesetthroughuniformly



distributedsampleg21], generatingsamplegonsistentvith themostrecentsensor
reading[43] (anideafamiliar from multi-hypothesisKalmanfiltering [1,34,61]),
or assuminga higherlevel of sensomoisethanactuallyis the case While these
extensionsyield improved performancethey are mathematicallyguestionableln
particular theseextensionsdo not approximatethe correctdensity;which makes
theinterpretatiorof their resultsdifficult.

To overcomeheseproblemsthis articledescribesinextensionof MCL closelyre-
latedto [43], calledMixture-MCL[72]. Mixture-MCL addresseall theseproblems
in away thatis mathematicallymotivated.Thekey ideais to modify theway sam-
plesaregeneratedn MCL. Mixture-MCL combinesegular MCL samplingwith
a “dual” of MCL, which basicallyinvertsMCL’'s samplingprocessMore specif-
ically, while regular MCL first guesses new poseusingodometry thenusesthe
sensomeasurement® assesghe“importance”’of thissampledualMCL guesses
poseausingthe mostrecentsensomeasurementhenusesodometryto assesshe
complianceof this guesswith the robot’s previousbelief andodometrydata.Nei-
therof thesesamplingmethodologiesloneis sufficient; in combinationhowever,
they work verywell. In particulay Mixture-MCL workswell if thesamplesetsizeis
small(e.g.,50samples)it recoversfasterfrom robotkidnappingthanary previous
variationof MCL, andit alsoworkswell whensensomodelsaretoo narrow for
regularMCL. Thus,from a performancegointof view, Mixture-MCL is uniformly
superiorto regularMCL andpatrticlefilters.

The key disadvantagef Mixture-MCL is a requiremenfor a sensormodelthat
permitsfastsamplingof posesWhile in certaincasessuchamodelcantrivially be
obtainedjn otherssuchasthe navigationdomainsstudiedhereandin [24], it can-
not. To overcomethis difficulty, our approachusessufficient statisticsanddensity
treesto learna samplingmodelfrom data.More specifically in a pre-processing
phasesensorreadingsaremappednto a setof discriminatingfeaturesandpoten-
tial robot posesarethendravn randomlyusingtreesgeneratedOncethe treehas
beenconstructeddualsamplingcanbedonevery efficiently.

To shedlight ontothe performanceof Mixture-MCL in practice ,empiricalresults
arepresentedsingarobotsimulatoranddatacollectedby physicalrobots.Simula-
tion is usedsinceit allows usto systematicallywary key parametersuchasthesen-
sornoise,therebyenablingusto characterizehe degradationof MCL in extreme
situations.To verify the experimentalfindingsobtainedwith simulation,Mixture-
MCL is alsoappliedto two extensve datasetsgatheredn a public museum(a
Smithsoniarmuseumn WashingtonPDC), whereduringa two-weekperiodin the
fall of 1998our mobile robot Minerva gave interactve toursto thousand®f visi-
tors[71]. Oneof thedatasetcomprisesaserrangedata,wherea metricmapof the
museums usedfor localization[71]. The otherdatasetcontainsimagesegments
recordedwith a camergpointedtowardsthe museuns ceiling, usinga large-scale
ceiling mosaicfor cross-referencinghe robot’s position[14]. In the past,these
datahave beenusedasbenchmarksincelocalizationin this crovdedandfeature-



impoverishedmuseums a challengingproblem.Our experimentssuggesthatour
new MCL algorithmis highly efficientandaccurate.

Theremaindeof this articleis organizedasfollows. Section2 introducegheregu-
lar MCL algorithm,whichincludesa mathematicatlervationfrom first principles
andan experimentalcharacterizatiof MCL in practice.The sectionalsocom-
paresMCL with grid-basedMarkov localization[24], an alternatve localization
algorithmscapableof globallocalization.Section3 present@xamplesvhereregu-
lar MCL performgpoorly, alongwith abrief analysisof theunderlyingcausesThis
sectionis followedby thedescriptionof dualMCL andMixture-MCL in Sectiord.
Section5 describesour approachto learningtreesfor efficient samplingin dual
MCL. Experimentatesultsaregivenin Section6. Finally, we concludethis article
by adescriptionof relatedwork in Section7, andadiscussiorof the strengthsand
weaknessesf Mixture-MCL (Section8).

2 Monte Carlo Localization

2.1 BayesFiltering

MCL is a recursve Bayesfilter that estimateghe posteriordistribution of robot
posesconditionedon sensorata.Bayesfilters addresshe problemof estimating
the statex of adynamicalsystem(partially obserableMarkov chain)from sensor
measurementgor example,in mobile robotlocalizationthe dynamicalsystemis
amobilerobotandits environment thestateis therobot’s posetherein(oftenspec-
ified by a positionin a two-dimensionalCartesiarspaceandthe robot’s heading
direction),and measurementsay include rangemeasurementg,ameramages,
andodometryreadingsBayesfilters assumehatthe ervironmentis Markoy, that
is, pastand future dataare (conditionally) independentf one knows the current
state.The Markov assumptiorwill be mademoreexplicit below.

The key ideaof Bayesfiltering is to estimatea probability densityover the state
spaceconditionedon the data. This posterioris typically calledthe beliefandis
denoted

Bel(x;) = p(ai|do. +)

Herex denoteghestate,z; is thestateattime ¢, andd,. ; denoteghe datastarting
attime 0 up to time ¢. For mobile robots,we distinguishtwo typesof data: per
ceptualdata suchaslaserrangemeasurementsnd odometrydata which carry
informationaboutrobot motion. Denotingthe former by o (for observatioh and
thelatterby « (for action), we have



Bel(x:) = p(ai|ot, at—1,04—1,a1-2 ..., 00) (1)

Without loss of generality we assumehat obsenationsand actionsarrive in an
alternatingsequenceNoticethatwe will usea,_, to referto the odometryreading
that measureshe motion thatoccurredin thetime interval [t — 1;¢], to illustrate
thatthe motionis theresultof the controlactionassertedttime¢ — 1.

Bayesfilters estimatehebeliefrecursively Theinitial beliefcharacterizetheini-
tial knowledgeaboutthe systemstate.In theabsenc®f suchknowledge,it is typ-
ically initialized by a uniform distribution over the statespace.ln mobile robot
localization,a uniform initial distribution correspondgo the global localization
problem,wheretheinitial robotposeis unknown.

To derive arecursve updateequationwe obsene thatExpressior(1) canbetrans-
formedby Bayesrule to

Bel(;z:t) — p(0t|l’t7 At—1y- -, 00) p(:l?t|at_1, . ,00)

plot]as_1,...,00)

(2)

Becausethe denominatoiis a constantrelative to the variable z;, Bayesrule is
usuallywritten as

Bel(xt) =n p(0f|xt7 At—1y-- -, 00) p(‘rt|al‘—17 crey 00) (3)

wheren is thenormalizationconstant

n:p(0t|at_1,...,00)_1 (4)

As noticedabore, Bayesfilters reston the assumptiorthatfuture datais indepen-
dentof pastdatagiven knowledgeof the currentstate—anassumptiortypically
referredto asthe MarkovassumptionPutmathematicallythe Markov assumption
implies

plodas, at-1, ..., 00) = plo]a:) (5)

andhenceour targetexpression(3) canbe simplifiedto:

Bel(z:) =n p(oi|zs) p(ailai—i, ..., 00)

We will now expandtherightmosttermby integratingover the stateattime ¢ — 1:

Bel(z:) =n p(os|z+) /p($t|xt—17at—17 ooy 00) p(Ti-ilasy,. .., 00) dai_1(6)



Again,we canexploit the Markov assumptioro simplify p(x¢|@—1, at—1,...,00):

p(ll?t|l‘t—17 Ai—1y .- 700) :P($t|$t—17 Clt—l) (7)

which givesusthefollowing expression:

Bel(z:) =n p(o:|z) /P($t|l’t—17 ai1) p(xea|ai,...,00) dosy (8)

Substitutingthe basicdefinition of the belief Bel backinto (8), we obtainthe im-
portantrecursve equation

Bel(x:) =n p(o:]:) /p($t|3;t_1,at_1) Bel(x-1) dxiq (9)

This equationis the recursve updateequationin Bayesfilters. Togetherwith the
initial belief, it definesa recursve estimatorfor the stateof a partially obsenable
system.This equationis of centralimportancein this article, asit is the basisfor
variousMCL algorithmsstudiedhere.

To implement(9), one needsto know two conditionaldensities:the probability
p(a¢|xi—1, a:—1), which we will refer to as next state densityor simply motion
mode| and the density p(o:|x+), which we will call perceptualmodelor sensor
model Both modelsaretypically stationary(also called:time-invariant), thatis,
they donotdependnthespecifictime¢. This stationarityallows usto simplify the
notationby denotingthesemodelsp(z’|z, a), andp(o|z), respectiely.

2.2 ProbabilisticModelsfor Localization

The natureof the modelsp(z'|z, a) andp(o|z) dependn the specificestimation
problem.In mobilerobotlocalizationwhichis thefocusof thisarticle,bothmodels
arerelatively straightforwardandcanbe implementedn a few linesof code.The
specificprobabilisticmodelsusedin our implementatiorhave beendescribedn

depthelsavhere[24]; thereforewe will only provide aninformalaccount.

The motion model, p(z'|z, a), is a probabilisticgeneralizatiorof robot kinemat-
ics [10,73]. As noticedabove, for a robot operatingin the planethe posesr and
z' arethree-dimensionalariables Eachposecomprisesarobot’s two-dimensional
Cartesiancoordinatesand its headingdirection (orientation,bearing).The value
of a may be an odometryreadingor a control command both of which charac-
terize the changeof pose.In robotics,changeof poseis called kinematics The
conventionalkinematicequationshowever, describeonly theexpectedyosez’ that
anideal, noise-freerobotwould attainstartingat =, andafter moving asspecified
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Fig. 1. The densityp(z’|z, a) after moving 40 meter(left diagram)and 80 meter (right
diagram).Thedarkera pose themorelikely it is.

by a. Of coursephysicalrobotmotionis erroneousthus,the posez’ is uncertain.
To accountfor this inherentuncertaintythe probabilisticmotion modelp(z'|z, a)
describesa posteriordensityover possiblesuccessors’. Noiseis typically mod-
eledby zerocenteredGaussiamoisethatis addedto the translationandrotation
component& theodometrymeasuremen{24]. Thus,p(z'|z, a) generalizesxact
mobilerobotkinematicgypically describedn robottextbooks[10,73]by a proba-
bilistic component.

Figurel shavs two examplesof p(z'|z, a). In bothexamplestheinitial posex is

shavn on theleft, andthe solid line depictsthe odometrydataasmeasuredby the

robot. Thegrayly shadedareaon theright depictsthe densityp(z'|x, a): thedarker
aposethemorelikely it is. A comparisorof bothdiagramgevealsthatthe mamgin

of uncertaintydepend®n the overall motion: Eventhoughthe poseof a noise-free
robotarethe samefor both motion sggments the uncertaintyin the right diagram
is largerdueto thelongeroverall distanceraversedoy therobot.

For the MCL algorithmdescribedurtherbelow, onedoesnot needa closed-form
descriptionof themotionmodelp(z'|z, a). Instead a samplingmodelof p(z'|z, a)
suffices.A samplingmodelis a routinethataccepts: anda asaninputandgen-
eratesrandomposesz’ distributed accordingto p(z'|x, ). Samplingmodelsare
usuallyeasierto codethanroutinesthatcomputedensitiesn closedform. Figure2
shawvs a samplemodelof p(z'|z, a), appliedto a sequencef odometrymeasure-
ments,asindicatedby thesolidline. As is easyto be seenthe sequencef particle
setsapproximateshedensitieof arobotthatonly measuresdometry

Let us now turn our attentionto the perceptuamodel, p(o|xz). Mobile robotsare
commonlyequippedwith rangefinders,suchasultrasonictransducergsonarsen-
sors)or laserrangefinders.Figure 3a shavs an exampleof a laserrangescan,
obtainedwith an RWI B21 robotin an environmentwhoseapproximateshapeis
alsoshavn in Figure3a. Notice thatthe rangefinder emitsa plateauof light that
covers a horizontal 180 degreerange,for which it measureghe distanceto the
nearesbbjects.



Start location

10 meters

Fig. 2. Sampling-basedpproximatiorof the positionbelieffor arobotthatonly measures
odometry Thesolid line displaysthe actions,andthe samplegepresenthe robot’s belief
atdifferentpointsin time.

For rangefinders,we decomposéhe problemof computingp(o|z) into threeparts:

(1) thecomputatiorof thevaluea noise-freesensomwould generate;
(2) themodelingof sensomnoise;and
(3) theintegrationof mary individual sensolbeamanto a singledensityvalue.

Assumethe robot’s poseis z, andlet o; denotean individual sensorbeamwith
bearinga; relative to the robot. Let g(z, ;) denotethe measurementf anideal,
noise-freesensomwhoserelative bearingis «;. Sincewe assumehatthe robotis
givenamapof theervironmentsuchastheoneshavnin Figure3a,g(z, ;) canbe
computedusingray tracing[49]. We assumehatthis “expected’distancey(z, «;)
is asufficient statisticfor the probability p(o;|x), thatis

ploilz) = ploi|g(z, ;) (10)

Theexactdensityp(o;|z) is shavn in Figure3b. This densityis a mixture of three
densitiesa Gaussiarcenteredat g(z, «;) that modelsthe event of measuringhe
correctdistancewith smalladdedGaussiamoise,anexponentialdensitythatmod-
els randomreadingsas often causedby people,and a discretelarge probability



(a) laserscanandmap

(b) sensomodelp(o;|x)
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Fig. 3. (a) Laserrangescan projectedinto a map.(b) Thedensityp(o|z), wherethe peak
correspondso the distanceanideal, noise-freesensomwould measure(c) p(o|z) for the
scarshavnin (a). Basedn asinglesensoscantherobotassignsigh likelihoodfor being
somavherein themaincorridor.
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(mathematicallymodeledby a narronv uniform density) that modelsmax-range
measurementsyhich frequentlyoccurwhena rangesensoffails to detectan ob-
ject. The specificparametersf thedensityin Figure3b have beenestimatedising
an algorithm similar to EM [15,52], which startswith a crudeinitial modeland
iteratively labelsseveral million measurementsollectedin the Smithsoniarmu-
seumwhile refiningthemodel.A smoothedrersionof thesedatais alsoshowvn in
Figure3b, illustratingthatour probabilisticmodelis highly accurate.

Finally, theindividualdensityvaluesp(o; |z ) areintegratedmultiplicatively, assum-
ing conditionalindependencbetweertheindividual measurements:

p(olz) =[] p(oilz) (11)

Clearly, this conditionalindependencean be violatedin the presenceof people
(whichoftenblockmorethanonesensobeam)In suchcasesit mightbeadvisable
to subsampleéhe sensoreadingsaandusea reducedsetfor localization[24].

Figure3cdepictsp(o|x) for thesensoiscanshovn in Figure3aandthemapshovn
in grayin Figure3c. Most of the probability massis foundin the corridorregion,
which reflectsthe fact thatthe specificsensormeasuremens morelikely to have
originatedin the corridorthanin oneof the rooms.The probability massroughly
lies on two bands,and otherwiseis spreadthroughmostof the corridor. Coinci-
dentally the densityshavn in Figure 3c is equialentto the posteriorbelief of a
globallylocalizingrobotafter perceving only onesensomeasurement.

2.3 Particle Approximation

If the statespaceis continuousasis the casein mobile robotlocalization,imple-
menting(9) is notatrivial matter—particularlyif oneis concernedboutefficiengy.

The ideaof MCL (and other particlefilter algorithms)is to representhe belief
Bel(z) by asetof m weightedsampleslistributedaccordingo Bel(z):

Bel(z)~ {:L‘(i), 'w(i)}izl,...,m

Hereeachz(?) is a sampleof the randomvariablez, thatis, a hypothesizedtate
(pose).The non-ngative numericalparameters() arecalledimportancefactors

which throughoutthis paperwill be suchthatthey sumto 1 (althoughthis is not

strictly requiredin particlefiltering). As the namesuggeststhe importancefac-

tors determinethe weight (=importancef eachsample[62]. The setof samples,
thus,definea discreteprobabilityfunctionthatapproximateshe continuouselief

Bel(x).
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Theinitial setof samplesepresenttheinitial knowledgeBel(z,) aboutthestateof
thedynamicalsystemFor example,in globalmobilerobotlocalization,theinitial
beliefis a setof posesdravn accordingto a uniform distribution over the robot’s
universe annotatedby theuniformimportancefactor#. If theinitial poseis known
up to somesmall mawgin of error, Bel(xo) may be initialized by samplesdravn
from a narrav Gaussiarcenteredn the correctpose.

Therecursve updates realizedin threesteps.

(2) Samplevt L~ Bel(rt 1) fromthe(weighted)samplesetrepresentindsel(x:_1).
Eachsuchpartlclert 1|sdlstrlmtedaccordlngothebellefdlstnbutlonBel(rt 1)-

(2) Samplc-rct ~ p(ajt|$t_1,at_1). Obviously, the pa|r<:pt ),mt_1> is distributed
accordingo the productdistribution

qt::p($t|ajt_17at_1) X Bel($t_1) (12)

In accordancavith the literatureon the SIR algorithm(shortfor: Sampling
importanceresampling)67,62,69],we will referto this distribution ¢, asthe
proposaldistribution. Its role is to “propose”’samplesf thedesiredposterior
distribution, which is givenin Equation(9); however, it is not equivalentto
thedesiredposterior

(3) Finally, correctfor the mismatchbetweerthe proposaldistribution ¢, andthe
desireddistribution specifiedn Equation(9) andrestatederefor the sample

pair (Y| .2)):

0 plor]al) p(ee? ary) Bel(z))) (13)

Thismismatchs accountedor by thefollowing (non-normalizedimportance
factor, whichis assignedo the:-th sample:

w® = p(og]ef?) (14)

Following [62], theimportancdactoris obtainedasthe quotientof thetarget
distribution (13) andthe proposaldistribution (12), up to a constantscaling
factor:
n (oo )p(ei’ ey, aim) Bel(a,)
p(:cgz) |$§Z_)1, ar—1) Bel(:cgz_)l)

Noticethatthis quotientis proportionalto (), sincer is aconstant.

=1 p(or]z”) (15)

The samplingroutineis repeatedn times,producinga setof m weightedsamples

(W|th 1 = 1,...,m). Afterwards theimportancdactorsarenormalizedsothat
they sumupto 1 andhencedefinea discreteprobabilitydistribution.

Table1l summarizeshe MCL algorithm.It is known [69] thatundermild assump-
tions (which hold in our work), the sampleset corvergesto the true posterior

12



Algorithm MCL( X, «, 0):
X' =0
fori = 0tom do
generatgandomz: from X accordingo wy, . . ., w,,
generatgandonz’ ~ p(z'|a, x)
w' = p(ofa’)
add(z', w') to X'
endfor
normalizetheimportancdactorsw’ in X'
returnX’
Tablel
The MCL algorithm.

Bel(x;) asm goesto infinity, with aconvergencespeedn O(\/LR). Thespeednay
vary by a constantfactor, which canvary drasticallydependingon the proposal
distribution. Due to the normalizationthe particlefilter is only asymptoticallyun-
biased Carehasto betakenif the numberof sampless extremelysmall(e.g.,less
than10), asthebiasincreasessthe samplesetsizedecreasesn theextremecase
of m = 1, themeasurements will plainly beignored,andthe resultingexpecta-
tion of this singlesampleas heavily biasedoy theprior. In all ourimplementations,
however, the numberof sampless sufiiciently large.

2.4 Examples

We performedsystematicexperimentsin a rangeof differentsettingsto evaluate
the performanceof MCL in practice.

2.5 Simulation

Simulationwasemployedfor evaluationsinceit allows usto freely vary key pa-
rameterssuchasthe amountof sensomoise.Furtherbelow, we will makeuseof
thisfreedomto characterizaituationsn which MCL performspoorly.

Figure4 shavsanexamplein whichasimulatednobilerobotlocalizesanobjectin
3D. In oursimulation thisrobotcandetectthe (approximate)ocationof theobject
in theimagetakenby its cameraput thelack of depthestimationin mono-vision
makest impossibleto localizethe objectfrom a singlecameramage.Insteadthe
simulatedrobothasto view the objectfrom multiple viewpoints.However, chang-
ing the viewpointintroducesadditionaluncertaintyasrobot motionis inaccurate.
Additionally, in our simulation,the visualfield of the robotis limited to a narrov

13



\
Aok
#+—— object
ow

Step34 Stepd7

obser
vation

robot

object

Fig. 4. Successfulocalizationsequencéor our robotsimulationof objectlocalization.The
final erroris 36.0cm.

regionin front of therobot,which furthercomplicateshe objectlocalizationprob-
lem. Our noisesimulationincludesa simulationof measurementoise,falseposi-
tive measuremen{®hantondetectionspndfalsengyatve measuremeni$ailures
to detectthetargetobject).To enableusto systematicallywary key parametersuch
astheperceptuahoise,ourresultsusea mobilerobotsimulatorthatmodelscontrol
error(reminiscenbf aRWI B21robot)andnoisein perceptionGaussiarposition
noise,false negatves, and false positives). Notice that this taskis more difficult
thanthefirst one,dueto theimpoverishednatureof therobotsensorsandthelarge
numberof symmetries.

Figure 4 depictsdifferent statesof global objectlocalization.Initially, the pose
of the objectis unknown, asrepresentedby the uniform samplesetin Figure 4

(first diagram).As the simulatedrobot turnsin a wide circle, unableto seethe

object(despitea handful of phantomdetections)the sampleggraduallypopulate
theunexploredpartof thestatespacgFigure4, seconddiagram) Thethird diagram
shavsthefirst “correct” objectsighting,which reinforcesthe sampleghathappen
to becloseto thecorrectobjectpose A few measurementater, repetitve sightings
of the objectleadto a posteriorshavn in the fourth diagramof Figure4. Figure5

shaws systematierror curvesfor MCL in globallocalizationfor differentsample
setsizesm, averagecdover 1,000individual experimentsThebarsin thisfigureare
confidencentervalsatthe 95%]level.

The readershouldnotice that theseresultshave beenobtainedfor a perceptual
noiselevel of 20% (for both false-ngative and false-positve) and an additional
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Fig. 5. Average error of MCL as a function of the number of simulated robot
steps/measurements.

positionnoisethatis Gaussian-distritedwith a varianceof 10 degrees.For our
existingvisionsystemtheseerrorratesaremuchlower, but maynotnecessarilype
independent.

2.6 RobotWith SonarSensors

Figure 6 shavs an exampleof MCL in the contet of localizing a mobile robot
globally in an office ernvironment.This robot, calledMinerva, is a RWI B18 robot
equippedwith sonarrangefinders.It is givena map of the ervironment.In Fig-
ure 6a, the robotis globally uncertain;hencethe samplesare spreaduniformly
throughthe free-spacdprojectedinto 2D). Figure 6b shawvs the sampleset after
approximately2 metersof robot motion, at which point MCL hasdisambiguated
therobot's positionup to asinglesymmetryFinally, afteranothe2 metersof robot
motion,theambiguityis resoled,andtherobotknowswhereit is. Themajority of
samplesarenow centeredightly aroundthecorrectposition,asshavnin Figure6c.

Of particularinterestshall be a comparisorof MCL to analternatve localization
algorithmcapableof global mobile robotlocalization.In particular we compared
MCL to grid-basedViarkov localization,our previous beststochastidocalization
algorithmandoneof the very few algorithmscapableof localizing a robot glob-
ally [7,23]. The grid-basedocalizationalgorithmrelieson a fine-grainedpiece-
wise constantapproximationfor the belief Bel, using otherwiseidentical sensor
andmotionmodels.Thefactthatourimplementatioremploysidenticalsensoland
motion modelsandis capableof processinghe samedatagreatlyfacilitatesthe
comparisonFigure7aplotsthelocalizationaccurag for grid-basedocalizationas
afunctionof thegrid resolution Noticethattheresultsin Figure7awerenotgener
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Fig. 6. Globallocalizationof a mobilerobotusingMCL (10,000samples)(a)initial parti-

cle set,uniformly distributed(projectednto 2D). (b) Particlesafterapproximately2 meters
of robotmotion.Dueto ervironmentsymmetry mostparticlesarecenteredaroundtwo lo-

cations.(c) Particle setafter moving into a room, therebybreakingthe symmetry These
experimentsverecarriedout with aRWI B21robot.
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Fig. 7. (a) Accurag of grid-basedMarkov localizationusingdifferentspatialresolutions.
(b) Accuray of MCL for differentnumbersf sampleglog scale).

atedin real-time.As shavn there theaccurayg increasesvith theresolutionof the
grid, bothfor sonar(solidline) andfor laserdata(dashedine). However, grid sizes
below 8 cmdo notpermitupdatingn real-timein the specifictestingenvironment,
even whenhighly efficient selectve updateschemesre applied[24]. Resultsfor
MCL with fixed samplesetsizesareshowvn in Figure7b. Theseresultshave been
generatedisingreal-timeconditions wherelarge samplesizes(> 1,000samples)
resultin lossof sensordatadueto time constraintsHere very small samplesets
aredisadwantageoussincethey infer toolargeanerrorin theapproximationLarge
samplesetsare also disadwantageoussince processinghem requirestoo much
time andfewer sensolitemscanbe processedhn real-time.The “optimal” sample
setsize,accordingto Figure7b, is somavherebetweenl,000and5,000samples.
Grid-basedocalization,to reachthe samelevel of accurag, hasto usegridswith
4cmresolution—whichs infeasiblegiveneven our bestcomputers.

2.7 RobotWth Upward-PointedCamern

Similar resultswere obtainedusing a cameraas the primary sensorfor localiza-
tion [12]. To testMCL underchallengingreal-world conditions,we evaluatedit
using datacollectedin a populatedmuseumDuring a two-weekexhibition, our
robot Minerva (Figure8) wasemployedasa tour-guidein the Smithsoniars Mu-
seumof Natural History, during which it traversedmorethan44km [71]. To aid
localization,Minerva is equippedwith a camerapointedtowardsthe ceiling. Fig-
ure8 shavsamosaicof themuseuns ceiling. Sincetheceiling heightis unknawn,
only thecenterregionin thecameramageis usedfor localization.

This datasetis amongthe mostdifficult in our possessiomasthe robot traveled
with speed®f upto 163cm/secWheneerit enteredbr left thecarpetedreain the
centerof themuseumit crosseca2cmbumpwhichintroducedsignificanterrorsin
therobot’s odometry Whenonly usingvisioninformation,grid-basedocalization
fatally failed to tracktherobot. This is becaus¢he enormousomputationabver-
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Fig. 8. Ceiling mapof the NationalMuseumof AmericanHistory, which wasusedasthe
perceptuamodelin navigating with a vision sensorThe mapwasacquiredusinga RWI
B18robot.

headmakest impossibleto incorporatesufiiciently mary imagesMCL, however,
succeedeth globally localizingtherobotandtrackingthe robot’s positionin this
specificdataset.Figure9 shavs a sequencef belief distributionsduringlocaliza-
tion usingMCL. However, aswewill seebelaw, in asecondlatasequenceecorded
during the museums openinghoursMCL would have failed to localize the robot
if only vision informationhadbeenused—ofcourse,n the actualexhibit [5] the
laserwasinstrumentafor localization.

3 Limitations of MCL

As noticedby several authors[17,46,58],the basicparticlefilter performspoorly
if the proposaldistribution, which is usedto generatesamplesplacestoo little
samplesn regionswherethedesiredoosteriorBel(z,) is large.

This problemhasindeedpracticalimportancein the context of MCL, asthe fol-
lowing exampleillustrates.The solid curve in Figure10 shaws, for our objectlo-
calizationexample,theaccurag MCL achieresafter 100stepsusingm = 1,000
samplesTheseesultswereobtainedn simulation,enablingusto vary theamount
of perceptuahoisefrom 50% (ontheright) to 1% (ontheleft). It appearshatMCL
works bestfor 10%to 20% perceptuahoise.The degradationof performanceo-
wardsthe right, whenthereis alot of noise,hardly surprisesThe lessaccuratea
sensarthelargeranerroroneshouldexpect.However, MCL alsoperformspoorly
whenthe noiselevel is too small. In otherwords,MCL with accuratesensorsnay
performworsethanMCL with inaccuratesensorsAt first glance this finding may
appeato bea bit counterintuitive in thatit suggestshatMCL only workswell in
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Fig. 9. Globallocalizationof a mobile robot usinga camerapointedat the ceiling. This
experimenthasbeencarriedout with the Minerva tour-guiderobot,a RwI B18 robot.
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Fig. 10. Solid curve: errorof MCL after 100 steps,asa functionof the sensomoise.95%
confidencentervals areindicatedby the bars.Notice that this function is not monotonic,
asonemightexpect.Dasheccurve: Sameexperimentwith high-errormodel. Theseresults
wereobtainedhroughsimulation.

specificsituations,namelythosewherethe sensorgpossesshe “right” amountof
noise.

Figure11 depictsanexamplerun for highly accuratesensorsn which MCL fails.
Whentheobijectis first sighted noneof the sampless closeenougho the objects
true position.As aconsequenceyiCL graduallyremovesall sampleswith the ex-
ceptionof thoselocatedin the simulatedobot’'s “deadspot; whichis the centerof
its circular trajectory Clearly, localizationfails in this example,with afinal error
of 394cm. Unfortunatelythe moreaccuratéhe sensorsthe smallerthe supportof
p(o|x), hencethemorelikely this problemoccurs.

Thereare,of coursefixes.At first glance ,onemight addartificial noiseto thesen-
sorreadingsA moresensiblestratgy would beto useaperceptuamodelp(o; |x;)
that overestimateshe actualsensomoise,insteadof addingnoiseto the sensor
measurementdn fact, sucha strat@y, which hasbeenadoptedin [21], partially
alleviatesthe problem:The dasheccurve in Figure 10b shavs the accurag if the
errormodelassumes fixed 10% noise(shavn thereonly for smaller“true” error
rates).While the performancas better this is hardlyafix. The overly pessimistic
sensomodelis inaccuratethrowing away preciousnformationin the sensoread-
ings. In fact, the resultingbelief is not any longer a posterior even if infinitely
mary samplesvereused.Otherfixesincludethe additionof randomsamplesnto
the posterior[21], andthe generationof samplesat locationsthat are consistent
with thesensoreadingd43]—astratgy thatis similarto Mixture-MCL below but
without propersampleweightingis mathematicallynot quite asmotivated.While
theseapproachebave shovn superiormperformancever strict MCL in certainset-
tings,neitherof themcanbeexpectedo cornvergeto thetrueposteriorasthesample
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Fig. 11. Unsuccessfubcalizationsequencéor our robotsimulationof objectlocalization.
Thefinal errorin this cases 394cm.

setsizegoesto infinity.

To analyzethe problemmorethoroughly we first noticethatthetruegoal of Bayes
filtering is to calculatethe productdistribution specifiedin Equation(13). Thus,
theoptimalproposadistributionwould bethis productdistribution. However, sam-
pling from this distribution directly is too difficult. As noticedabove, MCL sam-
plesinsteadfrom the proposaldistribution ¢; definedin Equation(12), anduses
the importancefactors(15) to accountfor the difference.lt is well known from
the statisticalliterature[17,46,58,69]that the divergencebetween(12) and (13)
determineghe corvergencespeedThis differences accountedy the perceptual
densityp(o:|z.): If the sensorsareentirely uninformatie, this distribution is flat
and(12) is equivalentto (13). For low-noisesensorshowever, p(o;|x:) is typically
quite narrav, henceMCL corvergesslowly. Thus,theerrorin Figure10is in fact
causedy two differenttypesof errors:onearisingfrom thelimitation of thesensor
data(=noise),andonethatarisesfrom the mismatchof (12) and(13) in MCL. As
we will shaw in this article, an alternatve versionof MCL exists that practically
eliminateshe seconcerrorsource therebyenhancinghe accurag androbustness
of theapproach.
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4 Mixtur e-MCL
4.1 TheDual of MCL

We will now derive analternatve versionof MCL, calleddual MonteCarlo local-
ization This algorithmwill ultimatelyleadto the mainalgorithmproposedn this
article,the Mixture-MCL algorithm.

Thekey ideaof thedualis to “invert” thesamplingorocessby exchangingheroles
of the proposalistribution andtheimportance‘actorsin MCL. More specifically
dual MCL generatesamplesof the state"ct by virtue of the following proposal
distribution:

plod|z)

m(0)

G = with  7(o;) = /p(0t|l’t) dxy (16)
Herethenormalizer(o;), is assumedo befinite, whichindeedis thecasefor mo-
bile robotlocalizationin environmentsof boundedsize.Dual MCL canbeviewed
asthelogicalinverseof thesamplingn regularMCL: Rathetthanguessinghestate
:1:,(52) andthenusingthe mostrecentobsenationto adjusttheimportanceof aguess,
dualMCL guessestatesorrespondingo the mostrecentobsenation,andadjusts
theimportanceactorin accordancevith theprior belief Bel(z;-1). Consequently
thedual proposalistribution possessesomplimentarystrengthandweaknesses:
while it is idealfor highly accuratesensorsits performances negatively affected
by measurememntoise.The key advantageof dualMCL is thatwhenthe distribu-
tion of p(o|z) is narrav—whichis the casefor low-noisesensors—duadampling
canbemoreeffective thanconventionalMCL.

4.2 ImportancefFactors

We will now provide threealternatve waysto calculatethe importanceactorsfor
¢:- Thefirstis mathematicallyhe mostelegant,but for reasongletailedbelow it is
not well suitedfor mobile robotlocalization.The othertwo requirean additional
smoothingstep.Bothwork well for mobilerobotlocalization.

4.2.1 Appoact 1l

(ProposedbyArnaudDoucet personatommunlcatlon)rheldeals todrav random

palrs<r§ ), z,” 1> by sampllngrt asdescribedabore, and;ct , by drawing from
Bel(x;-1). Obviously, thecombinedoroposadistributionis thengivenby
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_ P(0t|55t)
qi1,:=
m(ot)

x Bel(xi_1) (17)

andtheimportancdactorsaregivenby

w® :P(xy”fcgi—)h ae-1) -

To seethe latter, we noticethatthe importancefactoris the quotientof the target
distribution (13) andthe proposaMistribution (17), up to a scalingfactor:

(i) -
plos|x i g Dl ‘
[M Bel(af) >] 7 poudel?) p(ePlef, aims) Bel(ald)

(o)

= pee? a 1) 7(0)
o< p(aia), ary) (19)

This approachs mathematicallymore elegantthanthe two alternatvesdescribed
below, in thatit avoidsthe needto transformsamplesetsinto densitiegwhich will
bethecasebelon). However, in thecontext of globalmobilerobotlocalization the
importancefactorp(x,(f)|at_1,:cf_)l) will be zero(or vanishinglysmall) for mary
posepairs(:c,ﬂi), ;cff_)l>. Thisis becausd is unlikely thatindependentlgravn poses
x,(fi) andx,ﬁi_)1 are“consistent’with theactiona;_; underthemotionmodel.We have
thereforenotimplementedhis approachHowever, for otherestimationproblems
usingparticlefiltersit mightwork well, whichis thereasonwhy it is describedn
thisarticle.

4.2.2 Appoac 2

The secondapproactseeksto calculateimportancefactorsfor samplesmff) more
directly. This approachrequiresa separatdorward phase,jin which an auxiliary
densityfunctionis constructedhatis subsequentlyisedto calculateimportance
factors.

In the forward phase our approacrgeneratesamplesﬂc,ﬁi)lNBel(:z;t_l) andthen
D op(ze]2?) a,_1). As is easily seen eachresultingsamplez!” is distributed
accordingo p(x¢|a;—1, do. +—1). Togetherthey representherobot’s beliefattime
befoeincorporatinghesensomeasurementy,. Belief distributionsof thistypeare
oftenreferredto aspredictivedistributionsin the Kalmanfiltering literature[51],
sincethey representhepredictionof stater; basedntheactiona,_; andprevious
data,but beforeincorporatingthe sensormeasuremerdt time ¢. To usethis dis-
tribution for calculatingimportancefactors,the ‘trick’ is to transformthe samples
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=19 into a kernel densitytree (kd-tree)[3,53] that representshe predictive dis-
trlbutlon pla|a—1,do. 4—1) N closedform Usingthis tree,we cannow calculate
(xt la;—1,do. +—1) fOr ary samplext generatedby the dualsampler

We now have all piecestogetherto definethe secondversionof the dualsampler

Similar to the previous approachsamples#) aregeneratedccordingto the pro-

posaldistribution ¢;; = ¢ asdefinedin Equation(16). However, insteadof sam-
pling from Bel(x;_;), thisapproachdirectly assignsmportanceactorsto samples
=) usingthekd-treethatrepresents

w® = p(a:gi) ai—1,do. 1) -

To verify the correctnessf this approachye noticethatthe quotientof the Bayes
filter targetdistribution (9) andthe proposabistribution (16) is indeedproportional
to theimportanceactorsw(®.

- R

(2
Ot| X i i
PO ponfaf®) [ plel s, ) Bel(rios) daey
| (o) ]

_P(0t|$§i))_ - () ()
= 77P(0t|55t )P(It |at—17d0...t—1)
m(04)

=n 7T(0t) p(fcgi”at—la do...t—1) (22)

In comparisorto thefirst approachdiscussedhere this approactavoidsthedanger
of generatingpairsof poses(z!”, 2"} for whichw( = 0. On the otherhand, it
involvesanexplicit forwardsamplingphasehatrequirestheinductionof a proba-
bility densityfunctionfrom samplesusinga kd-tree.Theinductionstepsmoothes
the resultingdensity which reduceghe varianceof the estimation.However, the
primaryrole of convertingsamplesnto kd-treeds thatit facilitatesthe calculation
of theimportanceweights.

4.2.3 Appoad 3

The third approachavoids the explicit forward-samplingphaseof the secondap-
proach,but it tendsto generatesmallerimportancefactors.in particular the third
approacttransformshe initial belief Bel(x;_;) into a kd- tree ,very muchlike in
theforvvardphaseof thesecondapproachkor eachsamplert ~@;, Oonenow draws
asamplext_1 from thedistribution
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Algorithm dual MCL _3(X, «a, 0):
X' =0
generateéd-treeb from X
fori =0tom do
generatgandonz’ ~ p(z'|o) /7 (0)
generateandonu: ~ p(z'|a, ) /7 (z'|a)
w' = b(z)
add(z', w') to X'
endfor
normalizetheimportanceactorsw’ in X'
returnX’
Table2
ThedualMCL algorithm(third approach).

P(lﬂgi) |$t—17 Gt—1)

7T(:l:,@|at_1)

(22)

where

W($£i)|at—1) :/P(l’gi)ﬁt—l,at—l) dxi_y (23)

As above, we assumehatthe integral (" |a,_,) is finite, which is trivially the
casen the context of mobilerobotlocalization.

In otherwords,our approacrprojectsfz:f) backto apossiblqoredecessqmoser,ﬁi_)l.
Consequentlythe pair of poses<;z:§2) , $£Z_)1> is distributedaccordingo the proposal
distribution

G = plog|ze) y plae|@i1, ai1) 24
(o) m(xe|as—1)

which givesriseto thefollowing importancdactor:

w = Bel(z!",) (25)

To see,we noticethat w( is proportionalto the following quotientof the target
distribution (13) andthe proposaMdistribution ¢; ; specifiedn (24):

. . . 1
plodal) plet 2, ary)

(o) (e lary)

n P(0t|$£i)) p(ivf)kvf_)l, at—l) Bel(;z:gi_) )
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Fig. 12.Error of dualMCL asafunctionof thesensomoise.Theerrorappearso increase
monotonicallywith thesensomnoise but the overall errorlevel is high. Comparehis graph
to Figure10. Theseresultswereobtainedhroughsimulation.

= 7(o) (2" |ar_y) Bel(z!),) (26)

When calculatingw(®, the term Bel(z(",) is calculatedusing the kd-treerepre-
sentingthis belief density In our derivation, we silently assumedhat the term
w(xff) la;—1) is aconstanthencecanbeomitted.Thisis indeedavery goodapprox-
imation for mobile robot localization,althoughin the generalcaseof dynamical
systemghis assumptioimay not bevalid. Table2 shavs thealgorithmthatimple-
mentsthis specificversionof dualMCL.

4.2.4 Performance

Thereadershouldnoticethatall threeapproachesequirea methodfor sampling
posedrom obsenationsaccordingto ¢;—which canbe non-trivial in mobilerobot

applications.The first approachis the easiestto implementand mathematically
moststraightforwardHowever, asnotedabove, we suspecthatit will beinefficient

for mobilerobotlocalization. The two otherapproachesely on a densityestima-
tion method(suchaskd-trees) Thethird alsorequiresamethodfor samplingposes
backwardsn time,whichfurthercomplicatests implementationHowever, thesu-

periorresultsgivenbelon maywell makethis additionalwork (i.e.,implementing
thedual)worthwhile.

Unfortunately dual MCL aloneis insufficient for localization.Figure 12 depicts
the performancef dualMCL usingthethird approachunderthe sameconditions
thatled to the MCL resultsshavn in Figure10. In bothfigures,the horizontalaxis
depictsthe amountof noisein perceptionandthe vertical axis depictsthe error
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Algorithm Mixtur eMCL( X, a, 0):
X' =0
generateéd-treeb from X
fori =0tom do
with probabilityl — ¢ do
generateandomx from X accordingo wy, . . ., w,,
generateandon’ ~ p(z'|a, x)
w' = p(ofz)
add(z', w') to X'
elsedo
generateandon’ ~ p(z'|o) /7 (0)
generateandomz ~ p(z'la, z)/7(2']a)
w' = 7(o) w(2'|a) b(x)
add(z', w') to X'
endif
endfor
normalizetheimportanceactorsw’ in X'
returnX’
Table3
The Mixture MCL algorithm,hereusingthethird variantof dualIMCL (seeTable2).

in centimetersaveragedover 1,000independentuns.Two thingsareremarkable:
First, the accurag is nov monotonicin perceptuahoise:More accuratesensors
give betterresults.Secondhowever, the overall performances muchpoorerthan
thatof conventionalMCL. Thepoorperformancef dualMCL is dueto thefactthat
erroneoussensomeasurementsave a devastatingeffect on the estimatedoelief,
sincealmostall samplesaregenerate@tthe“wrong” place.

4.3 TheMixture-MCL Algorithm

In mary practicalsituationsplain MCL will work sufficiently well. However, as
the experimentalresultssuggestneitherversionof MCL alone—theplain MCL
algorithmandits dual—delverssatisfactoryperformancen certainsituationsThe
plainMCL algorithmfailsif theperceptualikelihoodis too peakedThedualMCL
only considerghemostrecentsensomeasuremenhences proneto failure when
thesensordail, regardlesof which of thethreealternatvesis usedto calculatam-
portanceactors.However, eachapproacthascomplimentarystrengthsandweak-
nessessuggestinghata combinationof bothmightyield superiomperformance.

Mixture-MCL, thefinal algorithmdescribedn this paper memgesbothapproaches.
In Mixture-MCL, samplesaregeneratedby bothplainMCL, and(oneof) its duals,
with a mixing rateof ¢ (with 0 < ¢ < 1). Thisis achiezed by generatingeach

27



1. 2. 3. 4. 5. 7. 10. 20. 30. 40. 50.
500 — T T — T T T T —

N w B
o o o
o o o

error (in centimeter)

=
o
o

1. 2. 3. 4. 5. 7. 10. 20. 30. 40. 50.
sensor noise level (in %)

Fig. 13. Error of Mixture-MCL, combiningregular and dual importancesampling.Mix-
ture-MCL outperformsboth componentdy a large magin, andits erroris monotonicin
the sensomoise.Thick line: secondapproachthin line: third approactor dual sampling.
Comparehis graphto Figures10and12. Theseresultswereobtainedhroughsimulation.

samplewith probability 1 — ¢ usingstandardMCL, andwith probability ¢ usinga
dual.

Table 3 stateghe Mixture-MCL algorithm,usingthe third variantfor calculating
importancefactorsin the dual. As is easyto be seenthe Mixture-MCL algorithm
combineghe MCL algorithmsin Table1 with thedualalgorithmin Table2, using
the (probabilistic)mixing ratio ¢. With probability1 — ¢, MCL's samplingmecha-
nismsis usedto generatea nev sample Otherwise samplesaregeneratedia the
dual. Notice that both typesof samplesare addedto the samesamplesetbefoe
normalization.To makethe two typesof importancgactorscompatiblejt is nec-
essaryto multiply theimportanceactorsof thedualsampledy = (o) (z'|a), when
comparedo the algorithm statedin Table 2. To seewhy, we notice that Equa-
tion (15) suggestshat the importancefactorsfor plain MCL shouldbe np(o|z).
Similarly, the importancefactorsof the third versionof the dual were derived as
nm(o)m(z'|a)b(x), accordingto Equation(26), whereb denoteghe treegenerated
from the correspondindpelief Bel. Sincethe constant; occursin bothof versions
of MCL, it cansafelybe omitted.Thus,anappropriatemportancegactorfor sam-
plesgeneratedby regularMCL is p(o|2’), andnw (o) (2'|a)b(x) for samplegyener
atedby its dual.In ourimplementationye approximater (o)x(z'|a) by aconstant.

Figure 13 shaws resultsobtainedin simulation.Shovn thereare performancee-
sultsof Mixture-MCL, usingthe secondthick line) andthird (thin line) variantof
thedualfor calculatingmportancdactors All experimentauseafixedmixing ratio
¢ = 0.1, andareaveragedover 1,000independenéxperimentsper datapoint. A
comparisorwith Figure10suggestshatMixture-MCL is vastlysuperiorto regular
MCL, andin certaincasegeduceghe errorby morethanan orderof magnitude.
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Theseresultshave beenobtainedwith thethird methodfor calculatingimportance
factors.In our simulationexperimentswe found that the secondapproactyields

slightly worseresults but the differencewasnot significantat the 95% confidence
level.

5 Sampling From The Dual ProposalDistrib ution

For somesensorssamplingfrom the dual proposaldistribution g canbe far from
trivial. For example,if themobilerobotusesproximity sensor&ndametricmapas
describedn Section2.2, samplingfrom the inverse,q is not straightforwardThe
readermay recall that Section2.2 outlinesa closed-formroutine for computing
the forward model p(o|z), which acceptsboth the posex and an obsenation o
as an input. However, dual MCL requiresus to sampleposesz from a density
proportionalto p(o|z), givenjustthe obsenationo asaninput. In otherwords,we
arein needof a routinethatacceptsa rangescanoe asinput, andwhich generates
posest.

Thekey ideahereis to “learn” a samplingmodelof the joint distribution p(o, x)
from data,suchthatsamplesf the desiredproposalistribution canbe generated
with ease The specificrepresentatioghosenhereis againa setof kd-treeseach
of whichmodelsp(o, ) for asubsebf “similar” obsenationso, andeachof which
recursvely partitionsthe spaceof all posesn away thatmakest easyto sample
from g = p(o|z)/7(0).

Thedatausedto constructhetreesaresamplesz, o) of poses: andobsenrationso
thataredistributedaccordingo thejoint distribution, p(x, o). Therearetwo waysto
samplegromthejoint: (1) syntheticallyusingtheexisting probabilisticmodels and
(2) usingthe physicalrobotto gatherdata(andthe probabilisticmodelto augment
suchdata).

e Thesyntheticsamplingschemas relatively straightforwardTo generatesingle
samplejoint canbedonein two cascadedamplingsteps

(1) aposex is sampledrom auniformdistribution,and

(2) for this pose anobsenationis sampledaccordingto p(o|x).
Samplingis repeateduntil a suficient numberof sampleshasbeengenerated
(e.g.,amillion). Obviously, theresultingsamplesetrepresentthejoint distribu-
tion p(z, 0).

¢ An alternatve way to generatesamplesof the joint is to usedata collectedby
a physicalrobot This approachs preferableif one cannoteasily samplefrom
the perceptuaimodelp(o|x)—asis actuallythecasein our existing softwareim-
plementationfixessuchasrejectionsampling[69] areinefficient). In general,
samplingfrom the perceptuamodelis particularlydifficult whenusingcameras,
sincethisis aproblemsimilarto thecomputegraphicgproblem.Luckily, sensor
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measurements randomlycollectedby a robot are samplesof p(0), assuming
thatthe robotis placedrandomlyin its environment.However, robotsare usu-
ally unableto measureheir poses—otherwistherewould not be alocalization
problem.
Luckily, importancesampling[62] offers a solution. The following routine
generatesampledrom thedesiredoint distribution:
(1) Generatanobsenationo usinga physicalrobotin aknown ervironmentwith
arandom(but unknown) pose.
(2) Generatea large numberof posest accordingto a uniform distribution over
thesetof all robotposes.
(3) For eachposexz, computethe importancefactor p(o|z) usingthe perceptual
modeldescribedn Section2.2.
Samplesz, o) generatedisingthisapproachalongwith theirimportancdactors
p(o|x), approximatehejoint p(o, x).

Equippedvith samplesepresentinghejoint distribution,let usnow turnouratten-
tion to learningtreesthat permitfastsamplingfrom the dual proposaldistribution
g- Again, thereare multiple optionsto generatesuchtrees.In our approachthe
sensomeasurementsaremappednto alow-dimensionafeaturevector For laser
rangescansagoodsetof featureds thefollowing three:

e Thelocation of a sensorscans centerof gravity, relative to the robot’s local
coordinatesystemThecenterof gravity is obtainedy connectingheend-points
of theindividual rangemeasurementndcalculatingthe centerof gravity of the
enclosedareain 2D, relative to the robot’s location.Its locationis encodedn
polarcoordinategtwo parameters).

¢ Theavemgedistancaneasurementyhichis asinglenumericalparameter

Togetherthesethreevaluesaretreatedike suficientstatistics thatis, we assume
it sufficesto know f(o) to samplez, hence

plolz) — p(f(o)|z) (27)

m(o)  w(f(o)

A discretegrid is thenstipulatedover thesethreevaluesandakd-treeis grown for
every (discrete)combinationof the featurevaluesf (o). Eachtree,thus,is condi-
tionedon f(o0) (andhenceon o). The depthof the treedependn the total likeli-
hoodof aregionin posespacethe morelikely a posegivena specificobsenation
f(o), the deepetthe tree (andhencethe smallerthe region coveredby thatleaf).
Samplingfrom a treeis very efficient, sinceit only involvesa small numberof
randomcoinflips.

Figure 14 illustratesour samplingalgorithmin practice.Showvn in Figure 14ais
an examplerangescanalong with an occupang grid map [19,54] as described
in Section2.2. From this scan,our approaclextractsthe threefeaturesdescribed
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Fig. 14. Samplingfrom a distribution proportionalto p(z|o): (a) examplerangescanand
map, (b) treethat partitionsthe statespacefor this scan,and(c) samplesof posest gen-
eratedfrom the tree.The underlyingdatawascollectedby the Minerva data,a RWI B18

robot.
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Fig. 15. Error of MCL (top curve) and Mixture-MCL (bottom curve) with 50 samples
(insteadof 1,000)for eachbelief state Theseresultswereobtainedhroughsimulation.

above (centerof gravity, averagedistance).Figure 14b shaws the tree that cor-
respondgo thesefeatureswhich partitionsthe statespacerecursvely into small
hyperrectangularegions.Samplingfrom this treeyields samplesetslike the one
shavnin Figurel4c.

The tree constructecherecanbe built off-line, beforerobot operation.This s in
contrasto thetreesusedto represenbeliefsin Mixture-MCL, which mustbebuilt
on-lineaftereachbeliefupdateThisdistinctionis importantwhenconsideringun-
ning timesof the differentvariantsof MCL. Becauseébuilding a treerepresenting
p(o, z) is anoff-line operationjt doesnot factorinto therunningtime of thealgo-
rithm. It shouldbenoted however, thatthetreesignificantlyincreaseshe memory
requirement®f the approachFor example,the treefor generatingsamplesrom
laserrangescansin the museumervironmentrequiresapproximately80 MB of
memory

6 Experimental Results

Systematiexperimentatesultsvereconductedo evaluatetheadvantageof Mixture-
MCL to regularMCL underawide rangeof circumstanceslhecomparisonsvere
carriedout for a rangeof localization problems,with an emphasison the more
difficult globallocalizationproblemandthe kidnappedobot problem.As above,
realrobotexperimentsvereaugmentdy systematisimulationresults wherekey
parametersuchasthe amountof sensomoisecould easily be controlled.When
emulatinggloballocalizationfailuresin the kidnappedobotproblem.,it is impor-
tantthatthe tree usedfor calculatingimportancefactorsin the dualfilter be non-
zeroeverywhere.This wasachieved by usinga Dirichlet prior for estimatingthe
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Fig. 16.Kidnappedobotproblem:Localizationerrorasafunctionof time, for threediffer-

entapproachesvICL (thin curwe), MCL with addedrandomsampleqdashecture), and
Mixture-MCL (thick curwe). At time ¢ = 100, the robotis tele-portedto a randompose
without beingtold. As theseresultssuggestMixture-MCL is mostefficientin recovering
from thisincident. Theseresultswereobtainedhroughsimulation.

probabilitiesin theleavesof thetree.

6.1 Simulation

Figure 13 shaws the performanceof Mixture-MCL, underconditionsthatare oth-
erwiseidentical to thosein Figures10. As theseresultssuggestour nev MCL
algorithmoutperformsboth MCL andits dual by a large mamgin. At every single
noiselevel, our new algorithmoutperformgts alternatvesby a factorthatranges
from 1.07(highnoiselevel) to 9.7 (low noiselevel). For example atanoiselevel of
1%, Mixture-MCL algorithmexhibits anaverageerrorof 24.6cm, whereasMiCL's
erroris 238cm andthat of dual MCL is 293cm. In comparisonthe averageerror
with noise-freesensor@andthe optimalestimatoris approximatelyi 9.5cm.

Mixture-MCL degradesgracefullyto very small samplesets.Figure 15 plots the
error of corventionalMCL (top curve) andMixture-MCL (bottomcurwe) for dif-
ferenterror levels, usingm = 50 samplesWith only 50 samplesyegular MCL
basicallyfails to track the robot’s positionin our simulation. Mixture-MCL ex-
hibits excellentperformanceandis only slightly inferior to m = 1,000 samples.
Vieweddifferently, thesdindingssuggesthatMixture-MCL is computationallyan
orderof magnitudemoreefficientthancorventionalMCL.

Finally, Mixture-MCL tendgo exhibit superiomperformancen thekidnappedobot
problem.Figure 16 shavs the averagelocalizationerroraveragedover 1,000sim-
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Fig. 17. Estimatedoathof the Minervarobotin the SmithsoniarMuseumof NationalHis-
tory.

ulationruns,asa function of time. The threedifferentcurvesin thatfigure corre-
spondto threedifferentalgorithms:MCL (thin curve), MCL with addedrandom
samples(dashedcurwe), and Mixture-MCL (thick curwe). At time step 100, the
simulatedrobotis kidnappedit is tele-portedo arandomposewithout beingtold.
As arguedin the introduction,kidnappingis a way to testthe ability of a local-
izationalgorithmto recover from catastrophidailures.As theresultsin Figure16
suggestMixture-MCL recoversfasterthanary alternatve MCL algorithm,despite
thefact thatwe optimizedparametersuchastheratio of randomsamplesefore-
hand.Regular MCL fails entirelyto recover from the kidnapping sinceit tendsto
lack samplesat the new robot pose.The addition of randomsamplesovercomes
this problem,but is inefficient. Mixture-MCL placessamplesmore thoughtfully,
whichincreaseds efficiengy in recoveringfrom kidnapping.

6.2 RobotWth LaserRangeFinder

Mixture-MCL hasalsobeenevaluatedusingdatarecordedy Minerva. As outlined
above, thedatacontaindogsof odometrymeasuremen@ndsensoiscandakenby
Minerva’'stwo laserrange-findergsee22] for details).Figurel7 shavs partof the
mapof the museumandthe pathof therobotusedfor this evaluation.

As alreadyreportedin Section2.4, conventionalMCL reliably succeed# local-

izing therobot. Thus,our attentionhereis to evaluateMixture-MCL for the kid-

nappedobotproblem.To doso,werepeatedlyntroducecderrorsinto theodometry
information.Theseerrorsmadetherobotlosetrackof its positionwith probability
of 0.01whenadwancingonemeter
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Fig. 18. Performancef corventional(top curwe), corventionalwith randomsamplegmid-
dle curve) andmixture (bottomcurve) MCL for thekidnappedobotproblemin the Smith-
sonianmuseumThe errorrateis measuredn percentag®f time duringwhich the robot
losttrackof its position.Theseresultswereobtainedusinga physicalrobot.

Figurel8shavs comparatre resultsfor ourthreedifferentapproachestheerroris
measuredy the percentagef time, duringwhich the estimatedoositiondeviates
by morethan2 meterdrom thereferenceosition.Obviously, Mixture-MCL yields
significantlybetterresults gvenif plainMCL is augmentedyy 5%randomsamples.
Mixture-MCL reduceghe errorrateof localizationby asmuchas70% morethan
plain MCL; and32% whencomparedo the casewhereplain MCL is augmented
with uniform samplesTheseresultsaresignificantatthe 95% confidencdevel.

6.3 RobotWth Upward-PointedCamen

We alsocomparedMixture-MCL in the contet of visuallocalization,usingonly

cameramageryobtainedwith therobotMinervaduringpublicmuseunhours[12].

Notice that this datasetis not the sameas the one usedabove; in particular it

containsanuneplained,unnaturallylarge odometryerror, which occurredor un-
known reasonslin this particularcase the odometryreportedbackby the robot’s
low-level motioncontrollerjumpedby alargemount.We suspecthattheerrorwas
causedy anoverflow in thelow-level robotmotioncontrol software whichis in-

accessibléo us.Sincewe did notexpectsuchanerror, our softwaredid not check
for unnaturallylarge odometryreadingsandacceptedt asif it wascorrect.Such
an error, whatever it's cause jnducesa kidnappedrobot problem.Moreover, the
imagesequencesedfor evaluationis of poorquality, aspeopleoftenintentionally
coveredthe camerawith their handandplaceddirt onthelens.

Figure19 shavs two samplesets(largeimages) superimposedn the ceiling mo-
saic, which have beengeneratedoy Mixture-MCL during localization. Arrows
mark samplegyeneratedby theregularMCL samplerNext to thesediagramsthe
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Fig. 19. Two samplesetsgeneratedy Mixture-MCL, alongwith the mostrecentcamera
image(centeregion of theimageonly). Thearrovs markthe samplegeneratedisingthe
cornventionalMCL sampleywhereasheothersamplesregeneratety thedual.ln (a),the
mostrecentcamerameasuremerguggestshat our Minerva robotis neara ceiling light,
whereasn (b) themeasuremerduggests locationin thecenteroctagon.

centerregionsof themostrecentcameramagesareshavn (smalldiagrams)which
areusedfor generatingsamplesn thedualfilter. In Figure19a,the mostrecentm-
agesuggestshattherobotis undera ceiling light. Consequentlythe dualsampler
generatesamplescloseto light sourcesin Figure 19b,the camerameasurement
is considerablydark, suggesting locationin the centeroctagon.Notice that we
changedhe brightnessf the ceiling mapto increasehe visibility of thesamples;
theauthenticceiling mapis shovn in Figure8.

Figure20depictsthelocalizationerrorobtainedvhenusingvisiononly (calculated
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Fig. 20. Plain MCL (dashedcurne) comparedo Mixture-MCL (solid line). Shavn here
is the error for a 4,000-seconepisodeof camera-basetbcalizationin the Smithsonian
museumuysingtherobotMinerva.

using the localizationresultsfrom the laseras groundtruth). The datacovers a
period of approximately4,000secondsduring which MCL processes total of
20,740images After approximately630 secondsthe aforementione@rrorin the
robot’s odometryleadsto a loss of the position.As the two curvesin Figure 20
illustrate,regularMCL (dashecturwe)is unableto recoserfrom thisevent,whereas
Mixture-MCL (solid curve) recovers. For this dataset, MCL with addedrandom
sampleperformssimilarly well asMixture-MCL. Theseresultsarenot statistically
significantin thatonly asinglerunis consideredbut they confirmourfindingswith
laserrangefinders,indicating that Mixture-MCL is indeeda robust localization
method.

6.4 RunningTimes

A final issueaddressedh our experimentsconcernghe runningtime of MCL al-
gorithms.Clearly, the absolutetime dependson a variety of factors,suchasthe
numberof samplesthe natureof the probabilisticmodelsandthe sensordata,the
amountof pre-processingequired(e.g.,for extracting featuresfrom cameraim-
ages)andthe underlyingcomputermplatform. The numbersdiscussedn this sec-
tion shedsomelight onto the relative requirementof MCL and Mixture-MCL.
They alsoillustratethat MCL methodscanbe implementechighly efficiently, re-
quiring only a small fraction of the computationaresource®f a typical PC. All

resultsreportedherewere obtainedwith a PentiumPC runningat 500 MHz and
equippedwith sufficientRAM to hold all datain mainmemory

Figure 21ashaws the time requiredfor a full MCL updateas a function of the
numberof samplesfor our robot simulation.The solid line in Figure2lacorre-
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Fig.21.(a) Time(in second®na500MHzPentiumPC)requiredfor onefull beliefcompu-
tationusingregularMCL (dashedine) andMixture-MCL (solidline), plottedasafunction
of the numberof particles.(b) Percentagef time spentgeneratingdensitytreesin Mix-
ture-MCL. All resultsareaveragedover 1,000updatesusingtherobotsimulator

spondsto regular MCL, whereaghe dashedine shaws the time requiredto run
Mixture-MCL. Both coordinateaxesarelogarithmic.Thetime measuremens ap-
proximatelylinear, asone would expectwhenincreasinghe numberof samples.
With m = 1,000, regular MCL consume®n averages.56 - 10~2 secondgperup-
date.Mixture-MCL with mixing ratio ¢ = 0.1 requiresl.02 - 10~% secondswhich
is19.1% slowerthanregularMCL. Thisresultappearso beinvariantto themixing
ratio ¢ aslongas¢ > 0. Form = 1,000, 29.7% of thetotal time is spenton con-
structingthe kd-tree.Figure21bplotsthefractionof time spentbuilding thetreein
Mixture-MCL for differentsamplesetsizesm. As canbeseerthere the curvefirst
decreasewith increasingsamplesize(from 48.9% for m = 100 samplego 28.7%
for m = 5,000). For m = 10,000 samplesthe percentageéncreaseslightly (to
31.1%), anincreasehatis statisticallysignificantatthe 95%level. Theexactcause
of this non-monotonidehaior is unknavn to us; we attributeit to sideeffectsof
thePCarchitecturge.g.,computingwith cacheversusmainmemory).

The timing resultsof our physicalrobotimplementatiorare similar. The running
timesfor the MCL implementatiorusingrangedataareshawn in Figure22. This
diagramshavsthecomputatiortime ona500MhzPentiumPC,asafunctionof the
samplesetsize,both plottedin logarithmicscale. The computatiortime is broken
town into the two basiccomponentsthe integration of odometrymeasurements
(curve markedwith solid blacksquares)andtheintegrationof rangedata(all other
curwes). For example,with m = 1,000 samplesboth typesof updatescan be
performedn lessthanfive thousand®f asecondyhichis approximately0times
fasterthansensodataarrives.

Figure22 shaws four differenttiming graphsfor integratingrangemeasurements.
Thesecorrespondo differentsensorglaserversussonar)anddifferentimplemen-
tations.Thetop two curvesin Figure22 depictthecomputatiortime for a straight-
forward implementatiorof MCL. This implementatiorcalculateshe distanceto
thenearesbbstacleon-line, while integratingsensodata.Two of thethreebottom
curves shav the computationtime for an implementationwherethesedistances
are pre-computedandstoredin a large table (see[24] for more details).By pre-
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Fig. 22. Processotime requiredby our MCL implementatiorusingrangedata.Theresults
arebrokendown into the predictionstep(bottomcurve), whereodometrydatais processed
by samplingnew posesandthe obsenationstep(top curwe), whererangedatais incorpo-
ratedinto the importanceactors.Notice that both axesarelogarithmic. The barsindicate
95% confidencentervals.

calculatingthesedistancesthe integrationof sensormeasurements spedup by
afactorof 16.9.The downsideof this techniquds its memoryrequirementyhich
lies betweerbOMB and200MB for indoormapslike the onesshawvn in this paper
The differencein computationtime betweenlaserand sonardata,which canbe
obseredregardlessof whetheror not distancesre pre-computedstemsfrom the
factthattherearemary morelaserbeamgerscanthantherearesonabeamsOur
currentsoftwareintegrates60 individual lasermeasurement®r eachlaserscan,
comparedo 12 individual sonatmeasurementser sonarscan.

All theseresultswere obtainedfor samplesetsof fixed size. We notice that our
physicalrobot implementationof MCL generatesamplesetsof variablesizes,
drivenby events.More specifically our implementatiorgeneratesampleuntil a
new sensomeasuremertecomeswvailable(upto amaximumnumbernf samples).
The advantageof suchanimplementations its adaptvity to the availablecompu-
tationalresourcesSuchresource-adapte algorithmsaresometimeseferredto as
any-timealgorithms[11,76]. They have theadvantagehatwhenportedto a differ-
entcomputer(e.g.,anew, fasterPC),they canexploit theadditionalcomputational
power without ary modificationto the programcode.An argumentin [5] empha-
sizestheuseof resource-adapte algorithmsasageneriadesignprincipleof mobile
robotsoftware.
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7 RelatedWork

Mobile robotlocalizationis a fundamentaproblemin mobile robotics,which has
receved considerablattentionover the pastdecade$4,10,25,31,41,45,59,65,74].
As arguedin theintroductionof thisarticle,thevastmajority of work focusesnthe
positiontrackingproblem,whereerrorsareassumedo be small. Most approaches
are incapableof recovering from localizationfailures, thoughmethodsexist for
detectingsuchconditions.Usually, failuresof the localizationcomponentequire
thatarobot's positionbe enterednanually

Approacheshatsolve the globallocalizationandthekidnappedobotproblemare
relatively recentandthey commonlyrely on Bayesfiltering with multi-modalden-
sity representationgust like MCL. A recentarticle [24] givesa comprehense
overview of algorithmsfor mobile robotlocalizationwith mary referencesAs ar-
guedin theintroductionof thisarticle,thereareseveralalternatvesto theapproach
proposedchere.Among the mostprominentonesare probabilisticalgorithmsthat
use piecavise constantfunctionsand Gaussiarmixturesto representhe robot’s
belief. The formerareknown asMarkov localizationalgorithms,andthe latterare
oftenimplementedasmulti-hypothesiKalmanfilters. All of theseapproachesan
bederivedfrom the Bayesfilter describedn Section2.1,whichis alsothe mathe-
maticalbasisof the variousMCL algorithmspresentedn this article. Thus,all of
thesealgorithmssharethe samemathematicabasis.

Examplefor approximatinghe posteriorusingpiecavise constantiensitiesanbe

foundin [7,24,30,36,40,50,55,56,66,70lany of theseapproachespproximate
the belief using topological representationsf robot ervironments.In suchrep-

resentationsthe environmentis decomposeadnto a small numberof significant
placeswhosesize andlocationdependsn the structureof the ervironment.The

belief distribution is approximatedy a finite distribution parameterizedby these
placessometimeslongwith the headingdirection.In [24], a variantis described
that usesa fine-grainedmetric grid to representhe belief. Sincethe belief space
is three-dimensionathe size of the grid is immense.Thus,[24] presentsan ap-

proximateupdatingalgorithmthat restrictsupdatesto a small subsetof all grid

cellsthataredeemedmostrelevant. This ideais carriedfurtherin [6], which pro-

posesto usetreesfor representingeliefs. Thesetreesrepresenprobability den-

sitieswith varying resolution,so that morelikely regionsare approximatednore

accuratelysimilarto thekd-treeggeneratedrom sampledor dualMCL). All these
approachesliffer from the MCL family of algorithmsin thatthey useparametric
representation3.hey aredifficult to implementf high accurag is neededbut to-

day’s bestimplementationyield someavhatinferior performanceassuggestedy

thecomparisonn Section2.6.

Localizationalgorithmsbasedon the multi-hypothesiKalmanfilter [1,2] repre-
sentbeliefsusingmixturesof Gaussian$9,34,60,61].To calculatethe covariance
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matricesof theindividual Gaussiaimmixture componentsthe Kalmanfiltering ap-
proachlinearizeghe motionmodelandthe perceptuamodel(see[35] for arecent
non-linearextensionof Kalmanfilters). It alsoassumeshaterrorsin sensomea-
surementsnd robot motion are GaussianFor mostrobot sensorsmeasurement
noiseis not GaussianTherefore Kalmanfiltering algorithmsusually do not use
raw sensordatafor localization.Instead,they extract featuresfrom which robot
posesanbe estimatedvith (assumedizaussiamoise[9,34,60,61].Theliterature
suggestarangeof methodgo extractfeaturessuchaspointfeaturesline features,
pairsof points,etc. Using featuresnsteadof the raw sensomdatacanbe loss-free
if thefeaturesare sufficient statisticsof the sensomatarelative to the problemof
estimatingposeslin practice however, this is usuallynot the case andsignificant
informationmay be lost whengoing from raw datato featuresHereinlies a pri-
mary differenceto the MCL algorithmspresentedh this article,which canhandle
arbitrarynoisemodelsandare capableof usingraw sensomata(e.g.,laserrange
data)for localization.

Neverthelessmulti-hypothesiKalmanfilters have appliedwith greatsuccesgso
variousversionsof thelocalizationproblem,includingpositiontrackingandglobal
localization[34,60,61].Certainupdatestepsin the multi-hypothesiKalmanfilter
canbeleveragedacrosamultiple Gaussiansyhich leadsto anefficientimplemen-
tation [61]. The basicupdateequationsof theseapproachegsanbe shavn to be
hybrid versionsof the Bayesfilter with continuousanddiscretecomponentsThus,
thesealgorithmsare imminently relatedto the MCL algorithmsdescribedhere.
From the conceptuapoint of view, Gaussiarmixturesare similar to samplesets,
with the key differencethat Gaussiansre continuousdistributions, not just dis-
cretesamplessincethey possesanassociatedovariancematrix. Two of thethree
versionsof Mixture-MCL, for example,requirea stepwherea kd-treeis generated
from a sampleset;sucha setwould not be necessaryvith the Gaussianepresen-
tations,sincemixturesof Gaussiansrealreadycontinuouddistributions.To keep
the numberof mixturecomponentsnanageablen real-time,theapproachesefer
encedabore apply heuristicsfor terminatingunlikely Gaussiangndcreatingnev
oneswhenindicatedby the sensordata.Theseheuristicsaresimilar, but notiden-
tical, to the techniquegroposecdhere.In MCL, unlikely samplesare terminated
probabilistically asa side effect of the samplingstep.Mixture-MCL createsnewn
hypothesebasednmomentarysensomeasurementbutit doessostochastically
andit considerghe previousbelief whendeterminingtheinitial weight(probabil-
ity) givento a new hypothesisThe significancef thesedifferencesare currently
poorly understoodGeneratinga sampleis generallyfasterthan a Kalman filter
update(which requiresmatrix inversion),but we suspecthat more samplesare
neededo approximatea densitythanGaussiamixtures.

Particlefilters, asbasicstatisticatools,have becomepopularfor trackingandposi-
tion estimationin the lastfew yearsasfor exampledocumentedby a forthcoming
bookonthistopic[18]. Recentesearchhasled to arangeof variantsof thebasic
particlefilters. The poor performanceof particlefiltering in casesvherethe pro-
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posaldistributiondifferssignificantlyfrom thetargetdistributionhasbeenobsened
by severalauthorse.g.,[17,39,46,58] Typical “fix es” involve the designof a dif-

ferentproposaldistribution that placesmoreweight on the tails of a distribution.
In this light, Mixture-MCL can be views asoneway to dealwith this mismatch
problem,onethatworkswell for mobilerobotlocalization.

Particlefilters have beenappliedwith greatsucces$o otherestimatiorandtracking

problemsof practicalimportanceln computewision, particlefiltersarecommonly
known ascondensatioralgorithm wherethey have beenappliedwith remarkable
succesgo visual trackingproblems[32,33,48].Their applicationto mobile robot

localizationhasbeenproposedn [13,21]andsincebeenadoptedandextended)y

severalotherresearcherfl6,43].1n our own work, we recentlyextendedthe basic
paradigmto collaboratve localizationfor awholeteamof mobilerobots[22].

To the bestof our knowledge theideaof the dual particlefilter proposechereand
in [72] is new. Obviously, it workswell in the context of mobilerobotlocalization.
While the aim of the articleis to evaluatethe Mixture-MCL algorithmin practice,
it shouldbe straightforwardo devise a proof of corvergenceof all threeversions
of Mixture-MCL, assumingcorvergenceof kd-trees.The ideaof a dualis related
to arecentarticleby LenserandVeloso[43], who alsoproposdo generatsamples
in accordancevith the mostrecentsensormeasurementike us, they evaluated
their approachn the context of mobilerobotlocalization.Therearetwo maindif-
ferencedetweentheir andour work: First, their approacltgeneratesampleghat
maximizethe perceptuatlensityp(o|x), insteadof samplingfrom p(o|z). Second,
andmoreimportantly theirapproacldoesnottakepastevidenceinto accounivhen
generatinggamplegrom sensoreadingsthatis, theirapproactdoesnotadjustthe
importanceactorsof samplegeneratedby thedualin accordancevith Bel(x;_1).
Consequentlythe resultingestimatedoesnot approximatethe posterior For ex-
ample,if theernvironmentconsistof disconnectedomponentge.g.,rooms),such
anapproactcanplacenon-zerdikelihood behindwalls thatare physicallyimpos-
sible to traverse.Our approachrelieson the samebasicidea, but asymptotically
approximateshe desiredposterior

Theideaof samplingfrom the sensomeasuremer{the“evidence”)hasalsobeen
proposedn the context of Bayesnetworks[57,29],in particularin the contet of
maiginalizationusing Monte Carlo sampling.Underthe nameof “arc reversal,
Kanazava andcolleague$38] have proposedan efficient samplingalgorithmthat
jump-startssamplesat Bayesnetwork nodeswhosevalueis known, then propa-
gatingthosesampleghroughoutthe networkto obtainan estimateof the desired
maiginal distribution. This approachs significantlymoreefficient thantheimpor-
tancesamplerin Bayesnetworks(which follows the causalityexpressedoy the
Bayesnetwork), for reasonghat are identical to thosegiven here.Our approach
canbe viewedasimplementingthis ideain the contet of particlefiltering, using
somavhatdifferentmathematicaéquationgo accountor thedifference®f Bayes
networksand particlefiltering. Also, our approachmixesboth samplingmethod-

42



ologies,whichis essentiafor the superiomperformancef this approach.

8 Conclusion

This article introduceda newv mobile robotlocalizationalgorithm,called Mixture
Monte Carlo Localization.Mixture-MCL is a versionof particlefilters thatcom-
binesaregularsamplemwith its dual.By combiningboth,our approactovercomes
arangeof limitations that currently exist for differentversionsof MCL, suchas
theinability to estimateposteriordor highly accuratesensorspoordegradationto
small samplesets,andthe ability to recoser from unexpectedlarge statechanges
(robotkidnapping).

Mixture-MCL possessea rangeof uniqueadwantagesver previous localization
algorithmscapableof globallocalizationfrom ambiguoudeatures:

(1) Efficiency. Mixture-MCL inheritsits computationakfficiengy from particle
filters, which focuscomputationatesourcesn areaghataremostprobable.

(2) Versatility. It alsoinheritsfrom particlefilters the ability to approximatea
hugerangeof non-parametridensitiesandto accommodatéalmost)arbi-
trary non-linearsystemdynamics,sensorcharacteristicsand non-Gaussian
noise.Often,the posterioris centerecon a small subspacef the statespace.
Mixture-MCL doesnotrequireanexplicit, parametrianodelof thissubspace;
instead,it modelssuchsubspacesmplicitly by generatingsamplesaccord-

ingly.

(3) ResourceAdaptivenessOurimplementatiorof Mixture-MCL isany-time[11,76],

in thatthe numberof sampleds determineddynamicallybasedon the avail-
ablecomputationatime betweertwo consecutie sensomeasurement#s a
consequencehe softwarecanbe run on mary differentcomputemplatforms,
whereit adaptdo the availablecomputationatesources.

(4) RobustnessBYy mixing regularforwardsamplingwith its dual,Mixture-MCL
performsrobustly undera rangeof circumstancessuchas highly accurate
sensorstobotkidnapping.andvery smallsamplesets.

Extensve experimentalesultssuggesthatMixture-MCL consistentlyutperforms
MCL andrelatedMarkov localizationalgorithms.

While this articlefocusedon the mobilerobotlocalizationproblem,we conjecture
thatits basicalgorithmsranscendo a muchbroaderangeof stateestimatiorprob-
lemsfor temporaldynamicsystemsBayesfilters have beenappliedto estimation
problemsfor decadesandarecentinterestin Monte Carloapproximation$18,26]
suggestghat the probabilisticparadigmis well suitedfor a broadrangeof state
estimationproblemsin noisy temporaldomains.While this article hasdescribed
the limitations of particlefiltering in the context of mobile robotlocalization,we
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envisionthatmary otherestimatiordomainamightsuffer similar problemshatcan
be overcomeby mixing particlefilters with theirduals.
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