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Complex media

heterogeneous and/or anisotropic materials (e.g. geosismics, composite
materials)

linear elastodynamic waves

MHM method as a candidate (F. Valentin)
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Potential approaches

1 mixed displacement/stress formulation (second order in time)
time discretization first, then MHM strategy
time/space MHM method

2 velocity/stress formulation (first order in time)
−→ our choice
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Displacement formulation

Find u : (0,T )×Ω→ Rd (d = 2,3), such that
ρ∂tt u−divCCC EEE(u) = f , in (0,T )×Ω ,

u = 0 , on (0,T )×∂Ω ,

u = u0 , ∂t u = v0 for t = 0 in Ω ,

(1)

ρ := ρ(x) ,x ∈ Ω, mass density, uniformally bounded.

linearized strain tensor EEE(u) := 1
2

(
∇u + ∇T u)

CCC stiffness (or elastic) tensor (fourth-rank, symmetric), time
independent, uniformally positive and bounded

σσσ := CCC EEE(u) stress tensor (2nd-rank, symmetric)

AAA := CCC−1 fourth-rank compliance tensor (same properties as CCC )
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Displacement formulation - Unicity and regularity results

V0 = [H1
0 (Ω)]d , H = [L2(Ω)]d , V

′
0 = [H−1(Ω)]d ,

If u0 ∈ V0, v0 ∈ H, f,∂t f ∈ [L2(]0,T [×Ω)]3 then

(1) has a unique weak solution u with

u ∈ L∞(0,T ;V0) ,

u
′ ∈ L∞(0,T ;H) ,

u
′′ ∈ L∞(0,T ;V

′
0) .

cf. Duvaut-Lions, Inequalities in Mechanics and Physics, Springer-verlag, 1976
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The velocity/stress formulation

v := ∂t u , σσσ := CCC EEE(u)

Find v : (0,T )×Ω→ Rd , such that
ρ∂t v−divσσσ = f , in (0,T )×Ω ,

∂tσσσ−CCC EEE(v) = 0 , in (0,T )×Ω ,

v = 0 , on (0,T )×∂Ω ,

v = v0 , σσσ = σσσ0 := CCC EEE(u0) at t = 0 in Ω ,

(2)

2nd equation replaced by AAA ∂tσσσ−EEE(v) = 0.

Marie-Hélène Lallemand-Tenkès, Frédéric Valentin A MHM method for time-domain linear elastodynamics



Introduction/Framework
Foundations of the MHM approach

Spatial semi-discretization
Time integration step
The MHM algorithm

Conclusion

Motivation
Classical formulations

Existence and unicity of the solution couple (v,σσσ)

S := set of symmetric second-rank tensors

S := H(div,Ω)∩S

If

σσσ0 ∈ S,

v0 ∈ [H1
0 (Ω)]d ,

fi ∈W 1,1([0,T ]),∀i = 1, . . . ,d

then (2) has a unique solution (v,σσσ) and

σσσ ∈ C0([0,T ];S)∩C1([0,T ];L2(Ω;S) ,
v ∈ C0([0,T ]; [H1

0 (Ω)]d ∩C1([0,T0]; [L2(Ω)]d ) .

(J. Lee, thèse (D. N. Arnold), Mixed methods with weak symmetry for time dependent problems of elasticity and viscoelasticity , 2012)
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Weak formulation associated with (2)

TH an arbitrary given regular discretization of Ω =
S

K∈TH
K ;

Functional space notations (fixed t , space) M≡ Rd×d :

V := {v ∈ [L2(Ω)]d , v ∈ [H1(K )]d , ∀K ∈ TH} ,

H(div,TH) := {τττ ∈ L2(Ω)∩M , τττ ∈ H(div,K ) , ∀K ∈ TH} ,

W := H(div,TH)∩S ,

Λ := {τττnK |∂K , τττ ∈W , K ∈ TH} ≡
[

K∈TH

H−1/2(∂K ) ,

Q := {q ∈ [L2(Ω)]d , q ∈ [L2(K )]d , ∀K ∈ TH} .
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The classical weak formulation associated with (2)

For any fixed t in (0,T ), find (v,σσσ) ∈ V ×W , such that (ρ∂t v , w)TH
+ (σσσ , EEE(w))TH

− ∑
K∈TH

(
σσσnK , w|∂K

)
∂K = (f , w)TH

,

(AAA ∂tσσσ , τττ)TH
− (EEE(v) , τττ)TH

= 0 ,
(3)

∀(w,τττ) ∈ V ×W .
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The classical hybrid weak formulation associated with (3)

For any fixed t in (0,T ), find (v,σσσ,λ) ∈ V ×W ×Λ, such that
(ρ∂t v , w)TH

+ (σσσ , EEE(w))TH
+ ∑

K∈TH

(λ , w|∂K )
∂K = (f , w)TH

,

(AAA ∂tσσσ , τττ)TH
− (EEE(v) , τττ)TH

= 0 ,

∑
K∈TH

(µ , v|K )
∂K = 0 ,

(4)

∀(w,τττ,µ) ∈ V ×W ×Λ.

=⇒ λ =−σσσnK sur ∂K , ∀K

Marie-Hélène Lallemand-Tenkès, Frédéric Valentin A MHM method for time-domain linear elastodynamics



Introduction/Framework
Foundations of the MHM approach

Spatial semi-discretization
Time integration step
The MHM algorithm

Conclusion

Global/local formulation derived from (4) - 1

(4) is equivalent, for any fixed t ∈ (0,T ), to find (v,σσσ,λ) ∈ V ×W ×Λ
satisfying

the global problem

(µ , v)
∂TH

:= ∑
K∈TH

(µ , v)
∂K = 0 , ∀µ ∈ Λ , (5)

the local (independent) problems on each K ∈ TH

(ρ∂t v , w)K + (σσσ , EEE(w))K + (λ , w|∂K )
∂K = (f , w)K , ∀w ∈ V (K ) , (6)

(AAA ∂tσσσ , τττ)K − (EEE(v) , τττ)K = 0 , ∀τττ ∈W (K ) . (7)

with v(0) = v0, σσσ(0) = σσσ0.
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Remark

The local problem (6)-(7) has the following formulation (at least in the
distribution sense)

ρ∂t v−divσσσ = f , in (0,T )×K ,

AAA∂tσσσ−EEE(v) = 0 , in (0,T )×K ,

σσσnK =−λ , on (0,T )×∂K ,
v = v0 , and σσσ = σσσ0 , in K at t = 0 .

=⇒ If λ is known, that can be solved since f, v0 and σσσ0 are given.
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Starting point of MHM

Idea : split the solution couple (v,σσσ) as

v := vλ + vf , σσσ := σσσλ +σσσf and solve accordingly each elementwise
local problem,

write down consequently the corresponding global problem

(vλ,σσσλ) and (vf,σσσf) respectively defined by the splitting operators
P and P̂ :

P : µ ∈ Λ 7−→ P(µ) = (Pv(µ),Pσσσ(µ)) = (vµ,σσσµ) ∈ V ×W

P̂ : q ∈ Q 7−→ P̂(q) = (P̂v(q), P̂σσσ(q)) = (vq,σσσq) ∈ V ×W
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Definition of the splitting operators

P and P̂ are defined from (6) and (7)

P and P̂ are bounded linear operators and respectively defined locally
on each K ∈ TH by{

(ρ∂t Pvµ , w)K + (Pσσσµ , EEE(w))K =−(µ , w)
∂K , ∀w ∈ V (K ) ,

(AAA∂t Pσσσµ , τττ)K − (EEE(Pvµ) , τττ)K = 0 , ∀τττ ∈W (K ) ;
(8)

and{ (
ρ∂t P̂vq , w

)
K +

(
P̂σσσq , EEE(w)

)
K = (q , w)K , ∀w ∈ V (K ) ,(

AAA∂t P̂σσσq , τττ
)

K −
(
EEE(P̂vq) , τττ

)
K = 0 , ∀τττ ∈W (K ) ;

(9)

for any given µ ∈ Λ and any given q ∈ Q with initial conditions
Pvµ(0) = 0, Pσσσµ(0) = 0,
P̂vq(0) = v0 and P̂σσσq(0) = σσσ0.
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"strong formulation" of (8) and (9) with (λ, f)

From (8) : 
ρ∂t vλ−divσσσλ = 0 , in (0,T )×K ,

AAA∂tσσσ
λ−EEE(vλ) = 0 , in (0,T )×K ,

σσσnK =−λ , on (0,T )×∂K ,

vλ = 0 , and σσσλ = 0 , in K at t = 0 .

(10)

From (9) 
ρ∂t vf−divσσσf = f , in (0,T )×K ,

AAA∂tσσσ
f−EEE(vf) = 0 , in (0,T )×K ,

σσσfnK = 0 , on (0,T )×∂K ,
vf = v0 , and σσσf = σσσ0 , in K at t = 0 .

(11)
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Summary before any discretization

Find (λ,v = vλ + vf,σσσ = σσσλ +σσσf) ∈ Λ×V ×W such that

Global problem

∑
K∈TH

(
µ , vλ

)
∂K

=− ∑
K∈TH

(
µ , vf)

∂K , ∀µ ∈ Λ ; (12)

Local splitted independent problems derived from (8) and (9) with (λ, f){ (
ρ∂t vλ , w

)
K +

(
σσσλ , EEE(w)

)
K =−(λ , w)

∂K , ∀w ∈ V (K ) ,(
AAA∂tσσσ

λ , τττ
)

K −
(
EEE(vλ) , τττ

)
K = 0 , ∀τττ ∈W (K ) ;

and { (
ρ∂t vf , w

)
K +

(
σσσf , EEE(w)

)
K = (f , w)K , ∀w ∈ V (K ) ,(

AAA∂tσσσ
f , τττ
)

K −
(
EEE(vf) , τττ

)
K = 0 , ∀τττ ∈W (K ) .
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Fisrt level : Λ−→ ΛH
Second level : V(K ) 7→ Vh(K ), W(K ) 7→Wh(K )

Approximation of Λ

λ uniquely determines vλ,σσσλ in V ×W . Let ΛH be some FE space
approximating Λ. The coupled global/local problems to be solved are

for any fixed t in (0,T ), find λH(t) ∈ ΛH , such that

∑
K∈TH

(
µH , vλH

)
∂K

=− ∑
K∈TH

(
µH , vf)

∂K , (13)

with vλH := PvλH , vf := P̂vf.

approximation of (v,σσσ) by (vH ,σσσH), with

vH := vλH + vf , σσσH := σσσ
λH +σσσ

f .
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Fisrt level : Λ−→ ΛH
Second level : V(K ) 7→ Vh(K ), W(K ) 7→Wh(K )

How getting (vH ,σσσH) ?

(vλH ,σσσλH ), (vf,σσσf) are respectively solutions of{ (
ρ∂t vλH , w

)
K +

(
σσσλH , EEE(w)

)
K =−(λH , w)

∂K , ∀w ∈ V (K ) ,(
AAA∂tσσσ

λH , τττ
)

K −
(
EEE(vλH ) , τττ

)
K = 0 , ∀τττ ∈W (K ) ;

(14)

with vλH (0) = 0, σσσλH (0) = 0, and{ (
ρ∂t vf , w

)
K +

(
σσσf , EEE(w)

)
K = (f , w)K , ∀w ∈ V (K ) ,(

AAA∂tσσσ
f , τττ
)

K −
(
EEE(vf) , τττ

)
K = 0 , ∀τττ ∈W (K ) ;

(15)

with vf(0) = v0, σσσf(0) = σσσ0, in every K in TH
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Fisrt level : Λ−→ ΛH
Second level : V(K ) 7→ Vh(K ), W(K ) 7→Wh(K )

Approximations of V (K ) and W (K )

Let us assume we are given some stable FE pair (Vh(K ),Wh(K )) with
Th(K ). Suppose it is of continuous Galerkin type. We define

Vh :=
M

K∈TH

Vh(K )⊂ V , Wh :=
M

K∈TH

Wh(K )⊂W .

(vH ,σσσH) are approximated by (vH,h,σσσH,h), with

vH,h := vλH
h + vf

h , σσσH,h := σσσ
λH
h +σσσ

f
h ,

where each splitted component is defined by the discrete linear operators Ph

and P̂h and are solutions of the discrete equivalent systems associated with
(14) and (15).
The global problem is written by : for any fixed t in (0,T ), find λH ∈ ΛH such
that

∑
K∈TH

∑
k∈Th(K )

(
µH , vλH

h

)
∂k∩∂K

=− ∑
K∈TH

∑
k∈Th(K )

(
µH , vf

h

)
∂k∩∂K , ∀µH ∈ ΛH .

(16)
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θ-scheme

tnθ
= (1−θ)tn−1 + θtn , θ ∈]0,1].

Global problem : find λ
n
H ∈ ΛH such that

∑
K∈TH

∑
k∈Th(K )

(
µH , vλ

n
H

h

)
∂k∩∂K

=− ∑
K∈TH

∑
k∈Th(K )

(
µH , vf,n

h

)
∂k∩∂K

, ∀µH ∈ΛH .

(17)

Local problem (λn
H dependent) for (vλ

n
H

h ,σσσ
λ

n
H

h )
1

∆t

(
ρvλ

n
H

h , wh

)
K

+ θ

(
σσσ

λ
n
H

h , EEE(wh)
)

K
=−

(
λ

n
H , wh

)
∂K , ∀wh ∈ Vh(K ) ,

1
∆t

(
AAA σσσ

λ
n
H

h , τττh

)
K
−θ

(
EEE(vλ

n
H

h ) , τττh

)
K

= 0 , ∀τττh ∈Wh(K ) ,

(18)

with vλ
0
H

h = 0, σσσ
λ

0
H

h = 0.
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θ-scheme . . .

Local problem (f dependent) for (vf,n
h ,σσσf,n

h )

1
∆t

(
ρvf,n

h , wh

)
K

+ θ

(
σσσ

f,n
h , EEE(wh)

)
K

= (f , wh)K +
1

∆t

(
ρvn−1

H,h , wh

)
K

−(1−θ)
(

σσσ
n−1
H,h , EEE(wh)

)
K

,

1
∆t

(
AAAσσσ

f,n
h , τττh

)
K
−θ

(
EEE(vf,n

h ) , τττh

)
K

= (1−θ)
(

EEE(vn−1
H,h ) , τττh

)
K

+
1

∆t

(
AAA σσσ

n−1
H,h , τττh

)
K

,

(19)
for all (wh,τττh) ∈ Vh(K )×Wh(K ), with vf,0

h = v0 and σσσ
f,0
h = σσσ0.
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How getting vλ
n
H

h , σσσ
λ

n
H

h and λ
n
H ?

Let {ψψψj}1≤j≤dimΛH be a basis of ΛH , {φφφj}1≤j≤dimVh a basis of Vh and
{ϕϕϕj}1≤j≤dimWh be a basis of Wh. At each time step, we want to find
{βn

j }1≤j≤dimλH such that
λ

n
H = ∑

j
β

n
j ψψψj .

Then it can be shown that

vλ
n
H

h = ∑
l

β
n
l ηηη

H
l , ηηηH

l = T vH,h (ψψψH
l ) ∈ Vh ,

σσσ
λ

n
H

h = ∑
l

β
n
l χχχ

H
l , χχχH

l = TσσσH,h (ψψψH
l ) ∈Wh ,

and

ηηη
H
l = ∑

k∈Th(K )
∑

j

(
ηηη

H
l , φφφj

)
k
φφφj , χχχ

H
l = ∑

k∈Th(K )
∑
m

(
χχχ

H
l , ϕϕϕm

)
kϕϕϕl ,

for all K ∈ TH .
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CGFE MHM algorithm with θ-scheme

1 INITIALIZATION

Set v0
H,h = v0 and σ0

H,h = σ0 where v0, σ0 are the initial conditions.

2 BASIS FUNCTION COMPUTATION

Given the basis functions ψψψj of ΛH(K ), for each K ∈ TH , solve the following
local problems to get (ηηηi ,χχχi ) ∈ Vh(K )×Wh(K ), for all i = 1, . . .,dimΛH(K )

1
∆t

(
ρηηηi , φφφj

)
K

+ θ
(
χχχi , EEE(φφφj )

)
K

=−
(
ψψψi , φφφj

)
∂K

, ∀φφφj ∈ Vh(K ) ,

1
∆t

(
AAAχχχi , ϕϕϕj

)
K
−θ
(
EEE(ηηηi ) , ϕϕϕj

)
K

= 0 , ∀ϕϕϕj ∈Wh(K ) .
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CGFE MHM algorithm with θ-scheme . . .

3 TIME UPDATING

Do n = 1 to N

(3.1) COMPUTE (vf,n
h ,σσσ

f,n
h ) ∈ Vh(K )×Wh(K ), for each K ∈ TH , from

1
∆t

(
ρvf,n

h , φφφ
k
j

)
K

+ θ

(
σσσ

f,n
h , EEE(φφφk

j )
)

K
=
(
f , φφφ

k
j
)

K
+

1
∆t

(
vn−1

H,h , φφφj

)
K

−(1−θ)
(

σσσ
n−1
H,h , EEE(φφφj )

)
K

,

1
∆t

(
AAAσσσ

f,n
h , ϕϕϕj

)
K
−θ

(
EEE(vf,n

h ) , ϕϕϕj

)
K

=
1

∆t

(
AAAσσσ

n−1
H,h , ϕϕϕj

)
K

+(1−θ)
(

EEE(vn−1
H,h ) , ϕϕϕj

)
K

,

for all (φφφj ,ϕϕϕj ) ∈ Vh(K )×Wh(K ).
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CGFE MHM algorithm with θ-scheme . . .

(3.2) GET THE DEGREES OF FREEDOM OF λ
n
H ∈ ΛH by solving the following

global problem

dimΛH

∑
j=1

β
n
j
(
ψψψi , ηηηj

)
∂TH

=−
(

ψψψi , vf,n
h

)
∂TH

, ∀i = 1, . . .,dimΛH .

(3.3) UPDATE (vn
H,h,σσσ

n
H,h) from

vn
H,h =

dimΛH

∑
j=1

β
n
j ηηηj + vf,n

h and σσσ
n
H,h =

dimΛH

∑
j=1

β
n
j χχχj +σσσ

f,n
h ,

λ
n
H =

dimΛH

∑
j=1

β
n
j ψψψj .

End do
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Conclusion and perspectives

A general framework for MHM strategy to solve elastodynamic
equations in heterogeneous anisotropic media.

MHM is very attractive as being an additive multi-level method allowing
both parallelism and adaption.

Important questions concerning FE space pair for v and σσσ, since
symmetry of the stress tensor should be preserved and both
compatibility and stability should be ensured.

MHM restricted to heterogeneous but isotropic case with stress tensor
vectorization formulation, DG solver and Leapfrog scheme.
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