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Sparse linear solver

Goal: solving Ax = b, where A is sparse
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Usual trades off

Direct Iterative
> Robust/accurate for general > Problem dependent efficiency /
problems accuracy
» BLAS-3 based implementations » Sparse computational kernels
» Memory/CPU prohibitive for P> Less memory requirements and
large 3D problems possibly faster
» Limited weak scalability P Possible high weak scalability
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Hybrid Linear Solvers

Hybrid direct-iterative solver, ours:
MaPHyS
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Hybrid Linear Solvers

Hybrid Linear Solvers

Develop robust scalable parallel hybrid direct/iterative linear
solvers

» Exploit the efficiency and robustness of the sparse direct solvers
» Develop robust parallel preconditioners for iterative solvers

» Take advantage of the natural scalable parallel implementation of iterative
solvers

Domain Decomposition (DD)

Natural approach for PDE's

Extend to general sparse matrices

>
>
» Partition the problem into subdomains, subgraphs
» Use a direct solver on the subdomains

>

Robust preconditioned iterative solver

311 cut edges

p
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Hybrid Linear Solvers

Overlapping Domain Decomposition

Classical Additive Schwarz preconditioners
1’"8”""’"’""""""""}

: L, 2 Goal: solve linear system Ax = b

Use iterative method
Apply the preconditioner at each step

vvyyvyy

The convergence rate deteriorates as the
number of subdomains increases

Ain Ass Ar A |
A= Asi Ass Asp | = Mg = Asy [Ass | As2 | 1
Aso Az

Classical Additive Schwarz preconditioners N subdomains case

N

Mis =S (R (4) ' we

i=1
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Hybrid Linear Solvers

Non-overlapping Domain Decomposition

| R
””””””””””” \ Q2
> Goal: solve linear system Ax = b
> Apply partially Gaussian elimination
» Solve the reduced system Sxr = f
» Then solve Aix; = b — A rxr
,,,,,,,,,,, Qo
Air 0 Agr x1 by
0 Ao Apr x| = ) b2
—1
0 0 S Xt br — 'X;Ar,;A,-,,- bi
i—

Solve Ax = b = solve the reduced system Sxr = f = then solve
Aixi = bi — Aj rxr
2
where S = Arr— ZAr,iA,-_,,-lAi,r ,and f
i=1

2
br =Y Ar Al by
i=1
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Hybrid Linear Solvers

Distributed Schur complement

Fr=kUufUmUn
Q, Q41 Q42
S Su s Stm Shm?) Smn >
Suo 8W) \Sme D)\ Spm  SE

In an assembled form: Sy = SZZ) +S§2+1) = Sy = Z Séz)
LE€adj
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Hybrid Linear Solvers

Algebraic Additive Schwarz preconditioner
[ L.Carvalho, L.G., G.Meurant - 01]

N
§=> RLSUR,
i=1

. Skk  Ske . Sk Ske | 71
S= Sek See Sem - M= Sek [ See | Sem | 71
Smé Smm Smn sz Smm Smn
Som  Smn Som  Smn

N
M= "RESED) Ry,
i=1
where S() is obtained from S(*)

Sk Swe) L 50— (Skk Ske)
Sok Séz) Lk SM

Similarity with Neumann-
Neumann preconditioner
[J.F Bourgat, R. Glowin-
ski, P. Le Tallec and M. &() <
Vidrascu - 89] [Y.H. de
Roek, P. Le Tallec and M.
Vidrascu - 91]

local Schur local assembled Schur

> s

LE€adj
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Hybrid Linear Solvers

Parallel preconditioning features
S(I) = A(F’,)F, - AriIiA;I:}AIiri

En Ee
#domains
Mas = Z RT(S) 'R Ee
i—1 Ek
Q;
Smm Smg Smk Smf Slgfl?n Sr(n§ Smk sz
s() — Sem  Seg Sgk Sgt s = Sgm ez gk g
Skm Skg Sk Sk Sim  Ske St Sk
Sem  Sig Sek Sw Sim Stz Su S
Assembled local Schur complement local Schur complement
Som=Y_ S

Jj€adj(m)
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Hybrid Linear Solvers

Parallel implementation

» Each subdomain A"") is handled by one processor

. Azz, Agzr,
(1) — iLi il i
AT = <AIiri AI('IF) )

» Concurrent partial factorizations are performed on each processor to
form the so called “local Schur complement”

SO = -A(r’r) - AriIiAEflIi'AI’r"

» The reduced system Sxr = f is solved using a distributed Krylov

solver
- One matrix vector product per iteration each processor computes
SO (M), = (y )k
- One local preconditioner apply (M1)(z(D)k = (r())k
- Local neighbor-neighbor communication per iteration
- Global reduction (dot products)

» Compute simultaneously the solution for the interior unknowns

AIiIiXIi = in - AIirini

-
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What tricks exist to construct cheaper preconditioners

» Sparsification strategy through dropping

~ s if 5k > E(I5kk] + I5eel)
Skt = { 0 else

» Approximation through ILU - [A. Haidar, L.G., Y.Saad - 10]

() — Ai A _ L; o\ (U i,'_lAi
pILU (AT) = pILU (Ar,-i A(')r,.) - (Ar,-fl,.‘1 /) (o 50) r)

» Mixed arithmetic strategy
> Compute and store the preconditioner in 32-bit precision arithmetic Is
accurate enough?
> Remarks: the backward stability result of GMRES indicates that it is
hopeless to expect convergence at a backward error level smaller than the
32-bit accuracy [C.Paige, M.Rozloznik, Z.Strako$ - 06]
> Idea: To overcome this limitation we use FGMRES [Y.Saad - 93]

» Data sparse preconditioner use H-matrix idea to form and

apply a data sparse preconditioner.
2o —




Hybrid Linear Solvers

Indefinite systems in structural mechanics spratet, samTECH

Fuselage of 6.5 Mdof

P Linear elastricity

» Composed of its skin,
stringers and frames

» Midlinn shell elements are
used

» Each node has 6 unknowns
> One extremity is fixed

» On the other extremity a
rigid body element is added

» A force perpendicular to the
axis is applied
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Hybrid Linear Solvers

Numerical behaviour of sparse preconditioners

Fuselage 6.5Mdof Fuselage 6.5Mdof
T
o Direct calculation 10° :
Dense calculation R
- = - Sparse with £=5.107| N
107 - - - Sparse with =10 10?2 H —— Direct calculation
~ - - - Sparse with £=5.10 ' Dense calculation
L 10 H - - - Sparse with £=5.1077|
10
= > -~ - - Sparse with £=10°
= | it - - - Sparse with £=5.10"|
=10
10° w't oo\ o
1o
10 107 [
10 10
0 0 diter 120 160 200 0 40 80 120 160 200 240 280 320 360 400 440 480

Time(sec)

» Fuselage problem of 6.5 Mdof dof mapped on 16 processors

> The sparse preconditioner setup is 4 times faster than the dense one (19.5 v.s. 89

seconds)
» In term of global computing time, the sparse algorithm is about twice faster

» The attainable accuracy of the hybrid solver is comparable to the one computed

with the direct solver
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Scalability bottleneck: numerical limitations

2D Heterogenous diffusion

2D Heterogenous diffusion Problem

—A— mixed calculation

160| —A— 64 bit calculation
—&— coarse grid correction

#iter

800 1000




Scalability bottleneck: numerical limitations
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Scalability bottleneck: numerical limitations

2D Heterogenous diffusion 3D Heterogenous diffusion
2D Heterogenous diffusion Problem 3D Heterogenous diffusion Problem
~—— mixed calculation —&— mixed calculation
160| —— 64 bit calculation 160 | —— 64 bit calculation
—A— coarse grid correction —A— coarsegrid correction

0 200 400 600 800 1000 0 200 400 600 800 1000
#Procs #Procs

Domain based coarse space : M = Mg + RgAalRo where Ag = ROSRZ)—
» “As many” dof in the coarse space as sub-domains
[Carvalho, Giraud, Le Tallec, SISC, 01]

» Partition of unity : ROT simplest constant
interpolation

Ongoing PhD thesis: Louis Poirel
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Hybrid Linear Solvers

A computer science remedy: 2-levels of parallelism

» “The numerical improvement”

» Classical parallel implementations (1-level ) of DD assign one subdomain
per processor

> Parallelizing means increasing the number of subdomains, often leads to
increasing the number of iterations

> To avoid this, one can instead of increasing the number of subdomains,
keeping it small while handling each subdomain by more than one core
introducing 2-levels of parallelism

» “The parallel performance improvement”
> Large 3D systems often require a huge amount of data storage
> On SMP node: classical I-level parallel can only use a subset of the
available cores
> The “idle” cores might contribute to the computation and the simulation
runs closer to the peak of per-node performance by using 2-levels of
parallelism

Finishing PhD thesis: Stojce Nakov
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Hybrid Linear Solvers

Flexibility to exploit entire multicore nodes

@MPI process ¢ Thread @>Domain

Node 1 Node 2
Node 3 Node 4
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Hybrid Linear Solvers

Flexibility to exploit entire multicore nodes

@ MPI process ¢ Thread (DDomain

Node 2

Node 4
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Hybrid Linear Solvers

Flexibility to exploit entire multicore nodes

(OMPI process ¢ Thread (Domain

Node 1 Node 2
Node 3 Node 4
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Hybrid Linear Solvers

Flexibility to exploit entire multicore nodes

@MPI process ¢ Thread (ODomain

Node 1 Node 2
Node 3 Node 4
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Hybrid Linear Solvers

Software used in MAPHYS (this study)

Dense direct solver

» Multi-threaded MKL library

Sparse direct solvers

» MUMPS
» Multi-threaded PASTIX

Iterative Solvers

» Ca/GMRES/FGMRES using multi-threaded MKL library

-
-
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Hybrid Linear Solvers

Software used in MAPHYS (this study)

Dense direct solver

» Multi-threaded MKL library

Sparse direct solvers

» MUMPS
» Multi-threaded PASTIX

Iterative Solvers

» Ca/GMRES/FGMRES using multi-threaded MKL library

» Challenge
» Composability

» Performance
l &LZJ’Q—- HiePACS - Toward extreme scale linear solvers 19/



Hybrid Linear Solvers

Experimental set up

Hopper - LBNL platform

» Two twelve-core AMD "MagnyCours’ 2.1-GHz
» Memory: 32 GB GDDR3

» Double precision

Matrices
Matrix Matrix211 | Nachos4M
n 801K 4,147K
nnz 129,4M 256,4M
Preconditioner dense sparse02
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Hybrid Linear Solvers

Matrix211 matrix on the Hopper platform

All computation steps Memory per node
100 T 3t/p‘ — 100000 Stp
6tp —— 6tp ——
12tp 12tp
N 24t —— 5 24tp ——
S 10000 b
_ =
) 2
o AN 3
£ 5
E 1000
10 E
100
48 96 192 384 768 1536 3072 48 96 192 384 768 1536 3072
#cores #cores
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Hybrid Linear Solvers

Nachos4M matrix on the Hopper platform

All computation steps Memory per node
3t/b 100000 308
6tp —— 6tp ——
12tp 12tp
24tp —— 5 24tp ——
S~ = 10000 Fooo >3
= 100 = \
N @ =
g \ 2 =
£ N
e 5 1000 :
10 100
768 1536 3072 6144 12288 24576 768 1536 3072 6144 12288 24576
#cores #cores
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Preliminary comparison with PDSLin (LBNL)

PDSLin a in a nutshell

Az,7, Azr
Az,7, Azr

Azvzy | Azar

Arz,  Arz, ... Arze | Arr

N

S = Arr - ZArIgAEZ]f[ZAIgr
=1
N

N
= Arr =Y (U TAL) T (L M Agyr) = Arr = ) WGy,

7_5 = ég Wg leading to 3 =Arr — Z?il 7_5
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Hybrid Linear Solvers

Preliminary comparison with PDSLin (LBNL)

1. Concurrent parallel SUPERLU_DIST instances Az,7, = LUy,
2. Sparsification of W, and Gy, to form W, and G,

3. Parallel computation of S = Arr — Zﬁl T, and its
sparsification

4. Parallel factorization S using an additional instance of
SupErLU_DIST

5. Parallel iterative solution using a Krylov subspace method,
GMRES for our experiments
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Hybrid Linear Solvers

Matrix211 on the Hopper platform

All computation steps
18

Factorization of the interiors s
Setup of the preconditioner s |

16 |
Solve step m—

14

12
10

8 -

time (s)

6
41
2
0

192 384 768 1536

#cores
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Hybrid Linear Solvers

Concluding remarks

> Related ongoing efforts

1. Partioning/balancing both interface and interior vertices
(A. Cassadei - PhD Defence: Oct. 19 )

2. Parallel analysis and FEM APl (M. Khun)

3. Deflation/augmentation via local spectral calculation
(L. Poirel)

4. H-arithmetic for local solve (#-PasTiX) and preconditioner
(A. Falco, G. Pichon, Y. Harness)

5. Numerical resilience policies (M. Zounon)

» Future step: Task based implemenation on top of runtime
systems (S. Nakov - PhD defence: Dec. 14 )

. &LZJ’G—— HiePACS - Toward extreme scale linear solvers 26/ 26



Merci for your attention

Questions ?

rd

tomatis F mthanet https://team.inria.fr/hiepacs/
h




	Hybrid Linear Solvers

