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Advection-Diffusion Equation

|
Find u = u(x) such that
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Lu :=div(—eVu+ au)+ou
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m € is positive definite tensor
m advection and/or reaction may dominate

m ¢(x), a(x) and f(x) may have multi-scale features
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The Method

Local problem for A\p

Find u™ € H*(K) such that

Global problem { Lu* 0

—eVuth . 1 . Aoy
Find A € Ay such that eVur-n+ 3(a-nu h

(W o, = —(u', pn)or, Local problem for £

Find u" € H*(K) such that

for all pun € Ny,

Il
=0

Luf
{—eVuf~n+%(a-n)uf = 0

m Captures multiscale features and/or boundary layers
m Parallelization in a natural way

m A face-based posteriori estimator and a new adaptivity idea
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Outline

The MHM method for the RAD problem
A space adaptation strategy

Numerical experiments

Conclusions
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L The MHM method for the Advection-Diffusion problem

LVariational Formulation

Variational Hybrid-Mixed Formulation

1 1
a(u,v) = (eVu,Vv)p + E(a -Vu,v), — E(U’ a-Vv)n, + (ou,v)r,

Hybrid Formulation

Find (u,\) € V x A

a(u, V) + ()‘7 V)8771 = (f7 V)771
(v,w)or, = 0

for all (v,p) € V x A
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L The MHM method for the Advection-Diffusion problem
L Global and local problems

Global and local problems for u = v* + uf

Local problem for A

Find u* € H*(K) such that

Global problem

. Ly = 0
Find A € A —eVut n+ i(a-n)ut = A
A i
(W wom, = (", o, Local problem for f

for all € A Find u € H*(K) such that

Lut = f
f 1 o

—eVu' n+ 3(a-n)u’ = 0
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L The MHM method for the Advection-Diffusion problem
LFinite Element Method

Discrete Space Ay, C A

Basis functions

Find n; € H*(K) such that

Lni = 0
—eVni-n—+ %(a n)yi = i

up = v 4 uf

Ny,
_ f
= Z Cini +u
i=1
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L The MHM method for the Advection-Diffusion problem
LFinite Element Method

Discrete Space Ay, C A

constant piece-wise constant
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L The MHM method for the Advection-Diffusion problem
LFinite Element Method

Discrete Space Ay, C A
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L The MHM method for the Advection-Diffusion problem
L Finite Element Method

Multiscale Hybrid Method

Basis functions

Find n; € H'(K) such that

Up = u)\h + uf Lni = 0
{ —eVni-n+ %(a n)ni = i
Global problem
Find Ap € A
ind Ap h N,
(P mwn)or, = —(u', pn)om, ut = Z Cini
i=1

for all pp € Ny

Local problem for f

Find uf € H*(K) such that

~-

Lut =
{—eVuf-n—i—%(a-n)uf =0
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LA new approach of adaptivity

Space Adaptivity (inspiration)

Source problem: ¢ = 1072, a = (1,0)",0 =10 and f =1
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LA new approach of adaptivity

Space Adaptivity (inspiration)

I =0, 3 pieces for each face

13/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems

LA new approach of adaptivity

L Definition

Face-Based Estimator

F:8K1ﬂ0K27é®

[unllF = uj | ™ + 0| '

1
Ng = Ce’a’a\/TT:H [un] ||o7f:

1
2
n= |2 >

K FeoK
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LA new approach of adaptivity

L Definition

Face-Based Estimator

llu—uplly < Cin

G e <||u—upllv.F
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LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

16 /71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

17/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

18/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

19/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

20/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

21/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

Reduce the number of DOF

No re-meshing needed

The matrix can be " partially
modified (step by step)

m Avoid external software

22/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems
LA new approach of adaptivity
L Definition

Space Adaptivity

23/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems

LA new approach of adaptivity
L Definition

Space Adaptivity
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LA new approach of adaptivity

L Numerical Experiments

Skew-advection

25 /71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems

LA new approach of adaptivity

L Numerical Experiments

Skew-advection: e = 107%, 0 =0

around 3.3 x 10" d.o.f.
(k=4)

around 3.0 x 10* d.o.f.
(1=14)
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LA new approach of adaptivity

L Numerical Experiments

Skew-advection: ¢

Iteration 1, (/ = 1)
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LA new approach of adaptivity

L Numerical Experiments

Skew-advection:

Iteration 7, (/ = 1)
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LA new approach of adaptivity

L Numerical Experiments

Skew-advection: e =10"3, 0 =0

NS v
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LA new approach of adaptivity

L Numerical Experiments

Skew-advection:

203
BB

e

0

XXX
XX

XX

XXX
XPXIXIX]
XX
XIXIX]

X
X
034
X

X

DR~ o J TR

207 7 7 7 SRRSO
ZOZOZOZOZOZOZOZOO 1~ OO0
0% Egﬂﬁﬁﬁ;‘du 7 NN

v,
SO0 4 NIHIOIZONO0Z0%
E};»"/;%:;}ﬁﬁﬁ%ﬂﬂﬂﬁﬁﬁ%ﬂﬂ

PRXIXIXIXIX]
KO DIXRBIRIIIXKRIRPIXIIN

e

020020
XX

<RDXDXXDRDLIXDRIKIXDXIXIXDLIKDKIXDXIKIXDLIKIXIK

RIS RS
AT SRR
SIS CII ARSI
B AISIISHATESS
% AR

TR

IS
BRI
BRI
RS
RS
SRR
Rog)

64 /71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems

LA new approach of adaptivity

L Numerical Experiments

Skew-advection:

DN

X[

0%

X

TN

XX

XX

XX

XX

X/ 7 AR
° S5t n”h’(%ﬁgﬂﬂb

7 7 R

ﬁéé%%g;%:éﬁ%&‘aﬁﬂﬂwwﬁ‘mt
k\‘ \.‘\‘\\\ 0; \Mm.

A
O O OO OISO RS

DX

<X

X

<

BEBBBB

XXX

<X

PENNNP;”éP

S X
e hs LS
S SRS
R ARIAISITES
A A A
LRSS
AT SOy

s,

SR
FEDDDLRRBIXKXIXDLIXDLIKIXXIXRDLIXIXIKIXIKIXIKIXIX] SR

65/71



A Novel Adaptivity Process for Reaction-Advection-Diffusion Problems

LA new approach of adaptivity

L Numerical Experiments

Skew-advection:

A 0|
XX 0|
XXX 0|
XXX 0|
XXX 0|
XXX 0|
XXX 0|
0Z0Z0Z0 0|
0000 0|
0000 0|
XXX 0|
XXX 0|
XXX 0|
PXIXIX] 0|
X D050 X
P 0|
< 0|
< 0|
P 0|
< XX
a8 XX
P XX
[xex <X X
o %
[8e o A
R & e e o
X X SRR

SRR
=

66 /71



)
£
<
o
<
a
g
g
=
(@)
]
S
=]
5}
9
>
°
5
c
2
5
5}
@
i}
o
L
"
a
o
o
Q
a
>
r
2
=]
%
@
o
<
°
>
<}
=2
<

LA new approach of adaptivity
L Numerical Experiments

Skew-advection
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L Conclusions

Conclusions

New space-based adaptivity based on a posteriori estimator
Improve accuracy on coarse meshes
A “non-conform” type mesh as a result of local adaptivity

A very efficient algorithm: re-calculate just the necessary

Natural parallel process: method + adaptivity (Erlang, MPI,
CUDA, etc.) — HPC opportunities!!!
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L Conclusions

In progress...
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Next: wave propagation problems in a highly heterogeneous media
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L Conclusions

Thank you!
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