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Numerical Methods

• Accuracy

• Flexibility

• Performance

• Mathematical theory
2

Approximate solution

quarta-feira, 4 de setembro de 13



Finite Element Methods

• Geometric flexibility

• Amenability to adaptations
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New methods...

a(u, v) +
X

K

1

2

Z

�K
�h�K [�u · n][�v · n] ds = (f, v)

• Do I need brand new code?

• Can I deploy at runtime?

• Will my implementation be useful 
in the future?

• How can I compare against other 
method implementations?
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Digital libraries of 
"non-executable" 

papers Gotcha!!!
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Scientific software:
technical complexity

• Long time-to-market

• "Crosscutting error" proneness

• Software architecture!! 

• Mitigation strategy

• Stratification of productivity 
and efficiency 

• Productivity through rapid 
prototyping
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SPiNMe
• Rapid prototyping of FE methods

• Local programming

• Good performance

• Perpetuation/reproduction of methods

• Concept of "executable paper"

Methods
Database

WEB	
  SERVER

CLUSTER

NeoPZ
FEM	
  library

Paraview

SPiNMe!!!

6 Lua	
  language
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What has been done so far?

• Stationary

• Scalar

• Transient

• Vectorial

• Meshes: gmesh, tetgen

• GPU awareness
7

Methods
Database

WEB.SERVER

CLUSTER

NeoPZ
FEM)library

Paraview

SPiNMe!!!

Lua)language
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Code snippets

SPiNMe User Guide

Antônio T. A. Gomes Diego Paredes

Frédéric Valentin Frederico S. Teixeira

National Laboratory for Scientific Computing (LNCC),

Av. Getúlio Vargas, 333 - Quitandinha - Petrópolis, RJ - 25651-075 - Brazil

e-mail: [atagomes, dparedes, valentin, fteixeira]@lncc.br

1 Introduction

This guide aims to describe the use of SPiNMe in order to find numerical solutions of
Partial Differential Equations.

The examples we will explore are both stationary and transient Convection-Reaction-
Diffusion equations. In the general, it takes the form:

8
>><

>>:

ut �r · (✏ru) + ↵ ·ru + �u = f, in ⌦,
u = g, on @⌦D,

(✏ru) · ⌘ = h, on @⌦N ,
u(x, y, 0) = u0(x, y), in ⌦.

(1)

where ⌦ = [0.1]d ⇢ Rd, d = 2, 3 and @⌦ = @⌦D \ @⌦N . Further details about the
equation above, its theoretical and numerical characteristics (mainly the assumptions on
the parameters) can be found in [1].

The SPiNMe Portal [2] were build upon embedding the interpreted programming
language Lua [5] into the NeoPZ library [6]. So, a basic knowledge of Lua is required.

In order to keep the presentation clear, the sections are shared in two subsections and
presented in a straightforward manner: in the first subsection we show the variational
formulation of the problem (it depends on the method), including the Sobolev spaces
where the functions are defined; then we show the Lua code (which captions point to
the .lua file in the database). In the second subsection, we discuss the main achievement
of SPiNMe, which is the easy way the user can insert a new term in the variational
formulation. Each section treats its own implementation because it varies accordingly to
the method.

The sections were defined by considering the kind of problem which will be treated and
the respective numerical method. Therefore, in the Section 2 and 3 we show the stationary
problem and the transient problem, respectively, both under the Continuous Galerkin
approach. In section 4 we present the stationary problem by means of Mixed Galerkin
Methods, respectively. Finally we conclude by presenting the forthcoming features of
SPiNMe. The appendices detail the .lua files, along with the LuaPZ installation notes for
developers.
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• General problem: convection-reaction-diffusion...

• ...whose variational form depends on the method...
8
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Code snippets

• Stationary problem - Continuous Galerkin Methods

2 Stationary problems - Continuous Galerkin Methods

2.1 The main equation

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦). (2)

1 StatARD = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Diffusion = { Epsilon = { {1.0. 0.0}, {0.0. 1.0} } },
5 Reaction = { Sigma = 1.0 },
6 Advection = { Alpha = { 1.0. 0.0 }, },
7 SourceSink = { F = 0.0 },
8 }
9 }, -- End of FreeNodes

10 ConstrainedNodes = {
11 [15] = { PhyEntity = 1,
12 Dirichlet = { G = function(x,y,z,t)
13 return { math.exp (0.5*(x-1))*
14 math.sinh (0.5*x*(5) ^0.5) /
15 math.sinh (0.5*(5) ^0.5) * y }
16 end , }, }, }, -- End of ConstrainedNodes }

Listing 1: File StatARD.lua

1 Precision = 1
2 InterpolationOrder = 1
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU
5 ExactSolution = function(x,y,z,t)
6 return { math.exp (0.5*(x-1))*
7 math.sinh (0.5*x*(5) ^0.5) /
8 math.sinh (0.5*(5) ^0.5) * y } end

Listing 2: File StatARD_numerics.lua

2.2 The implementation of a new contribution - Stabilized F.E.M.

Based on [3], we add terms on the left and right hand sides and define the following
formulation: find u 2 H1(⌦), u = g on @⌦, such that:

�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
+ B

�
u, v

�
=

�
f, v

�
+ F

�
v
�
, 8v 2 H1

0 (⌦). (3)

1 unusual_physics = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 Reaction = { Sigma = 0.0, },
6 Advection = { Alpha = { 1.0 , 0.0 } },
7 Diffusion = { Epsilon = { {0.01, 0.0}, {0.0, 0.01} }, },
8 SourceSink = { F = 0.0, },
9 unusual_term = { }, --NEW TERM!!

10 },
11 }, -- End of FreeNodes
12 ConstrainedNodes = {
13 [1] = { PhyEntity = 1,
14 Dirichlet = {
15 G = function(x,y,z,t) return
16 math.exp (50.0*(x -1.0))
17 *(math.sinh (48.979894*x)/math.sinh

(48.979894))*y
18 end , }, },

2 Stationary problems - Continuous Galerkin Methods

2.1 The main equation

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦). (2)

1 StatARD = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Diffusion = { Epsilon = { {0.0001 , 0.0},
5 {0.0, 0.0001} } },
6 Reaction = { Sigma = 0.01 },
7 Advection = { Alpha = { 0.5, 0.5 }, },
8 SourceSink = { F = 1.0 },
9 }

10 }, -- End of FreeNodes
11 ConstrainedNodes = {
12 [14] = { PhyEntity = 1,
13 Dirichlet = { G = 1.0, }, },
14 [15] = { PhyEntity = 1,
15 Dirichlet = { G = 0.0, }, },
16 }, -- End of ConstrainedNodes
17 }

Listing 1: File StatARD.lua

1 Precision = 1
2 InterpolationOrder = 1
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU

Listing 2: File StatARD_numerics.lua

2.2 The implementation of a new contribution - Stabilized F.E.M.

Based on [3], we add terms on the left and right hand sides and define the following
formulation:

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
+ B

�
u, v

�
=

�
f, v

�
+ F

�
v
�
, 8v 2 H1

0 (⌦). (3)

1 unusual_physics = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 Reaction = { Sigma = 0.0, },
6 Advection = { Alpha = { 1.0 , 0.0 } },
7 Diffusion = { Epsilon = { {0.01, 0.0}, {0.0, 0.01} }, },
8 SourceSink = { F = 0.0, },
9 unusual_term = { }, --NEW TERM!!

10 },
11 }, -- End of FreeNodes
12 ConstrainedNodes = {
13 [1] = { PhyEntity = 1,
14 Dirichlet = {
15 G = function(x,y,z,t) return
16 math.exp (50.0*(x -1.0))
17 *(math.sinh (48.979894*x)/math.sinh

(48.979894))*y
18 end , }, },
19 }, -- End of ConstrainedNodes
20 }
21 unusual_physics.FreeNodes [1]. unusual_term = {

Without stabilization
term

9
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Code snippets

• Implementation of a new contribution - Stabilized Methods

• Where is “B” and “F”???

2 Stationary problems - Continuous Galerkin Methods

2.1 The main equation

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦). (2)

1 StatARD = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Diffusion = { Epsilon = { {0.0001 , 0.0},
5 {0.0, 0.0001} } },
6 Reaction = { Sigma = 0.01 },
7 Advection = { Alpha = { 0.5, 0.5 }, },
8 SourceSink = { F = 1.0 },
9 }

10 }, -- End of FreeNodes
11 ConstrainedNodes = {
12 [14] = { PhyEntity = 1,
13 Dirichlet = { G = 1.0, }, },
14 [15] = { PhyEntity = 1,
15 Dirichlet = { G = 0.0, }, },
16 }, -- End of ConstrainedNodes
17 }

Listing 1: File StatARD.lua

2.2 The implementation of a new contribution - Stabilized F.E.M.

Based on [3], we add terms on the left and right hand sides and define the following
formulation:

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
+ B

�
u, v

�
=

�
f, v

�
+ F

�
v
�
, 8v 2 H1

0 (⌦). (3)

1 unusual_physics = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 ... -- Same as before
5 unusual_term = {}, -- New term !!!
6 }
7 }, -- End of FreeNodes
8 ConstrainedNodes = {...} , -- End of ConstrainedNodes
9 }

10 unusual_physics.FreeNodes [1]. unusual_term = { -- New term specs !!!
11 Nu = unusual_physics.FreeNodes [1]. Diffusion.Epsilon [1][1] ,
12 Sigma = unusual_physics.FreeNodes [1]. Reaction.Sigma ,
13 A = unusual_physics.FreeNodes [1]. Advection.Alpha ,
14 H = 1/256, -- mesh dependent !!!!
15 f = unusual_physics.FreeNodes [1]. SourceSink.F,
16 }

Listing 2: File unusual_physics.lua

1 ElementType = Quadrilateral
2 Precision = 0
3 InterpolationOrder = 3
4 StructuralMatrix = NONSYM_FULL
5 Solver = LU
6 ExactSolution = function(x,y,z,t) return
7 math.exp (50.0*(x-1.0))*(math.sinh (48.979894*x)/math.sinh (48.979894))*y end

Listing 3: File unusual_numerics.lua

2 Stationary problems - Continuous Galerkin Methods

2.1 The main equation

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦). (2)

1 StatARD = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Diffusion = { Epsilon = { {1.0. 0.0}, {0.0. 1.0} } },
5 Reaction = { Sigma = 1.0 },
6 Advection = { Alpha = { 1.0. 0.0 }, },
7 SourceSink = { F = 0.0 },
8 }
9 }, -- End of FreeNodes

10 ConstrainedNodes = {
11 [15] = { PhyEntity = 1,
12 Dirichlet = { G = function(x,y,z,t)
13 return { math.exp (0.5*(x-1))*
14 math.sinh (0.5*x*(5) ^0.5) /
15 math.sinh (0.5*(5) ^0.5) * y }
16 end , }, }, }, -- End of ConstrainedNodes }

Listing 1: File StatARD.lua

1 Precision = 1
2 InterpolationOrder = 1
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU
5 ExactSolution = function(x,y,z,t)
6 return { math.exp (0.5*(x-1))*
7 math.sinh (0.5*x*(5) ^0.5) /
8 math.sinh (0.5*(5) ^0.5) * y } end

Listing 2: File StatARD_numerics.lua

2.2 The implementation of a new contribution - Stabilized F.E.M.

Based on [3], we add terms on the left and right hand sides and define the following
formulation:

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
+ B

�
u, v

�
=

�
f, v

�
+ F

�
v
�
, 8v 2 H1

0 (⌦). (3)

1 unusual_physics = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 Reaction = { Sigma = 0.0, },
6 Advection = { Alpha = { 1.0 , 0.0 } },
7 Diffusion = { Epsilon = { {0.01, 0.0}, {0.0, 0.01} }, },
8 SourceSink = { F = 0.0, },
9 unusual_term = { }, --NEW TERM!!

10 },
11 }, -- End of FreeNodes
12 ConstrainedNodes = {
13 [1] = { PhyEntity = 1,
14 Dirichlet = {
15 G = function(x,y,z,t) return
16 math.exp (50.0*(x -1.0))
17 *(math.sinh (48.979894*x)/math.sinh

(48.979894))*y
18 end , }, },

With stabilization
term

10
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Code snippets 

11

a(uh,vh) + B(uh,vh) = (f,vh) + F(vh)

2 Stationary problems - Continuous Galerkin Methods

2.1 The main equation

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦). (2)

1 StatARD = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Diffusion = { Epsilon = { {0.0001 , 0.0},
5 {0.0, 0.0001} } },
6 Reaction = { Sigma = 0.01 },
7 Advection = { Alpha = { 0.5, 0.5 }, },
8 SourceSink = { F = 1.0 },
9 }

10 }, -- End of FreeNodes
11 ConstrainedNodes = {
12 [14] = { PhyEntity = 1,
13 Dirichlet = { G = 1.0, }, },
14 [15] = { PhyEntity = 1,
15 Dirichlet = { G = 0.0, }, },
16 }, -- End of ConstrainedNodes
17 }

Listing 1: File StatARD.lua

2.2 The implementation of a new contribution - Stabilized F.E.M.

Based on [3], we add terms on the left and right hand sides and define the following
formulation:

Find u 2 H1(⌦), u = g on @⌦, such that:
�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
+ B

�
u, v

�
=

�
f, v

�
+ F

�
v
�
, 8v 2 H1

0 (⌦). (3)

1 unusual_physics = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 ... -- Same as before
5 unusual_term = {}, -- New term !!!
6 }
7 }, -- End of FreeNodes
8 ConstrainedNodes = {...} , -- End of ConstrainedNodes
9 }

10 unusual_physics.FreeNodes [1]. unusual_term = { -- New term specs !!!
11 Nu = unusual_physics.FreeNodes [1]. Diffusion.Epsilon [1][1] ,
12 Sigma = unusual_physics.FreeNodes [1]. Reaction.Sigma ,
13 A = unusual_physics.FreeNodes [1]. Advection.Alpha ,
14 H = 1/256, -- mesh dependent !!!!
15 f = unusual_physics.FreeNodes [1]. SourceSink.F,
16 }

Listing 2: File unusual_physics.lua

1 ElementType = Quadrilateral
2 Precision = 0
3 InterpolationOrder = 3
4 StructuralMatrix = NONSYM_FULL
5 Solver = LU
6 ExactSolution = function(x,y,z,t) return
7 math.exp (50.0*(x-1.0))*(math.sinh (48.979894*x)/math.sinh (48.979894))*y end

Listing 3: File unusual_numerics.lua

local function tau_K() ... -- aux function omitted for brevity 

function unusual_term.asmFreeNodes(data, weight, ek, ef) 
 local x, phi, dphi = data:getX(), data:getPhi(), data:getDPhix()
 local r = phi.rows

 for i=0,r-1 do
  ef[i][0] = ef[i][0] + weight * f * phi[i][0] - 
    N * weight * f * tau_K(x[0],x[1]) *
    (Sigma * phi[i][0] - A[0] * dphi[0][i] - A[1] * dphi[1][i])
  for j=0,r-1 do
   ek[i][j] = ek[i][j] - N * weight * 
     ( Sigma * Sigma * phi[j][0] * phi[i][0] * tau_K(x[0],x[1]) + 
       Sigma * (A[0] * dphi[0][j] + A[1] * dphi[1][j] ) * tau_K(x[0],x[1]) * phi[i][0] -
       Sigma * phi[j][0] * tau_K(x[0],x[1]) * (A[0] * dphi[0][i] + A[1] * dphi[1][i]) - 
       (A[0] * dphi[0][j] + A[1] * dphi[1][j]) * 
       tau_K(x[0],x[1]) * (A[0] * dphi[0][i] + A[1] * dphi[1][i]) )
  end
 end
end
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Code snippets

• Transient problem, first order in time - Continuous Galerkin 
Methods

3 Transient Problems - Continuous Galerkin Methods

3.1 The main equation - first order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, t) = g(x), on @⌦, such that:

8
<

:

�
ut, v

�
+

�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).

u(x, y, 0) = u0(x, y), in ⌦.

1 TranADR = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 Transient = { Coeff = 1.0 },
6 Advection = { Alpha = {1.0, 1.0} },
7 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
8 Reaction = { Sigma = 1.0 },
9 SourceSink = { F = function(x,y,z,t)

10 return {2* math.pi^2* math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)
11 + math.pi*math.exp(-t)*(math.cos(math.pi*x)*math.sin(math.pi*y)
12 + math.sin(math.pi*x)*math.cos(math.pi*y))} end , }, },
13 }, -- End of FreeNodes
14 ConstrainedNodes = {
15 [1] = {
16 PhyEntity = 1,
17 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
18 }, -- End of ConstrainedNodes
19 }

Listing 5: File TranADR.lua

1 Precision = 1
2 InterpolationOrder = 4
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU
5 TimeStep = 1/80
6 TimeIterations = 80
7 ThetaMethod = 0.5
8 ExactSolution = function(x,y,z,t)
9 return {math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)} end

10 InitialCondition = function(x,y,z,t)
11 return {math.sin(math.pi*x)*math.sin(math.pi*y)} end

Listing 6: File TranADR_numerics.lua

3 Transient Problems - Continuous Galerkin Methods

3.1 The main equation - first order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, t) = g(x), on @⌦, such that:

8
<

:

�
ut, v

�
+

�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).

u(x, y, 0) = u0(x, y), in ⌦.

1 TranADR = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Transient = { Coeff = 1.0 },
5 Advection = { Alpha = {1.0, 1.0} },
6 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
7 Reaction = { Sigma = 1.0 },
8 SourceSink = { F = function(x,y,z,t)
9 return {2* math.pi^2* math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)

10 + math.pi*math.exp(-t)*(math.cos(math.pi*x)*math.sin(math.pi*y)
11 + math.sin(math.pi*x)*math.cos(math.pi*y))} end , }, },
12 }, -- End of FreeNodes
13 ConstrainedNodes = {
14 [1] = {
15 PhyEntity = 1,
16 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
17 }, -- End of ConstrainedNodes
18 }

Listing 5: File TranADR.lua

1 Precision = 1
2 InterpolationOrder = 4
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU
5 TimeStep = 1/80
6 TimeIterations = 80
7 ThetaMethod = 0.5
8 ExactSolution = function(x,y,z,t)
9 return {math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)} end

10 InitialCondition = function(x,y,z,t)
11 return {math.sin(math.pi*x)*math.sin(math.pi*y)} end

Listing 6: File TranADR_numerics.lua

12
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Code snippets

• Where are the other simulation parameters? (Interpolation 
order, solver, matrix data structure, initial condition, exact 
solution...)

• Going on with the example in the previous slide...

3 Transient Problems - Continuous Galerkin Methods

3.1 The main equation - first order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, t) = g(x), on @⌦, such that:

8
<

:

�
ut, v

�
+

�
✏ru,rv

�
+

�
↵ ·ru, v

�
+

�
�u, v

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).

u(x, y, 0) = u0(x, y), in ⌦.

1 TranADR = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 Transient = { Coeff = 1.0 },
5 Advection = { Alpha = {1.0, 1.0} },
6 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
7 Reaction = { Sigma = 1.0 },
8 SourceSink = { F = function(x,y,z,t)
9 return {2* math.pi^2* math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)

10 + math.pi*math.exp(-t)*(math.cos(math.pi*x)*math.sin(math.pi*y)
11 + math.sin(math.pi*x)*math.cos(math.pi*y))} end , }, },
12 }, -- End of FreeNodes
13 ConstrainedNodes = {
14 [1] = {
15 PhyEntity = 1,
16 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
17 }, -- End of ConstrainedNodes
18 }

Listing 6: File TranADR.lua

1 Precision = 1
2 InterpolationOrder = 4
3 StructuralMatrix = NONSYM_FULL
4 Solver = DIRECT_LU
5 TimeStep = 1/80
6 TimeIterations = 80
7 ThetaMethod = 0.5
8 ExactSolution = function(x,y,z,t)
9 return {math.exp(-t)*math.sin(math.pi*x)*math.sin(math.pi*y)} end

10 InitialCondition = function(x,y,z,t)
11 return {math.sin(math.pi*x)*math.sin(math.pi*y)} end

Listing 7: File TranADR_numerics.lua
13
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• Transient problem, second order in time - Continuous 
Galerkin Methods

Code snippets

3.2 The main equation - second order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, y, t) = g(x, y), on @⌦, such that:

8
<

:

�
utt, v

�
+

�
✏ru,rv

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).
u(x, y, 0) = u0(x, y), in ⌦.
ut(x, y, 0) = u1(x, y), in ⌦.

1 SecTranD_Dir = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 TransientSecond = { Coeff = 1.0 },
5 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t) return
7 2*t*math.pi^2* math.sin(math.pi*x)*math.sin(math.pi*y)
8 end , }, }, }, -- End of FreeNodes
9 ConstrainedNodes = {

10 [1] = {
11 PhyEntity = 1,
12 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
13 }, -- End of ConstrainedNodes
14 }

Listing 8: File SecTranD_Dir.lua

1 ElementType = Triangular
2 Precision = 1
3 InterpolationOrder = 3
4 IntegrationRuleOrder = 8
5 StructuralMatrix = BAND
6 Solver = LU
7 TimeStep = 1/40
8 TimeIterations = 400
9 ExactSolution = function(x,y,z,t)

10 return t*math.sin(math.pi*x)*math.sin(math.pi*y) end
11 ExactSolutionPrime =
12 function(x,y,z,t) return math.sin(math.pi*x)*math.sin(math.pi*y) end
13 InitialCondition =
14 function(x,y,z,t) return 0.0 end
15 InitialConditionPrime =
16 function(x,y,z,t) return 0.0 end

Listing 9: File SecTranD_Dir_numerics.lua

14

3.2 The main equation - second order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, y, t) = g(x, y), on @⌦, such that:

8
<

:

�
utt, v

�
+

�
✏ru,rv

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).
u(x, y, 0) = u0(x, y), in ⌦.
ut(x, y, 0) = u1(x, y), in ⌦.

1 SecTranD_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 TransientSecond = { Coeff = 1.0 },
6 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
7 SourceSink = { F = function(x,y,z,t) return
8 2*t*math.pi^2* math.sin(math.pi*x)*math.sin(math.pi*y)
9 end , }, }, }, -- End of FreeNodes

10 ConstrainedNodes = {
11 [1] = {
12 PhyEntity = 1,
13 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
14 }, -- End of ConstrainedNodes
15 }

Listing 8: File SecTranD_Dir.lua

1 ElementType = Triangular
2 Precision = 1
3 InterpolationOrder = 3
4 IntegrationRuleOrder = 8
5 StructuralMatrix = BAND
6 Solver = LU
7 TimeStep = 1/40
8 TimeIterations = 400
9 ExactSolution = function(x,y,z,t)

10 return t*math.sin(math.pi*x)*math.sin(math.pi*y) end
11 ExactSolutionPrime =
12 function(x,y,z,t) return math.sin(math.pi*x)*math.sin(math.pi*y) end
13 InitialCondition =
14 function(x,y,z,t) return 0.0 end
15 InitialConditionPrime =
16 function(x,y,z,t) return 0.0 end

Listing 9: File SecTranD_Dir_numerics.lua

3.2 The main equation - second order in time

Find u : [0, T ] �! H1
0 (⌦), u(x, y, t) = g(x, y), on @⌦, such that:

8
<

:

�
utt, v

�
+

�
✏ru,rv

�
=

�
f, v

�
, 8v 2 H1

0 (⌦).
u(x, y, 0) = u0(x, y), in ⌦.
ut(x, y, 0) = u1(x, y), in ⌦.

1 SecTranD_Dir = { Dimension = 2,
2 FreeNodes = {
3 [1] = {
4 TransientSecond = { Coeff = 1.0 },
5 Diffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t) return
7 2*t*math.pi^2* math.sin(math.pi*x)*math.sin(math.pi*y)
8 end , }, }, }, -- End of FreeNodes
9 ConstrainedNodes = {

10 [1] = {
11 PhyEntity = 1,
12 Dirichlet = { G = function(x,y,z,t) return 0.0 end , }, },
13 }, -- End of ConstrainedNodes
14 }

Listing 8: File SecTranD_Dir.lua

1 Precision = 1
2 InterpolationOrder = 3
3 IntegrationRuleOrder = 8
4 StructuralMatrix = BAND
5 Solver = LU
6 TimeStep = 1/40
7 TimeIterations = 400
8 ExactSolution = function(x,y,z,t)
9 return t*math.sin(math.pi*x)*math.sin(math.pi*y) end

10 ExactSolutionPrime = function(x,y,z,t)
11 return math.sin(math.pi*x)*math.sin(math.pi*y) end
12 InitialCondition =
13 function(x,y,z,t) return 0.0 end
14 InitialConditionPrime =
15 function(x,y,z,t) return 0.0 end

Listing 9: File SecTranD_Dir_numerics.lua
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• Stationary problem - Mixed Methods

Code snippets4 Stationary Problems - Mixed Methods

4.1 The main equation

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0,8v 2 H(div, ⌦).

�
q,r · u

�
=

�
f, q

�
,8q 2 L2(⌦).

(4)

1 Mix_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return 2 * math.pi^2 * math.sin(math.pi*x) *
8 math.sin(math.pi*y) end , },
9 }, -- End of [1]

10 }, -- End of FreeNodes
11 ConstrainedNodes = {
12 [15] = { PhyEntity = 1,
13 Dirichlet = { G = function(x,y,z,t)
14 return math.sin(math.pi*x) *
15 math.sin(math.pi*y) end , }, },
16 }, -- End of ConstrainedNodes
17 }

Listing 10: File Mix_Dir.lua

1 ElementType = Quadrilateral
2 Precision = 0
3 InterpolationOrder = 1
4 StructuralMatrix = NONSYM_FULL
5 Solver = LU
6 ExactPrimalSolution = function(x,y,z,t)
7 return math.sin(math.pi*x)*math.sin(math.pi*y) end
8 -- dual = - Epsilon * grad(primal)
9 ExactDualSolution = function(x,y,z,t)

10 return { -math.pi*math.cos(math.pi*x)*math.sin(math.pi*y),
11 -math.pi*math.sin(math.pi*x)*math.cos(math.pi*y) } end

Listing 11: File Mix_Dir_numerics.lua

In the next subsections we will describe two examples on how to add a new term when
dealing with mixed methods.

4.2 The implementation of a new contribution - Reaction

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0, 8v 2 H(div, ⌦).

�
r · u, q

�
+

�
p, q

�
=

�
f, q

�
, 8q 2 L2(⌦).

(5)

1 MixReacLua_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return (2 * math.pi^2 + 1) * math.sin(math.pi*x) * math.sin(

math.pi*y)
8 end , },

15

4 Stationary Problems - Mixed Methods

4.1 The main equation

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0,8v 2 H(div, ⌦).

�
q,r · u

�
=

�
f, q

�
,8q 2 L2(⌦).

(4)

1 Mix_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return 2 * math.pi^2 * math.sin(math.pi*x) *
8 math.sin(math.pi*y) end , },
9 }, -- End of [1]

10 }, -- End of FreeNodes
11 ConstrainedNodes = {
12 [15] = { PhyEntity = 1,
13 Dirichlet = { G = function(x,y,z,t)
14 return math.sin(math.pi*x) *
15 math.sin(math.pi*y) end , }, },
16 }, -- End of ConstrainedNodes
17 }

Listing 10: File Mix_Dir.lua

1 InterpolationOrder = 1
2 StructuralMatrix = NONSYM_FULL
3 Solver = LU
4 ExactPrimalSolution = function(x,y,z,t)
5 return math.sin(math.pi*x)*math.sin(math.pi*y) end
6 -- dual = - Epsilon * grad(primal)
7 ExactDualSolution = function(x,y,z,t)
8 return { -math.pi*math.cos(math.pi*x)*math.sin(math.pi*y),
9 -math.pi*math.sin(math.pi*x)*math.cos(math.pi*y) } end

Listing 11: File Mix_Dir_numerics.lua

In the next subsections we will describe two examples on how to add a new term when
dealing with mixed methods.

4.2 The implementation of a new contribution - Reaction

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0, 8v 2 H(div, ⌦).

�
r · u, q

�
+

�
p, q

�
=

�
f, q

�
, 8q 2 L2(⌦).

(5)

1 MixReacLua_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return (2 * math.pi^2 + 1) * math.sin(math.pi*x) * math.sin(

math.pi*y)
8 end , },
9 MixReacLua_Dir_term = { }

10 }, -- End of [1]

4 Stationary Problems - Mixed Methods

4.1 The main equation

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0,8v 2 H(div, ⌦).

�
q,r · u

�
=

�
f, q

�
,8q 2 L2(⌦).

(4)

1 Mix_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return 2 * math.pi^2 * math.sin(math.pi*x) * math.sin(math.pi*y) end , },
8 }, -- End of [1]
9 }, -- End of FreeNodes

10 ConstrainedNodes = {
11 [15] = { PhyEntity = 1,
12 Dirichlet = { G = function(x,y,z,t)
13 return math.sin(math.pi*x)*math.sin(math.pi*y) end , }, },
14 }, -- End of ConstrainedNodes
15 }

Listing 10: File Mix_Dir.lua

1 ElementType = Quadrilateral
2 Precision = 0
3 InterpolationOrder = 1
4 StructuralMatrix = NONSYM_FULL
5 Solver = LU
6 ExactPrimalSolution = function(x,y,z,t)
7 return math.sin(math.pi*x)*math.sin(math.pi*y) end
8 -- dual = - Epsilon * grad(primal)
9 ExactDualSolution = function(x,y,z,t)

10 return { -math.pi*math.cos(math.pi*x)*math.sin(math.pi*y),
11 -math.pi*math.sin(math.pi*x)*math.cos(math.pi*y) } end

Listing 11: File Mix_Dir_numerics.lua

In the next subsections we will describe two examples on how to add a new term when
dealing with mixed methods.

4.2 The implementation of a new contribution - Reaction

Find u 2 H(div, ⌦) and p 2 L2(⌦) such that
8
<

:

�
✏�1

u,v
�

+
�
p,r · v

�
= 0, 8v 2 H(div, ⌦).

�
r · u, q

�
+

�
p, q

�
=

�
f, q

�
, 8q 2 L2(⌦).

(5)

1 MixReacLua_Dir = {
2 Dimension = 2,
3 FreeNodes = {
4 [1] = {
5 MixedDiffusion = { Epsilon = { {1.0, 0.0}, {0.0, 1.0} } },
6 SourceSink = { F = function(x,y,z,t)
7 return (2 * math.pi^2 + 1) * math.sin(math.pi*x) * math.sin(

math.pi*y)
8 end , },
9 MixReacLua_Dir_term = { }

10 }, -- End of [1]
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Difficulties

• Design/evolution of PPI

• Resemblance with 
Internet’s hourglass 
model

16
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Difficulties

• Design/evolution of PPI

• Resemblance with 
Internet’s hourglass 
model

• Is ossification a problem?

16
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• Implementing the specific 
family of MHM methods

• NeoPZ’s architectural 
degradation (drift)

• Not only...

Difficulties

17Source: Alessandro Garcia (Brazilian Academy of Science)
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• Implementing the specific 
family of MHM methods

• NeoPZ’s architectural 
degradation (drift)

• Not only...

Difficulties

17Source: Alessandro Garcia (Brazilian Academy of Science)

• But also...
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• Implementing the specific 
family of MHM methods

• NeoPZ’s architectural 
degradation (drift)

• Not only...

Difficulties

17Source: Alessandro Garcia (Brazilian Academy of Science)

• But also...

• Need for stressing the ability of 
the SPiNMe platform to use 
different numerical libraries
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• Implementing the specific 
family of MHM methods

• NeoPZ’s architectural 
degradation (drift)

• Implementation of a new 
FEM library specifically 
crafted for exploring the 
loosely-coupled strategy of 
MHM methods to solve 
global and local problems

Difficulties

Source: www.teach-ict.com

18
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Difficulties

• Implementing the specific 
family of MHM methods

• NeoPZ’s architectural 
degradation (drift)

• Implementation of a new 
FEM library specifically 
crafted for exploring the 
loosely-coupled strategy of 
MHM methods to solve 
global and local problems

• Erlang used as an 
additional substract 
of productivity layer 
for fault-tolerant 
process 
communication

19 supervisor processcommunicating process supervision tree communication path

gs00
(mhm_main_server)

fsm0000
(mhm_fsm)

gs0000
(mhm_server)

gs000000
(mhm_server)

gs000001
(mhm_server)

fsm00000001
(mhm_leaf_fsm)

fsm00000000
(mhm_leaf_fsm)

fsm00000101
(mhm_leaf_fsm)

fsm00000100
(mhm_leaf_fsm)

gssup00
(mhm_main_server_supervisor)

fsm000000
(mhm_fsm)

fsm000001
(mhm_fsm)

fsmsup000000
(mhm_fsm_supervisor)

gssup000000
(mhm_server_supervisor)

gssup000001
(mhm_server_supervisor)

start(MyName=fsmsup0000, 
         HigherServerName=gs00,

         Depth=2, Breadth=2)

start(MyName=gs00, 
         MainProblem,
         ProblemData)

start(MainProblem, 
        ProblemData, 
        Depth=3, 
        Breadth=2)

start(MyName=fsm0000, 
         HigherServerName=gs00,
         LowerServerName=gs0000)fsmsup0000

(mhm_main_fsm_supervisor)

start(MyName=gssup0000,
         Subscriber=fsm0000,
         Depth=2, Breadth=2)

gssup0000
(mhm_server_supervisor)

start(MyName=gs0000,
         Subscriber=fsm0000)

start(MyName=fsmsup000000, 
         HigherServerName=gs0000,

         Depth=1, Breadth=2)

fsmsup00000000
fsmsup00000001

(mhm_fsm_supervisor)

fsmsup00000100

fsmsup00000101
(mhm_fsm_supervisor)

{BiggerProblem, 
 BiggerProblemData} =  
             get_next_problem()
...
set_solution(BiggerProblemSolution)

insert_new_problem(
            SmallerProblem,
            SmallerProblemData)

notify_all_solved(
            [{SmallerProblem,  

               SmallerProblemSolution}])
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Overall design

• GS processes:

• Workload queueing

• Notification of solved 
workloads

• FSM processes:

• Problem splitting and 
reduction

• Global-local solving

• Leaf-FSM processes:

• Local solving
20

gs00
(mhm_main_server)

fsm0000
(mhm_fsm)

gs0000
(mhm_server)

gs000000
(mhm_server)

gs000001
(mhm_server)

fsm00000001
(mhm_leaf_fsm)

fsm00000000
(mhm_leaf_fsm)

fsm00000101
(mhm_leaf_fsm)

fsm00000100
(mhm_leaf_fsm)

fsm000000
(mhm_fsm)

fsm000001
(mhm_fsm)

{BiggerProblem, 
 BiggerProblemData} =  
             get_next_problem()
...
set_solution(BiggerProblemSolution)

insert_new_problem(
            SmallerProblem,
            SmallerProblemData)

notify_all_solved(
            [{SmallerProblem,  

    SmallerProblemSolution}])
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Future work

• NeoPZ-related:

• Nonlinear PDEs

• Symbolic coding

• JiT compilation of Lua code

• MHM-related:

• Variable depth and breadth in 
subtrees

• Support for dynamic 
adaptivity (c.f. Diego’s slides!)

• SPiNMe-related:

• Link to scientific hypothesis 
database

21
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Thank you!!!
Merci!!!

22

Antônio Tadeu A. Gomes
Diego Paredes
Frederico Teixeira
Frédéric Valentin

atagomes@lncc.br

http://www.lncc.br/sinapad/SPiNMe
http://www.facebook.com/sinapad
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