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Sequestration of COy

V- (A&(us)) =aVp

uy + K(S) Vp = g(5)
Vour+0(¢pp+aV-us) =f

0SS — €(S)AS + (S, uy)- VS = g(5)
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Elliptic Models

Find u such that
—V:-Du=f inQ, Dun=0 ondd
Laplace: Find the pressure u where
Du:=KVu
Elasticity: Find the displacement u where
Du:=K&(u)

Here K is a positive definite tensor with multi-scales features
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Mixed Finite Element: v and D u

Stability + Precision + Conservation

Laplace (Darcy): RT) /Py or BDMj/Pr_1 elements

Elasticity: Relax conformity or the symmetry of D u

Arnold at al. (2008): 162 d.o.f. in 3D

Basis functions are “ignorant” of multi-scales structures
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A typical permeability field (Courtesy M. Borges)
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Upscalling
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A (incomplete) State-of-the-Art

Flasticity Equation Darcy Equation
Multi-Scale + Stable Multi-Scale 4+ Stable
RTy /Py Hou et al. (2002)
77 77

BDM; /Py Arbogast (2004)
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The MHM Formulation
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Hybrid Formulation (Coarse Mesh 7p,)
Find u such that

—V-Du=f inQ, Dun=0 ondfd

Find (u, \) € V- x A s.t. for all (v, u) €V x A

(K™'Du, Dv)g, + (An, [v))g, = (f, v)7,
([ul,um)g, =0

Observe that u satisfies the (ill-posed) local problem

(K Du,Dv)g = (f,v)x — (A v)ox
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Space Decomposition

Split the space
V=VeoV

such that
veVy st. (K'Do,Dv)g=0

Laplace problem: V is the piecewise constant space

Elasticity problem: Vj is the space of rigid body modes

Function v € V decomposes

v=0+7, v€Vy and @€ Vg
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Weak Formulation - Hybrid
Test function (@,0): Find @ € Vg~ such that

(K'Da, Do)k = (f,9)x — (N D)ar Vo € Vi

Split
= u+uf
Test function (v, p) : Find (u, A) € Vo x A such that

(An, [0)g, = (f, 0)g, YOEW
([ﬁ—i—u’\],un)gh =— ([uﬂ,,un)gh Vp e A
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Alternative Weak Formulation - Mixed

Given pu € A, define u* € V5= such that

(K'Du*, Do)k = —(u,0)ox Vo € Vg-

Find (a, \) € Vh x A such that

<V-Du’\, @)T =—(f,v); YeW

h

(ic—lpu*,DuM) +(@,V-Du')y = —(fu")5, YueA

T
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The MHM method
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Finite Data Set

» Thus far, no discretization
introduced

Space Ag » The only missed choice is

AN CA

/ » Functions denoted \; € Ay

Find u™ such that

(IC_l D’u’)\la Dﬁ)K = _()‘lvﬁ)aK
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Finite Element

Let A\; € A; be expanded with basis functions
dim A,
= > M)yl Yl ePi(F)
i=1
_ N dim(Afar)
Suppose K € Tj,. Define L = {\/(x;)},_; and
N ={ 1}dlm Mox) where n; satisfy

(Ic_l Dnszf))K = —(%,77)81{

The triplet {K, N, L} is a finite element
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Space A_4

Space Ag

077075

07 075

077075
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An Oscillatory Basis Function for A_3

0.025 —
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The MHM Method
Find (uo, \;) € Vo x Ay such that

(V~DUA’, U0>T =—(f,vo)g, Vv €Vo

h

(IC_lDu)‘l,Du“l>T + (uo, V- Dult) = —(f,u")g, Ywe N

h

uM solves

(/C_l Du>‘l, D?NJ)K = —()\l,f})aK
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Relationship with Other Methods: The Darcy Model

[=0,feR 1=0,1
K=1 Multi-Scale K Multi-Scale K
RTo/Po Hou at al. (2002)  Arbogast (2004)
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Considerations on the Method
up = ug +uM +u!  and o, = Duy € H(div,Q)

» Vh x A; is inf-sup stable
» Convergence driven only by A; ~ A

» Locally conservative

frn

Primal Updated

lu — uollo,o = O(h) [u — up o0 = O(h2)

i - uollog = O(h'*?) lo = ohllaine = O(h'*)
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An (Face) A Posteriori Error Estimator

—2 [up), F € internal edges
Rp = —upn, F € Dirichlet b.c.
0, F € Neumann b.c.

w3 e

]1/2
KeT, FCOK

13,

Both reliability and efficiency hold
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Numerical Validation
Darcy Equation
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Element Po(K)/P_3(F)

Updated Pressure: Convergence h’

IIu—uhIIg
II1'I(u-u0)IIQ

h5




Multiscale Hybrid-Mixed Method
L MHM Method

Element Po(K)/P_3(F)

Velocity: Convergence h*

_ o (u)-o (uh)llQ

1071 n*
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The Highly-Oscillatory Problem (e = 1—16)

1.8sin 27y
1.8sin2 24 ——
2+ Sl;l T

_l’_

_ €
K(x) = 1.8 sin 27y 1.8 cos 2
+— 24—

9 &

2
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Element Py(K)/P_5(F) (16 x 16 Elements)

ug + uMN 4 uf
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Elements Po(K)/Po(F) and ]P)O(K)/P_Q(F>

Uug




)
)/P_o(F
(K)/Py(F) and Py(K
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A Quarter Five-Spot Problem

» Two wells, in opposing corners.
» Permeability set to 1.
» Homogeneous Neumann boundary conditions
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Figure: uy and |op|
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A High-Constrast Permeability Problem

Inject

K=1000*1

. ]
Extract
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Element Py(K)/P_1(F): uy

1.13 2.38 g x

-0.128
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Element Py(K)/P_1(F): |o]




Multiscale Hybrid-Mixed Method
L MHM Method

A Heterogenous Permeability Problem
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Elements Py(K)/P_o(F) (25 x 25 elements

15

0.75+

057"
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RT( Element Fails: Profiles of wy

PO(F) RTO
-0.485 00379 0.561 0512 -0.0419
ENENANENENENENENENEN ESENENENENENENENNEN
P2(F) EXACT
-0.475 0.0374 0.55 -0.485 0.045 0575
- D S S S S S ] [ D s S D S S S S )
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Upcoming: Advective Dominate Model

The MHM method avoids under and over shootings
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v

New stable elements for the Darcy and elasticity models

v

Include local upscaling

v

Highly adapted to paralel computation

v

Elasticity: Conformity + Strong Symmetry + Equilibrium

v

Elasticity: Simplest element = 12 (2D) or 30 (3D) d.o.f.
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Perspectives: First Ideas for Collaboration

» The non-linear system: Linearization algorithm + Further
complexities (fractures/faults ?7)

» Paralelization: CPU or GPU (or hybrid) ?

» MHM method: Electromagnetism in heterogenous media
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