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Convergence of the VAG discretization for a two phase Darcy flow

VAG discretization of two phase Darcy flow with discontinuous capillary
pressures



Vertex Approximate Gradient (VAG) scheme

[Eymard et al 2010]

m Tetrahedral submesh 7
m Interpolation at the face centres x, using the face nodal values
m P; finite element discretization on 7 with interpolation at the face centres

m Nodal basis: 7, 7s, S € Vi, kK € M
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Variational formulation and fluxes

a(ur, vr) = /Q K(x)Vur(x) - Vvr(x) dx = /Q f(x) vr(x) dx

a(ur, vr) Z Z / x)Vur(x) Vns(x)dx) (Vn - Vs)v

KEM eV, “F

= > > Fsl UT)<H—VS)

KEM sEV,

with the fluxes F s(ur) = —Fs . (ur) = / —K(x)Vur - Vns(x)dx.



Equivalent discrete conservation laws

S Foalur) = / F(x)(x) dx for all 5 € M,

sEV,
S Fanlur) = fo F(x)ns(x) dx for all s € V\ 90 M
KEMs

> Frs(ur) = mef(x,) for all & € M,
SEV,

Z Fs.(ur) = msf(xs) for all s € V\ 9Q
KEMs

Mass lumping:



Application to two phase Darcy flows (o = o, w).

The Darcy fluxes between  and s are discretized by:
V;st = Fn,S(Pg”n) + pi‘,s 8 Fn,S(ZT)~

with the conservativity property Vg%, = — V.

Soun — Sl LSO
My by A + > Ve, =0,k € M,
sEV,
a,n a,n—1 ka Sa n
msqﬁssi— > K Gupr) Ve =0,s€V\ Vp,
KEMs
o | wif V,f‘)s >0,
P sifve, <o,



Definition of a volume and a porous volume to each cell and

vertex

My s = N,s/dx for all k € M,s € V., \ Vp,

Volumes. my = ne% My s for all s € V' \ Vp,
m,i:/dx— Z mys forall k e M,
K s€V.\Vb
which are such that Z m, + Z mg = / dx.
KEM seV\Vp Q
b= Tz | o)
Porosities:
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Control Volume Finite Element (CVFE) interpretation of the

VAG Fluxes in 2D

Fos(ur) = / K Vur(x) - Vis(x) dx,

= / —K.Vur(x) - n.do.
x;aUx;a




Questions

m How does the choice of the volumes m,  affect the convergence of the
scheme for two phase Darcy flows?

m How to deal with different rocktypes ?



Convergence analysis of a two phase immiscible

incompressible Darcy flow model

div(—=A(S) KVp) = k*+ k¥ on @ x (0,1),

60,5 + div(—f(S))\(S) KVp) n div(wa(S) — ke on Q x (0, t),
S=0,p=0 on 99 x (0, tf),
S|t:0 = So on Q.

m Capillary diffusion: ¢(S) strictly increasing with ¢'(0) = ¢/(1) =0
(degenerate parabolic equation for S), ! Holder continuous.

m Total Mobility: A < A(S) <A

m Fractional flow: f(S) nondecreasing with f(0) =0, f(1) = 1.

m Source term: k° + k% > 0.

Convergence analysis for TPFA [Eymard et al 2006], and for SUSHI-Mimetic
schemes [Brenner 2011].



Why it will work independently of the choice of the m,. s 7

Two representations of a discrete function u (saturation S):
Finite Element interpolation: ur(x) = Z Ui (x) + Z usns(x)
KEM seV

and

up(x) = u, on w,, Vol(w,) = m,,

Finite Volume interpolation:
P up(x) = us on ws, Vol(ws) = ms.

Under shape regularity assumptions we can prove the estimates:

luplliz@) S llurllz@),

and
lup — urlliz@) S h7lIVur|l 2



Discrete a priori estimates and convergence theorem

For any choice of the weights ;s € [0,1) such that 1 — ZSEVN\VD s > 0,
one has the a priori estimates:

lo(S)p.atlli=(.4:2@) HIVE(S) T atll2(0,¢) x) TV T At Lo (0,¢4:02(0)) < C.

with a constant C depending on the shape regularity constant of the submesh 7
and on maxsecy #Ms.

Proof: use basically the equivalence

>t — ts)Frs(u) ~ |V ur[72(

s€V,

and the discrete Poincaré inequality

luplliz@) S lurlliz@) S IVurllze-



Convergence theorem

Let D™, m € N be a family of discretizations such that the family of simpletic
submeshes 7™, m € N is shape regular, maxscym # My is bounded, and

hym — 0. Let At™ — 0.

Let the weights o} € [0,1) be chosen such that 1 — 3" ., \,, a)s > 0.

Then, up to a subsequence, one has
Stm atm — S strongly in L2(0, tr; L2(Q))

Prm atm — P weakly in L2(0, tr; L(Q))

where (P, S) is a weak solution.



Numerical experiment on the Buckley Leverett 1D solution

0tS + 0, f(S) — 0x2p(S) =0  on (0,1) x (0, tf), .
S=1 n {0 0, tr), du
B o e e o)
Slt=o =0 on (0,1),

Global Pressure

' ' . ' ' ' ' . | ' ' . ' ' ' ' .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X

Qil saturation and Global Pressure for P. 1 = 0.15(Pe ~ 150)



Three choices of the m,, 5. Meshes from the 2D FVCA5 and

3D FVCA6 Benchmarks

1
Choices 1 and 2: ;s = w ———, for w = 0.5 or w = 0.01.

#Ms

0.57 if {k| rocktype =2} = Mq,

Choice 3 (rocktype): ay s = o
0 else if rocktype = 2




Numerical results in 2D: cartesian, random quadrangular

and triangular meshes
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Numerical results in 2D: cartesian, random quadrangular

and triangular meshes

Comparison between Cartesian-Quadrangular-Triangular meshes
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Numerical results in 3D: cartesian, random hexahedral,

trahedral and prismatic meshes
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Numerical results in 3D: cartesian, random hexahedral,

trahedral and prismatic meshe

Comparison between Cartesian-Hexa-Tetra-Prismatic meshes Comparison between Cartesian-Hexa-Tetra-Prismatic meshes
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Conclusions (first part)

m Convergence slightly dependent on m,; ¢

m Better accuracy for balanced volumes at cells and vertices

m Conclusion: choose the volumes
m to match the heterogeneities
m to balance the cell/vertex volumes as much as possible (improve the Newton
convergence for more complex models with phase transitions)



Immiscible two phase Darcy flows with discontinuous

capillary pressures

0 p*S* + div(Q“) =0, a=w,o,

5W+SO_

- )

Po — P% = P.(S°, x).

(X)(vpa - pag)v @ =Ww,o,

Rocktypes 1 and 2:

P.(S°, x) = Pi(S°),
k(S x) = k2,(5%) if x € Qi i = 1,2,

Matching conditions at the interface ' = Q3 N Q, between the two rocktypes
[Enchery et al 2008], [Cances et al 2011], [Brenner et al 2011]:

Pe,1(59) N Pep(5°) # 0,
Py = P¥(if mobile phase),
Q¥ -n+Q5-n =0, a=w,o.



VAG discretization: main ideas

Allow for discontinuous saturations at the interfaces between two different
rocktypes: S.s, k € Ms

Fluxes continuity at a given interface s given by the conservation equations
at s

Reduce the number of unknowns by choosing the phase pressures as
primary unknowns. The saturations are given for each cell x by

SIS,S = P(;I]-”;(pso - pgv)v K € Ms,
S =P (P2 — P

which accounts for the phase pressure continuity interface conditions

Extension of the scheme [Brenner et al 2011], [Brenner 2011] to the VAG
discretization on general meshes.



VAG discretization

Sa n __ Sa ,n—1 a (Sa,n) N kgn(sf?,’sn) o

mn¢n At + Z e (VK,S) —+ o (Vn,s) 0
s€EV,
ke M, a=w,o,
Sey — St (5o ke (So -

DL Mt S B ey B ey
KEMs KREM, H

s€V\Vp, a=w,o.

See = Por(pe" — ps"), k€ Ms,s € V\ Vp,

Som = PZE(pe™ — prn), k€ M.



Problem of non uniqueness of the solution P%, P°

Example: initial state P¥, S¥ = 1: 0
P? is clearly not unique ! o

02

0
-50000 0 50000 100000 150000 200000
Po-Pw

To avoid this singularity when solving the discrete nonlinear system:
Projections of P2 — PY on the interval:

[ omin Polp),  max  PCX(p)]
{pI(PER)(P)>0} {p1(PZ2) (P)>0}

and of P2 — P on

[ min min P-1(p), max max Pl p)}
REMs {p| (P22) (P)>0} REMs {p | (PcR) (p)>0}



Test Case: two barriers

Porous media with two rocktypes: K; = Ko = 1.10712 m?, ¢; = ¢» = 0.1,

k&, = k&, o= w, 0, and the following P_1, P 3:

Pcml
1 ~ S =1 PY=810°Pa
Rocktype’l (0, H)
Rocktype 2 - Rocktype 1
08 1
Rocktype 2 |
06
° S¥lio=1
2]
04 | Rocktype 2
P*|p—g = B.10° + p*gz|
02t (0,0) FTTTTT (L.0)
0 s L 1 Sl} — ].
-50000 0 50000 100000 150000 200000 Pe = B.10° | p¥gH | Pey(S° = 1) Pa

Po-Pw

Density driven flow: p° = 800, p" = 1000 kg/m?3,
k°(S°) = (5°)?, u° =5.10"3,
k¥(S%) = (S")?, u* =1.1073.



Barriers test case: numerical result on a Cartesian grid
16 x 16
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Comparison of the solution on cartesian 64 x 64, random
quadrangular 64 x 64, and triangular (1900 nodes) meshes




CPR-AMG preconditioner

CPR-AMG Preconditioner: multiplicative combination of ILUO on A and AMG
on the elliptic bloc Aq;.

s X =ILUO(A) 'R

n XP = AMG(Au) (R = Aux(V = Ax{V)

1 2
lX:(Xl()Tl))<1()>
X



CPR-AMG preconditioner: variant

Apply AMG also on the Ay, bloc (degenerate Parabolic equation).

m X =TLUO(A) IR

AMG(A1) 0
@ — 1 —AX®
=X ( 0 AMG(A) ) (R AX )

m X =XO 4 x?



CPU time with different solvers/preconditioners: barriers

test case with 137 time steps.

CPU Time

Number of Iterations

10000

1000

1

140

120

100

80

60 |

40

00

Global CPU time on Cartesian meshes

GMRES + CPR-AMG
GMRES + CPR2-AMG
GMRES + [LUQ -~ x
Direct Solver =
10 100 1000 10000 100000

Number of Nodes

Solver iterations per Newlon step on Cartesian meshes

GMRES + CPR2-AMG =

GMRES + CPR-AMG —+—

*

GMRES + LU0

1000
Number of Nodes

10000 100000

CPU Time

Number of Iterations

100000 ey
10000 -
1000 -
100 -
10 -
Lr GMRES + CPR-AMG
GMRES + CPR2-AMG —
olr GMRES + LU0 x
Direct Solver —=-
001

350
300
250
200
150
100

Global CPU time on Triangular meshes

10 100 1000 10000

Number of Nodes

100000 1e+06

Solver iterations per Newton step on Triangular meshes

GMRES + CPR-AMG —+— x
GMRES + CPR2-AMG =
GMRES +ILUO

100000

10 100 1000 10000

Number of Nodes

1e+06



Barriers test case 2
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Test case with change of wettability: imbibition

barriers
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3D test case
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Conclusion and perspectives

m Vertex centred discretization of Darcy flows:
m adapted to general meshes,
m very efficient on simpletic meshes compared with cell centred schemes,
m can be adapted to highly heterogeneous media and different rocktypes.

m Extension to compositional models with discontinuous capillary pressures
(following the pressure-pressure formulation of [Angelini 2010] for Black Oil
models)
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