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Q, bounded polyhedral domain of R3, boundary F =T2UTl™;
the system of Maxwell's equation in three space dimensions is given by :

OE
C(gt —caurl(H) = 0,
u(?d—:l +curl(E) = 0,

where :
e E=1(E(x,t), Ea(x,t), E3(x,t)) & H = t(Hi(x, t), Ha(x, t), H3(x, t)) are
the electric field and the magnetic field

e ¢ =&(x), u = p(x), are the electric permittivity and the magnetic
permeability, respectively
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Q, bounded polyhedral domain of R3, boundary F =T2UTl™;
the system of Maxwell's equation in three space dimensions is given by :

OE
ot

—curl(H) = 0,

|
=

oH
Far -+ curl(E)

where :

e E=1(E(x,t), Ea(x,t), E3(x,t)) & H = t(Hi(x, t), Ha(x, t), H3(x, t)) are
the electric field and the magnetic field

e ¢ =&(x), u = p(x), are the electric permittivity and the magnetic
permeability, respectively

e Metallic boundary condition on '™ : n X E = 0 (n outwards normal to I)

Silver-Mller boundary condition on I'? : n X E — \/ﬁn x (Hxn)=0
€

e Pseudo-conservative form : Q(9;W)+V-F(W) =0 (W =*(E,H) € R®)
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Objective

OBJECTIVE : Formulate, study and validate a DGTD-P,(Q),
method to solve Maxwell's equations :

® mesh objects with complex geometry by tetrahedra
(triangles in 2D) for high precision

® mesh the surrounding space by square elements
(large size) for simplicity and speed
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Spatial discretization

N
e Q is discretized by &), = U c = %Ue@h, where ¢; are tetrahedra (€ 7})
i=1
or hexahedra (€ 24) in 3D (triangles or quadrangles in 2D)
e For theoritical aspects we consider only metallic boundaries

e P,[c;] the space of polynomial functions with degree at most p on ¢; € 7,
(ex : form of polynomials Py in 2D : & + &1x1 + &ax0),
Qk[ci] the space of polynomial functions with degree at most k with
respect to each variable separately on ¢; € 2}, (ex : form of polynomials @
in 2D 1 yo + yiXx1 + Y2X2 + Y3X1X2)

* ¢i = (i1, pi2,- - ., pid;) local basis of Pp[c;]
9,’ = (19,'1, 19,'27 cee ,19,'1,[.) local basis of Qk[C,']
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Spatial discretization

N
e Q is discretized by &), = U c = %Ue@h, where ¢; are tetrahedra (€ 7})
i=1
or hexahedra (€ 24) in 3D (triangles or quadrangles in 2D)
e For theoritical aspects we consider only metallic boundaries

e P,[c;] the space of polynomial functions with degree at most p on ¢; € 7,
(ex : form of polynomials Py in 2D : & + &1x1 + &ax0),
Qk[ci] the space of polynomial functions with degree at most k with
respect to each variable separately on ¢; € 2}, (ex : form of polynomials @
in 2D 1 yo + yiXx1 + Y2X2 + Y3X1X2)

* ¢i = (i1, pi2,- - ., pid;) local basis of Pp[c;]
9,’ = (19,'1, ?9,'2, cee ,19,'1,[.) local basis of Qk[C,']

e The discrete solution vector Wy, is searched for in the approximation space
VP defined by :
V¢ € 7/7 Vhic € IPP[C,']

Vb =< v, € Lz(Q)
Ve € 2y, Vhig € Qk[C,‘]
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Spatial discretization

o Local degrees of freedom denoted by W; € R®

® W, defines the restriction of the approximate solution to the cell ¢; (Wh|,,)
di

O G E % = W, € IPP[C,'] : W,'(X) = ZW,‘/QO,’/(X) € RB
I=1

b;
Ci € Qh — W, ¢ Qk[c;] : W,'(X) = ZW;/@,’/(X) € R6
(=i

o
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Spatial discretization

o Local degrees of freedom denoted by W; € R®

® W, defines the restriction of the approximate solution to the cell ¢; (Wh|,,)

d;
® G c % —— W,' S IPP[C,'] : W,'(X) = ZW,‘/QO,’/(X) S R()
=il

b;
Ci € Qh — W, ¢ Qk[c,-] : W,'(X) = ZW;/@,’/(X) € RG
I=1
e The local representation of W does not provide any form of continuity from
one element to another. We use a centered numerical flux on aj; = ¢; N ¢;
W o Wi‘aﬁ+wj‘aij
hla; = 2

If ajj on the metallic boundary : (E;,H;) = *(—E;, H;)

o
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¢ is a tetrahedron. aj; face of ¢, is either on boundary, or common to another
tetrahedron, or to a hexahedron (hybrid)

6d; semi-discretized equations system :

+ZXXkH + ) AH + > XpHi+ > AzH; =0,

e a; €T ajeH]
& dt ZWE =2 E+ ) XnEi- ) AE =0
a;€T} ;€T ajeH]

with :
e E; ='(Ei1,Epp,--- ,Eig.) and H; = *(H;1,Hj,-- - , Hig,) € R?*
o Ej=*(Ej1,Ep, -~ ,Ep) and H; = (Hj1, Hpp, - Hjp,) € R

e X_;and X, ; are mass matrices, X7* gradient matrix, X surface matrix
— All have a 3d; x 3d; size, except A;;, whose size is 3d; x 3b;

« 0O
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Spatial discretization

Case (A)

G is a tetrahedron. aj; face of ¢;, is either on boundary, or common to another
tetrahedron, or to a hexahedron (hybrid)

6d; semi-discretized equations system :

24X, +ZXXkH + ) AH+ D XnHi+ > AjH; =0,

a;€T] a;e T} ajeH]
dH: <& .
X
2Xui= =D X E = Y B+ Y nEi— Y AE =0,
k=1 a;€T} a; €T} ESY

with :
e E;=%Ei,Epn, -+ ,Eig) and H; = {(H;;,Hj, - - - ,Hjg) € R3
. Ej = t(Ejl7 Ej2; s ,Ejbj) and HJ = t(Hjla Hj27 . 7Hjbj) € R3bj
e X_;and X, ; are mass matrices, X* gradient matrix, Xj; surface matrix

= All have a 3d; x 3d; size, except Aj;, whose size is 3d; x 3b;
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¢; is an hexahedron. aj; face of ¢;, is either on boundary, or common to another
hexahedron, or to a tetrahedron (hybrid)

6b; semi-discretized equations system :

+ZWXkH + 3 WiH+ > WinHi+ Y ByH; =0,

a;€ 2] a;E2i a;eH)
ZWXkE — > WiEi+ Y WimEi— > BjE =0,
a;eQ, a; €20, ajeH}

with :
e E; =(Ei1,Ejp,--- ,Ep,) and H; = {(H;1, Hjz, - -+ , Hyp,) € R3®
e E; =%E;j1,Ep, - ;Ejg;) and H; =(Hj1;,Hp, - - Hjg) € R34
® W, ; and W, ; are mass matrices, W;* gradient matrix, Wj; surface matrix
= All have a 3b; x 3b; size, except Bj;, whose size is 3b; x 3d;

« 0O
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Spatial discretization

Case (B)

¢j is an hexahedron. aj; face of ¢;, is either on boundary, or common to another
hexahedron, or to a tetrahedron (hybrid)

6b; semi-discretized equations system :

20, +ZWXkH+ ZWUH+ > WimHi+ Y BjH; =0,

a;€E2] a;€2i, aj €N}
" - - _
W, i—— E WkE E WiE; + E WimE; — E BjiE; =0,
a; €2, a; €2 a; €]

with :
e E; =%(Ei,Epn,- - ,Ep,) and H; = {(Hi1, Hip, -+, Hpp,) € R
* E;="(En,Epp, -+ Ejg) and Hj = “(Hj;, Hp, -+ Hjg) € R
e W, ;and W, ; are mass matrices, W* gradient matrix, Wj; surface matrix
= All have a 3b; x 3b; size, except Bjj, whose size is 3b; x 3d|

o
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Time discretization

Second order Leap-Frog scheme :

et —n—1 At _

H™2 = H *+ = 1] "AT

e Case (A): o At ) )
E; = E + > [, i] AZTZ

1 !

n ~n 1 At _
H™ = H] + = W] "B,
* Case (B) :

o o At — n
= B+ i) 1gnts

]
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o We define a discrete energy &”

o We assume that this is an energy and we check that it is exactly conserved,
ie. A€ =¢ml ¢ =0

o We make hypothesis for fields in to prove that &” is a positive definite
quadratic form under a CFL condition :

VX € (Polc)’, lIrot(X)llg < (o pillXlle) /el
VX € (Bolal)’, IXI3, < (BFInzllIXIZ) /el
where o] and B] (j € {j|ci N ¢; # T}) defining the constant parameters
e We also admit similar hypothesis ¥X € (Qk[c;])* with constants o and B

o ||l and ||.][s; are L2-norm. ||n;| = faj 1do with nj; non-unitary normal

to aj; oriented from ¢; towards ¢;. || = [_ 1dx and p; = 3y, [In||

« 0O
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Stability analysis

e We define a discrete energy €”

e We assume that this is an energy and we check that it is exactly conserved,
ie. AE=¢"tl _¢gn =0

e We make hypothesis for fields in to prove that &" is a positive definite
quadratic form under a CFL condition :

VX € (Bple])’, [rot(X)ll < (a7 pillXllc,) /e,

o) /il

where o] and B] (j € {j|ci N ¢; # D}) defining the constant parameters

3 .
VX € (Bpla])”, IIXIZ, < (BF InglllIX]

e We also admit similar hypothesis VX € (Qx[c;])* with constants o and Bi
® |/l and ||.|[s, are L>-norm. |Ing|| = [, 1do with nj non-unitary normal
ij
to aj oriented from ¢; towards ¢;. |¢;| = [. 1dx and p; = > ey, lIngl|

]
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Stability analysis

e For the DGTD-P, method, the sufficient condition on At, is [1] :

i i 4lcil\/Eipi
VivjeV: At {2af+ﬂ,§max(‘/€,,/u>} < Heil vEiRi
€ VM pi

e For DGTD-Q) method, the sufficient condition on Aty is :

] ' 4|cil\/Eipi
VivieVi: At [m?wgmax(\ﬁ\/m)] - Helvarm
SV H pi

[1] L. FEzoul, S. LANTERI, S. LOHRENGEL, AND S. PIPERNO

Convergence and stability of a discontinuous Galerkin time-domain method for

the heterogeneous Maxwell equations on unstructured meshes

ESAIM : Math. Model. and Numer. Anal. 39, no. 6, p. 1149-1176 (2005) o
26th Jul. 2012 13 /34
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Stability analysis

e For the DGTD-P, method, the sufficient condition on At, is [1] :

i i 4lcil\/Eipi
VivjeV: At {2af+ﬂ,§max(‘/€,,/u>} < Heil vEiRi
€ VM pi

e For DGTD-Q) method, the sufficient condition on Aty is :

] ' 4|cil\/Eipi
Viviev: At [m?wgmax(\ﬁ\/m)] _ HlalvEm
SV H pi

Finally, noting At the global time step for the hybrid method, we have shown
that the sufficient stability condition is defined by :

At = min(At,, Atg)

Under this condition and hypothesis, " is a positive definite quadratic form

[1] L. FEzoul, S. LANTERI, S. LOHRENGEL, AND S. PIPERNO
Convergence and stability of a discontinuous Galerkin time-domain method for
the heterogeneous Maxwell equations on unstructured meshes
ESAIM : Math. Model. and Numer. Anal. 39, no. 6, p. 1149-1176 (2005) o
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® Two cases for weak formulations (¢; € J, / ¢i € ), vector test functions

U, ixV)+(V, ixU)) do

rﬁhm
with :
e T=1U,V), T =YU,V)
2 U"‘aij + Uj ajj
o [Us]; = (Uj\a,.j - Ui\a,,-) xfij, {Unbj = —————

e Z, set of internal faces, .7, set of metallic boundary faces

<« 0>
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A priori convergence analysis

e Two cases for weak formulations (¢; € 9} / ¢; € 2)), vector test functions

m(T, T') = 2/Q<QT, T')dx

2 g 3
(T, T) = / (<Z@L’k(9kT, T’> S ahT >> dx
. ¢ k=1 k=1
BTT) = [ ((VE VD) - (U}, VD)~
(V') [U]) + (U}, VD)) do+
/f ((U, #xV)+(V, axU)) do
with :
e T=1U,V), T =1U,V)
Ui‘aij +UJ aji
o [Ul; = (Ui, — Uilsy ) . {Un}y = —2——1%

e F4 set of internal faces, %, set of metallic boundary faces
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A priori convergence analysis

e Summing up weak formulations on each ¢;, the discrete solution
W, = {(Ep, Hp,) satisfies :

m(0;Wp, T') 4+ a(Wp, T') + b(W),, T') =0, VT € V?
e We assume that the exact solution W = {(E, H) € (H(curl,Q))®. Using the

continuity of the tangential traces of E and H accross a;; € %4, and the
metallic boundary condition E x #i = 0 on a;; € %, we prove :

m(O:W, T') + a(W, T') + (W, T') =0, VT’ € V¢

o
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A priori convergence analysis

e Summing up weak formulations on each ¢;, the discrete solution
W, = {(Ep, Hp,) satisfies :

m(0:Wp, T') 4+ a(Wp, T') + (W, T') =0, VT’ € VP
e We assume that the exact solution W = {(E, H) € (H(curl,Q))®. Using the

continuity of the tangential traces of E and H accross a;; € .%4, and the
metallic boundary condition E x #i = 0 on a;; € %, we prove :

m(O:W, T') + a(W, T') + (W, T') =0, VT’ € V¢

e Let W, € CI([0, t¢]; V) and let W € CO([0, t¢]; (PH*T1(R2))®) for s < 0
with tf the final time and :

PH*(Q) = {v | Vj,v|q, € HT}(Q)}

e Let h, = Tr:wea%(hﬂ), hg = qr,-neégh(hq") and :

Np = max {h':i”{s"p}, h;ﬂ”{s’k}}

]
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A priori convergence analysis

e Then there is a constant C > 0 independent of h such that :

th(‘;:])t(f] (HPh(W(t)) — Wh(t)”OA,Q) < € Nh tf HWHCO([O_’tf]“’Pf—/erl(Q))

e For the semi-discretized problem, the error w = W — W/, satisfies the
estimate :

IWlleogo,er1, 2@y = € 1 te [Wlleoqpo, ey, pe01 ()

]
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A priori convergence analysis

e Then there is a constant C > 0 independent of h such that :

tgfé”:f] (IPh(W(t)) = Wh(t)llo.2) < Cmn tr HW”CO([O,Q]“’PHS*l(Q))

e For the semi-discretized problem, the error w = W — W/, satisfies the
estimate :

IWlleoqo,e1,z0)) < € i te Wlleogo, e, ey

® The fully discretized scheme may be seen as the discretization in time of a
system of ODE

e Since the Leap-Frog scheme is second-order accurate, we found the
consistency error altogether of order O(At?)

o
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A priori convergence analysis

e Then there is a constant C > 0 independent of h such that :

tgfé”:f] (IPh(W(t)) = Wh(t)llo.2) < Cmn tr HW”CO([O,Q]“’PHS*l(Q))

e For the semi-discretized problem, the error w = W — W/, satisfies the
estimate :

IWlleoqo,e1,z0)) < € i te Wlleogo, e, ey

® The fully discretized scheme may be seen as the discretization in time of a
system of ODE

e Since the Leap-Frog scheme is second-order accurate, we found the
consistency error altogether of order O(At?)

o Finally, together with the stability result we thus get an error of order (if
the exact solution is regular enough) :

O(At?) + O(tnp)

o
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QOutline

@ 2D NUMERICAL RESULTS

e Eigenmode in a unitary PEC square cavity
® Second-order Leap-Frog scheme
® Fourth-order Leap-Frog scheme
e Scattering of a plane wave
® Scattering by a PEC cylinder
® Scattering by a PEC airfoil profile
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3D MAXWELL'S EQUATIONS DGTD METHOD ON HYBRID MESHES
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Eigenmode in a unitary PEC square cavity

e 2D transverse magnetic waves (TM.,) : H = {(H,, H,

e 2D Maxwell's equations are given by :

€

ot 0xq 0Xo
OH, OE,

Por T = 0
OHy, 0B _
ot " ox

C. DUROCHAT

OE. OH, My _

DGTD method on hybrid & non-conforming meshes for Maxwell

2D NUMERICAL RESULTS CONCLUSION
@0000000000000 (e]e)

,0) et E = 90,0, E,)

o
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Eigenmode in a unitary PEC square cavity

e 2D transverse magnetic waves (TM,) : H = (H,, H,,0) et E = 0,0, E,)
e 2D Maxwell's equations are given by :

OE; OH,  OH,

— 0
ot x| Ox ’
Oy | OE _ |

ot "o

oH, OE,
Por o,

* We compute the evolution of the (1,1) mode in a PEC square cavity, the
exact solution is :

Hy(x1,%0,t) = —(m/w)sin(mxy)cos(mxz)sin(wt),
Hy(x1,x,t) = (m/w)cos(mxi)sin(mxz)sin(wt),
E.(x1,x,t) = sin(mxy)sin(mxp) cos(wt),

where w = 2nf, with f the frequency
]
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Eigenmode in a unitary PEC square cavity
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Time (s)

CPU time | # dof | Final L*-error

DGTD-P; 45 s 11334 | 233 x 10?2
DGTD-P; 206 s 22668 | 1.68 x 10~ *
DGTD-Ps 530 s 37780 | 7.09 x 10~°
DGTD-P, 1511 s 56670 | 2.94 x 10~°
DGTD-P1Q, 12s 3872 424 x 1073
DGTD-P,Q3 45 s 6656 | 3.41x 107
DGTD-P3Q4 160 s 11040 | 821 x107°
DGTD-P,Q4 346 s 16160 | 5.67 x 10 °
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Numerical h-wise convergence for the second-order Leap-Frog scheme :

—-DGTD-P1Q4 ; slope = 1.83

—DGTD-P2Q3 ; slope
DGTD-P3Q4 ; slope

—DGTD-P4Q4 ; slope = 2.12

=
19
=4
9]
—
®
£
i
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Eigenmode in a unitary PEC square cavity

Numerical h-wise convergence for the second-order Leap-Frog scheme :

—-DGTD-P1Q4 ; slope = 1.83
—DGTD-P2Q3; slope = 2.05

DGTD-P3Q4 ; slope = 2.07
—DGTD-P4Q4 ; slope = 2.12

=
19
=4
9]
—
®
=4
i

e Numerical validation of convergence in h. Stable method.

e Each time step used in the DGTD-IP,Q is the minimum between the limit
time step for DGTD-IP, and the one for DGTD-Qx = first numerical
validation of the stability analysis
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Numerical h-wise convergence for the fourth-order Leap-Frog scheme :

DGTD-P1Q3 ; slope = 1.01
>DGTD-P1Q4 ; slope = 1.01
—+DGTD-P2Q3 ; slope = 2.35
-=DGTD-P2Q4 ; slope = 2.22
-©-DGTD-P3Q3 ; slope = 3.01

DGTD-P3Q4 ; slope = 2.96
“-DGTD-P4Q4 ; slope = 4.97
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Numerical h-wise convergence for the fourth-order Leap-Frog scheme :

DGTD-P1Q3 ; slope = 1.01
>DGTD-P1Q4 ; slope = 1.01
—+DGTD-P2Q3 ; slope = 2.35
-=DGTD-P2Q4 ; slope = 2.22
-©-DGTD-P3Q3 ; slope = 3.01

DGTD-P3Q4 ; slope = 2.96
“-DGTD-P4Q4 ; slope = 4.97
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e Numerical validation of convergence in h. Stable method.

e LF4 more efficient and more accurate than LF2 for this test problem
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Scattering of a plane wave

Time evolution of component E, at points (—1.6;1.6) and (0.5; —0

—DGTD-P3

---DGTD-P1Qq

---DGTD-P1Q4
DGTD-P2Q3

i
25
Time (s)

—DGTD-P3

-~ DGTD-P1Q

--DGTD-P1Q4
DGTD-P2Q3

2.5
Time (s)
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Time evolution of component E, at points (—1.6;1.6) and (0.5
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Contour lines of discret Fourier transform of H, and H, components (during the
last period of the simulation) for calculations with DGTD-P5 method :
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Contour lines of discret Fourier transform of H, and H, components (during the
last period of the simulation) for calculations with DGTD-P,Q3 method :
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Scattering of a plane wave

Contour lines of discret Fourier transform of E, component (calculated during
the last period of the simulation) for calculations with TD-P>,Q4 method :

]
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Scattering of a plane wave

Time evolution of component H, at point (0.7; —0.7) :

--- DGTD-P3Q4
DGTD-P2Q4
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Time evolution of component H, at point (0.7; —0.7) :

--- DGTD-P3Q4

DGTD-P2Q4

Frequency = 500 MHz

# dof | CPU time
P, 126660 1339 s

P,Q,4 || 73804 200 s

P3Q,4 || 120140 503 s
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©® DGTD METHOD ON HYBRID MESHES
® Objective
e Spatial discretization
e Time discretization

© 3D CONVERGENCE AND STABILITY
» Stability analysis
e A priori convergence analysis

@ 2D NUMERICAL RESULTS

e Eigenmode in a unitary PEC square cavity
® Second-order Leap-Frog scheme
® Fourth-order Leap-Frog scheme
e Scattering of a plane wave
® Scattering by a PEC cylinder
® Scattering by a PEC airfoil profile
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e Validation of this method

e Interesting compromises between accuracy and CPU time

o Work in progress :
Fourth order Leap-Frog scheme
Large number of new test cases
Using others basis function (orthogonal basis for Qx on hexahedra)
Local time-stepping strategy
Transition to 3D
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e Validation of this method
e Interesting compromises between accuracy and CPU time

e Work in progress :

Fourth order Leap-Frog scheme

Large number of new test cases

Using others basis function (orthogonal basis for Qx on hexahedra)
Local time-stepping strategy

Transition to 3D
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