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Motivations

Bass strings / )

Agraffe

Hammers
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Motivations

u(z) i

U : flexural wave ok shear wave

B Alembert eguationharmonicspectrum

Timoshenko system, inharmonic spectrum
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Motivations

After space semi discretization with a standard method as FEM

d2
ﬁMhUh + KpUp = Mp 2y,

Un—I—l L 2Un _I_ n—1
L L K, QU+ (1-20)UR + 00U ) = M55,

0 1/4 1/2

implicit as soonas 6 >0

Explicit ($) Implicit (55%)...
Time step restriction (o# string, reasonable spatial discretization) :
- Timoshenko : At < 0.1 millisecond
- D’Alembert : At < 1.4 milliseconds

... But one solution of the 3D piano problem
takes 86 ms per time step ! At =1 millisecond

P59 5590559559955955995595599559
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Motivations

Write a numerical scheme that
- will be used with a «large» time step :> stability properties shown with energy techniques
- can be implicit

- limits numerical dispersion :ﬁ> dispersion in finite domains : eigenfrequencies
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Improved time discretization for
prestressed Timoshenko systems

.  Continuous equations
1. Classical 6-schemes
l1l. New B-schemes
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Improved time discretization for
prestressed Timoshenko systems

.  Continuous equations

» Equations
» A priori estimates (energy, solution)
» Dispersion analysis (eigenfrequencies)

~
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Continuous system

Prestressed Timoshenko system :

0% 0% 9, o
T | — (o — —) =
pS Ot2 V Ox2 oGk Ox (SD 83:') P50,
(9 (p 0% | duy
6’ 5 EIanZ i SGK}(QO — %) — O,

Timoshenko : On the correction for shear of the differential equation for transverse
vibrations of bars of uniform cross-section (Philosophical Magazine,1921)

Simply supported boundary conditions :
uw(lx=0,t) =0, wu(lx=L,t)=0, 0Oyp(x=0,t)=0, 0Oyp(x=L,t)=0,

Initial conditions :
u(x,t =0) =ug(x), elx,t =0) = @o(x), Oru(x,t =0) =uy(x), Orp(x,t =0) = p1(x).
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Continuous energy identities

1 (" R >
2= [ psioal+3 [ o110

1 /- , 1 [F , 1 [ 5
+ = To |Ozu|” + = EI |0;0|" + = SGk |p — Ozul
2 0 2 0 2 0

e [t | : g

= | esoau < | os1oP [ oS joual’
| 0 I O O

|| -
Q@df < V2E(t)

i
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Continuous energy identities

1

L L

1 1

E(t) = —/ pS|6’tu|2+—/ p I |80l =~ 6,U||3, U ="*(u, p)
2 0 2 0 2

1 [ 5 1 [F 5 1 [F )
2 Jo 2 Jo 2 Jo

E(t) < 5(0)+\}§/0t\//0Lp502

U(-t) =Uo(-) + [ U(-,5)ds

UG8y < 1Usllys +t V2EQ) /t—S\//O pS 1o (-, 5)[
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Dispersion in a finite domain

If we seek a solution of the form :

Uz, t) =e 2™V (g)

then there exists £such that f = fei = explicit but complicated formula

flexural : foo=tf (1+el®) + 05,
shear: f= 10 (L4002 +03Y,
x 10° Flexural eigenfrequencies, note Dd1

N

-
‘il
-
-
—1
—I
|||||
-
—ﬁ
-t
-
-t
-
.
"'—l—
-

Frequency (Hz)

o
o

500 1000 1500 2000
x 10° Shear eigenfrea%rgﬁcies, note Dd1

2500

-
o

Frequency (Hz)
Q1

o
o

500 1000 1500 2000

rank

2500
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where

Frequency (Hz)

Flexural eigenfrequencies, note Dd1

f__ 1 TO o 7'('2 ET1 To]
o T\l s T 212 ES]
. 1 [5Gk B w2 EI+ IGk
o Tox\ o1 "T 2127 Sk

| ¢ Timoshenko

o d’Alembert

v Taylor development|

v 4 {
v ¢/
)

50 100 150
rank

200
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Improved time discretization for
prestressed Timoshenko systems

1. Classical 6-schemes

» Numerical scheme
» Stability estimates (energy, solution)
» Dispersion analysis (eigenfrequencies)
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Classical 8-scheme

After space semi discretization with a standard method as high order FEM

d2
ﬁMhUh + KU, = My,

Time discretisation with a 6-scheme:

uptt —2ur 4+ Up!

M
g At?

Ky, (0UPT + (1 -20) Uy + 00U ") = M, %},

r n+1/2 n—1/2 n—+1 ne1 |
At 2At

2 2

~ 1
0 Mh’g :Mh+(9— Z)Atth

gn_|_1/2 _ 1 UZ"l‘l _ UZ
2 At 2

+1||UZ“+UZ’

Mh,@ Kp,

upt-upt _ upt-up | Up-up!
2At 2At 2At

/%%
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Discrete estimates

f n—|—1/2 —1/2 1 —1 1
89 B 85’ — M, X" . UZ+ B UZ
At h 2At
n+1 n 112 n—+1 n 12 o 1
2 At o2 2 - | 4

= — = R

n—+1 n n—+1 n
If (9 > 1 ||Uh  “h ||Uh _Uh < \/Qggb—l-l/2
— 4 At M, At N o
1 o it A2y (1 1 *

It 60< 1 ositive energy 1 t p(Mh Kh) < 10
At?
blows up when At — At?
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Discrete estimates

» Other techniques not based on the natural energy

P Joly : Variational Methods for Time Dependent Wave Propagation,
p— Topics in Computational Wave Propagation, 31:201264, 2003

» Not easy to use when couplings, nonlinear terms or dissipative terms are added

. 1 Un-l—l . U'n
» New proof that avoids this difficulty : &, /2 5 H L A7 h

2 2

‘U;’;+1+UZ
9

Ll
2

Mh,@ Ky,

r i |

n+1 n—1 n+1 n n n—1

YAt oAt T aAs
_uptty+ur up+upt
- 2Nt 2Nt

eigenvalues of M, 'K,
A

1
D zea-w

1
If At = At? then M), + (0 — =)At* K}, is singular <
4
11, < 1%, ,

D 0

/%%
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X < X
If K, is singular, #Ker(K,)=s ¢ | HMh _ﬂ(H HKh

D\
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Discrete estimates

gg+1/2:1||UZ+1‘UZ 2 +1HUZ“+UZ 2
9 At Ve 2 2
M6 fon eigenvalues of MglKh
T 1
( 1 A2(1 - 46)
HF -+
|XHF||,, <CIXllg, T
{ 1
a . .
LF
XA, <O, |
\ -1 O

JEr2 < & +v2yo ary =]
=1 h
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Discrete estimates

V2

gamma(theta)

&)

0.05 0.1 0.15 0.2 0.25
theta

optimal value <

JEr2 < & +v2yo ary =]
=1 h

g

n

)
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Dispersion analysis

If we seek a solution of the form: U, =¢ 2mfn nAt V2

then there exists .2 such that fn = fh,€

fi
2

frhe= fe+

<112 - 9> At* + O(At* + h?)

explicit but complicated formula of the continuous system

Note D1, ==, At=10 *second

—— Spectrum of transversal displacement
¢ continuous eigenfrequencies
o theta-scheme eigenfrequencies

20

Fourier Transform : log(abs)

-60 1 1 1 1 1 ]
0 100 200 300 400 500 600

Frequency
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Dispersion analysis

If we seek a solution of the form: U, =¢ 2mfn nAt V(;)L

then there exists .2 such that fn = fh,€

fi
2

frhe= fe+

<112 - 9> At* + O(At* + h?)

explicit but complicated formula of the continuous system

Note D1, 6==, At=10 *second

0 —
—— Spectrum of transversal displacement
¢ continuous eigenfrequencies
_20 O theta—scheme eigenfrequencies

O‘l 8 ooo ooO% ooo Oo

-40

Fourier Transform : log(abs)

-80
1700 1800 1900 2000 2100 2200 2300 2400 2500 2600 2700
Frequency
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Dispersion analysis

If we seek a solution of the form: U, =¢ 2mfn nAt V?L

then there exists .2 such that fn = fh,€

3 /1
fh,ﬁ — fg —+ ];q <12 — (9) At2 —+ O(At4 -+ h4)

explicit but complicated formula of the continuous system

Note D1, 6==, At=10 *second

=10

= —— Spectrum of transversal displacement

2 -20[ ¢ continuous eigenfrequencies

B" o theta-scheme eigenfrequencies

- s

£ ‘ 14 ¢ ¢ ¢

o q ‘ . 1 ‘ l

© o o

=

k2

5

S -80 A
_90 1 1 1 1 1 1 1 ]
3300 3350 3400 3450 3500 3550 3600 3650 3700

Frequency
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Dispersion analysis

If we seek a solution of the form: U, =¢ 2mfn nAt V%

then there exists .2 such that fn = fh,e

{

= e

1
The choice # = — seems a good choice... but with this spatial discretisation,

At < 3,5x 107" second

If we only had d’Alembert equation, the restriction would be : At < 5 X 10~°% second

Could we have a small numerical dispersion on the flexural wave,
without undergoing the CFL restriction coming from the shear wave 222

i
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Improved time discretization for
prestressed Timoshenko systems

[1l. New O-schemes

» Numerical scheme
» Stability estimates (energy, solution)
» Dispersion analysis (eigenfrequencies)
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New O-scheme
( 0%u 0%u 0 ou

0% % ou
d? S
ﬁMhUh + KpUp + K, Uy = Mp2iy,

n+1 n n—1
o, Uit =207 + Uy

F K, {Un}g + Kn {Un}; = M, &5,

JANZK:
Centl/2  on—1/2 ) .
€0 €07 A s uptt —up!
At " h 2A¢
2 2
—~ At?

ent1/2 _ 1 UZH — Uy N 1 UZH + Uy
0 2 At 2 2

M,o5= My — = ((1=460)K), + (1 - 46)K )

—_—

Mh,6,5

Ky,

/%%
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Discrete estimates

(169> 1/4 and 0> 1/4 \/5;g1/2s &7 + Zuz 0z,

| otherwise \/5;7;%—1/2 < \/81/2 + At fy(mln 0, 0 Z HE [,

 If0>1/4and 6 > 1/4

U3+ s, < O3, t““\/%”%AtQZZHz‘“
{ =1 k=1

otherwise
Urtt <+V2]|u? +2~( min(4,0)) t" 251/24—47 min (6 At2 Ek
\ H h My, hl py,
=1 k=1
pA| &’L’Z[’a/— Juliette Chabassier July, 2012
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Dispersion analysis
If we seek a solution of the form : U, = gt 2min nAt V%

then there exists £ such that f, = ffg

flexural: f, , = £ [y (1+ ear €?) + O(0° + At* + %)

shear : f};l:e = f(}tAt (1+nas 07) + O + At* + h%)

'\

7 (F + Gr)
\nAt =1+ L2 <

-~
”~
22 h%- Juliette Chabassier
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if 8 = 1/12, exact up to order 4 !

1

0 — —

12

4 1 5
EAt :€—|—27T2At2 @7@ (f()_)

f(fm = fif [1 + (27 f))? (% — 0) At2]

) At?
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At = 5 x 107° second

Dispersion analysis

NoteDf1, 6=-, 0=—
4 12
- -40F —— Spectrum of transversal displacement
9 ¢ continuous eigenfrequencies
re 50 O theta-scheme eigenfrequencies
3 50}
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New scheme

Classical scheme
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Dispersion analysis

Flexural eigenfrequencies, time step : 5e-06, upperbound : 100000 Hz
1 1 1

© continuous eigenfreq
¢ new theta scheme (1/4,1/12)

15000 + usual theta scheme (1/4) 7

10000

Frequency (Hz)

5000

0 50 100 150 200 250
rank

1.01

¢ new theta scheme (1/4,1/12)
1.005f + usual theta scheme (1/4) -

0.995 -
0.99- -

0.985 -

relative deviation

0.98|- Wy

/s
,
/)

0.975 -

0.97 L L . L
0 50 100 150 200 250
rank
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Dispersion analysis

Frequency (Hz

relative deviation
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1.1 T T T T T T T I I
¢ new theta scheme (1/4,1/12)
+ usual theta scheme (1/4)
1 —
++++++++++ ’0009000000.,‘..’ @
+4 0004
++++++++++++ WWOOM : oooo
0.9 +++"'++++++ 7
+++++
+++++
++++
0.8 '|'++++ -
++++
+++++++
0.7 +++"'++ -
+++++
0.6 ] ] ] ] ] ] ] ] ]
0 10 20 30 40 50 60 70 80 90 100
rank
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Flexural eigenfrequencies, time step : 1e-04, upperbound : 5000 Hz

O continuous eigenfreq
B ¢ new theta scheme (1/4,1/12)|]
+ usual theta scheme (1/4)
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Conclusions and Prospects

J Chabassier & S Imperiale : Stability and dispersion analysis of improved time
discretization for prestressed Timoshenko systems. Application to the stiff piano
T e string. Submitted to Wave Motion, 2012

Preprint available : people.bordeaux.inria.fr/chabassier

» Dissipative case : very easy improvement
» Other wave systems with contrasted velocities
e P and S waves in soft material

e acoustic & elastic waves in poro-elastic media

» Higher orderin time?

Thank you !
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