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Two-phase flow problem

Continuity of phase a = {0, w} 01
¢8t5+v'q@=0 F
Darcy law

Qo = _//u./(-*(\ >(vp(x - p(xg)

Immiscibility QQ

§:=8,=1— 5.

Capillary pressure law n:(s), i (s) depends on rocktype.

Po — Pw = 7‘_/(5)
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Two-phase flow problem

Continuity of phase a = {0, w} s —
POs+V -qa =0 nl
Darcy law Bos
Qo = ~70.i(50)(VPa = pag) '
Immiscibility o 2 M ™ :

§:=8,=1— 5. . . .
° v The solution may be discontinuous

Capillary pressure law = need for some coupling conditions.

Po —Pw = ﬂf('g)

@
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Two-phase flow problem

Continuity of phase a = {0, w}
$Os+V -qa =0
Darcy law
Qo = ~70.i(50)(VPa = pag)
Immiscibility
§:=8,=1— 5.
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Po —Pw = ﬂf('g)
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The natural topology for p,, is given by

> /OT /Qi 1:(5)|Vpal?,

i={1,2}

if s =0, no control on pg.

@



@ Transmission conditions

© Global pressure formulation

© Finite volume scheme

@ Numerical results
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@ Transmission conditions
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Simplified case

077‘1(0):71'2(0) and 7T1(1):7T2(1) 07t

T(S,)

OnT: Qa1 =090,z a € {o,w},

capillary pressure
°
@

Pa,1 = Pa,2 (OAS {Oa ’LU} o.z:

N .

s,

0 0.2 0.4 0.6
saturation

| If Sa,1y Sa,2 7é 0= Pa,1 = Pa,2 for a € {Oa ’LU} |

(51,82) € (0,1)> = pa1 = paa forall a € {o,w} (%)
= ’/Tl(Sl) = ’/TQ(SQ).

By continuity (*) is also true for s = s =0 and s1 = so = 1.
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General settings

What if 7T1(0) 7é 7T2(0) and 7T1(1) 75 7T2(1)

2
"
!
150 .
g
8
5
>
K
T 05 q
g
o i
-05
0 02 04 06 08 1

saturation
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General settings

Conceder a sequence of regularized problems P¢ associated with
m; € C1([0,1])

For each phase o € {o,w} :

. € e _ —
In Qz . ¢8t$a+V'qa —O, 250
2f ——1
-
g __ . £ = _ © 15
do = 7770471(5(x)(vp(x Pa8 % .
€ € £ os--
OnT: q51=4q5,2 «a€{ow}, Bl
-05
€ _ e
p(x,l _p(x,Q Q€ {O,U)}. =
-15
Closure laws : S(E) =1- Si}, ° o * cauraion o '

Py — 5, = T (85)-

7€ — m in LY((0,1)).

@
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General settings

Conceder a sequence of regularized problems P¢ associated with
m; € C1([0,1])

For each phase o € {o,w} :

. € 5 "
In Qz . ¢8t$a + V- q, = 0, 25 B
2
g __ . £ = _ © 15
q(x - 7770471(S(x)(vp(x pag ; 1/
OnT: qi1=9q52 a€ {o,w}, -
-05
£ _ e
p(x,l _p(x,Q Q€ {O,U)}. =
-15
Closure laws : S(E) =1- Si}, ° o * cauraion o '

Po — po = i (s5).
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Transmission condition

The limit solution [Cances et al.] satisfies :

For each phase a € {0, w} : : o)
— 00, m;(0 if s=0,
In Qi ¢Osa+V-aa=0 " z (5= 7 if s € (0,1),
[mi(1),+00] ifs=1.
Ao = ~7ai($a) (VPa = pag),

OnT: Qda,1 = 9,2, —_—T
—
15F
Pa,1 = Pa,2-
. g __ £
Closure laws : 5 =1—s5,

capillary pressure

Po — Pw € 7}1'(50)'

At the interface we have

77'1(81) ﬂTNl'Q(SQ) 75 0.

saturation
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Transmission condition

The limit solution [Cances et al.] satisfies :

For each phase a € {0, w} : : o)
— 00, m;(0 if s=0,
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© Global pressure formulation
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Global pressure formulation

In order to avoid the problems with degeneracy we introduce the global
pressure [Chavent et al. '86]

mi(s) _

1 Nw,i 4
= Po — . rwer - d
g A Noi + Mw.i (7 (w)) du

mils No,i —1
= Puw + / ———— (7, "(u)) du = py + Aw,i(mi(s
A (i (w) (mi(s))

and the Kirchhoff transform

i () . .
pils) = [ I () du

0 To,i + Thw,i

The governing equations become

$:i0¢s +V - (afi(s) +vi(s)g — Vii(s)) = 0.
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Interface condition

At the interface we prescribe :

The mass conservation

Z q; n; =0,

ie{1,2}

Z (fi(s)d: +7i(s)g — Vi(s)) -n; = 0.

ie{1,2}
The continuity of phase pressures

dr € 7?1(81) 07?2(52) st. P — )\w71(ﬂ') =P — )\w72(ﬂ'),
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© Finite volume scheme
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Mesh and discrete unknowns

@ We consider the admissible mesh
s.t.

oc=K|Ll[zk,xL]
@ Mesh resolve the interface T': O .11\

VK C Q

@ Two unknowns per cell:
n n
(sk Pr)

@ Five unknowns per interface o C I':

(SKU SLO'PKO'7P 07“ )
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Discrete fluxes

We first discretize

by
> m(e)Qpt =0,  VYne{o,...,N}VK €T,
c€EEK
where
M SpsST, n n n n :
% (PR = PL)+ R (Zko; 8k, s7)  ifo=KI|L € &k,
o =14 “UE(pr_pr )+ R(Zkoi 8%, 5%,) if 0 € Exr,
0 ifoe gK,ex‘m
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Discrete fluxes

We first discretize

by
> m(e)Qpt =0,  VYne{o,...,N}VK €T,
c€EEK
where
\[7(—> (P = P1)+R(Zko; 8k, s7) i o=K|LEeEk,,
%, = % (Pi = Pt o) + R (Zk.o; 5%, 5% ,,) ifo €k,
0 ifoe gK,ex‘m

Mre r(s3', 5711 is a mean value between My (s™) and My (s7H!)
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Discrete fluxes

We first discretize

by
> m(e)Qpt =0,  VYne{o,...,N}VK €T,
ogEEK
where
M SpsST, n n n n :
% (P2 — PP+ R (Z.p:sh,s7)  ifo=K|L € Ex.,
fo =\ S (P — PR )+ R (Zioi i s ,)  if o € Exr,

0 ifoe gK,ex‘m

The function Zk  is defined by Zk »(s) = (x(s)g - nk ., and R(f;a,b)
is the Riemann solver

. _ mince[a,b] f(C) ifa < b,
Rifia.b) = { maxeepa /() ifb<a.
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Discrete fluxes

The discrete version of

$i0ps + V- (afi(s) +7i(s)g — Vei(s)) = 0.

reads
57}(“ — Sk +1
mn
oK 5 m(K) + Z m(o)Fyl =0,
oc€EK
where
ny_ n
Qe o [ )+ R(Creri sl s7) + £ GL) i 5 - g1 € £,
n _ ~(s™ 7_ n
FK70' = ?(’UfK(gy(’U) JFR(GK’U;S}L(,S}L(#U) + P (k) LII’I((SK'A,U) ifoe gK,Fv

dK,o
0ifo € gK,extv
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Discrete fluxes

The discrete version of

$i0ts +V - (afi(s) + 7i(s)g — Vei(s)) = 0.

reads
57}(“ Sk +1
mn
oK 5 m(K) + Z m(o)Fyl =0,
oc€EK
where
ny_ n
Qe F (57 ) + R(Gc,i T, 57) + EXCII=PRGE) 40— g1 € gy,
K,o K,o > K’°L [ ,
noo— (s%)— S
Fg » Qo [ (55 ) + R(Cr o 87 8% ) + er (i)~ PK (ko) if o€ &xr,

dK .o
0if o e SK,exm

') is the upwind value defined by
7;(+1 if Q7L+1 > 0,
sl = st i Qi < 0and 0 = K|L € &k,

S}L;’_Ul fQ'H‘1 <0ando € &kr.
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Discrete fluxes

The discrete version of

$i0s + V- (afi(s) +7i(s)g — Vei(s)) = 0.

reads
57}(“ — Sk +1
mn
oK 5 m(K) + Z m(o)Fyl =0,
oefk
where
- | (st)— wr(s7) .
Qe o I (e o) + R(Crc o s 1) 4 £ECE)-PK(L) L)nlf o = K|L € £k
n o __ (™) —
Fia = Qo)+ R (G ssip ) + SR PK00) e 5 e gy

dK,o
0ifo € gK,extv

Gr.o(s) =7k (s)g - nk, and R(;-,-) is the Riemann solver
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Discrete fluxes

The discrete version of

$i0ps + V- (afi(s) +7i(s)g — Vi(s)) = 0.

reads
57IL(+1 — Sk +1
mn
o =10y + S i)t~
oc€lk
where
Qe [ )+ Rt s, s7) + 20— PK L) i o - KL € £,

Fr .= er (s%)— Pr (5K o)

%ﬂf}((?%ﬂ) +R(GK’U;S}L(,S}LCU)+ if o EgK,F?

0if o e ‘SK,extv

dK, o

Two-point flux approximation.
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Interface condition system

At the interface I we impose
7L+1 + Qn+1

n+1 n+1 __
FK,o’ +FL,0 *0’

and
377(7;“ € Tk (S}L(+01) N7r (37LL+01) s.t.

PR = M (m ™) = P = A (™).
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Interface condition system

At the interface I we impose
QEl+Qut! =0,

K,o
n+1 n+1 __
FK,o’ + FL,J - 0’

377(7;“ € ﬁK(s}L(t}) N ﬁL(szzl) s.t.

P = M) = PLE = Ay a(m ).

K,o

and

n+l _ ~—1/ _n+1 n+l _ ~—1/_n+1 n+1 n+1
Remark that sy = 7T (m5 ™), 87 =7, (7)), thus (P, Pr )
can be eliminated.

16 / 23
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Interface condition system

At the interface I we impose
1 1
7}(—1_0' + Q’Z-,Z' = 0’
n+1 n+1 __
FK,o’ +FL,0 *0’
and
JIrrtl ¢ ﬁK(s}?;,l) N ﬁL(sZt’l) s.t.

P;;_f; — A () = Pg_j,l — A 2(72Th).

)

Proposition

Let o = K|L €T, and let (s);', s7t!, Pt PPtY) € R*, then there
exists 77 *1 € [min; m;(0), max; m;(1)] satisfying the nonlinear system
interface problem.
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A priori estimates

A discrete solution satisfies

L>(Q2 x (0,1)) estimate

0<sg<lforall K e M

and

Energy estimates

> lgilso)lp +|Polp < C
i€{1,2}
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Convergence result

Theorem (main result)

Let (Dyn),,~, be a sequence of admissible discretizations of Q) such that
size(D,y,) tends to 0 and reg(Dy,) remains uniformly bounded as m tends
to co. We denote by (sp,,, Pp,,),, a corresponding sequence of discrete
solutions

m?

sp, — s strongly in L*(Q) as m — oo,
Pp, — P weakly in L*(Q) as m — cc.

where (s, P) is a weak solution of the continuous problem.
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@ Numerical results
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Numerical results

We consider a model porous medium € = (0, 1)? composed of two layers.

Oil and water mobilities

77071?(5) = 0'5825 Nw,i = (1 - 8)2' 09
Capillary pressure curves o8
0.7
m1(s) =s+0.5, mas)=s. 08
05
Initial saturation is given by 04
0.3
0 lf xr e Ql, 0.2
so(w) = .

0.3 otherwise. 01

00 0.2 0.4 0.6 0.8 1
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Numerical results

We consider a model porous medium € = (0, 1)? composed of two layers.

Oil and water mobilities
Moi(5) = 0552, i = (1 - 5)°
Capillary pressure curves
m1(s) = s+ 0.5, ma(s)=s.

Initial saturation is given by

v,
SEOSE

s (x) - 0 if v € Oy, T V‘::;‘:::A’,V‘.AV»
O 7Y 0.3 otherwise.
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Numerical results
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Capillary pressure field (left) and saturation field (right) at time ¢t = 0.
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Numerical results

2 . . . :
—n
"

15F

1k

capillary pressure

. . .
0.2 0.4 0.6 0.
saturation

—os5l1 L
0

Capillary pressure field (left) and saturation field (right) at time ¢t = 0.
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Numerical results

0.8

0.6

0.4

0.2

0.2

0.4

06 08
08 o 06
02

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.08.
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Numerical results

PR
%‘5 KUK A{,A;r

N
N
N

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.11.
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Numerical results

—n

capillary pressure

0.8

0.6

0.4
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0.4
0.6 0.8

saturation

08 o 0.6
15 02

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.11.

K. Brenner

Discontinuous capillary pressure



Numerical results

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.6.
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Numerical results

—n

capillary pressure

saturation

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.6.
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Numerical results

We consider a model porous medium € = (0, 1)? composed of two layers.

Oil and water mobilities
No,i(8) = 0.552, Nw,i = (1 — 8)2

Capillary pressure curves

~SER
A
LSEREREFD
ISATE

m1(s) =s+0.5, mas)=s.

Initial saturation is given by S 2,
:1;-515;:;::;:::,455;:1%:‘“‘

s (x) o 0.3 ifx ey,
7Y 0 otherwise.
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Numerical results
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Capillary pressure field (left) and saturation field (right) at time ¢t = 0.
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Numerical results

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.3.
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Numerical results

—n

capillary pressure

saturation

Capillary pressure field (left) and saturation field (right) at time ¢ = 0.3.
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Numerical results

15 0.2

Capillary pressure field (left) and saturation field (right) at time ¢ = 1.0.
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Numerical results

WV

y

0747

1o

Capillary pressure field (left) and saturation field (right) at time ¢ = 2.9.
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Conclusion and outlooks

Conclusion
@ We have a convergent numerical scheme for a very complex problem

@ The numerical results shows a 'good’ quantitative behavior

Outlooks
@ Comparison with other numerical methods
@ Extension for the anisotropic problems

@ Compressible flow, dissolution
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Thank you for you attention!
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