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Abstract:
Although it is has been largely demonstrated in specific

applications that parallel manipulators offer very good perfor-
mances there are still domains (e.g. the machine-tool industry)
in which this type of structure is not yet completely accepted.
This may be explained by two main reasons:

• at the end-user level the intrinsic non-linearity of these
structures is still not well understood and previous works
on the subject has been overlooked. This has led to the de-
velopment of prototypes whose performances where not the
expected one, which in turn has led to negative opinions
among some communities

• at the academic level they are still many open problems,
even at the most basic levels. A direct consequence is that
there is still no simulation tool that allow to design effi-
ciently parallel structures whatever is their topology, while
this is a key issue as the performances of these structures
are highly dependent on the topology and dimensioning of
the mechanism.

We will review what are the main problems that are still to be
solved in the field of kinematics for parallel mechanisms, focus-
ing especially on the optimal design problem, and try to outline
possible approaches to solve this problem, the purpose being to
clearly separate what part of the problem is architecture depen-
dent from what may be dealt with by generic tools.

Finally we will present theParallel Structure Initiative
PSI proposed by the Computational Kinematics Committee of
IFToMM that intend to initiate a collaborative work between
academics, companies and end-users to solve the kinematics
problems for parallel structures.

1 Introduction

Historically, closed-chain structures have attracted theinterest
mostly of mathematicians as they offer interesting problems.

Some theoretical problems linked to this type of structure were
mentioned as early as 1645 by Christopher Wren, then in 1813
by Cauchy (Cauchy 13) and in 1867 by Lebesgue (Lebesgue 67).
One of the main theoretical problems in this field, called the
spherical motion problem, related to what is now called singu-
larity analysis, was the central point of a competition calledLe
Prix Vaillant, that took place in France in the 1900’s and was or-
ganized by the Académie des Sciences. The prize was won on
equal terms by Borel (Borel 08) and Bricard (Bricard 06).

But clearly at this time the technology was not able to deal
with any practical applications of this type of structure. Al-
though the very first application was proposed by Gough for
a tire test machine (Gough 57; Gough Whitehall 62) parallel
structure were really put in practice in the 70’s for flight sim-
ulator (Baret 78; King 73; Koevermans+75; Parrish+73) (a
very specific area where mostly acceleration are of interest) and
in the early 80’s for robotics application (McCallion Pham 79;
Reboulet Robert 85) (with an interest in a larger panel of perfor-
mances).

Starting in the 90’s parallel kinematic structure (PKS) have
started either to be put in use in various domains such as fine
positioning devices or to be considered for potential applications
such as machine-tool. Among these applications, some of them
were not as successful as expected. The clearest illustration of
this fact is the use of PKS in the machine-tool industry. Al-
though the first presentation of such PKS dates from 1994 with
the Variax of Giddings, we have still to see PKS in current use
for such application.

I see three main reasons for this failure in this particular do-
main:

1. with very few exceptions there is no interaction with the
laboratories having worked in this field for many years and
the developers in the industry; hence problems that were
familiar for researchers are completely overlooked by the
developers, while researchers may miss important points for
a specific application.
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2. the inherent non-linearity of PKS and its consequences on
the design and on the control of such structure is highly un-
familiar to people working in the field of machine-tool, ac-
customed to a linear world,

3. developers in the industry focus first on the development of
the basic mechanical elements of a PKS, such as ball-and-
socket joints. Although this work was necessary as these
components in the right size were not commercially avail-
able, this type of development is onlylocal, missing the
point that these elements are part of aglobal systemthat has
to be considered as such.

I must also be noted that these failures have a negative influence
on the development of PKS, as they comfort a trend that states
that these structures are too complex to work in practice (a trend
that completely ignore past success stories in this field).

On a larger level I intend to show thatclaiming that a PKS
offers better performances than more usual structures iswrong
. . . except if the PKS is the result of an optimal design methodol-
ogy

To support this claim I will try to emphasize the difficulties
with which we are confronted to build efficient PKS and outline
a possible approach to solve these difficulties.

2 Topology synthesis

Although I will focus on the dimensional synthesis problem,it
is easy to show that the topology synthesis problem, i.e. finding
the most appropriate mechanical architecture for a given task, is
difficult for PKS.

Assume for a simplicity that for a given task we have to de-
sign a mechanism with 6 d.o.f. and that the comparison between
different mechanical architectures has to be done based only on
the volume of the workspace that can be reached by the end-
effector. A further assumption is that actuated joints willonly be
of the prismatic (P) or revolute (R) type.

For classical serial structure, only the first three joints have
an influence on the location of the end-effector. All the possible
architectures will be obtained by considering all the possible set
of three elements, each element being either P or R. For example
a Cartesian robot is defined as the set PPP, while the spherical
robot is RRR. Now affect a standard lengthL to each element of
the robot: each link of the robots will have lengthL, prismatic
joint have a retracted length ofL and an extended length of2L

etc...
Under that assumption the workspace volume of a PPP robot

is L3 while the RRR workspace volume is roughly85L3, for any
value ofL. Hence as far has workspace is concerned it is clear
that the RRR structure is better than the PPP, whatever is thefinal
dimensioning.

Now let us introduce two different PKS,
namely a classical Gough platform and an Hexa
robot (Pierrot Dauchez Fournier 91). A first problem is

that for these type of structure the translation ability is not
decoupled from the orientation. Then according to our hy-
pothesis we will assume that the radii of the base and platform
is identical and equal toL. This is clearly a very restrictive
assumption, which will have a large effect on the workspace
volume. Finally even for a given orientation we do not know
what will be the workspace volume of both PKS as a function of
L. It seems only that for a given geometry of Gough platform
the workspace volume is roughlykρ3 whereρ is the extension
of the leg (Masory Wang 95), wherek is a factor that depend
on the geometry of the robot (hence under our assumption the
workspace volume will be written ask(L)L3). A similar result
has never been established for the Hexa robot but imagine that in
that case the workspace may be written asg(L)L3. Comparison
of the two PKS in term of workspace volume based on the
previous formula may lead only to the conclusion that for some
ranges onL the Gough platform has a larger workspace than the
Hexa, the opposite being true for other ranges forL.

Hence at this time we are only able to compare the generic
workspace volume of 2 serial structures but not to compare either
a serial and a parallel structure or 2 PKS.

Hence topology synthesis for PKS is a much more com-
plex problem than for serial structure and cannot be disconnected
from the dimensional synthesis problem.

There is also an important open problem related both to the
topology and dimensional synthesis of PKS with less than 6 d.o.f.
Having less than 6 d.o.f. may be interesting for some tasks (such
as using a PKS for a milling machine for which the rotation
around the normal of the platform is not necessary) and allows
for a reduction in the cost of the machine. Numerous PKS with
between 3 and 5 d.o.f. have been proposed in the literature. We
may classify them into two different categories:

• externally constrained mechanism: the PKS has less than 6
d.o.f because a passive mechanism restricts the motion of
the platform. A typical example of such type of PKS is the
Tricepts robot.

• geometrically constrained mechanism: the geometry of the
legs imposes constraints on the motions of the platform. A
typical example of such type of PKS is the Delta robot or
the ”Agile Eye”.

In both cases the platform will have less than 6 d.o.f. only in
theory. Indeed due to the manufacturing tolerances, clearance in
the joints,. . . the platform will exhibit motions in all 6 d.o.f. The
problem to be addressed is the following: being given a thresh-
old on the maximal amplitude of the undesired motion what are
the amplitude of the errors that are allowed for the manufactur-
ing of the robot?. Clearly this is a very important issue: if the
amplitude of the errors are lower than reasonable manufactur-
ing tolerances, then the mechanical architecture cannot beused
in practice. This important subject has almost never been ad-
dressed (Parenti-Castelli Di Gregorio 00).
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3 Dimensional synthesis

Finding the dimensions of a given mechanism so that it is opti-
mal with respect to some requirements is a very old problem in
mechanism theory. Before describing the existing methods let us
examine what are the requirements that may be imposed on PKS
and what is their complexity.

3.1 Requirements

The COPRIN project of INRIA has a lot of practical experience
in the optimal design of PKS, which has been gained from the
development of our own prototype and from several industrial
contracts. We have been dealing especially with:

• fine positioning devices for heavy loads (with the European
Synchrotron Radiation Facility, the Institut Laue Langevin,
Alcatel),

• machine-tools (with Constructions Mécaniques des Vos-
ges),

• medical robots.

Very early we have established an evaluation form for the design
of Gough platform type PKS that both allows the end-user to
describe his requirements (either as trends or with numerical val-
ues) and enable the designer to get all the necessary information
to perform the design study.

The end-user may provide information and requirements
that may be classified as:

• kinematics: workspace, accuracy, maximal motion of the
passive joints, dexterity,

• statics: load on the platform, stiffness of the robot,

• dynamics: maximal velocity and acceleration of the actua-
tor and of the platform, inertia and center of mass,

• geometrical: overall size of the robot, of the mechanical
components,

• technological: overall information on the actuator, on the
sensors and on the passive joints. Indeed the context of the
application may impose the use of restricted classes of such
components.

Note that most of the time the requirements provided by the end-
user will only be subset of the requirements used by the designer.
For example the end-user may provide only requirements on the
workspace and on the load carrying ability but the designer will
also consider, for example, singularities and maximal passive
joint motions. Among the list of requirements, workspace and
accuracy are almost always provided.

The end-user has also to classify his requirements according
to their importance: this is crucial as in some case we have to
relax some requirements in order to be able to satisfy some other

requirements. Hence we will have to consider firststrict require-
mentsthat cannot be relaxed and then other criterion that can be
relaxed to some extent.

It must also be mentioned that some requirements may in-
volve a fixed value (e.g. the accuracy of the positioning of the
platform for a unit value of the sensor error must not greaterthan
a given threshold) and will be calledfixed value requirements.
On the other hand, we may havea maxima requirements(e.g.
the positioning error of the platform for a unit value of the sensor
error must be as low as possible).

First of all it must be noticed that for PKS most of these per-
formances arepose dependent. For example, the workspace of
the end-effector is dependent upon its orientation, while the ac-
curacy is dependent both upon the orientation and the location of
the end-effector. This dependency is usually quite complex: for
example the accuracy∆X of the positioning of a Gough plat-
form is related to the accuracy∆ρ of the sensor by:

∆ρ = J−1(X)∆X

The inverse Jacobian matrixJ−1 has a relatively simple analyt-
ical form, but establishing the positioning accuracy of theplat-
form as a function of the sensor accuracy will require the useof
J , which is highly complex.

Most of these requirements are of theworst casetype with
respect to the workspace: as the performances are pose depen-
dent, the limits imposed on the requirements have to be consid-
ered for the whole workspace. For example an accuracy require-
ment∆Xd indicates that the positioning error must not exceed
∆Xd over the whole workspace of the robot.

But the designer may have also to deal with other cases.
Imagine for example that two robots A and B with different ge-
ometries have equivalent worst case accuracy. Clearly thisdoes
not imply that they are equivalent. Indeed, for example, theav-
erage valueof the positioning error over the whole workspace
may be quite different or alternatively we may have to consider
thebest case(when some crucial part of the task requires a high
accuracy).

Determining the the best and worst case accuracy is obtained
by solving a difficult constrained optimization problem. Wewill
see later on that although difficult the problem is tractable. This
is not the case for determiningexactly(we will explain later on
what is our meaning of the word exactly) the average value of
the positioning error over a given workspace which is a problem
without known solution at this time. Using in the design process
criterion for which best or worst case are difficult to calculate,
however appropriate or pertinent they may be, clearly compli-
cate the process. Another example of such complex criteria is
the family of dexterity indexsuch as the absolute value of the
determinant of the inverse jacobian or thecondition number, i.e.
the ratio of the minimal eigenvalue over the maximal eigenvalue
of the matrixJ−1J−T . The analytical form of such index is in
the best case very difficult to calculate and very often even not
possible (for example the condition number is the ratio of the
roots of a polynomial whose degree is equal to the number of
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d.o.f. of the robot and hence cannot be calculated analytically as
soon as this number exceed 4). The average value of these crite-
rion (often called theglobal conditioning index) is very difficult
to calculate exactly. Furthermore we must mention the lack of
significance of this type of index as soon as the motion of the
platform mixes translation and rotation.

Finally it must be emphasized that all the requirements in the
above list are highly sensitive to the geometry of the robot.Such
sensitivity is the first reason for the failure of some prototype of
PKS which have been designed using a local approach instead
of a global one, the second one being that some properties of
PKS have been overlooked. For example changing the radius of
the platform of a Gough platform by 10% may modify the worst
case stiffness by 700%. Clearly such ratio imply that a robot
with a poor topology but optimally designed will present largely
better performances than a robot with an appropriate topology
but poorly designed. Hencedimensional synthesis is crucial
when designing a PKS.

3.2 Workspace requirements

As mentioned previously, most of the design requirements have
to be verified over the workspace of the robot. This workspace
may be defined in various terms:

1. a workspace defined with respect to a global reference
frame

2. the whole workspace of the robot. For example, for a Gough
platform, this workspace may be defined as the set of poses
that the robot can reach with the leg lengthsρ satisfying
the inequalitiesρmin ≤ ρ ≤ ρmax whereρmin, ρmax are
given constants. A general definition will be all the reach-
able poses such thatn inequality constraintsFi(X, ρ) ≤
0 (i = 1, . . . , n) are satisfied.

3. a workspace, where thez component specification is de-
fined relatively to some unknown quantityzd. For example
thez motion ability may be specified as± 50 mm relatively
to some unknown design parameterzd.

These three different possibilities may co-exist for a given design
problem. For example, the accuracy requirement may be defined
for a workspace of type 1, while singularity analysis has to be
performed in the type 2 workspace. For the type 3 workspace we
have to includezd as a design parameter.

3.3 Design methodology and performance verification

The most well known design methodology is the cost-function
approach (Erdman 93). To each design requirementj is associ-
ated a numerical indexIj that is minimal for the best robot. The
cost functionC is defined as:

C =
∑

wjIj ,

where thewj are weight associated to theIj . In some sense,
the cost function is an indicator of the global behavior of the

mechanism with respect to the requirements. AsC is clearly a
function of the set of design parametersP , a numerical procedure
is used to find the value of the design parameters that minimize
C. This approach has several drawbacks:

• the result is heavily dependent upon the weights that are
used in the cost-function, and there is no automatic way to
find the right weights,

• defining the indexI is not always an easy task, for exam-
ple if we have constraints on the shape of the workspace.
Furthermore, as mentioned earlier, some of these index are
even very difficult to estimate (for example the global con-
ditioning index).

• introducing strict requirements in the minimization is diffi-
cult, and in any case computer intensive,

• as for any optimization problem, it is difficult to guarantee
that the global extremum has been found. Error at this level
put in jeopardy the whole design methodology.

• some of the requirements are antagonistic; for example,
it is well known that dexterity is antagonistic with the
workspace volume (Ma Angeles 91); using both criterion in
a weighted sum does not have any physical meaning

But the main difficulty is that the computation of the index for a
given geometry must be very efficient as the minimization proce-
dure will use these calculations extensively. Unfortunately, veri-
fying that a PKS of given geometry satisfies a single requirement
is usually a very complex task.

3.4 Performance verification

3.4.1 Standard verification form

In my opinion, any optimal design methodology will use a per-
formance verification module that takes as its input a robot ge-
ometry and verify whether this geometry satisfy a list of require-
ments. Hencethe development of an efficient performance
verification module is a key point for the optimal design of
PKS.

Ideally, such module should be able to

1. deal with any type of PKS, although optimized version for
the most usual PKS may exist,

2. deal with almost any type of requirements, especially worst
and best cases,

3. provideguaranteedresults.

A given requirement usually defines an implicit set of constraints
I that is only dependent upon the topology of the robot. Assume
now that we have a generic toolT that is able to deal with any
I as soon asI is expressed in a standard form (that we will call
the standard verification form(SVF)). A generic performance
verification module may reach the first two objectives if
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1. we first preprocess all theI for each requirement to put
them in the standard form, probably using a symbolic com-
putation software,

2. we use then the generic toolT to verify all the requirements
either in sequence or simultaneously.

In my opinion, many mathematical tools offer the possibility of
designingT (see the Annex for one possibility). But the key
point on this issue isa collaborative work of researchers in the
field of mechanism theory and mathematicians. The first part
of this effort is the development of the SVF: the researchersin
mechanism theory will provide the description of all the require-
ments that may be of interest for PKS; the mathematicians will
analyze them to obtain a very reduced set of problems to solve.
For example, although dealing with very different quantities, de-
termining the worst case accuracy of a robot and the maximal
joint forces are strictly equivalent mathematical problems.

The second part of the collaborative work is the design of
the toolT that allow to solve the reduced set of problems.

3.4.2 The meaning ofexact

DesigningT will be clearly a difficult job buta key point on
this issue is the meaning of getting anexactresult. We must
take advantage of the fact that exact means in our community
that the result must beguaranteedand this may strongly be dif-
ferent than the mathematical meaning of the word exact (or even
approximatively exact in the computer science signification of
this term). A guaranteed result means that we are able to de-
termine error bounds on the result, so that a decision based on
this result will be justified. In the worst case the algorithmwill
indicate that the result cannot be calculated safely in a standard
manner on a computer (this will usually happen when we are at
the limits on the requirements and neglecting the design results
that may be provided at this point should not cause any prob-
lem as these solutions will have an error margin that will be well
below the manufacturing tolerances). Guaranteed result isthere-
fore much less stringent than exact result: hence we must design
our algorithm to use this freedom in view of reducing the com-
putation time. Note also that getting a guaranteed result excludes
the use of discretization methods that just sample the workspace
and verify the requirement only at the sampling points.

In the optimal design process mostly guaranteed results are
needed, as for many requirements it will not be necessary to ob-
tain exactly result.

Let us consider for example the determination of the accu-
racy of the sensor that must be used to reach a given accuracy
for the positioning of the platform. We will first determine what
will be the accuracy∆X1 of the positioning of the platform for a
unit value of the sensor error. Then, as the relationship between
these two quantities is linear, we will be able to determine what
must be the sensor error∆ρs so that the accuracy of the plat-
form reaches a given value∆Xd. The important point is thatin
many cases only a restricted set of accuracy for the sensor will
be available. Hence the accuracy of the platform need to be de-

termined only to the extent that it will result in a unique possible
value for the accuracy of the sensor. For example if the available
sensor accuracy are 0.1, 0.2 and 0.5 and ifT is able to compute
a range for∆X1 such that∆ρs is in the range [0.3,0.4], then we
are able to decide that we have to use the sensor with the accu-
racy 0.2. Hence, although we have not determinedexactlywhat
will be the worst case accuracy, we can still guarantee that this
choice of sensor error will satisfy the requirement.

Clearly T must be designed so that it only guarantees the
result, especially if getting a guaranteed result is less computer
intensive than getting the exact result.

3.4.3 Exact methods

In some favorable cases it will be possible to solve exactly the
performance evaluation problem. Unfortunately in my experi-
ence this happen only for very simple problems (robot with 2
d.o.f. and very simple requirements). But if such an approach is
possible it should be clearly favored as soon as the computation
time is small.

3.4.4 Hybrid methods

Let us assume that we have to solve an dimensional performance
evaluation problem (i.e. that the number of unknowns in the
problem isn) and that we are able to solve the same problem
exactly when the number of unknowns ism < n, i.e. when
the unknownsxm+1, . . . xn have a fixed value. As we have
in most case to solve an optimization problem (i.e. determine
the extremal valueFm of a given function) we may be able to
determine what may be the maximal change in the unknowns
xm+1, . . . xn such that these changes will not result in a change
of Fm greater than a given thresholdǫ. Hence using the exact
method with as value forxm+1, . . . xn these new values ensures
that we will determine the optimal value ofFm with an accuracy
less thanǫ. Repeating this process until the whole workspace has
been explored will ensure that in the worst case the optimum has
been found with an accuracyǫ. Such method has been proven to
be very efficient for the analysis of some requirements for PKS
over some specific workspace (Merlet 98a; Merlet 98b).

3.5 Alternative optimal design methodologies

3.5.1 Genetic algorithms

Assume now that an efficient performance verification moduleis
available. This open the door to alternative design methodolo-
gies such as the use of genetic algorithms (GA). In this type of
algorithm individuals have genes that represent values forthe de-
sign parameters. An initial population of individuals is initially
selected as parents and they are crossed-over to generate chil-
dren, some of them having genes that are obtained as mutation
of the genes of their parents. Each individual is evaluated with
respect to the design requirements, and selection rules allow to
select only the ”more promising” children that will constitute the
next generation.

GA’s are well known optimization procedures that may
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be used when the function to be optimized are com-
plex. They have been already used in the field of planar
PKS (Boudreau Gosselin 99), although the lack of an efficient
performance verification has restricted their use to simplePKS.
In my opinion GA may be interesting only if we have only fixed
value requirements and cannot be used for a maxima require-
ments as they give guarantee on the result.

3.6 The parameter space approach

Let m be the number of design parameters inP . We define an
m dimensional space, theparameter spaceS , in which each di-
mension is associated to one design parameter (hence each point
in the parameter space defines an unique robot geometry). The
purpose of the parameter space approach is to determine the re-
gions ofS that include all the possible solutions of the design
problem.

To reach this goal, the following approach may be used:

1. select a particular requirementRj , or a relaxed version of
this requirement (for example if the requirement is that the
workspace of the PKS includes a specific Cartesian box
we may relax the requirement by verifying only that the
workspace includes the 8 corners of the box).

2. determine the regionSj of S which include all the robots
satisfyingRj .

3. repeat the process for another requirement.

4. after completing the 3 first steps of this process we have
obtainedm regionsSj . If there is a solution to the optimal
design problem, then it will lie in the intersection of the
regions. At this step we compute this intersectionSi.

5. at this point we have determined all the robots that satisfy
a subset of the requirements. A local approach is then used
to determine the solutions withinSi that satisfy all the re-
quirements.

A key issue in this approach is step 2. We must develop a
generic method that is able to deal with most common require-
ments. This method will rely on an extended version of the stan-
dard verification form, called thestandard design verification
form (SDVF), that takes also into account the design parameters
and will have basically the same structure than the performance
verification module:

• transform the requirements into a SDVF,

• apply a generic toolT to determine the regionSj . Note that
the generic toolT is a special instance ofT in which all the
design parameters have a fixed value.

Although the problem may seem to be quite complex, we
have already obtained some result in this area, especially for
the workspace requirement, either by using a geometrical ap-
proach (Merlet 97) or an interval analysis approach (Merlet01).

4 Conclusion

Optimal design can be divided into two main topics: topology
synthesis and dimensional synthesis, although it is unclear if
topology synthesis can be separated from dimensional synthe-
sis for PKS. Performances of PKS are highly sensitive to both
type of synthesis; hence optimal design is a crucial issue for the
development of efficient PKS.

We propose to develop a generic method for the optimal de-
sign of PKS, based on the transformation of the requirement into
a reduced set of generic problems that may be treated by an uni-
versal solver. The development of this generic method is a huge
project and can only be the result of a collaborative work between
the researchers working in this field, mathematicians interested
in this type of problems, and end-users. This effort must be co-
ordinated: hence the Computational Kinematics technical Com-
mittee of IFToMM (the International Federation on the Theory
of Machine and Mechanisms) has proposed to coordinate this
effort. Researcher from academy and industry willing to partici-
pate to this research effort are encouraged to look at the Parallel
Structure Initiative (PSI) web site:

http://www-sop.inria.fr/coprin/EJCK/PSI.html

A further problem that has to be taken into account is con-
trol: there is a crucial need for robot controller that are able to
deal efficiently with the inherent non-linearity of PKS and with
its consequence on control, on-line and off-line motion planning,
. . .. In my opinion current controller are not very effective for
PKS. But this is another story. . .

Annex: Interval analysis

Interval analysis is a powerful method initially proposed by
Moore (Moore 79). Let us illustrate this method on a simple
example: letf be the functionx2 − 2x and assume that we are
looking for the solutions off = 0 whenx is in the range[3, 4].
Intuitively it is easy to see that ifx is in [3,4], thenx2 is in [9,16]:
this means that ifx has a particular value in the range [3,4], then
f(x) has a value in the range [9,16] (similarly−2x is in the range
[-8,-6]). Now consider the sum of 2 intervalsA = [a, a], B =
[b, b]. It may be seen thatA + B = [a + b, a + b] = C, which
means that for any value ofx in A andy in B, thenx+y lie in C.
In our case we will writef([3, 4]) = [9, 16]+[−8,−6] = [1, 10].
The resulting interval defines therefore lower and upper bound
for the values off : we may guarantee that for anyx is [3,4]
1 ≤ f(x) ≤ 10. As 0 is not included in the final interval we may
state that there is no zero off for x in the range [3,4]. Note that
the bounds provided by interval analysis are overestimated, the
true range off(x) being [3,8]. However, this does not affect the
validity of the conclusion.

This method works for all the classical mathematical func-
tions such assin, cos, sinh, . . .. Furthermore this method may be
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implemented to take into account numerical round-off errors and
is therefore safe from a numerical view point.

Let us apply this method for a classical problem for PKS.
Assume that we want to verify that a particular Cartesian boxB0

is included in the workspace of a Gough platform, the orientation
of the platform being constant. If the leg lengthsρ of the robot
are restricted to lie in the interval[ρmin, ρmax] we have to verify
that for anyX in B0 we haveρmin ≤ ρ(X) ≤ ρmax. As we
know an analytical form forρ(X) we may determine by using
interval arithmetics a lower and an upper boundρ(X), ρ(X) for
ρ(X) if X lie in a given Cartesian box. The algorithm uses a list
of Cartesian boxL which is initialized to beL = {B0} at the
start andLi will denote thei-th box inL. The algorithm is then,
starting withi = 1:

1. compute
[

ρ(Li), ρ(Li)
]

using interval arithmetics.

2. if ρ(Li) > ρmax or ρ(Li) < ρmin, thenB0 is not included
in the workspace, as every point ofLi, which is included in
B0, is outside the workspace. Send the message ”BOX IS
OUT”.

3. if ρ(Li) ≥ ρmin andρ(Li) ≤ ρmax, thenLi is included in
the workspace, as for any point in this box the leg lengths
are within the limits. Restart at 1 with thei = i + 1.

4. otherwise bisectLi along one of its dimension (eitherx, y

or z) to create two new Cartesian boxes that will be stored
at the end ofL. Restart at 1 with thei = i + 1.

The algorithm either exits at step 2, in which case part ofB0

is outside the workspace, or it stops when all the boxes ofL
have been processed, in which caseB0 is fully included in the
workspace. Note that the previous algorithm is just an outline
of what can be done, and may be improved in many different
aspects.
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toire sphériques. Journal
de l’École Polytechnique,
11(2):1–96, 1906.

[Cauchy 13] Cauchy A. Deuxième
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