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Abstract: Some theoretical problems linked to this type of structuezev
Although it is has been largely demonstrated in specific mentioned as early as 1645 by Christopher Wren, then in 1813
applications that parallel manipulators offer very goodrfoe- by Cauchy (Cauchy 13) and in 1867 by Lebesgue (Lebesgue 67).

mances there are still domains (e.g. the machine-tool itrgus One of the main theoretical problems in this field, called the
in which this type of structure is not yet completely accgpte  spherical motion problenrelated to what is now called singu-
This may be explained by two main reasons: larity analysis, was the central point of a competitionedlle

Prix Vaillant, that took place in France in the 1900’s and was or-
ganized by the Académie des Sciences. The prize was won on
equal terms by Borel (Borel 08) and Bricard (Bricard 06).

But clearly at this time the technology was not able to deal
with any practical applications of this type of structure.l- A
though the very first application was proposed by Gough for
a tire test machine (Gough 57; Gough Whitehall 62) parallel
e at the academic level they are still many open problems, structure were really put in practice in the 70’s for flightnsi

even at the most basic levels. A direct consequence is that ulator (Baret 78; King 73; Koevermans5; Parrisht73) (a

there is still no simulation tool that allow to design effi-  very specific area where mostly acceleration are of inteesst

ciently parallel structures whatever is their topology,ileh in the early 80’s for robotics application (McCallion Pha8y 7

this is a key issue as the performances of these structures Reboulet Robert 85) (with an interest in a larger panel ofqrer

are highly dependent on the topology and dimensioning of mances).

the mechanism. Starting in the 90’s parallel kinematic structure (PKS)dav
started either to be put in use in various domains such as fine
positioning devices or to be considered for potential aapibns
such as machine-tool. Among these applications, some of the
were not as successful as expected. The clearest illastrafi
this fact is the use of PKS in the machine-tool industry. Al-
though the first presentation of such PKS dates from 1994 with
the Variax of Giddings, we have still to see PKS in current use
for such application.

| see three main reasons for this failure in this particutar d

e at the end-user level the intrinsic non-linearity of these
structures is still not well understood and previous works
on the subject has been overlooked. This has led to the de-
velopment of prototypes whose performances where not the
expected one, which in turn has led to negative opinions
among some communities

We will review what are the main problems that are still to be
solved in the field of kinematics for parallel mechanismeii$a
ing especially on the optimal design problem, and try toioetl
possible approaches to solve this problem, the purposegtiein
clearly separate what part of the problem is architecturpele-
dent from what may be dealt with by generic tools.

Finally we will present theParallel Structure Initiative
PSI proposed by the Computational Kinematics Committee of
IFToOMM that intend to initiate a collaborative work between
academics, companies and end-users to solve the kinematics

problems for parallel structures. 1. with very few exceptions there is no interaction with the
laboratories having worked in this field for many years and
1 Introduction the developers in the industry; hence problems that were
familiar for researchers are completely overlooked by the
Historically, closed-chain structures have attractedititerest developers, while researchers may miss important points fo
mostly of mathematicians as they offer interesting prolslem a specific application.



2. the inherent non-linearity of PKS and its consequences on that for these type of structure the translation ability @ n
the design and on the control of such structure is highly un- decoupled from the orientation. Then according to our hy-
familiar to people working in the field of machine-tool, ac- pothesis we will assume that the radii of the base and platfor
customed to a linear world, is identical and equal td.. This is clearly a very restrictive

) ) . assumption, which will have a large effect on the workspace

3. develop_ers in the |_ndustry focus first on the developmeénto ,qjume. Finally even for a given orientation we do not know
the basic mechanical elements of a PKS, such as ball-and-\yhat will be the workspace volume of both PKS as a function of
socket joints. Although this work was necessary as these 1, |t seems only that for a given geometry of Gough platform
compon.ents in the right size were not comm_erqally avail-  ihe workspace volume is roughkp® wherep is the extension
able, this type of development is onlgcal, missing the of the leg (Masory Wang 95), whereis a factor that depend
point that these elements are part gflabal systenthat has on the geometry of the robot (hence under our assumption the
to be considered as such. workspace volume will be written a5 L)L?). A similar result

has never been established for the Hexa robot but imagihatha

that case the workspace may be writtery@5)L3. Comparison

of the two PKS in term of workspace volume based on the

previous formula may lead only to the conclusion that for gom

ranges or. the Gough platform has a larger workspace than the

On a larger level | intend to show theliaiming that a PKS Hexa, the opposite being true for other rangesifor

I must also be noted that these failures have a negative nttue

on the development of PKS, as they comfort a trend that states
that these structures are too complex to work in practicesfadt

that completely ignore past success stories in this field).

offers better performances than more usual structuregreng Hence at this time we are only able to compare the generic
... except if the PKS is the result of an optimal design methodol- workspace volume of 2 serial structures but not to compéeei
ogy a serial and a parallel structure or 2 PKS.

To support this claim | will try to emphasize the difficulties Hence topology synthesis for PKS is a much more com-
with which we are confronted to build efficient PKS and owlin  plex problem than for serial structure and cannot be diseotexl
a possible approach to solve these difficulties. from the dimensional synthesis problem.

There is also an important open problem related both to the

2 Topology synthesis topology and dimensional synthesis of PKS with less thaw8.d.

Having less than 6 d.o.f. may be interesting for some tasleh(s
Although | will focus on the dimensional synthesis problétn, as using a PKS for a milling machine for which the rotation
is easy to show that the topology synthesis problem, i.eirfipd ~ around the normal of the platform is not necessary) and allow
the most appropriate mechanical architecture for a givek fa for a reduction in the cost of the machine. Numerous PKS with
difficult for PKS. between 3 and 5 d.o.f. have been proposed in the literatuee. W
Assume for a simplicity that for a given task we have to de- may classify them into two different categories:
sign a mechanism with 6 d.o.f. and that the comparison betwee

different mechanical architectures has to be done basgdoon| e externally constrained mechanisthe PKS has less than 6
the volume of the workspace that can be reached by the end- d.o.f because a passive mechanism restricts the motion of
effector. A further assumption is that actuated joints willy be the platform. A typical example of such type of PKS is the
of the prismatic (P) or revolute (R) type. Tricepts robot.

For classical serial structure, only the first three joirdgeh
an influence on the location of the end-effector. All the uss e geometrically constrained mechanisthe geometry of the
architectures will be obtained by considering all the palsstet legs imposes constraints on the motions of the platform. A
of three elements, each element being either P or R. For dgamp typical example of such type of PKS is the Delta robot or

a Cartesian robot is defined as the set PPP, while the spherica the "Agile Eye”.
robot is RRR. Now affect a standard lendtho each element of

the robot: each link of the robots will have length prismatic In both cases the platform will have less than 6 d.o.f. only in
joint have a retracted length @f and an extended length of. theory. Indeed due to the manufacturing tolerances, aieari
etc... the joints,. . . the platform will exhibit motions in all 6 d.o.f. The
Under that assumption the workspace volume of a PPP robot problem to be addressed is the following: being given a thres
is L? while the RRR workspace volume is rougBlyL?, for any old on the maximal amplitude of the undesired motion what are
value of L. Hence as far has workspace is concerned it is clear the amplitude of the errors that are allowed for the manufact
that the RRR structure is better than the PPP, whatever fntie ing of the robot?. Clearly this is a very important issue:hié t
dimensioning. amplitude of the errors are lower than reasonable manufactu

Now let wus introduce two different PKS, ing tolerances, then the mechanical architecture cannatée
namely a classical Gough platform and an Hexa in practice. This important subject has almost never been ad
robot (Pierrot Dauchez Fournier 91). A first problem is dressed (Parenti-Castelli Di Gregorio 00).



3 Dimensional synthesis

Finding the dimensions of a given mechanism so that it is-opti
mal with respect to some requirements is a very old problem in
mechanism theory. Before describing the existing methetdss

requirements. Hence we will have to consider fitsict require-
mentsthat cannot be relaxed and then other criterion that can be
relaxed to some extent.

It must also be mentioned that some requirements may in-
volve a fixed value (e.g. the accuracy of the positioning ef th

examine what are the requirements that may be imposed on PKSplatform for a unit value of the sensor error must not greiten

and what is their complexity.

3.1 Requirements

The COPRIN project of INRIA has a lot of practical experience
in the optimal design of PKS, which has been gained from the
development of our own prototype and from several industria
contracts. We have been dealing especially with:

¢ fine positioning devices for heavy loads (with the European
Synchrotron Radiation Facility, the Institut Laue Langgvi
Alcatel),

e machine-tools (with Constructions Mécaniques des Vos-
ges),

e medical robots.

Very early we have established an evaluation form for thégdes
of Gough platform type PKS that both allows the end-user to
describe his requirements (either as trends or with nuraleré-
ues) and enable the designer to get all the necessary irtiorma
to perform the design study.

The end-user may provide information and requirements
that may be classified as:

e kinematics workspace, accuracy, maximal motion of the
passive joints, dexterity,

e statics load on the platform, stiffness of the robot,

e dynamics maximal velocity and acceleration of the actua-
tor and of the platform, inertia and center of mass,

e geometrical overall size of the robot, of the mechanical
components,

e technological overall information on the actuator, on the

a given threshold) and will be calldiked value requirements
On the other hand, we may hagemaxima requirementée.g.
the positioning error of the platform for a unit value of tlemsor
error must be as low as possible).

First of all it must be noticed that for PKS most of these per-
formances ar@ose dependent-or example, the workspace of
the end-effector is dependent upon its orientation, wihigedc-
curacy is dependent both upon the orientation and the tocafi
the end-effector. This dependency is usually quite comdlax
example the accuracfX of the positioning of a Gough plat-
form is related to the accuradyp of the sensor by:

Ap=JHX)AX

The inverse Jacobian matrik—! has a relatively simple analyt-
ical form, but establishing the positioning accuracy of piat-
form as a function of the sensor accuracy will require theafse
J, which is highly complex.

Most of these requirements are of twerst caseype with
respect to the workspace: as the performances are pose-depen
dent, the limits imposed on the requirements have to be donsi
ered for the whole workspace. For example an accuracy eequir
mentA X, indicates that the positioning error must not exceed
A X, over the whole workspace of the robot

But the designer may have also to deal with other cases.
Imagine for example that two robots A and B with different ge-
ometries have equivalent worst case accuracy. Clearlydthes
not imply that they are equivalent. Indeed, for example,ahe
erage valueof the positioning error over the whole workspace
may be quite different or alternatively we may have to coasid
thebest caséwhen some crucial part of the task requires a high
accuracy).

Determining the the best and worst case accuracy is obtained
by solving a difficult constrained optimization problem. Wgl
see later on that although difficult the problem is tractableis

sensors and on the passive joints. Indeed the context of the 'S Nt the case for determinirgxactly(we will explain later on
application may impose the use of restricted classes of such What is our meaning of the word exactly) the average value of

components.

Note that most of the time the requirements provided by tltke en
user will only be subset of the requirements used by the desig
For example the end-user may provide only requirements®n th
workspace and on the load carrying ability but the desigriker w
also consider, for example, singularities and maximal ipass
joint motions. Among the list of requirements, workspacd an
accuracy are almost always provided.

The end-user has also to classify his requirements acaprdin
to their importance: this is crucial as in some case we have to
relax some requirements in order to be able to satisfy sohe ot

the positioning error over a given workspace which is a probl
without known solution at this time. Using in the design es
criterion for which best or worst case are difficult to cakteal
however appropriate or pertinent they may be, clearly cempl
cate the process. Another example of such complex critgria i
the family of dexterity indexsuch as the absolute value of the
determinant of the inverse jacobian or ttandition numberi.e.

the ratio of the minimal eigenvalue over the maximal eig&mnva
of the matrixJ~1.J—T. The analytical form of such index is in
the best case very difficult to calculate and very often evan n
possible (for example the condition number is the ratio & th
roots of a polynomial whose degree is equal to the number of



d.o.f. of the robot and hence cannot be calculated anallytas mechanism with respect to the requirements.CAis clearly a
soon as this number exceed 4). The average value of these crit function of the set of design paramet&sa numerical procedure
rion (often called thglobal conditioning indexis very difficult is used to find the value of the design parameters that mieimiz
to calculate exactly. Furthermore we must mention the ldck o C. This approach has several drawbacks:

significance of this type of index as soon as the motion of the
platform mixes translation and rotation.

Finally it must be emphasized that all the requirementsan th
above list are highly sensitive to the geometry of the roBoich
sensitivity is the first reason for the failure of some prypet of o defining the index is not always an easy task, for exam-
PKS which have been designed using a local approach instead ple if we have constraints on the shape of the workspace.
of a global one, the second one being that some properties of — Fyrthermore, as mentioned earlier, some of these index are
PKS have been overlooked. For example changing the radius of even very difficult to estimate (for example the global con-

e the result is heavily dependent upon the weights that are
used in the cost-function, and there is no automatic way to
find the right weights,

the platform of a Gough platform by 10% may modify the worst ditioning index).

case stiffness by 700%. Clearly such ratio imply that a robot

with a poor topology but optimally designed will presentjiely ¢ introducing strict requirements in the minimization isfidif
better performances than a robot with an appropriate tgyolo cult, and in any case computer intensive,

but poorly designed. Henadimensional synthesis is crucial

when designing a PKS e as for any optimization problem, it is difficult to guarantee

that the global extremum has been found. Error at this level

3.2 Workspace requirements put in jeopardy the whole design methodology.

e some of the requirements are antagonistic; for example,
it is well known that dexterity is antagonistic with the
workspace volume (Ma Angeles 91); using both criterion in
a weighted sum does not have any physical meaning

As mentioned previously, most of the design requiremente ha
to be verified over the workspace of the robot. This workspace
may be defined in various terms:

1. a workspace defined with respect to a global reference
frame But the main difficulty is that the computation of the index &
given geometry must be very efficient as the minimizatiorcpro
2. the whole workspace of the robot. For example, fora Gough g re will use these calculations extensively. Unfortulyateri-

platform, this workspace may be defined as the set of poses fying that a PKS of given geometry satisfies a single requérem
that the robot can reach with the leg lengghsatisfying is usually a very complex task.

the inequalities,,:n < p < Pimac Wherepin, Prmax are
given constants. A general definition will be all the reach- 3 4 performance verification
able poses such that inequality constraintd; (X, p) <

0(i=1,...,n) are satisfied. 3.4.1 Standard verification form

3. a workspace, where the component specification is de- " my opinion, any optimal design methodology will use a per-
fined relatively to some unknown quantity. For example formance verification module that takes as its input a rolest g

the » motion ability may be specified as50 mm relatively ometry and verify whether this geometry satisfy a list ofuiee-
to some unknown design parameter ments. Hencehe development of an efficient performance
] o ] S verification module is a key point for the optimal design of
These three different possibilities may co-exist for a gigesign PKS.
problem. For example, the accuracy requirement may be define Ideally, such module should be able to

for a workspace of type 1, while singularity analysis hasé¢o b _ o .
performed in the type 2 workspace. For the type 3 workspace we 1. deal with any type of PKS, although optimized version for
have to include;; as a design parameter. the most usual PKS may exist,

3.3 Design methodology and performance verification 2. deal with almost any type of requirements, especiallystvor
and best cases,
The most well known design methodology is the cost-function

approach (Erdman 93). To each design requirenjéntassoci-

ated a nur_nerigal inqleig that is minimal for the best robot. The 5 given requirement usually defines an implicit set of caaists
cost functiorC is defined as: 7 that is only dependent upon the topology of the robot. Assume
C— Z w;1;, now that we have a generic to®l that is able to deal with any
7 as soon ag is expressed in a standard form (that we will call
where thew; are weight associated to thg. In some sense, the standard verification forn(SVF)). A generic performance
the cost function is an indicator of the global behavior of th  verification module may reach the first two objectives if

3. provideguaranteedesults.



1. we first preprocess all theé for each requirement to put  termined only to the extent that it will result in a unique pibte
them in the standard form, probably using a symbolic com- value for the accuracy of the sensor. For example if the vkl
putation software, sensor accuracy are 0.1, 0.2 and 0.5 arid i able to compute

a range forA X; such thatAp;, is in the range [0.3,0.4], then we

are able to decide that we have to use the sensor with the accu-

racy 0.2. Hence, although we have not determievegttlywhat

will be the worst case accuracy, we can still guarantee that t

choice of sensor error will satisfy the requirement.

2. we use then the generic tdblto verify all the requirements
either in sequence or simultaneously.

In my opinion, many mathematical tools offer the possipiti
designingZ (see the Annex for one possibility). But the key

point on this issue ia collaborative work of researchers in the Clearly 7 must be designed so that it only guarantees the
field of mechanism theory and mathematiciansThe first part result, especially if getting a guaranteed result is lessmder

of this effort is the development of the SVF: the researciers  INtensive than getting the exact result.

mechanism theory will provide the description of all theuig- 3.4.3 Exact methods

ments that may be of interest for PKS; the mathematicians wil o _
analyze them to obtain a very reduced set of problems to solve N some favorable cases it will be possible to solve exatiy t

For example, although dealing with very different quaastide- perform_ance evaluation problem._ Unfortunately in my ekper

termining the worst case accuracy of a robot and the maximal €nce this happen only for very simple problems (robot with 2

joint forces are strictly equivalent mathematical prolbdem d-O-f-. anq very simple requirements). But if such an apmoac
The second part of the collaborative work is the design of Possible it should be clearly favored as soon as the conipatat

the tool7 that allow to solve the reduced set of problems. time is small.

3.4.2 The meaning oéxact 3.4.4 Hybrid methods

DesigningZ will be clearly a difficult job buta key point on Letus a_ssumethatwg have to solvedimensional performance

this issue is the meaning of getting amxactresult. We must evaluation problem (i.e. that the number of unknowns in the

take advantage of the fact that exact means in our community Problem isn) and that we are able to solve the same problem
that the result must bguaranteedand this may strongly be dif-  exactly when the number of unknownssis < n, i.e. when
ferent than the mathematical meaning of the word exact @nev  the unknownst,, 1, ...z, have a fixed value. As we have
approximatively exact in the computer science significatid in most case to solve an optimization problem (i.e. deteemin
this term). A guaranteed result means that we are able to de-the extremal valug,, of a given function) we may be able to
termine error bounds on the result, so that a decision based o determine what may be the maximal change in the unknowns
this result will be justified. In the worst case the algoritti Tm+1, - - - Tn SUCh that these changes will not result in a change
indicate that the result cannot be calculated safely in radstal of F,,, greater than a given threshold Hence using the exact
manner on a computer (this will usually happen when we are at method with as value fat, 11, . . . z, these new values ensures
the limits on the requirements and neglecting the designtees  that we will determine the optimal value 6f,, with an accuracy
that may be provided at this point should not cause any prob- less thare. Repeating this process until the whole workspace has
lem as these solutions will have an error margin that will siw ~ been explored will ensure that in the worst case the optimasn h
below the manufacturing tolerances). Guaranteed resthleig- been found with an accuraey Such method has been proven to
fore much less stringent than exact result: hence we muigirdes ~ be very efficient for the analysis of some requirements foSPK
our algorithm to use this freedom in view of reducing the com- over some specific workspace (Merlet 98a; Merlet 98b).
putation time. Note also that getting a guaranteed resaludes

the use of discretization methods that just sample the wades 3.5 Alternative optimal design methodologies

and verify the requirement only at the sampling points.

In the optimal design process mostly guaranteed results are
needed, as for many requirements it will not be necessargto o  Assume now that an efficient performance verification module
tain exactly result. available. This open the door to alternative design metlmado

Let us consider for example the determination of the accu- gies such as the use of genetic algorithms (GA). In this tyfpe o
racy of the sensor that must be used to reach a given accuracyalgorithm individuals have genes that represent valuethéode-

3.5.1 Genetic algorithms

for the positioning of the platform. We will first determindnat sign parameters. An initial population of individuals itizlly
will be the accuracy\ X; of the positioning of the platform for a selected as parents and they are crossed-over to geneilate ch
unit value of the sensor error. Then, as the relationshiywdxen dren, some of them having genes that are obtained as mutation

these two quantities is linear, we will be able to determifaiv of the genes of their parents. Each individual is evaluatgd w
must be the sensor errdtp, so that the accuracy of the plat- respect to the design requirements, and selection rulew &l

form reaches a given valud X ;. The important point is than select only the "more promising” children that will conatit the
many cases only a restricted set of accuracy for the sendbr wi next generation.
be available Hence the accuracy of the platform need to be de- GA's are well known optimization procedures that may



be used when the function to be optimized are com-
plex. They have been already used in the field of planar
PKS (Boudreau Gosselin 99), although the lack of an efficient
performance verification has restricted their use to sirRis.

In my opinion GA may be interesting only if we have only fixed

value requirements and cannot be used for a maxima require-

ments as they give guarantee on the result.

3.6 The parameter space approach

Let m be the number of design parametersin We define an
m dimensional space, tigarameter spacé , in which each di-
mension is associated to one design parameter (hence eath po
in the parameter space defines an unique robot geometry). Th
purpose of the parameter space approach is to determine-the r
gions of § that include all the possible solutions of the design
problem.

To reach this goal, the following approach may be used:

. select a particular requiremeRy;, or a relaxed version of
this requirement (for example if the requirement is that the
workspace of the PKS includes a specific Cartesian box
we may relax the requirement by verifying only that the
workspace includes the 8 corners of the box).

. determine the regio8§; of S which include all the robots
satisfyingR;.

. repeat the process for another requirement.

obtainedn regionsS;. If there is a solution to the optimal
design problem, then it will lie in the intersection of the
regions. At this step we compute this intersectin

. at this point we have determined all the robots that satisf

a subset of the requirements. A local approach is then used

to determine the solutions withifi; that satisfy all the re-
gquirements.

A key issue in this approach is step 2. We must develop a
generic method that is able to deal with most common require-
ments. This method will rely on an extended version of the-sta
dard verification form, called thetandard design verification
form (SDVF) that takes also into account the design parameters
and will have basically the same structure than the perfooma
verification module:

o transform the requirements into a SDVF,

e apply a generic todI” to determine the regiofi;. Note that
the generic tooll is a special instance @f in which all the
design parameters have a fixed value.

Although the problem may seem to be quite complex, we
have already obtained some result in this area, especialy f
the workspace requirement, either by using a geometrical ap
proach (Merlet 97) or an interval analysis approach (MéHgt

. after completing the 3 first steps of this process we have

4 Conclusion

Optimal design can be divided into two main topics: topology
synthesis and dimensional synthesis, although it is undfea
topology synthesis can be separated from dimensional synth
sis for PKS. Performances of PKS are highly sensitive to both
type of synthesis; hence optimal design is a crucial issuéhfo
development of efficient PKS.

We propose to develop a generic method for the optimal de-
sign of PKS, based on the transformation of the requirenmgot i
a reduced set of generic problems that may be treated by an uni
versal solver. The development of this generic method isge hu

eproject and can only be the result of a collaborative workeen

the researchers working in this field, mathematicians ésted

in this type of problems, and end-users. This effort mustde c
ordinated: hence the Computational Kinematics technicahC
mittee of IFTOMM (the International Federation on the Theor
of Machine and Mechanisms) has proposed to coordinate this
effort. Researcher from academy and industry willing tdipar
pate to this research effort are encouraged to look at thed|Blar
Structure Initiative (PSI) web site:

http://wwsop.inria.fr/coprin/EJCK/ PSI. htm

A further problem that has to be taken into account is con-
trol: there is a crucial need for robot controller that aréeab
deal efficiently with the inherent non-linearity of PKS andtw
its consequence on control, on-line and off-line motiomplag,

In my opinion current controller are not very effective for
PKS. But this is another story .

Annex: Interval analysis

Interval analysis is a powerful method initially proposed b
Moore (Moore 79). Let us illustrate this method on a simple
example: letf be the functionr? — 2z and assume that we are
looking for the solutions of = 0 whenx is in the rangé3, 4].
Intuitively it is easy to see thatif is in [3,4], thernx:? is in [9,16]:
this means that it has a particular value in the range [3,4], then
f(x) has a value in the range [9,16] (similarh2z is in the range
[-8,-6]). Now consider the sum of 2 intervals = [a,a], B =
[b,b]. It may be seenthal + B = [a + b,@ + b] = C, which
means that for any value ofin A andy in B, thenz+y liein C.

In our case we will writef ([3,4]) = [9, 16]+[—8, —6] = [1, 10].
The resulting interval defines therefore lower and uppemidou
for the values off: we may guarantee that for anyis [3,4]

1 < f(x) <10. As 0is notincluded in the final interval we may
state that there is no zero ¢ffor x in the range [3,4]. Note that
the bounds provided by interval analysis are overestimaied
true range off (x) being [3,8]. However, this does not affect the
validity of the conclusion.

This method works for all the classical mathematical func-
tions such asin, cos, sinh, . . .. Furthermore this method may be



implemented to take into account numerical round-off ersord
is therefore safe from a numerical view point.

Let us apply this method for a classical problem for PKS.
Assume that we want to verify that a particular CartesianBpx
is included in the workspace of a Gough platform, the oritgoia
of the platform being constant. If the leg lengihsf the robot
are restricted to lie in the intervgd,,in , pmas| We have to verify
that for anyX in By we havep,,i, < p(X) < pmaz. AS We
know an analytical form fop(X) we may determine by using
interval arithmetics a lower and an upper bourt&’), p(X) for
p(X) if X lie in a given Cartesian box. The algorithm uses a list
of Cartesian boxC which is initialized to beC = {B,} at the
start andC; will denote thei-th box in£. The algorithm is then,
starting withi = 1:

1. compute[p(Li), p(&;)} using interval arithmetics.

2. if p(Ls) > pmaz OF p(L:) < Pmin, thenBy is not included
in the workspace, as every point.6f, which is included in
By, is outside the workspace. Send the message "BOX IS
ouT”.

3. if p(Ls) > pmin andp(L;) < prmaz, thenL; is included in

the workspace, as for any point in this box the leg lengths
are within the limits. Restart at 1 with the=14 + 1.

4. otherwise bisect; along one of its dimension (either y
or z) to create two new Cartesian boxes that will be stored
at the end ofZ. Restart at 1 with the= 14 + 1.

The algorithm either exits at step 2, in which case partSf

is outside the workspace, or it stops when all the boxeg of
have been processed, in which cd&eis fully included in the
workspace. Note that the previous algorithm is just an oatli
of what can be done, and may be improved in many different
aspects.
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