Abstract

LEE, WEN-SHIN. EARLY TERMINATION STRATEGIES IN SPARSE INTERPO-
LATION ALGORITHMS. (Under the direction of Professor Erich Kaltofen.)

A black box polynomial is an object that takes as input a value for each variable
and evaluates the polynomial at the given input. The process of determining the
coefficients and terms of a black box polynomial is the problem of black box poly-
nomial interpolation. Two major approaches have been addressing such purpose:
the dense algorithms whose computational complexities are sensitive to the degree
of the target polynomial, and the sparse algorithms that take advantage of the
situation when the number of non-zero terms in a designate basis is small. In this
dissertation we cover power, Chebyshev, and Pochhammer term bases. However,
a sparse algorithm is less efficient when the target polynomial is dense, and both
approaches require as input an upper bound on either the degree or the number of
non-zero terms. By introducing randomization into existing algorithms, we demon-
strate and develop a probabilistic approach which we call “early termination.” In
particular we prove that with high probability of correctness the early termination
strategy makes different polynomial interpolation algorithms “smart” by adapting

to the degree or to the number of non-zero terms during the process when either



is not supplied as an input. Based on the early termination strategy, we describe
new efficient univariate algorithms that race a dense against a sparse interpolation
algorithm in order to exploit the superiority of one of them. We apply these racing
algorithms as the univariate interpolation procedure needed in Zippel’s multivari-
ate sparse interpolation method. We enhance the early termination approach with
thresholds, and present insights to other such heuristic improvements. Some po-
tential of the early termination strategy is observed for computing a sparse shift,

where a polynomial becomes sparse through shifting the variables by a constant.

KEYWORDS: Sparse polynomial, black box polynomial, interpolation, sparse inter-
polation, randomized algorithm, Chebyshev basis, Pochhammer basis, early ter-
mination, racing two algorithms, sparse shift, Zippel’s algorithm, Ben-Or’s and

Tiwari’s algorithm.
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Chapter 1

Introduction

Interpolation has long been an extensively studied topic, for both its role as a basic
tool in approximating given functions and its wide applications. Our research
focuses on the problem of efficiently interpolating polynomials that have sparse
representations, or with respect to their sparse representations.

By introducing randomization into existing algorithms, we demonstrate and
develop a probabilistic approach, early termination. With high probability of cor-
rectness, the early termination strategy makes different polynomial interpolation
algorithms “smart” by adapting to the degree or the number of non-zero terms
during the process when neither is supplied as an input.

Derived from the early termination strategy, we describe new efficient interpo-
lation algorithms and present insights to other heuristic improvements as well as
certain related topics. Further potentials of the early termination strategy are also

observed based on its success in polynomial interpolations.



1.1 Representations and interpolations of poly-

nomials

As the most commonly used representation, a polynomial representation represents

a polynomial f(z1,...,2,) as a sum of terms with their coefficients (in the power
basis)
¢
flzy, ..., 2,) = chx?’l R AN (1.1)
j=1

In general, when a polynomial is represented as in (1.1) with total degree

d = deg(f), the number of its non-zero terms could be as many as

(n + d)
4 )
which grows exponentially with both n and d.

For the polynomials that have much fewer non-zero coefficient terms, or sparse
polynomials, not only their polynomial representations are more concise, thus oc-
cupy less space in representations, but also there are efficient algorithms that take
advantage of the sparsity in the polynomial representations.

Though many large scale problems tend to be sparse, it is also natural to ask
whether we can determine a representation basis such that it can represent a given
polynomial in a sparse manner. Notice that for any given polynomial, there are
different polynomial representations based on different bases, and as a result, the
sparsity of a polynomial depends on the choice of the bases.

Another method to represent a polynomial is the black box representation,

which is the object that takes as input a value for each variable and evaluates the



polynomial being represented at the input point. The black box representations can
be manipulated efficiently [16], and it is useful to convert black box representations
to polynomial representations. The operation of recovering the coefficients and
terms of a black box polynomial from its values at given points is the black box

polynomial interpolation (see Figure 1.1.)

Black box polynomial f

P1y--5Pn €K —>-_> f(p1,-..,pn) €K

Interpolation

t
flxr,. ... z,) = ch:cij’l ceagin € Klag, ..., 2], K is a field.
=1

Figure 1.1: A black box polynomial f(z1,...,xz,) and its interpolation.

When interpolating a polynomial from its evaluations, Newton interpolation
and Lagrange interpolation have been widely implemented. As univariate inter-
polation algorithms, both need deg(f(z)) 4+ 1 evaluations, or black box probes, at
distinct points in order to recover a polynomial representation of the target poly-
nomial f(z). In the case the target polynomial is multivariate, both algorithms
can be implemented in a variable by variable manner and recover one variable at

a time until the target polynomial is fully interpolated. Such algorithms are called



“dense” because they proceed regardless of the number of terms with zero coeffi-
cient, and do not take advantage of the sparsity in the target polynomial. It can
be easily observed the drawback as the inefficiency of a dense algorithm when the
target polynomial has much fewer non-zero monomials.

Interpolation algorithms whose computational complexities are sensitive to the
sparsity of their target polynomials are one of the major contributions of computer
algebra to computer science and mathematics. The first such result was obtained
by Richard Zippel in 1979 [24]. Zippel’s algorithm is efficient in the multivariate
case when the target polynomial is sparse than a variable by variable Lagrange or
Newton interpolation algorithm. Zippel’s algorithm requires randomization, and
in its variable by variable interpolation method each variable is still interpolated
densely.

In 1988 Michael Ben-Or and Prasoon Tiwari gave a different algorithm [1] that
is based on the Berlekamp/Massey algorithm from coding theory. This algorithm
interpolates all the variables at once and works equally well for sparse univariate
polynomials. In its original form, it does not require randomization, but for its
correctness it must be given an upper bound for the number of terms in the target
polynomial.

Since then, both approaches have been generalized and improved. The Vander-
monde techniques of Ben-Or and Tiwari can be applied to Zippel’s algorithm [25,
14]. Lakshman Y. N.; B. David Saunders, and Dima Yu. Grigoriev extended
the Ben-Or/Tiwari approach to sparsity with respect to non-standard polyno-
mial bases, such as the Pochhammer, Chebyshev, and shifted power bases [17,

11, 18]. For polynomials over small finite fields both Zippel’s and Ben-Or’s and
4



Tiwari’s algorithms require modification [10, 23, and the references given there].
And both Zippel’s and Ben-Or’s and Tiwari’s interpolation algorithms have been
implemented by several authors on both single and multi-processor computers,
among them [13, 20, 5].

Although a sparse algorithm takes into account the sparsity of the target poly-
nomial, it is less efficient than a dense algorithm when the target polynomial is
dense. Therefore, when the information of the sparsity in the target polynomial is

not provided, we encounter the problem of choosing a more efficient algorithm.

1.2 Early termination strategy and racing algo-

rithms

So far both the dense and sparse algorithms mentioned in Section 1.1 require a
bound as an input: a degree bound for the dense algorithms, and a bound on the
number of non-zero terms for the sparse algorithms. One question is easily raised:
can a polynomial f still be interpolated when no such bound is supplied? Or,
in other word, can we determine when to accurately finish proceeding with these
algorithms even though the required bound is not given?

We can guess an input bound, compute a candidate polynomial g with re-
spect to the guessed bound, and compare g and f at an additional random point.
Whenever g cannot be successfully computed or the values of f and g are different
at the additional random point, we double the guess for the bound. With this
probabilistic approach, we face the problem of guessing a bound that is “efficient.”

A better probabilistic approach, early termination strategy, is presented. It



is observed that in the interpolation process, an already fully interpolated poly-
nomial does not change at more interpolation points. Based on the observation,
this strategy claims that after the interpolant stops changing at a random point,
the target polynomial is interpolated with high probability. Therefore, without a
bound supplied as an input, with high probability of correctness and within one sin-
gle interpolation run, the early termination provides a method determining when
to accurately finish proceeding with these algorithms. Austin Lobo suggested the
early termination phenomenon in the setting of the Wiedemann algorithm [22].

Chapter 2 addresses the early termination strategy in dense interpolations.
Chapter 3 and Chapter 4 present the early termination in sparse interpolation
algorithms with respect to the power basis (in Chapter 3) and certain non-standard
bases (the Pochhammer and Chebyshev bases in Chapter 4.)

Our early termination versions of algorithms are all randomized in the Monte
Carlo sense, that is, their results are correct with high probability. In our im-
plementation, we adopt another strategy of putting additional partial verification
computations into some of our procedures: the early termination is only triggered
after encountering a series of zero discrepancies, and passing a series of checks, in
a row. The length of the series is a threshold given as an optional argument to
the procedures. We prove the early termination strategy is correct with high prob-
ability for threshold one, and note that higher thresholds weed out bad random
choices from sets that are much smaller than the early termination theorem would
require. The further analysis is complicated and our early termination algorithms
then become heuristics that can interpolate polynomials of a size at the very edge

of what current software and hardware can reach.
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Without a bound for the target polynomial as an input, the early termination
enables us to terminate the interpolation procedure when necessary evaluations
required by the algorithm have been performed. However, knowing that the sparse
algorithms are less efficient when the target polynomial is dense, we are still in
a predicament of choosing an efficient algorithm for a target polynomial whose
sparsity is unknown.

To solve the above predicament, in the univariate case we propose racing al-
gorithms that are efficient to both dense and sparse polynomials. Based upon
the early termination, Chapter 5 presents how a racing algorithm “races” New-
ton interpolation against a sparse algorithm on a same set of evaluation points.
The overall racing algorithm requires no additional evaluations, and terminates as
either of the racer algorithms first terminates. In terms of black box probes, or
polynomial evaluations, the overall racing algorithm is in average the more efficient
algorithm with respect to the varying sparsity in different polynomials. Moreover,
when the target polynomial is sparse, the probability of correctness can be fur-
ther improved by utilizing the information obtained from both racer algorithms
via cross-checking a sparse answer for degree consistency with the partial Newton

interpolant.

1.3 Hybrids of Zippel and other improvements

Zippel’s algorithm has a shortcoming over Ben-Or’s and Tiwari’s in that it proceeds
one variable at a time, and each variable is still interpolated densely. On the other

hand, when the Ben-Or/Tiwari algorithm is implemented in a modular fashion [13],



in the multivariate case to our knowledge the modulus must be large enough for the
recovery of all non-zero terms evaluated at prime numbers. Yet in the univariate
case, there are special tricks that can reduce the size of the modulus. Also, we
note that the implementation of Ben-Or’s and Tiwari’s algorithm with rational
number arithmetic causes extreme intermediate expression swell, while in Zippel’s
algorithm the modulus only needs to capture the coefficients, and large enough for
randomization.

In Chapter 6, we propose the hybrids of Zippel’s algorithm as the following:
when interpolating a multivariate polynomial, under Zippel’s variable by variable
scheme, each variable is interpolated through a racing algorithm that is based on
early termination. Therefore, we ameliorate the inefficiency of the dense univariate
interpolations embedded in the original Zippel’s algorithm, and in the case of the
multivariate power basis reduce the large size of the modulus required by the Ben-
Or/Tiwari sparse algorithm.

Refining the idea of prunings via homogenization as described in [5], permanent

prunings and temporary prunings are also presented and discussed in Chapter 6.

1.4 Maple implementation and further develop-

ments

Many of our ideas are implemented in a Maple package, ProtoBoz, as a black box
polynomial sparse interpolation over the integers modulo a prime number. Chap-
ter 7 presents the performance of ProtoBox on a series of bench mark polynomials

and some heuristic examples. Clearly, there is a trade-off between the additional



arithmetic operations introduced by concurrently performing two univariate inter-
polation algorithms within the racing algorithm and the savings in the probes of
the target polynomial. We intend our algorithms for polynomials produced by the
calculus of black box polynomials [16, 5].

In Chapter 8, we conclude our contributions and comment on our prospective

further developments.



Chapter 2

Early Termination in Dense Univariate

Interpolations

Many dense interpolation algorithms have been implemented for a long time. Two
widely known examples are Newton’s interpolation and Lagrange’s interpolation.
In order to proceed, these algorithms require as input the degree of the target poly-
nomial, or an upper bound on the degree. With high probability, early termination
strategy enables such algorithms to interpolate the target polynomial without any
knowledge on the degree.

Our research has been focusing on the algorithms which interpolate the target
polynomial merely from its evaluations, and that no other information about the
polynomial is assumed. Namely, those are the algorithms that can convert a black
box representation into a polynomial representation, or perform black box polyno-
mial interpolations. Therefore, for example, we do not consider algorithms such as
the Hermite polynomial interpolation for it also requires a set of derivative values

of the target polynomial.
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2.1 Dense univariate interpolations

In this section, we describe the attribute of a dense univariate interpolation algo-
rithm. When a univariate black box polynomial f(z) is being interpolated from
its evaluations on a sequence of distinct values pg, p1, po, . . ., a dense interpolation
procedure updates the i-th interpolant fUl(x), i > 0, where f!(z) is a polynomial
satisfies both deg fll(z) < i and fll(p;) = f(p;) for 0 < j <i. When i reaches the
degree of the target polynomial d, the updated interpolant represents the target
polynomial and the interpolation is complete.

It is observed that regardless the coefficient is zero or not, an i-th order term
in f(x) is being interpolated in order to update the i-th interpolant fIl(z). As
the target polynomial being constructed in a possibly most dense form, a dense
algorithm interpolates terms of every order until the supplied degree or degree
bound is reached. Two widely known dense algorithms are Newton’s interpolation
and Lagrange’s interpolation.

In the case of Newton’s interpolation, the ¢-th interpolant is updated from the

previous interpolant:

(@) = N (2) + ez —po)(z — p1) -+ (z — pis),

where fl(x) = f(po), i > 0, and ¢; the i-th divided difference.

In Newton’s interpolation, the target polynomial can be viewed as being in-
terpolated with respect to a mixed power basis: 1, (x — pg), (z — po)(z — p1), (x —
po)(z — p1)(z — pa),.... Notice that once the polynomial is interpolated, that is,

whenever fl(z) = f(z) for some d, the interpolant f%(x) does not change even

11



if we keep interpolating f(z) at more distinct values pgi1, pare, Pats, - ... In other

word, fl4+l(z) = flld(z) = f(z) for all j > 0 and d = deg f(z).

2.2 Early termination in dense univariate inter-

polations

Based on the observation that an already interpolated polynomial does not changed
at more interpolation points, we implement the strategy of early termination in a
dense interpolation as the following: a positive integer 7 is given as a threshold,
the sequence py, p1, po, . . . are formed as random values, and the interpolant fI7(z)
is updated as i being increased. Whenever the interpolant f(z) stops changing
as many as 7 times in a row, f(z) is interpolated as f(z) with high probability.
Theorem 2.1 states and proves the early termination strategy in dense interpolation

algorithms.

THEOREM 2.1. (Early Termination in Dense Univariate Interpola-
tions) Given are a black box univariate polynomial f(x) over a field and a positive
integer n as the threshold. Let pg, p1, pa, - .. be chosen randomly and uniformly from
a subset S of the domain of values, and let f1(z) denote the i-th interpolant that
interpolates f(po), ..., f(p;). Note that the p; are not necessarily all distinct. If

there is a non-negative integer d such that

Fw) = F @) = = fI ), 21)

Then with probability no less than

1—n-deg f(z) - (fi(_@)@)n

12



fll(z) correctly interpolates f(x).
Proof:

Suppose d is the smallest integer that satisfies (2.1) and if fl%(z) does not
correctly interpolate f(z), which implies f(x) — fl*U(x) # 0, then both of the
following happen:

1. either d = 0, or pg is not a root of f(z) — fl4=(x);

2. Pdi1,-- - Pdiy are all roots of f(z) — fl4(z).

By the nature of a dense interpolation, we have deg f9(z) < deg f(x) when-
ever fll(z) # f(z). Therefore deg (f(z) — fl9(x)) = deg f(z), and there are at
most deg f(x) many distinct roots for f(x) — fl(z). The probability of randomly
generating an element from a set S that happens to be a root of f(z) — fl4(x) is
no more than deg f(x)/#(S).

We define the probability function P(i) as follows.

When i = 0, P(4) is the probability that f%(z) # f(z) but fx) = fM(z) =
- = fIl(z), that is, py, ..., p, are all roots of f(x) — fl(x).

When i > 1, P(i) is the probability that fUl(z) # f(z) and 4 is the smallest
number such that fl(z) # fi=U(z) and fil(z) = fi+(z) = ... = fi+i(2), in
other word, piy1, Piva, - - -, Disy are all roots of f(x) — fll(x).

For each i > 0, we have P(i) < (deg f(z)/#(5))". Because we need to at least
hit a root of f(z) — fl(x) as many as 1 times so that piy1, ..., Diry are all roots
of f(a) = fl(z).

When f(x) is interpolated correctly, at most 7 - deg f(z) many values can
be interpolated before the target polynomial is obtained. Such a case happens

only when each newly updated interpolant stops changing for exactly n — 1 many

13



times. The sum Z?j(fgf(r)_l P(7) covers all the possibilities of f(x) being falsely
interpolated.

Therefore, fl%(x) correctly interpolates f(zx) with probability no less than

n-deg f(z)—1 n
1— Z P(i)>1—n-deg f(z)- <%) . K

In Theorem 2.1, we are permissive toward the worst case in estimating the
probability. Notice that whenever f(z) # fli=U(x), f(z) cannot be falsely inter-
polated as any of the interpolants from fi+!(x), ... fi1=1(z).

The size of S, which is the subset where p; are picked, affects the probability of a
correct interpolation. The following lemma shows that when #(S) is large enough,
the increasing of threshold n can improve the lower bound of the probability of

correctness.
LEMMA 2.1. In theorem 2.1, the lower bound of the probability of correctness

can be improved when the threshold n is increased to n + An if

(degf($)>A" _

4(9) PR (2:2)

where An is a positive integer.
Proof:

From inequality (2.2) we have

deg f(z

#5) "> -+ An) - deg (o) - (ALY

14



Which implies

deg f(x) ) A e

deg f(x)\"
W) <1—(n+An)- degf(x)- (

Notice the lower bound discussed in Lemma 2.1 does not exactly reflect how
the performance being improved by a higher threshold, whose effects are evident
when the size of S is relatively small (see Chapter 7 for test results.)

In Theorem 2.1, the elements in the random value sequence pg, p1, ... are not
necessarily all distinct. In our implementation, instead of computing fI(z) that
interpolates all the first 141 elements from the sequence py, p1, . . ., we compute the
interpolant f{*¥}(x) that interpolates the first k+1 distinct elements from the same
sequence. The interpolant f{*¥}(z) is only updated when a non-repeated point is
introduced in the evaluation and we still have deg f{*}(z) < k. This modification
avoids unnecessary false early terminations due to interpolating on repeated points
and further improves the probability of correctness.

Without the degree or a degree bound as an input, the early termination allows
a dense algorithm to proceed with interpolation merely from polynomial evalua-
tions. In order to interpolate the target polynomial at enough distinct points,
the size of the interpolation domain S needs to be large enough to construct the
highest order term in the target polynomial, that is, at least deg(f(x))+ 1. In the
case of early termination, for passing the threshold test, #(.S) needs to be at least

deg f(x) + 1+ n.
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Chapter 3

Early Termination in Sparse
Interpolations with respect to the Power

Basis

There are interpolation algorithms whose computational complexities are sensi-
tive to the sparsity of the target polynomials. Instead of constructing a term for
each order, the sparse interpolation algorithms focus on the recovery of all the
monomials with non-zero coefficients.

In this chapter, we describe the Ben-Or/Tiwari interpolation algorithm that
is based on the Berlekamp/Massey algorithm from coding theory. This sparse
algorithm recovers all the non-zero terms at once and works in the multivariate
case as well as in the univariate case.

We notice the sparsity of a polynomial depends on the basis in its polynomial
presentation. While the sparsity of a polynomial might change under different
bases, the degree remains the same. The Ben-Or/Tiwari algorithm is a sparse
interpolation algorithm with respect to a multivariate power basis. In addition to

describing the Ben-Or/Tiwari algorithm, we present the early termination version

16



of this algorithm. Later in Chapter 4, we will demonstrate the early termination
strategy in sparse interpolations with respect to some non-standard bases, which
can be viewed as generalizations of the Ben-Or/Tiwari algorithm in the univariate

case.

3.1 The Berlekamp/Massey algorithm

Consider a vector space V' over a field K and a sequence {a;}°, in V. {a;}3°, is
linearly generated if and only if there exist co, ..., ¢, € K with ¢, # 0 such that
for all 7 > 0,

Colj + C10j41 + + + CpQjpm = 0.
Therefore, for all 7 > 0 we have

a =Gty 0 4
= 2 g
j o oG

1

Let z be an indeterminate, we call ¢,,,2"™ + ¢,,_12™ " + -+ 4 ¢o the generating

polynomial for {a;}°,, and the polynomial

C
Zm_l—l— Zm—Q_‘_‘”_{__O

Cm Cm Cm

Cm—1 Cm—2

2™+

1ts monic associate.

When {a;}3°, is a linearly generated sequence, the set of all its generating
polynomials, together with zero, form an ideal in K[z]. Since K[z] is a principal
ideal domain, the unique monic A in K[z] generates this domain is the minimal

polynomial of {a;}2,.

17



The Berlekamp/Massey algorithm [19] processes a stream of elements ag, a1, . . .
from a field K. If the sequence is linearly generated, the algorithm can determine
its minimal polynomial A(z) = 2'+ X127t + -+ - 4+ )¢ after processing 2t elements
from the stream.

The stream can be unbounded, however, and the algorithm can update the
current guess for the minimal polynomial appropriately whenever the next stream
element a; does not fit the current linear recursion, which occurs when a non-
zero discrepancy, A # 0, is detected. When the linear generator, or the minimal
polynomial, is updated, either the generator jumps in degree (Step 3 below,) or
the coefficients of the lower degree terms in the generator get adjusted (Step 4
below.) Notice that the algorithm computes the reverse of the minimal generating

polynomial A(z), that is, AT (z).
The Berlekamp/Massey algorithm

Input:

ao,al,...GK

1. (Initialization.)
Al

By« 0;

Ly« 0;

A —1;

Fori:=1,2,... Do

2. (Compute the discrepancy A;. At this point, Agief)(z) = X2+ A2,

where s = deg(AEief)) and Mg, ..., A\, € K with \g # 0. Note that we always
18



have A\, = 1.)
A — Xs@im1 + As_1Gi—2 + -+ Xoi—s_1;
If A; =0 then

A(rev) - A(rev) .

i—1
B; « z- Bj_y;

L; « Li_y;
3. If A; #0 and 2L;_1 <1 then
B; — A;
Agrev) “— Agielv) — (Az/A) A Bi—l;
L —1i— L;_;
A — Ay
4. If A; #0 and 2L;_1 > 1 then

AT AT (A JA) -z By

B; «— z- B,_u;
Li — L;_y;
End For;

End.

3.2 The Ben-Or/Tiwari interpolation algorithm

Let f be a multivariate polynomial over a field, ¢t the number of its terms with

non-zero coefficients. Suppose ¢; # 0 are the coefficients of the non-zero terms
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€'Y1 6"2 6‘7
Bi(x1,...,xn) =z x5 - 2", then
t t
— 5,1 €jn —
fl@y,.mn) =) eateain =Y "B, ¢ £0.
=1 j=1
Suppose pi,pa,...,p, are distinct primes from the corresponding domains,

and b; the evaluations of 8; at (p1,pe,...,pn), namely, b; = B;(p1,p2,...,0n) =
€1 €j.n

p"" - pd". We have b; # b; whenever ¢ # j. The evaluations of 3, at the powers

of (p1,pa,...,pn) can be viewed as the powers of b;:

Bi (D1 Py -5 0y) = (P -+ (p,) 5 = (py - - pipm)' = b
Evaluate f at a sequence of powers of (p1, pa, . . ., p,) and define a; = f(p},...,p.),

we have
t

a; = f(0h, ... ) =Y bl

j=1

Consider an auxiliary polynomial A(z) defined as the following:

t
Az =Tz =b) =2+ Mz o+ X (3.1)

j=1
By definition, the roots of A(z) are b;, which are the non-zero terms in f evaluated
at (p1,pa,---,pn). When f is a polynomial and a; = f(p},...,p!), Theorem 3.1

shows that the sequence {a; };>¢ is linearly generated and the auxiliary polynomial

A(z) is its minimal generating polynomial.

THEOREM 3.1. Let f(xy,...,x,) = Z;Zl cjxy"t ™, where ¢; # 0, and a;
= f(pi, ..., p%) fori >0, p; distinct primes. The sequence of {a;}i>o is linearly

generated by the polynomial A(z). Furthermore, A(z) is the minimal polynomial
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of {ai}izo.
Proof:
As defined in (3.1), A(2) = []'_,(z —b;), we have A(b;) = 0 for j = 1...t. And

J=1

for any integer ¢ > 0 we have

t t
0= c;biA(by) =Y ebl(bl 4+ Noabl ™ 4+ Xo)
j=1 j=1
t—1
= (i 4 b+ Me(eabi™ 4 b))
k=0
t—1
= Q4 T Z Ak Qi
k=0
Thus, A(z) generates {a;}i>o.
Consider the Hankel matrix:
agp ay e Qg
aq a9 Ce Q¢
At -
| At—-1 (-2 ... (2t-2

If A(z) is not the minimal polynomial of {a;};>p, then there exists at least
one column that is a linear combination of other columns within matrix A; and

det(A;) = 0. In order to prove A(z) is the minimal polynomial, we show det(A;)
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# 0 by factoring A, into non-singular matrices,

C1 0 0
0 Cy ... 0
At = Bt B;Fra
0 0 ... Ct
C,
where ) )
1 1 1
by by ... b
Bt -
b L b

Since whenever ¢ # j we have b, # b;, the transposed Vandermonde matrix B; is
non-singular. The matrix C} is also non-singular due to all the nonzero diagonal
. X

In Section 3.1, we give the Berlekamp/Massey algorithm that can compute A(z)
from {a;};>0. As a consequence of the definition in (3.1), b; can be obtained by
way of finding the roots of A(z). If p; are different primes and the evaluations are
done over a coefficient field of characteristic zero, then each term 3; = 27" - - - 23"

can be recovered through repeatedly dividing b; by p1,...,p,. The coefficients c;

can be determined via solving the linear system a; = 22:1 cjb;'- with 0 <@ <t—1,
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which turns out to be a ¢t x ¢ transposed Vandermonde system:

1 1 e 1 C1 Qo

b1 bQ . bt Co a

2o 0| e = ae |- (3.2)
bfi—l bg_l e bi_l Ct A1

Efficient algorithms for solving transposed Vandermonde systems can be found
in [14, 25].
The Ben-Or/Tiwari interpolation algorithm
Input:

f: a multivariate black box polynomial.

T: T > t, t 1s the number of the terms with non-zero coefficients in f.
Output:

cj and B f = Z;Zl c;B; and c; # 0.

1. (The Berlekamp/Massey algorithm.)
a; = f(pi,...,p"),0 <i <271 —1, where p; are distinct primes.

Compute A(z) from {a;}ar—1>i>0-

2. (Determine (;.)
Find all t distinct roots of A(z), which are b;.

Determine each (3; through repeatedly dividing every b; by pi1,...,pp.

3. (Compute the coefficients c;.)

Solve a transposed Vandermonde system as in (3.2).
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End.

We use an example to elucidate the steps of the Ben-Or/Tiwari algorithm.

ExXaAMPLE 3.1. Suppose p1 = 2, po = 3, and we interpolate the polynomaial
f =22+ 523y + y* — 3.

The sequence {a;}i>o, where a; = f(2°,3"), is formed as the following sequence
of values: {4, 4294, 16786654, 68720077294, 281475021416254,
1152921508133444494, 4722366483153030265054, 19342813113856966520110894,
...}. Since there are four non-zero terms in f, after performing the Berlekamp/
Massey algorithm on the first eight values of this sequence, the auxiliary polynomial
A(z) = 2% — 420223 + 43622522 — 8394648z + 7962624 is obtained.

All the terms in f are determined from the roots of A(z):

Az) = (z—1)(z — 24)(z — 81)(z — 4096),

where 1 =20-3% — 290, 24 = 23.3 — 23y, 81 = 3* — 9*, and 4096 = 2!2 — z'2,
The polynomial f is fully interpolated after the corresponding coefficients ¢; are

computed by solving the transposed Vandermonde system,

1 1 1 1 ¢ ag = 4
1 24 81 4096 Co a; = 4294
12 242 812 40962 | |es ay = 16786654 |
12 243 813 40963| |cy4 asz = 68720077294
with solution - o
C1 -3
c 5
2| _ =
C3 1
Cy 1
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When the Ben-Or/Tiwari algorithm is implemented in a modular fashion, ig-
noring the size of the coefficients, the modulus must be large enough for the re-
covery of all the terms, that is, no less than pcll1 p§2 .- pdn where n is the number
of variables, d; the degrees in different variables such that d; > dy > --- > d,,
and p; the i-th prime. Such an exponentially increasing figure can be perceived in
Example 3.1.

The modulus can be reduced if we only interpolate few variables at a time
through the Ben-Or/Tiwari algorithm. Then we keep interpolating the partially
interpolated result with respect to a subset from the yet-interpolated variables until
the target polynomial is fully interpolated. Certainly, there is a trade-off between
the reduced modulus and the additional interpolations for every term that consists
of variables from the different subsets. Since such a term needs to be interpolated
with respect to all the subsets that contain a variable in the term.

In the case of interpolating one variable at a time, in order to recover all the
terms, instead of a modulus larger than 2%, where d; is the maximum among the
degrees in different variables, there are tricks reducing the modulus to a prime only
larger than d; (see Section 6.3.) Similarly, the trade-off is between the reduced
modulus and the additional interpolations for every multivariate term. Because a

multivariate term needs to be interpolated with respect to each variable involved.
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3.3 Early termination in the Ben-Or/Tiwari in-

terpolation algorithm

Both the Ben-Or/Tiwari [1] and the Kaltofen et al. [13] algorithms need to know
the number of non-zero terms ¢, or an upper bound 7 on ¢, 7 > t. Otherwise,
we can guess t, if there is no failure in finding the roots of A, compute a sparse
candidate polynomial g for f, and compare g and f at an additional random point.
If the values are different, or it fails in finding the roots of A, we can double the
guess for t. This scheme is randomized in the Monte Carlo sense.

Based on the early termination strategy, we present a more efficient probabilis-
tic approach, which requires only one single interpolation run. The idea is simple:
pick a random point coordinates p for the Ben-Or/Tiwari algorithm and show that
with high probability the embedded Berlekamp/Massey algorithm of Section 3.1
does not encounter a zero discrepancy A at ¢ > 2L until ¢ > 2¢ (in Step 2 for the
case that ¢ > 2L, i.e., by which would be divided in Step 3 if the discrepancy were

non-zero. )

t
j=1

However, this is not generally true: for any polynomial f(x) = > ._, ¢;z%
satisfying f(p°) = ap = c1+- - +¢; = 0, we always have the first discrepancy A; =
0. We suggest two schemes to fix this problem: either pick an additional random
value p,, so that we can claim f(p°)+ p. is non-zero with high probability and then
proceed the interpolation with f + p. (see Section 4.4 for the application in the

sparse interpolation under the Chebyshev basis;) or, through shifting the sequence

by 1 element, the early termination property can be proved as the following.

1 Clearly, the shift register length can be stored in a single integer variable without a subscript.
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We first show that for symbolic values, or variables zy,...,x,, the first zero

€j5,1

discrepancy for i > L appears at i = 2t + 1. Let 3; = x7"" - 2;7" be the j-th

non-zero term in f, and a; = f(zi,...,2%), we have
a1 (0%)] e (07
(6%) a3 N O 7 | _
| Qi Qi1 - (21
where ) ) ] )
1 1 1 cg 0 0
B B . B 0 ¢ ... 0
Bz = , Ct = ,
gi-toget o gt 00 ... ¢
and ) )
Br B2 ... By
o |
L]

The singularity of the Hankel matrix A; in (3.3) is directly related to the van-
ishing of discrepancies when computing a linear generator of oy, as, . .. through the
Berlekamp /Massey algorithm (Section 3.1.) The argument makes use of the inter-
pretation of the Berlekamp/Massey algorithm as the extended Euclidean algorithm
on the polynomials F_; = X" and Fyy = oy XV '+ XV =2+ - [6] combined with

the fundamental theorem on subresultants [2]. Here N is the number of elements
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that are considered for determining the linear generator. Dornstetter shows that
A; in Step 3 of the Berlekamp /Massey algorithm of Section 3.1 is the leading coeffi-
cient in a remainder, F;, in a polynomial remainder sequence (PRS) of F_; and Fy.
The discrepancies in Step 4 are the trailing coefficients in F;. Step 2 processes both
trailing coefficients that are zero and the search for the non-zero leading coefficient
of the next remainder. The former can be diagnosed by the shift-register length
2L > i. The remainder polynomials F; in the PRS, which yields the polynomials
B; and A; at 2L = i as the reverse polynomials of the consecutive Bezout coeffi-
cients T;_; and 7T} in the extended Euclidean scheme F; = S;F_; + T;Fy = T;F,
(mod X%), are adjusted by non-zero scalar multipliers, namely —A;/A of Step 3.

Dornstetter’s analysis yields the following fact.

Fact 1. If the PRS is normal, i.e., deg(F;) = deg(F;—1) —1 =N —i—1,
where 1 > 0, then A; # 0 whenever 2L < i and L < t, where t is the degree of the

linear generator.

Appealing now to the fundamental theorem of subresultants, the PRS is normal
if and only if the leading coefficient of the N — ¢ — 1’st subresultant of F'_; and Fj
does not vanish. By definition in [2], this is the determinant of a (24 1) x (2i+1)
matrix shown in Figure 3.1.

From the proof of Theorem 3.1, we always have det(A4;) = 0 for all i > t.
The early termination strategy is correct if the determinant of A; is non-zero for

1 =1...t in symbolic evaluations. This is our next theorem.
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1 0 0 0 7
1 0
0 1 0 0
det |1 0 G Q2it1 | = £ det(Aiq).
g
aq
| 0 0 ar - Qg1 |

Figure 3.1: Subresultant coefficient

THEOREM 3.2. The determinant of A; is non-zero fori=1,...,t.
Proof:

Let M i be the determinant of the submatrix of M consisting of the rows listed
in the set J and the columns listed in the set K. The Binet-Cauchy formula [§]

states for the determinant of a matrix product AB that

(AB)y1 = Z Aty kit Bk i} L (3.4)

1<k <ko<---<k;<n

where n is the number of columns of A, and J and L are sets of row and column
indices with ¢ elements each.

Applying (3.4) to (3.3) with I = {1,...,7}, the determinant of A4; is a poly-
nomial in f; as (3.5). The rest of our proof shows A; is non-singular for every

1 =1,...,t since every such polynomial is a non-zero polynomial.
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det(A;) = (B;CiB) 1.1
= ZZ )1,5(C)ar (B )k 1
- Z(Bi)l»J(Ct)J,J(B;H)JJ

J
1 1 .. 1
ﬁjl ﬁj2 e Bji 2
= Zle"'cjiﬁjlﬂjf"ﬁji'det< . . ' )
J={j1,-.Ji }
1—1 1—1 1—1
| M1 J2 Ji |
= > i BB B [ B — 8% (3.5)

J={1,-05} 1<v<u<i

Now let the terms By = P2 = --- > [, be ordered lexicographically. Then the

summand

BBy B [ (8= 87

1<v<u<i

has the term

2i—1 2i—3
1 2 T 6@

which occurs nowhere else,? hence det(.A4;) does not vanish. X
We make the transition from symbolic point coordinates z,...,x, to ran-
dom field elements py, ..., p, in the customary fashion via the the Schwartz-Zippel

lemma [24, 21], also see [4].

THEOREM 3.3. If p1,...,p, are chosen randomly and uniformly from a subset

2In this argument we make use of the shift by 1 element. We do not know if shifting is actually
needed if one were to exclude the first discrepancy from the termination test.
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S of the domain of values, which is assumed to be an integral domain, then for
the sequence {a;}i>1, where a; = f(pi,...,p.), the Berlekamp/Massey algorithms
encounters A = 0 and i > 2L the first time at © = 2t + 1 with probability no less

than
t(t+1)(2t + 1) deg(f)

6 - #(5) ’

where #(S) is the number of elements in S.
Proof:

By (3.5) we obtain deg(det A;) < i*deg(f). We have to avoid all the possible
zeroes of the product []i_, det.A;, whose degree is no more than t(t + 1)(2t +
1) deg(f)/6. The estimate of the probability follows from Lemma 1 in [21]. X

The estimate in Theorem 3.3 is, like the Zippel-Schwartz estimate, somewhat
pessimistic. The following argument attempts to shed further light on the situation.
Over a finite field of ¢ elements we may choose the set S to be the entire field, that
is, ¢ = #(95). If we make the assumption that a; = f(p¢,...,p%) are randomly

uniformly distributed, the probability that

0 7é (det(Al) T det(At))Oc1<—a1,---,oczz—1<—a2t—1

is exactly (1 —1/q)" > 1 —t/q; cf. [15]; the proof is by induction on i, viewing
det(A;41) as a linear polynomial in ag; 1 whose coefficient is det(.4;). Even then,
the probability of premature false termination can become unacceptably high,
especially when ¢ is small. In our implementation, we therefore make a further
modification: the user can supply a threshold ¢ > 1. Then early termination

strategy requires ¢ many times in a row the zero discrepancies with ¢ > 2L. Clearly,
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for a random a; then there are more acceptable A;, where A; are matrices A;
evaluated at a; = a;. The precise analysis on the effects of a threshold ¢ > 1
depends on the conditional probabilities P(det(A;+1) = 0|det(A;) = 0) for ¢ > 1.
Nevertheless, in Chapter 7, we test and demonstrate heuristic examples for some
small moduli with thresholds larger than 1.

The early termination version of the Ben-Or/Tiwari algorithm does not need

an upper bound on the numbers of non-zero terms as an input.

The Ben-Or/Tiwari algorithm with early termination

Input:

f: a multivariate black box polynomial.

(: a positive integer, the threshold for early termination.
Output:

cj and B;: f = 22:1 c;B; with high probability.

Or an error message: if the procedure fails to complete.

1. (The early termination within the Berlekamp/Massey algorithm.)
Pick random elements: py,...,pn, and p; ¢ {0,1}.
Fori=1,2,...
Perform the Berlekamp/Massey algorithm on {f(pl, ..., pi) hi<j<i-

If A; =0 and i > 2L happens ¢ many times in a row, then

break out of the loop;

set A(2) to the reverse of A" (2) that was computed inside the algorithm;

2. (Determine 3;.)
Compute all the roots of A(z) in the domain of p;.

If A(z) does not completely factor, or not all the roots are distinct, then
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the early termination was false.
Otherwise, determine the terms 3; from the roots b;:

repeatedly divide b; by pi,...,p,. Again, the term recovery might fail for
unlucky p;.

3. (Determine c;.)

Recover the coefficients c; of the corresponding terms 3;:

solve a transposed Vandermonde system as in (3.2).

End.
Remark: If the coefficient field is a subfield of the real numbers and ¢; > 0 for
all 7, no randomization is necessary. The following argument is standard for the

least squares problem with a weighted inner product:

B;C:B"y = 0= y"B,C;B"y =0
— (B, y)"Ci(B"y) = 0

— BiTry =0,

because 0 = 27Cyz = Y ¢z} = z = 0. Therefore y = 0, and B;C,B;" is

non-singular.
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Chapter 4

Early Termination in Sparse
Interpolations with respect to

Non-standard Bases

As we have noticed, while the order of a polynomial remains the same, the bases
in the polynomial representations define the sparsity of a polynomial. Therefore, a
sparse interpolation algorithm depends on the construction of the designate basis
in which the target polynomial is being interpolated.

As generalizations of the Ben-Or/Tiwari algorithm in the univariate case, Lak-
shman and Saunders [17] proposed sparse interpolation algorithms in the Poch-
hammer and Chebyshev bases. In this chapter, we will show the early termination

versions of these algorithms.
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4.1 Univariate sparse interpolations in the Poch-

hammer basis

For any integer n > 0, the Pochhammer symbol 2" denotes the rising factorial

power

rx+1)...(x+n—-1).

A univariate polynomial f(x) over a field K is ¢-sparse in the Pochhammer

basis if and only if for j =1,...,¢, ¢; # 0 and ¢; € K, e; € Z>¢, such that
t
flz) = chxéj,el <eg < e < gy
j=1
For k = 0,1,..., define f*)(z) as the following:
8 (z) = Zefcjxéj. (4.1)

The finite difference operator A(f(x)) = f(z+1)— f(x) behaves like the derivative

on the Pochhammer symbol: that is, A(z%) = (z + 1) — 2F = k(z + 1)* ! and
- A(fP(2)) = F* D (). (4.2)

Therefore, f®)(p) with k = 0,1,...,2t — 1 can be computed by repeatedly ap-
plying the recurrence from the subsequent polynomial evaluations f(p + k), k =
0,1,...,2t — 1.

Lemma 1 in [17] shows that the sequence {f*)(p)}o;_ 15150 is linearly generated
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by an auxiliary polynomial A(z) defined as:
t
A(z) = H(z —ej) =Mz N 12T A2+ A (4.3)
j=1

Which means that for t — 1 > k > 0, we have Z;:O A fUtR) (p) = 0. Furthermore,
Theorem 1 in [7] shows the following ¢ X ¢ matrix is non-singular for any p > 0:

fOr) DY) ... fCV(p)
fOp) A0 ... D)

V) fOp) e fEP(p)

Lakshman and Saunders gave the following univariate sparse interpolation in

the Pochhammar basis [17].

The sparse interpolation in the Pochhammer basis

Input:
f(x): a univariate black box polynomial.
t: the number of non-zero terms in f, in the Pochhammer basis.

Output:

cj and ej: f(x) = Z;:l T

1. (The Berlekamp/Massey algorithm.)
Compute f%*) (p) from the evaluations f(p+k), where 0 < k < 2t—1 and p > 0.

Determine A(z) from {f® (p)}ocr<ar_1-

2. (Determine e;.)
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Find all t distinct roots e; of A(z), which are the Pochhammer term exponents

in f(x).

3. (Compute the coefficients c;.)

Solve a transposed Vandermonde system:
¢;p% can be obtained from solving a transposed Vandermonde system.

E. .
Compute c; from c;p® since p and e; are known.

End.

4.2 Early termination of sparse interpolations in

the Pochhammer basis

The sparse interpolation in the Pochhammer basis [17] needs an input ¢ as the
number of non-zero Pochhammer terms in the target polynomial f(z). Then in
order to form the sequence {f®* (p)}ocp<ai_1, f(x) is queried as many as 2t times
at p+ k, where k=0...2t —1 and p > 0.

Notice that during the evaluation step: rather than a sequence of powers of
a value p as in the Ben-Or/Tiwari algorithm, f(z) is evaluated at a sequence of
subsequent numbers of a positive value p, which are p, p+1, .... The difference in
the sequences of evaluation points reflects the construction of the varying bases.

Recall that A(z) in (4.3) generates {f™(p)}a_1>k>0. In order to implement
early termination in the sparse interpolation under the Pochhammer basis, we need
to show A(z) generates {f*) (p)}r>o as well.

THEOREM 4.1. For p > 0, A(z) generates { f*) (p) }ro-
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Proof:

From Lemma 1 in [17],

> AT (p)
=0

we have

By (4.2) and the induction on k,

t
=0 and Z)\jf(j+k)(p+1):0.

J=0

P ( Z )\jf(jJrk) (p+1)— Z )\jf(j+k) (p))
j=0 §=0

=S "N <f(j+k>(p 1) - f<j+k>(p)>
=0

=) NI p) =0 K
j=0

Now, if A(2) is the minimal polynomial of {f®)(p)};>0, A(2) can be obtained
through the Berlekamp/Massey algorithm. Similar to the discussion in Section 3.3,

the occurrence of a zero discrepancy at i > 2L on sequence { f¥)(z)},>¢ is directly

related to the singularity of the following Hankel matrix:

fO@) fO@) . S (a)
| e
D) fO) L fED ()
THEOREM 4.2. The determinant of Ay is nonzero for k =1,...,t.

Proof:

Recall the definition o

f f®(z) in (4.1) for 2t —2 > k > 0. The following
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factorizations of A, can be verified via matrix multiplications:

Ay =

FO)
fW()

1
1
61 62
k—1 k
= B,C,BY.

fW ()
f()

F(a)

€
Ccrt 1 €y

Apply the Binet-Cauchy formula [8] in (3.4) to (4.5) with K = {1,.. .k} we

have

det(Ay) = (ByCiBy )k x

= Z Z(Bk)K,J(Ct)J,L(Bl?)L,K

= Z(Bk)K,J(Ct)J,J(Bkﬂ)JvK

J

— 5 le...cj

J={j1

Jr}

— g le...cj

21 %2 ... 2%k . det (

ajéjl xEjZ CRRRENNS i
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1 1
1 1
€ €ja
k—1 k—1
_ejl €ja

H (e, — ejv>2'

1<v<u<k

(4.6)



In polynomial (4.6), the highest order term ¢; - - - ¢; 1 2 -+ 2%+ [T o (€u—
e,)? appears nowhere else, hence the polynomial does not vanish and det(.Ay) is
nonzero fort > k>1. X

From Theorem 4.2 and the following lemma, we conclude that with high prob-
ability when performing the Berlekamp/Massey algorithm on {f*)(p)},>0 a zero
discrepancy at i > 2L occurs the first time when i = 2¢ + 1 (that is, at f?%(p).)

LEMMA 4.1. det(Ag) =0 if and only if k > t.

Proof:

For k =1,...,t, det(Ay) # 0, therefore det(Ax) = 0 implies k > ¢.

Since A(z) generates {f*)(x)}r>0, when k > t, the k-th row (or column) of
Aj is a linear combination of (k — t)-th through (k — 1)-th rows (or columns.)
Therefore, det(Ag) = 0 when k& > ¢t. KX

Again, following the transition from a symbolic point z to a random value p via
the the Schwartz-Zippel lemma [24, 21] (also see [4],) the early termination strategy

is implemented in the univariate sparse interpolation under the Pochhammer basis.
THEOREM 4.3. Let S be a subset of the domain of values, which is assumed to
be an integral domain, and that all the elements in S are positive. If p is chosen

randomly and uniformly from S, suppose
t

79 = 3 ey

J=1

where f(x) = 22:1 c;x% and x% the Pochhammer terms. Then on the sequence of

{f®)(p)}rs0, the Berlekamp/Massey algorithm encounters A = 0 and i > 2L the
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first time at © = 2t + 1 with probability no less than

t(t+1)(3deg(f)+1—1)

b 6 #(5) |

where #(S) is the number of elements in S.
Proof:

Through (4.6), we have deg(det A) < Z;:é (deg(f) —j) = kdeg(f) + k/2 —
k%/2. We need to avoid all the possible zeroes in the product HZ:1 det Ay, whose

degree is no more than

t

ko k2 t(t+1)(3deg(f)+1—1)
;(’“deg(f”i_?): 6-#(5) |

The estimate of the probability follows from Lemma 1 in [21]. X

As a similar modification to the early termination of the Ben-Or/Tiwari al-
gorithm in Section 3.3, to improve the probability of correctness, we introduce
threshold ( to our early termination version of the sparse interpolation in the Poch-
hammer basis. The early termination is only triggered after a zero discrepancy with
1 > 2L occurs ( many times in a row. Again, the analysis of the probability with
higher thresholds requires further investigations on the conditional probabilities

P(det(Agi1) = 0] det(Ay) = 0), where Ay are Ay evaluated at x = p.

The sparse interpolation with early termination in the Pochhammer

basis

Input:
f(x): a univariate black box polynomial.

(: a positive integer, the threshold for early termination.
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Output:
cj and ej: f(x) = Z;Zl c;x®% with high probability.

Or an error message: if the procedure fails to complete.

1. (The early termination within the Berlekamp/Massey algorithm.)
Pick a random positive value p > 0.

Fori=1,2,...

Perform the Berlekamp/Massey algorithm on the sequence {f® (p)}i_1sr>0,
where f*)(p) are computed from the evaluations f(p+k) fork=0,...,i—1.
If both A; =0 and © > 2L happen ¢ many times in a row, then

break out of the loop;

set A(z) to the reverse of Aq(nm))(z) that was computed inside the algorithm.

2. (Determine e;.)
Compute all the roots of A(z).
If A(z) does not completely factor, or not all the roots are distinct non-negative

integers, then
the early termination was false;
else,

the roots are e;, the exponents of Pochhammer terms in f(x).

3. (Compute the coefficients c;.)
Solve a transposed Vandermonde system:

¢;p® can be obtained from solving a transposed Vandermonde system.

_
Compute c¢; from c;p% since p and e; are known.

End.
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4.3 Univariate sparse interpolations in the Che-

byshev basis

Let T;(x) denote the i-th Chebyshev polynomial of the first kind:
To(x) =1,Ti(z) = x,T;(x) = 22T;_1(x) — T;_o(x) for i > 2.

A polynomial f(x) over a field K is ¢-sparse in the Chebyshev basis if and only

iffOI'j: 17"'at7 Cj 7é 0 and Cj S K, (S] c ZZ()’ SUCh that
t
f(z) = chT(sj(a:),él <O < -e- <Oy
j=1

Consider for some p > 1, ay, = f(Tx(p)) for k =0,1,...,2t — 1, and define an

auxiliary polynomial A(z) of degree t as the following:

A(Z) = (Z — T5i (p)) = )\tE(Z) + /\t,th,l(z) + -+ )\(]TO(Z)

i~

1

<.
I

Ti(2) + M1 Tia(2) + - + Ao To(2). (4.7)

Lakshman and Saunders showed that for ¢ > 0, we have the following linear

relations (see Lemma 5 in [17]:)

[y

t—
A+ ajj—q) = = (@i + aj—q)- (4.8)

i
o
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The linear relations (4.8) form the following system of equations:

2&0 2&1 c. 2&75_1 )\0 QCLt
200 as+tay ... G+ ao A Qg1 + Q-1
= — (4.9)
2001 artaio ... Gzt ag| [Ae-1] | Gg-1 +an |
Consider the ¢ x ¢t symmetric Hankel-plus-Toeplitz matrix A; in (4.9):
2&0 2&1 c. 26Lt_1
2aq as+ag ... a+ Qo
A = . (4.10)
2011 ap+app ... ay2+ag]

By showing that A; is non-singular (Lemma 6 in [17],) Lakshman and Saun-
ders proposed the following univariate sparse interpolation in the Chebyshev basis

(see [17] for more details.)

The sparse interpolation in the Chebyshev basis

Input:
f(x): a univariate black box polynomial.
t: the number of non-zero terms in f, in the Chebyshev bases.

Output:

c; and §;: f(z) = 22:1 c;Ts;(x).

1. (Solve the symmetric Hankel-plus-Toeplitz system in (4.9).)
p>1, ap = f(Te(p)) for k=0,1,...,2t — 1.
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Determine A(z):

A =1, and for 0 < j <t —1, the coefficients \; are obtained by solving the

symmetric Hankel-plus-Toeplitz system in (4.9).

2. (Determine ¢;.)
Find all t distinct roots of A(z), which are Ty, (p).

Determine the Chebyshev term exponents 0; from T, (p).

3. (Compute the coefficients c;.)

Recover the coefficients c; of the Chebyshev terms Ty, (p):

solve a transposed Vandermode-like system (see the discussion in [17].)

End.

Remark: By proving A, is non-singular, Lakshman and Saunders assured the
solution to system (4.9) in Step 1. Nevertheless, in general it does not promise the
system being solved in O(t?) field operations. Gohberg and Koltracht presented
an algorithm that can solve a symmetric Hankel-plus-Toeplitz matrix in O(£?), yet
it requires all principal leading submatrices being non-singular. More details are

carried out in Section 4.4.

4.4 Early termination of sparse interpolations in

the Chebyshev basis

Gohberg and Koltracht [9] presented an efficient O(n?) algorithm for solving an
n x n symmetric Hankel-plus-Toeplitz matrix with non-singular principal leading

submatrices.
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In order to apply the efficient O(n?) algorithm to our symmetric Hankel-plus-
Toeplitz matrix, we need to assure that for a random value p > 1, with high
probability, the corresponding matrix A; defined as in (4.10) and all its principal
leading submatrices are non-singular. Yet, this is not true in general: for any
polynomial f(x) = Z;Zl ¢;Ts;(x) with ¢; # 0and ¢; + ¢ + --+ + ¢, = 0, we have

ap = f(To(p)) = f(1) = 3'_, ¢; = 0 and the first leading submatrix

o -

singular.

We fix this problem by adding an additional random value to the constant term
of f(x): pick a random value p,, instead of f(z), we proceed with the interpolation
on f(z) = f(x) + p.. With the additional random value included, the sum of all
coefficients in f(z) is non-zero with high probability. (In case that f(Ty(p)) = 0 is
encountered, we can pick another non-zero random value p. and reassign p. as p.
+ Pe. Thus, we always start with a 1 x 1 non-singular leading submatrix.) After
the interpolation is done, the original target polynomial f(z) can be recovered by
simply removing the additional random value from f (). In Theorem 4.4, this
additional random number also provides all other principal leading submatrices
non-singular with high probability.

Consider f(z) = Z§=1 ¢;Ts,(x) with 6; < J5 < - -+ < &; whose constant term has
already been “randomized,” and let the symbol y represent the random component

in the constant term of f(x). Therefore, we have E;Zl ¢ty = ZE ¢;. Our

Jj=1

purpose is to prove that in symbolic values, or variables x and y, the symmetric
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Hankel-plus-Toeplitz matrices A; are non-singular for i = 1,...,f and that Az, is

singular.

Let ap = f(Ti(x)) for k = 0,1, ..

.,2t — 1, and consider the i x i symmetric

Hankel-plus-Toeplitz matrix A; for i > 1 whose entries are polynomials in variables

x and y:

20./0

2061

2004

2041

Qo +

o + Q2

2004

o; + Qo

Q92 + Q

(4.11)

The singularity of A; for i > ¢ + 1 can be concluded through Lemma 5 in [17],

which states any p > 1 satisfies the corresponding linear relations Zgzo (@i +

a‘j,“) =0 fori= 0, 1, cee

As for 1 < 4 < ¢, via matrix multiplications (also see Lemma 6 in [17],) the

factorization A; = V;CV can be verified, where

| 76, (Tima(2)) - T, (Ti-a())

T5,(To(x))

261

0

0

2C2

T5,(To(x))

0

0

265

T5,(To(x))

t

T5,(Tia(x))

The Chebyshev polynomials commute with respect to composition: that is, for
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T(sl.o(l’) T52.0(JZ) ce T(gg.o ({L‘)
Vi= : : - : : (4.12)

Tsi-1y() Tsyiony(z) o Tsio1y(@)

LEMMA 4.2. Forn > 1, T,5(x) =Y 1 o niLs(x)" and v, = 2"
Proof:
When n = 1,2, the above statement is true.

Assume for some k the statement is true for all n < k, and consider n = k + 1,

Tiet1)6(x) = Tiste) (2) = 2T5(2) - Tis(x) — Tik-1).5(2)

= 2T5(x) - Ti.s(x) — (2’“’2T5(x)k71 + §7k1,iT5<x>i)

=0
k—1 k—1
= 2T5(I‘) . <2k_1T5(ZL‘)k + Z ’ykﬂ-T(g(I‘)Z) — Z ’7]@_172‘T5({L‘)Z
i=0 1=0
k
= QkT(g(:E)kJrl + Z "}/kJrl’iT(; (Qi)z
=0

k+1

=3 Y1 Ts(x)".
1=0

By mathematical induction, T{x41).5(z) = Zfiol Vir1:Ts(x)" with Y101 = 2F,
and that Lemma 4.2 is proved. X
Through Lemma 4.2, we can factorize V; in (4.12) as a product of an i X i

lower triangular matrix £; and an i x ¢ rectangular Vandermonde matrix B; as the
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following;:

1 000 0
0100 [ Ty ()0 Ty Tat(w)o—
y x % 2 0 Ts, ()t Ts,(x)! Tét@)l
o x *x *x 4
| To (@)™ Toy(a) ™ . Tyla) ™|
* ok kX 2i-2
= L.B;. (4.13)

Therefore, for 1 < i < t, A; can be factorized as

A = V,OVE = L.B,C(LB)™ = L;(B.CB™) L, (4.14)

In [17], Lakshman and Saunders showed .4; is non-singular (see Lemma 6.) Our
next theorem shows all its principal leading submatrices are also non-singular.
THEOREM 4.4. The determinant of A; is non-zero fori=1,...,t — 1.
Proof:

For i with 1 <i < ¢, from A; = L;(B;CBF)L in (4.14) we have

det(A;) = det(L;) - det(B;CB) - det(L]).

Assume that det(B;CBI) = 0 for some 1 < i < ¢, which implies all the terms
in det(B;CBI) are zero. In other word, for every ordered list I from {1,2,...,t}

such that #(I) = ¢ — 1 and ji € I with index k = 1,...,7 — 1, the coefficient of
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term []; ., (T3, (x))% is zero, that is,

- 1[a.- D). &=o.

Jrel je{1,2,...,i} 1

Knowing that both 2" and [], _, ¢;, are non-zero, it has to be that

Jr€l

Yoo =o. (4.15)

je{1,2,...,t} -1

Adding all the possible sums in (4.15), we have

Z( Y @):(E—1).(5—2).-.(5—i+1)-z~j:0. (4.16)

#(D=i—1 je{1,2,..,i} -1 =1

The sum in (4.16) implies that 23:1 ¢ = y—i—Z;:l ¢; = 0, which is a contradic-
tion since the variable y cannot be cancelled in y+Z§:1 c;. Hence, det(B;CB*) # 0
forall 1 <i<t.

We conclude det(L£]") = det(L;) # 0 from their non-zero diagonals. Therefore,
det A; #0for 1 <i<t. KX

We have A; being non-singular in symbolic values x and y for i = 1,...,¢ and
singular for i > ¢ + 1. Now make a transition from symbolic values = and y to
random numbers p and p,., and evaluate 4; in (4.11) at x = p and y = p, as matrix
values A;. With high probability, when 7 is being increased, matrix A; is singular
the first time at i = ¢ + 1.

The original Gohberg/Koltracht algorithm [9] solves for Az = ¢ when A and ¢

are given and that A is provided as a non-singular symmetric Hankel-plus-Toeplitz
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matrix with all its principal leading submatrices non-singular. In our implementa-
tion, which is presented as the following modified Gohberg/Koltracht algorithm,
we look for \;, 0 < j < {, that satisfy the relations as in (4.8). In other word,
with the first non-singular 1 x 1 matrix provided, we find the solution to the first
singular system A;, ;A = 0 such that A = [Ag, A1, ..., \]™ and A\; = 1.

We use a;; to represent the entry at i-th row and j-th column in the given
symmetric Hankel-plus-Toeplitz matrix, and underline vector variables to distin-
guish them from their indexed components, for example v = [y1,72, . .. ,%i]™. The

matrix I; is the ¢ x ¢ identity matrix, and L; is the ¢ x ¢ matrix defined as:

-O O-
1 0 ... 0
Li= 10 1
0
0 0 1 0

The modified Gohberg/Koltracht algorithm

Input:

hi and ty., k € Z>o: a;; = hiyj—o+1i—j define the entries in the given symmet-

ric Hankel-plus-Toeplitz system and that a;, # 0.
Output:

A=[No, A, M) T A A = 0 with Ay = 1, where t > 1 is the smallest integer

such that the given symmetric Hankel-plus-Toeplitz system Ay is singular.

1. (We have a;; # 0, the discrepancy A checks whether A, is singular. If A = 0,
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return A such that A\ = 0 and \; = 1; otherwise, proceed with the initializa-
tion.)
A — d1,1d2,2 - 671,2672,1;'

If A =0 then
Return \ = [—a12/a11,1]™";
FElse

v [1/aa];
1+ 1;

Y [L/aal;
¢ [t1/a11];
& — &2,1/51,1;

lnew — (1/A) : [_dl,Za &1,1]Tr;

2. (As i being increased, if A # 0, follow the Gohberg/Koltracht algorithm [9]
and update 7"V such that A; ;17" = [0,...,0,1]™. If A =0, than A, 4 is
singular (see Theorem 4.5,) we assign A\; = 1 and update the rest of \ so that
AiiA =0.)

While A # 0 do
1—1+1;
Ko (t; + hi_g) — E;;ll Aij - j;
o =Y Ay s
?new - @Tr7 0] Tr | je . Znew’.
Y [T 0] g e
Qn — Zzzl Qiv1j V5 s
b ((a— Q™) 4 Ly + LT) - 4w — [y T, 0] T 4 ppew . pev — e . ghme’
V< (%’new)_l ’ Zézl Aiy1,j " bj;
A — v+ Q1415

If A =0 then
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)\Z‘<—1;
Forj=0...i—1 do

new .

Aj = b /[y
Return A = [Ao, A1, .., N 775

FElse

new.

T
i = 1/A;
Forj=1,...,i do
e i) b
(At the end of Step 2, update variables for next i.)
pnev

)
new ,
’

e |

¢ «—
WY —
new .

)

Q

«—

e

End.

Notice that in our modified Gohberg/Koltracht algorithm, instead of checking
the value of a determinant, we check the discrepancy A. Theorem 4.5 shows the
discrepancy A in the modified Gohberg/Koltracht algorithm reflects the singularity
a corresponding matrix.

We need the following lemma for Theorem 4.5.
LEMMA 4.3. In the modified Gohberg/Koltracht algorithm, if we encounter
A =0 for some i > 1, then at the end of Step 2, we have

Ai+1& = [07 T 7O]Tr
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Proof:
If A =0, we have \; = 1 and A\; = b;/75Y for 0 < j < i@ — 1. The matrix

multiplication of the (i 4+ 1)-th row in A;;; and A is the following:

. _ . ~ b;
(G115 Qig1,it1]A = Gigrien + Z iyl - (W> =A=0.
j=1

2

N
v

The products of the matrix multiplication between the j-th row and A for 1 < 5 <1
are all zero by the definitions of A; for 0 < j <4 —1 (see page 139-140 in [9].) X

THEOREM 4.5. In the modified Gohberg/Koltracht algorithm, for any i > 1,
if det(A;) # 0 for all 1 < j < i, then the discrepancy A is zero if and only if
det(A;41) = 0.
Proof:

If det(A;) #0forall 1 < j <+iand A is non-zero, A;;; can be inverted through
Gohberg/Koltracht algorithm. Therefore, det(A;11) # 0.

To prove another direction, we assume the discrepancy A to be zero. From
Lemma 4.3, we have a non-zero solution to A;;1A =0 and det(A;41) =0. X

In Theorem 4.5, we show the vanishing of discrepancies indicates the singulari-
ties of A;11. Now back to our sparse interpolation in the Chebyshev basis, without
the input ¢, the number of non-zero terms in the Chebyshev basis, the coefficients
A; in A(z) can be determined at the zero discrepancy A = 0 with high probability.
Using the discrepancy A = 0 as the termination test, the early termination strategy
can be implemented to the sparse interpolation under the Chebyshev basis.

It is questionable whether we can directly implement a threshold ( > 1 in a
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similar manner as in the early termination versions of the Ben-Or/Tiwari algo-
rithm and the sparse interpolation in the Pochhammer basis. Since the embedded
modified Gohberg/Koltracht algorithm requires A # 0 for all the principal leading
matrices in order to proceed with the next i. To exploit the threshold implementa-
tion, we refer to the approach of [3]. We also mention another strategy to further
check \;: when ); are determined from A, .4, check whether Z;;B (@ +apj—g)

= —(aij+x + aji—g) at additional k =4,i+1,. ...
THEOREM 4.6. If p is chosen randomly and uniformly from a subset S of
the domain of values, which is assumed to be an integral domain, and that all the

elements in S are larger than 1, then for the sequence ay = f(Ty(p)) with k > 0

the determinant of the matriz

261,0 2@1 . 2ai_1
2ay as+ay ... a;+ a;—o
A =
20@'_1 a; +a;_o ... Q9i_2 + Qg

encounters 0 the first time at i = t + 1 with probability no less than

(t — 1)(28% + 5t + 6) deg(f)

b 6 #(5) |

where f(x} is a polynomial whose constant has been “randomized” andt the number
of non-zero terms in f(x) with respect to the Chebyshev basis.
Proof:

Through (4.13) and (4.14), we obtain deg(det A;) < i% - deg(f(x)). If det A,

does not encounter a zero until i = ¢ + 1 and that det A; # 0 is provided, we

need to avoid hitting a root of the product Hfﬁ det(A;), whose degree is no more
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than (f — 1)(2¢2 4 5¢ + 6) deg(f)/6. The estimate of the probability follows from
Lemma 1 in [21]. K
Since deg(f) = deg(f), we can use deg(f) for the probability estimate in The-

orem 4.6. Now we are ready to present the early termination version of the sparse

interpolation in the Chebyshev basis.

The sparse interpolation with early termination in the Chebyshev basis

Input:
f(z): a univariate black box polynomial.
Output:

c¢; and 8;: f(z) =" c;Ts,(x) with high probability.

J=1

Or an error message: if the procedure fails to complete.

1. (The first leading principal submatrix is always non-singular.)
Pick a random element p with p > 1 and another random element p..
If ag = f(To(p)) + pe = 0 then
pick a random p. # 0;
ag = Pe;
Pe = Pe + Pe;
f(@) — f(@) + pe;

else

f(@) «— f(z) +pe;

2. (The early termination in the modified Gohberg/Koltracht algorithm.)

Fori:=1,2,...
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Perform the modified Gohberg/Koltracht algorithm on the matrix whose en-
tries are defined as @; j = a;4j—2 + aj;,—j|, where 1 < j <4 and a; = f(T;(p)).

If A =0, then

the modified Gohberg/Koltracht algorithm returns A;, which define A(z)
through its coefficients;
break out of the loop.

3. (Determine 9;.)

Compute all the roots of A(z) in the domain of p.

If A(2) does not completely factor, or not all the roots are distinct, then
the early termination was false.
else determine &; from T, (p), Ts,(p) are the roots of A(z):

again, the recovery of 6; might fail.
4. (Compute the coefficients c;.)
Recover the coefficients c; of the Chebyshev terms Ty, (p):
solve a transposed Vandermode-like system (see the discussion in [17].)

Recover the original input f(x) by removing p. from the result.

End.

Remark: By adding a random value p,. or p. + p. to the constant term of f(x),
we might introduce one more term (the constant term) to f(x). Namely, ¢ = ¢
when there is a non-zero constant in f(x), and ¢ = ¢ + 1 when the constant in
f(z) is zero, in which case certainly the overhead interpolations are introduced in

a sparse algorithm. Nevertheless, we consider such added overhead limited.
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Chapter 5

Early Termination in Racing Algorithms

We have implemented the early termination strategy to different existing inter-
polation algorithms. Now suppose a given univariate black box polynomial f(z)
has t as the number of its non-zero terms in a designate basis, n and ( the given
thresholds, without an input as a bound on either deg(f) or ¢, with high proba-
bility the early termination strategy enables a dense algorithm to interpolate f in
deg(f) +n+ 1 black box queries, and a sparse algorithm to interpolate f in 2t +
queries.

Although a dense algorithm does not take advantage of the sparsity in the tar-
get polynomial, it is more efficient than a sparse algorithm in interpolating a dense
polynomial. Therefore, even though without a bound as an input we can interpo-
late the target polynomial through early termination, we still face the predicament
of selecting a more efficient algorithm which is derived from the sparsity of the tar-
get polynomial.

Based on the early termination, we propose the racing interpolation algorithms.

A racing algorithm races an early termination sparse algorithm against an early
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termination dense interpolation on a same set of evaluation points. Without in-
troducing more polynomial evaluations, it performs two interpolation algorithms
in parallel and terminates when either of the racers finishes interpolation first.
Therefore, the overall racing algorithm is superior than either of the racers be-
cause it takes advantage of both algorithms and compensates for the disadvantage
of either one. We prove the early termination property also exists in the overall

racing algorithm.

5.1 Race dense against sparse interpolations in

early termination

A dense interpolation algorithm requires the evaluations of the target polynomial
on a set of sufficiently many distinct points. Performing a sparse interpolation
algorithm does not prevent us from interpolating on the same set of points via a
dense one in parallel. As a result, we propose an algorithm that races the early
termination versions of a dense interpolation against a sparse interpolation as the
following: on the same set of evaluation points, for every black box probe, we
implement and keep track of both algorithms; whenever either one of the racer
algorithms first terminates via early termination, the overall algorithm terminates.
This is our racing algorithm.

When there is not much, or even without, information on the sparsity of the
target polynomial, the overall racing algorithm is superior in average: the sparse
racer provides the more efficient early termination whenever it is possible; while at

the same time the dense racer guarantees the overall algorithm being terminated
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with respect to the degree of the target polynomial.

However, instead of a sequence of random numbers, the early termination sparse
algorithms need to interpolate on a sequence of numbers constructed by a random
number p. And such construction depends on the designate bases in the sparse
algorithms: p, p?,p3, ... for the power basis; p,p+1,p+2, ... for the Pochhammer
basis; and Ty(p), T1(p), To(p), . . . for the Chebyshev basis.

The values in a sequence constructed by a random number p might be dis-
tinct. Yet, in Theorem 2.1, the early termination of dense interpolations requires
polynomial evaluations on a sequence of random numbers, pg, p1, p2, - - ., and that
each p; is randomly generated. Therefore, in order to show the overall racing al-
gorithm is correct with high probability, we need to show the early termination
property for dense interpolations is true when the sequences of evaluation points
are constructed by a random number p.

Suppose i € Zso, let b; form a generic basis for a polynomial ring K[p] such
that deg(b;) = i and deg (b; - b;) = i+ j. We use 21" n € Zsg, to denote a generic

rising factorial power in z:
2 = (z = bo)(x —by) - (& — byy).

A polynomial f(z) with degree n interpolated through Newton on a sequence
of elements constructed by p can be viewed as f(x) interpolated at by, by, . . ., and

f(z) represented as:
fla) = Zaﬂ{i}y (5.1)
=0
where @; depend on p and are polynomials in K[p].
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Our purpose is to show @; are nonzero polynomials in K[p] for 0 < i < n
(Theorem 5.4,) so that we can claim when p is a random value, we encounter
@; = 0 first time at ¢ = n + 1 and that f(z) is interpolated as (5.1) with high
probability.

When deg(f) = n, comparing the representations of f(x) in the power basis

and in the generic rising factorial power basis, we have

flz) = i a; " = imx“}, (5.2)
i=0 i=0

with both @, and @, nonzero.
Now consider the transformations from the generic factorial power basis to
the power basis. For all n, the coefficients CE"), which depend on b;, define the

transformation:

" = Z Ry (5.3)
i=0

We need the following lemma for proving Theorem 5.1.

LEMMA 5.1. For any integer k > 1 and every k —1> 75 > 1,

J j—1
. Z C(Sk—l)x{s} _ C§k—1)x{j+1} + bjcgk—1)${j} +- chk—l)x{s}.
s=0 s=0

Proof:
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Replace z as (z — b; + b;):

<.

J
vy (b b)Y eV
5=0
J

J
=(x — b;) Z R0 st g Z k= g ls}

s=0 s=0

-1
=(x — bj) (cg-k_l)x{j} +) cgk_l)x{s}>
5=0

J
+b; Z k=D g tsd

s=0
j—1
(k1) {J} )+ ch 1) s}
s=0
J—1 J
—b; Y gl g, Z
s=0 =0
7j—1
:Cgk—l)x{j+1} 4. Z Cgkf1)x{s}
s=0

,_.

J—

+bj< (k=) {s}+z (k—1) {s)

s

Il
=)

7j—1
L I L B
s=0

The following theorem shows how to update c ) from c( " and b;.

THEOREM 5.1. Forn > 1, o) = 1, c((]n) = boc0 - , and forn > s >0,

) = bscg"_l) + cin__ll).

S

Proof:
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Repeatedly apply Lemma 5.1 for j from n — 1 to 1 to

z- Yy cnhgplsh

1
s=0

n—1
" = - xnfl — . 2 :anfl)x{s}
s=0

n—2
:cg__ll)x{”} + bn—1651n__11)x{”_1} +x- Z =g As}
5=0

:cgi—ll)x{n} + <bn—107(1n,_11) + 07(171_21))1‘{"—1} ot (bscgn—l) + Cgi}”)m{s}

+ e + (blcg_nil) + Cén71)>x{1} + bocénfl)x{o}
=0

vl

Compare the coefficients in ¢\ and "™, we have c((]") = bocg”_l) and ¢ =
bl + cgi_ll) for 0 < s < n.

We still need to prove 1 = ¢/, This is easy because i = "7 and ¢ = 1.

Now we define ¢ = 0 for all s > n and consider ¢\ in terms of b; and p,

where b; are univariate polynomials in p. Next theorem is on the degree of cg") in
the variable p.

THEOREM 5.2. For any integer n > 0, and any integer s such that n > s > 0,

deg (<" (p)) = 5 (n - 5).

Proof:
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Repeatedly apply Theorem 5.1,

o) — =) g D)
= b, (b =2 4 2)> + (bs_ (2 4 olnd 2))
= (bS)QC( )4+ b cS 2 )b, 1c§" 12) + 0322)
= (b (a4 el by (sl 1Y)

= (bs)" "¢l + lower degree terms in p.
Since deg(b; - b;) =i+ j and ) = ci‘s 11) =1, whenn > s > 0,

deg (" (p)) = s~ (n—s). X

(n+1) (

Based on Theorem 5.2, next theorem compares the degrees between c; D)

and ¢ (p) in the variable p.

THEOREM 5.3. For any integer n > 0, and any integer s such that n > s > 0,

deg (<" (p)) > deg (" (p)).

Proof:

When n > s > 0, through Theorem 5.2,
deg (c (”H)( ))=s-(n+1—35)>s-(n—3s)=deg (CS”)(p)). X

For a polynomial f(z) represented in the power basis and the generic factorial

power basis in (5.2), deg(f) = n implies a,, # 0. Next theorem shows that for
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every 0 < i < n, @; is a nonzero polynomial in variable p.

THEOREM 5.4. Let f(x) = S0 jaix® = S0 @zt If a, # 0, for every
0 <i<mn, a; is a non-zero polynomial in p. Moreover, a, = a,.
Proof:

Expand f(x) and collect all the terms with respect to the generic bases zh

:gaixi = Z ( Zc(Z x{j}>

=0

—_

n—

n 1
:an(zc§n)${j}) +an_1< A D) {g}) +a1<zc (1) {j}) + agr®

j=0 J j=0

Il
=)

=a,cMrt 4 <a c( )1 + Qp 10( 1 )>x{”_1} +- 1+

(ancl(n) +an e 4+ aicgi)>x{i} +--+ <anc(()n) T agcd )> {0}
3 (St =St
= i=0

Compare the coefficients, for n > ¢ > 0, we have

n—i
= _ (n—j)
= § :an,jcl.
Jj=0

and @, = a,c” = a, since ¢ = 1.

From Theorem 5.3, the highest order term in CE") (p) occurs nowhere else in

(@)

: 2 oot ad

a;(p) = ayc; (n—1)

+ ap-16; . Therefore, if a,, is non-zero, @;(p) is not
a zero polynomial in p for every 0 < <n. X
Theorem 5.4 states that @;(p) are non-zero polynomials for 0 < i < n when
= deg(f). Therefore, if p is a random number, then with high probability

a;(p) = 0 occurs the first time at @ = n + 1. Our racing algorithms require the
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early termination of Newton interpolation to be true on sequences constructed by
a random number p in the sparse algorithms. By showing the designate bases as
special cases of the generic basis in Theorem 5.4, following theorems provide the
early termination for different racing algorithms.

THEOREM 5.5. If p is randomly picked and p ¢ {0, 1}, the early termination

of Newton interpolation is true if it interpolates on the sequence p*,p%,...,p", .. ..

Proof:

For any non-zero number p., we can let b; = p. - p* and deg (b;) = i. Now that
p is a non-zero random number, assign p. as p and apply Theorem 5.4. X

THEOREM 5.6. If p is randomly picked, the early termination of Newton in-
terpolation is true if it interpolates on the sequence Ty(p), Ti(p), ..., Te(p), - ..
Proof:

Let T;(p) = b; and deg (b;) = deg (T;(p)) = i, then apply Theorem 5.4. X

Remark: In our implementation, we first race both algorithms on a sequence,
bo(p1), bi(p1), - - ., constructed by a random number p;. It is possible that the sparse
racer terminates first, yet unsuccessfully, while the dense racer has not finished the
interpolation process. Whenever such scenario happens, we pick another random
value ps and use py to construct a new sequence by(p2),b1(p2),. ... Then on this
new sequence, we restart the sparse racer but keep updating the existing dense
interpolant (see Section 5.2 for more details.) To show the early termination in
Newton exists for the “restarting” of the race, both Theorems 5.5 and 5.6 can be
modified by assigning p; in a lexicographic order as p; < pg < -+ <p; < ---.

When Newton is racing against the sparse algorithm in the Pochhammer ba-

sis, it interpolates on the subsequent values p,p + 1,p + 2,.... Since deg(p) =
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deg(p + 1) = deg(p +2) = -, in this case Theorem 5.4 cannot be applied to
the early termination of Newton interpolation. The next theorem provides the
early termination for the racing algorithm that races Newton against the sparse
algorithm in the Pochhammer basis.

THEOREM 5.7. If p is randomly picked, the early termination of Newton in-
terpolation is true if it interpolates on the sequence p,p+ 1,p+2,....
Proof:

Suppose deg(f) = n and fl! the i-th Newton interpolant which interpolates p,

p+1,p+2, ..., p+1i, we have

@) = @) + ez —p)la—p-1)---(z—p—i+1).

If f is not a zero polynomial, ¢g = f(p) is not a zero polynomial in variable p.
Let 0 < i < n, suppose for every 0 < k < 4, ¢ is a non-zero polynomial in p

and deg(fl"(x)) = 4. Consider c;y; in the i + 1-th interpolant:

Fi (@) = fil(@) + ca(@ —p)(x —p—1) -+ (x — p—i). (54)

When i = n — 1, ¢;41 must be a non-zero polynomial in p, since if not, deg(f)
=n = deg(f" 1) = deg(f!") and deg(f) =i =n — 1, a contradiction.

Now consider 0 < i <n — 1, if for every 0 < k <1, ¢ is a non-zero polynomial
in p and ¢;4; = 0 for every p in its domain, then ¢;y; is a zero polynomial and

flil = B+ This implies fi = fi+1 = ... = fIl = f Otherwise suppose fU! is
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the first interpolant being updated since fI+1 that is, cj—1 = 0 for all p and

W=+ ez—pla—p-1)-(z-p=-j+1) (5.5)

with ¢; # 0 and ¢ +1 < j < n. We expand the newly updated term in (5.5) with

respect to p shifted by 1 as the following:

cix—p)z—p—1)-(x—p—3j+1)
=cj(x—p—j+j)z—p—-1)---(x—p—j+1)
—ci(z—p—1)---(x—p—j+1(x—p—7)

+g-jle—p=—1)-(z—p—Jj+1).
~

;170

Therefore, ¢j_; # 0 when the value of p is shifted by 1 and it is a contradiction to
the claim that ¢;_; = 0 for all p. Consequently, if fil = £+ for all p, it must be
fil = fiH) = ... = Ml = F,

However, f # flI as deg(f) = n > i = deg(f), so ¢;41 in (5.4) cannot be a
zero polynomial for every 0 <17 < n.

When p is a random value and f(z) # 0, ¢; = 0 for 0 <1 < deg(f) only when
p hits a zero in ¢;. As a result, with high probability ¢; = 0 the first time at

i=deg(f)+1. X

5.2 Racing algorithm

In this section, we present the algorithm steps of a racing algorithm, which races a

dense algorithm (Newton interpolation) against a sparse algorithm in interpolating
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a univariate black box polynomial f(z).

In our implementation, we pick a random number p; and construct a sequence
bo(p1), bi(p1), ba(p1), ... derived from the designate basis in the sparse racer algo-
rithm. Then we in parallel interpolate f(z) via both the early termination versions
of Newton interpolation (dense racer) and a sparse algorithm (sparse racer.) When-
ever the sparse racer successfully terminates earlier than Newton interpolation, the
overall racing algorithm terminates. Nevertheless, it is possible the early termi-
nation of the sparse racer fails for an unlucky p;. In such case we pick another
random number p, and restart the sparse racer on by(ps), b1(p2), b2(p2), . . ., while
still keep on updating the existing Newton interpolant on this newly generated se-
quence. We can keep restarting such race until either one of the racers successfully
terminates. Newton interpolation guarantees the termination of the overall algo-
rithm if sufficiently many distinct points have been evaluated. Figure 5.1 shows
an example of a possible scenario.

We give more details of the racing algorithms in the case of racing Newton
interpolation against the Ben-Or/Tiwari algorithm, and provide the outlines of
the racing algorithm for racing Newton against a sparse interpolation.

Recall that in Section 2.2, fI(z) is the interpolant from interpolating the first
i+ 1 elements in the evaluation point sequence, and f{*(z) the first k& + 1 distinct
elements. To race Newton against Ben-Or/Tiwari, we pick a random number p; to
form the sequence py,p?, ..., and update the Newton interpolant f][\i,] () = Ji,k}(x)
as well as the error locator polynomial A; embedded in the Berlekamp/Massey al-

gorithm. When neither A; nor f ][f,} (x) satisfies the corresponding early termination
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Newton Racer  Sparse Racer

b,(p) E_-_-_-_E E_-_-_-_E Start araceat p;:
j===1 j===1
b(P) L - - - Lo
bR L - - Lo
b,(p,) E_ - _1: - The early termination of sparse racer fails.
b,(p,) E_-_-_-_E E_-_-_-_E Restart anew raceat p,:
j===1 j===1
bR L - - - Lo
b,(p,) E_ - _1: - The early termination of sparse racer fails.
b,(,) E_-_-_-:: E_-_-_-:: Restart anew race at p;:
j===1 j===1
b(R) L - — Lo
j===1 j===1
b(n) L - _ -
b(R) & - - Lo
b,(n,) i_ - _1: The sparse racer early terminates successfully.
E_ - _i The overall racing agorithm terminates.
L

The Newton racer guatantees the termination of the overall racing algorithm,
with sufficiently distinct points provided.

Figure 5.1: A possible scenario of the racing algorithm.
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criteria, we proceed with the next 7. If A; satisfies the early termination, we con-
tinue with all the remaining steps of the Ben-Or/Tiwari algorithm. Suppose all the
remaining steps are successfully finished, we have f(z) interpolated through Ben-
Or/Tiwari with high probability; otherwise, pick another random element p, and
restart the Berlekamp/Massey algorithm on py, p?,.... In the meantime, fi+(z)
is updated as the interpolant which interpolates pi, p?, ..., pi, p™, p. Namely,
we keep updating the Newton interpolant on the sequence of all the black box
probes we have acquired so far. On the other hand, if the Newton interpolant

][\z,](x) = Ji,k}(x) satisfies the early termination conditions, then f(z) is interpo-
lated as f][g(:p) through Newton and the overall racing algorithm is terminated as
well.

None of the early termination algorithms requires a bound on either the degree
or the number of terms. In our application, we request J as an upper bound on
deg(f(x)), not for the purpose of interpolations, but for guarding the overall racing
algorithm from running into an infinite loop. In other word, the overall black box
probes and the interpolation efforts are confined by the degree bound ¢ and the
corresponding thresholds.

Under a domain that provides enough distinct numbers, the Ben-Or/Tiwari
algorithm might terminate earlier in a sparse case, yet due to the unlucky numbers,
it might not finish at all; Newton interpolation might cost more black box probes,
it can always finish interpolating. Therefore, racing these two algorithms can take
advantage of both algorithms. That is, whenever it is possible, it can terminate
earlier while its termination is still guaranteed. In addition, by cross checking the

polynomial information acquired from two different algorithms, we further improve
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the probability of correctness. For example, check whether deg(f(x)) of f(z)
recovered from the Ben-Or/Tiwari algorithm is larger than or equal to the degree
of the most recent Newton interpolant deg(f11). The result polynomial f recovered
through Ben-Or/Tiwari cannot be correct if its degree is smaller than the degree
of the most updated Newton interpolant deg(f"), because if it were, the target

polynomial would have already been interpolated through Newton interpolation.

The racing algorithm that races Newton against a sparse algorithm!

with early termination

Input:
f(x): a univariate black box polynomial over K.
d: an upper bound of deg(f) (for guarding against an infinite loop.)
n: the threshold in Newton interpolation.
(: the threshold in the sparse racer algorithm.
Output:

f(x) with high probability, f(z) = f(x).

Or an error message: if the procedure fails.

1. (Initialization.)
0 # p random?, p € S C K;

ag + bo(p);

ap < Qo

LOf course, the early termination of Newton is required to be proved for the interpolation
points generated via the sparse racer algorithm. Section 5.1 provides proofs for the cases of sparse
algorithms in the power, Pochhammer, and Chebyshev bases.

2Depending on the sparse racer algorithm, there could be other restrictions on p.
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NeWracd < false;

J =05

k«—0;

Initialize Newton interpolant f][\(,)] at ag;

[0] .

0
Jif}(_ N

Initialize the sparse racer algorithm at ag;

2. (Interpolate at one more point.)
Fori=1,...,6 +n Do®
If newrqc = false then
Je—J+1
a; — bj1(p);

aj < Qj;

Update Newton interpolant f][\i,] on ag, Ay, ..., G;;

[f a; ¢ {ao, e ,ai,l} then

k—Fk+1;
k i
o

Update the sparse racer algorithm on ag, a1, ..., a;;

Else
J < 0;

randomly generate a non-zero p from S C K;

3The upper bound 6 +17 is the default in our implementations. It can be set in other manners
(see Section 7.2) but has to be no less than § + 1 when ¢ is given as 6 > deg(f(x)). This is to
confine the overall black box probes and the interpolation efforts in order to avoid an infinite
loop.
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NeWracd < false;

a; < bo(p);

Qg < a;;

Update Newton interpolation f][\zf] on ag, a1, ..., 0;;

If Q; §é {ao, c. ,&1;1} then

k—k-+1;
k i
o

Initialize the sparse racer algorithm at ag;

3. (See whether the sparse racer algorithm finishes before the Newton interpola-

tion.)
I R | S
break;

Return f — f};
Else
If the early termination criteria is met ( many times in a row for the sparse

racer, then

4. (Now we attempt to complete the sparse algorithm. If we fail to complete,
we set NeW[race) as true in order to restart a race at a new random p.)
Complete the sparse racer algorithm;

If fail to complete, then

NEW[raee < TTUE;
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End For;

If f is not defined then Fail;

End.
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Chapter 6

Hybrids of Zippel Algorithm and Other

Improvements

In 1979, Richard Zippel gave an interpolation algorithm [24] that is efficient when
the target polynomial is sparse in the multivariate case. It requires randomization,
and interpolates one variable at a time through a dense univariate algorithm.

In this chapter, we present hybrids of Zippel algorithm by embedding our racing
algorithms in Chapter 5 as the univariate interpolations into Zippel’s scheme. As
a result, the original Zippel algorithm is improved through adopting more efficient
algorithms for its univariate interpolations.

As further refinements on the ideas of prunings in Zippel’s approach through
homogenization as described in [5], we implement permanent prunings and tem-
porary prunings in our hybrids of Zippel algorithm. We also address some issues

that arise from modular implementations.
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6.1 The Zippel algorithm

A black box polynomial f can be represented as the following:

f(l‘l, Ce ,xn) = Z Cel,...,enxil e xinv

(6.1)

where 0 # ¢, ., € K, J C (Z>()". Here Zs is the set of non-negative integers.

Note that #(J) is the number of non-zero terms in f.

The Zippel algorithm is based on the following idea: if the representation in

(6.1) is sparse, than during the variable by variable interpolation, a zero coefficient

is the image of a zero polynomial with high probability. We present the Zippel

algorithm now:

The Zippel algorithm

Input:
f: a multivariate black box polynomial over K.
(x1,...,2,): an ordered list of variables in f.
d: an upper bound of deg(f).

Output:

f(x1,...,x0): with high probability, f = f.

Or an error message: if the procedure fails.

1. (Initialize the anchor points.)

Randomly pick as, ..., a, from a finite subset S C K;

2. (Interpolating one more variable: with high probability, we have

f([l')l, ceey L1, Qgy ..., an) = 2(61,...762‘71)6‘]1;1 Cel,...,ei,llﬁl s

7

ei—1
"1

where 0 #



i—1
Cey,....ei_1 € K7 Ji—l - ZZZO )

Fori=1,...,n Do

(Update the degree upper bound for monomials in z;.)
0; = max{(5 —€e1— - — €1 ’ (61, .. ,62'_1) c Jz‘—l};
(Update the number of monomials in xq,...,x;_1.)

Ji—1 < #(Jzel);

3. (Interpolate one more degree on the coefficient polynomials. We consider
the coefficients of f in the variables x1,...,z; 1 as polynomials in K[z;] and
interpolate those polynomials at by, . . ., bs, in the loop for k£ below. Since those
polynomials are all of degrees no more than §;.)

For k=0,...,0; Do

Randomly pick by from a subset of K;

4. (For every by, by solving the following j; 1 by j;_1 transposed Vandermonde
system, we can locate the value of every such coefficient polynomial evalu-
ated at z; = by.)

Set up a j;—1 by j;_1 transposed Vandermonde system:

For j=0,...,5;-1—1 Do

N (@) (@)

(e1,mpei—1)E€J51

= f(@@,....,a |, bk, i1, .. an); (6.2)

End j For;

If the system is singular then report ”Failure;”
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Else solve the system for all Ve, .. e .k (See [14];)

5. (Next we interpolate j;_; many univariate polynomials in ;. Those poly-
nomials are the coefficients, being viewed in K|x;], of terms in the variables
Z1,...,%;_1. We perform Newton algorithm to interpolate each polynomial
through its values 7e, ¢, , x of evaluations at by for 0 < k < 9;.)

For every (e1,...,¢;1) € Ji_1 Do

Perform Newton interpolation so that

k
C’E,(]el,...,ei_l)(‘ri> S K[IZ] and
k
C'Ev(]elv---yeifl)(bs) = Ye1,....ei—1,8 0<s< k?,'
k
K s
CE,(]el,...,ei_l)(xi) — Z Ci(e1,..eiz1),sLis
s=0

End (617 A ,61'_1) FO’I”,’

End k For;

6. (Prune all the monomials with zero coefficient and update J;.)
Ji = @7'

For every (ey,...,¢;_1) € Ji_1 and s =0,...,0; Do

If L

il
Z,(ely-uﬁi—l),

. 7 0 then
Ceryrei,s < cE?g;,_,,,ei_l),s;
Ji— J;u{(er,...,ei1,5)};
End (ey,...,e;_1),s For;
Randomly pick a; from a subset of K;

End i For;
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End.
The following example shows why Zippel algorithm can be efficient in a sparse

case.
EXAMPLE 6.1. Interpolate f(x,y) = 3z°y> + 22° + 3> + 5 € K|z, y).
First fiz y at a random a € S and interpolate f(x,a) with respect to x. After

f(z,a) is interpolated, we have
f(.fC, CL) = C5(CL)SU5 + Co(a),

and through Zippel algorithm consider terms x,z%, x3, x* all have a zero coefficient
iny. We finish interpolating f by recovering Cs(y) and Cy(y). Figure 6.1 demon-

strates this example in a diagram.

Black box polynomial  f(X,y)

Interpolate  f(X,a)

3x5y3 2x5 y? 5

Figure 6.1: Interpolate f(z,y) = 32y + 225 + y* + 5 via Zippel algorithm.

6.2 Prunings and hybrids of Zippel algorithm

In Zippel algorithm, each time after a new variable gets interpolated, the mono-

mials with a zero coefficient are pruned; they are dropped and assumed to be
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zero polynomials in all other variables as well. If the anchor points are chosen at
random, this is true with high probability.
Consider a new variable z, introduce the homogenizing variable into the rep-

resentation of f in (6.1) as the following:

f(ro,z1,. o 20) = f(ToT1, 20705 - - -, TOT0,)
= D (@A (63)
(e1,.en)€J
Now instead of f(xy,...,z,), we interpolate f(xo, r1, ..., Z,) and the anchor
points ay, ..., a, are randomly picked from a subset of K. That is, we start
interpolating f(xo, ai, ..., a,) with respect to zp and get a polynomial fy(zo) in

K[zo]. Through the Zippel algorithm, we can prune the support structure of f in
fo(wo).

Let fo(xg) = ZZ:O Yoxh, by definition, 7o, is the image of polynomial (w1,
ooy Ty) € K[zq, ..., z,] evaluated at the anchor point, namely ¢ (a1, ..., an) = Yo,

and

J— el €
ce(T1,. . xy) = E Cepoon @t o .

€1+...+€n:k7(617...,8n)€J

Since every term in ¢ is of degree k in K[zy, ..., z,], if fy is correctly interpolated,
deg(fo) in K[zo] evaluates deg(f) in K[z, ..., x,]. And the degree of every non-zero
monomial in fy(zo) provides an upper bound for the degree of all the intermediate
terms of its coefficient polynomial. Notice that in this section we have been using
polynomial representations in the power basis, however, our discussion can be

extended to coefficient polynomials in other bases as well.
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Now, we refine the pruning idea in [5]. Comparing to Zippel’s idea, we will do
two more types of pruning so that we can possibly reduce the size of the transposed
Vandermonde system in Step 4 of the Zippel algorithm in Section 6.1.

During the process of interpolating the homogenized polynomial in a variable
by variable manner, as Step 2 in the Zippel algorithm of Section 6.1, with high

probability we have

~ o el €i—1_.eo
flzo, 1, .. T1, a4, ... a,) = E Cepeqner T - X 2,

(eo,e1,-.r€i—1)EJi—1

where 0 # ceger,ei, €K, Jiz1 C (Zzo)i-

For every term with (eg,...,e;1) € J;—1 such that e; + -+ + ¢;_1 = eq, the
degree of the coefficient monomial in variables z1,..., x;_1 has reached the total
degree upper bound ey = ey + -+ + €,. That is, Cegey.e; 5" -+ 25 2 is an
actual monomial in f. All such monomials have been fully interpolated and will
not be changed in further interpolations with respect to other variables. We now
let g;_1(xo,x1,...,2,) denote a polynomial summing up all such fully interpo-
lated monomials in zg, ..., z;_1, and form the set J!_; from J;_; by removing all

(€0,...,€;1)’s such that e; +---+e;_1 = eg. The equation (6.2) in Step 4 of Zippel

algorithm now becomes

f(dé’ T 765—1’ Ok, i1, - - ’a”) - Z Teo,.., ei—hk(d{)el e (dg—l)Ei_l(dg)eo
(60,..‘76171)€J1{71
+ 91—1(5%7 s 7dg—17 bk7 A1y .- 7an)
Since #(J! ;) < #(Ji—1), by subtracting gi_l(dé, cel dg_l, bi, @iy1, - -, ) from

82



both sides of the transposed Vandermonde system (6.2), we can reduce the size of

the system to be solved. All the monomials in g;_; are called permanently pruned

since they will not be interpolated in variables x;, ..., x,.
While we are interpolating the coefficients of terms in xg, ..., z;_1 of f(xo, e
Ti_1, Tiy Giy1,- .., Ap), which are different polynomials in K[z;], some of those co-

efficient polynomials might be interpolated via early termination before the degree
bound is reached. Their values can be taken out of the loop in Step 3 before the
rest of the coefficient polynomials are interpolated in x;. As a result, the dimen-
sions of the transposed Vandermonde system (6.2) can be further reduced. Those
terms are temporarily pruned from all the remaining interpolations in variable x;,
nevertheless, they are not permanently pruned from all the remaining interpola-
tions in other variables and still need to be interpolated with respect to x;,1, ...,
T

Without an input as the degree bound, the permanent prunings rely on the in-
terpolation of homogenizing variable; while the temporary prunings can be carried
out regardless whether the homogenizing variable is introduced

Our hybrids of Zippel algorithm use Zippel’s technique as the outer loop. In
addition, we introduce a homogenizing variable and perform both permanent and
temporary term prunings accordingly. Yet, we allow the homogenizing variable
modification to be “turned off” (see Section 7.3.) Within Zippel’s scheme, each
univariate interpolation implements a racing algorithm that races Newton against a
sparse interpolation algorithm as in Section 5.2. As a result, our hybrid algorithms

are more efficient due to the better univariate interpolations embedded.
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6.3 Modular techniques in the univariate Ben-

Or/Tiwari algorithm

Besides the efficiency in black box probes, our hybrid Zippel algorithm provides
another possible advantage in modular implementations: when applying the uni-
variate racing algorithm to race Newton against Ben-Or/Tiwari, we may greatly
reduce the size of modulus required by the multivariate Ben-Or/Tiwari algorithm.

In order to control the size of the coefficients in the error locator polynomial
of the embedded Berlekamp/Massey algorithm, Kaltofen et al. [13] apply modular
techniques for finding A(z) and locating the roots of A(z). However, to provide a
modular image of A(z) sufficient for recovery of all the terms f;, the modulus ¢
needs to be sufficiently large. They use a modulus p* that is larger than each b;,
the value of term (3; evaluated a prime number. Now consider a multivariate black
box polynomial f and let d = deg(f); since 2 is the smallest prime, a sufficiently
large modulo p* is at least 2¢. This means when deg(f) is relatively large, we
need to perform all computations modulo an integer of length proportional to the
degree, even though the coefficients could be of a much smaller size.

However, we notice that for the recovery of the terms in a sparse univariate
polynomial f (x) with degree d, a prime § larger than d can already provide a
sufficiently large modulus. If we evaluate the single variable x at a primitive
root ¢ and recover the term exponents as the discrete logarithms of b;. There are
¢(q—1) primitive roots modulo g, with u/loglogu = O(¢(u)) for any integer u and
¢ denoting Euler’s totient function [12, sec. 18.4], so a random residue has a fair

chance of being a primitive root.
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Our algorithm picks a random residue p for x and for each by, tries the exponents
er = 0,1,2,... until p* = by (mod ¢). The method produces an incorrect term
exponent if for g, 0%, ..., 02 =1 (mod q) we have e, > \,(0). However, such
false exponent computations highly likely lead to inconsistencies in later steps. An
immediate inconsistency is to the degrees of the concurrent Newton interpolation.
In that case, the algorithm recovers the univariate intermediate result by Newton
interpolation or another restarted Ben-Or/Tiwari. If the false exponent is not
caught then, with high likelihood the inconsistency shows up later, at the latest
during the comparison of the final sparse interpolant with the black box input at
an additional random point.

The trade-off between the size of the modulus and the number of black box
probes in Ben-Or/Tiwari versus the univariate Ben-Or/Tiwari within Zippel, both
with early termination, can now be quantified. Ignoring the size of the coefficients,
in the former we have ¢ > 29¢() versus ¢ = O(deg(f)), while the number of
probes is 2t 4+ ¢ versus O(n(2t + ()). Therefore, if the degrees are small but there
are many variables, the pure Ben-Or/Tiwari (with early termination) may still out-
perform Zippel. Therefore, we add that at any stage in the variable by variable
Zippel interpolation algorithm, we could complete the rest of the variables by a
multivariate Ben-Or/Tiwari algorithm.

Also, we note that for a small finite coefficient field, say Z/2Z, one can switch to
the coefficient domain Z/2Z[x,], where x,, is the last variable, and proceed modulo

irreducible polynomials in Z/27Z[x,].
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Chapter 7

Maple Implementation

The ProtoBox package is the Maple implementation of our new algorithms. We
have implemented the early terminations with thresholds in Newton and Ben-
Or/Tiwari algorithms, the racing algorithm that races Newton against the Ben-
Or/Tiwari algorithm, its hybrid of Zippel interpolation with prunings, and the
homogenizing modification.

We test the performance of ProtoBoz in the polynomials listed in Table 7.1.

Note that f; and f, are from [26, p. 100], along with f3 and f; from [26, p. 102].

7.1 Black box probes

In our racing algorithm that races Newton against Ben-Or/Tiwari, we can “turn
off” either racer algorithm by setting its threshold to oo and consequently forcing
all the interpolations performed through the remaining active one.

Under Zippel’s scheme, we compare the black box probes needed in interpo-
lating different polynomials through different embedded univariate interpolations:

Newton, Ben-Or/Tiwari, and the racing algorithm (all with threshold one for early
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Table 7.1: Polynomials in ProtoBoz performance tests.

_ 2.3 2 2,2 2
fi(zy, ..., x10) = X{TZT4TETTG + T1T2X3TTETTy +ToX3T4 LTI Ty

32,22 2 2 2
FT1T3TLTETET7TE +ToX3L4TELeT 7T

_ 2.2 2.2 2. 2 2 2 2.2 2
fo(z1,...,x10) = X125T5T8T5x7) + T3T4TETET7 XYLy + TIT2T3TEXFTG
+rririeiey aivsr,aiad
_ 33,22 3 3 3.2,3,2.2 9.8 4492 4 4 5
fa(z1,...,x10) = Oasxiwsrirsixy + 9T| X350 TETE + TITZTITETGT7TITg

4. A4, d 3 33,323
+10z {wow52, X5 070579 + 12057 050708

_ 2 3.2, .4 3, 2.2 34,3 32,32
fa(z1, ..., x10) = xiwsmaxirsrsay, + 1Trivensriwrrivgey, + 3rixswiey,

24,2, 4,3 3 2,.2,.4,.4
+1Tx5x50 07030977 + 1021 2325057778

fs(ay, . ws0) = 0 @
fo(x1,...,25) = Z?:1(901+$2+a73+$4+905)i
fr(xy, 20, 23) = 230 + 2wy + 203 + 223 + 223 + 322°

termination.) We choose relatively large moduli for the tests in order to reduce
the possibility of hitting unlucky random numbers that might interfere with the
behavior of each embedded algorithm. Our algorithms are all probabilistic, and
we run each interpolation ten times to take the average of black box probes. In
our test, for each interpolation we obtain the same count ten times.

Table 7.2 compares the black box probes needed in different embedded univari-
ate interpolations. In average, the number of probes needed in a racing algorithm
is no more than the minimum of either racer, which confirms that our racing algo-

rithm takes advantage of both racer algorithms. Moreover, under Zippel’s variable
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by variable approach, the racing algorithm always reflects the behavior of the win-
ning algorithm. The winner might alternate between the two racers in different
variables, therefore often the total black box count is less than the minimum of

univariate interpolations completely through either Newton or Ben-Or/Tiwari.

Table 7.2: Black box probes needed for different embedded univariate interpola-
tions.

| | mod | Newton | Ben-Or/Tiwari | Racing |
fi 100003 147 137 126
f2 100003 146 143 124
f3 100003 209 143 133
fa 100003 188 149 133
f5 | 100000007 2652 251 251
fe | 100000007 965 1256 881
f7 100003 94 46 41

7.2 Thresholds

In addition to the thresholds for early terminations in Newton and Ben-Or/Tiwari,
we introduce other thresholds in ProtoBox to further improve the probability of
success and the throughput of the overall algorithm.

One way to further check the correctness of the interpolation result is to pick
a few more random points and see whether the result agrees with the black box
polynomial at those places. If they do not agree at any of them, we report an
error message indicating the result cannot pass the post test. The number of
random points generated for the post test is supplied as an optional argument

“posttest_thresh” and is zero by default.
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Within our probabilistic approach, random numbers are generated at different
algorithm steps. Many times an unlucky random number in an intermediate step
will abort the overall algorithm, which can be remedied by simply generating an-
other random number. Nevertheless, in order to avoid a potential infinite loop, such
efforts need to be bounded. In the case of Zippel algorithm, we may correctly inter-
polate all the monomials in the previous variables, yet due to a bad random point,
two different terms may map to a same value yielding a singular transposed Van-
dermonde system in (6.2). In ProtoBox, the optional argument “mapmon _thresh,”
set by default to zero, defines the number of random points tried after encountering
a singular system in (6.2). If the system (6.2) is non-singular at a random point
during those tries, we proceed with the next step, otherwise report a failure after
all the tries. Such threshold helps avoiding unnecessary failures and improving the
throughput of the overall algorithm.

Considering the delay in our updating of Newton interpolant at repeated points,
the optional argument “rndrep_thresh,” default as zero, extends the upper bound
for each univariate interpolation loop and lowers the failure rate due to the repeated
points.

The chance to hit a bad random number in a large prime modulus is rare, thus
the effects from the thresholds are less likely to be revealed when modulo a large
prime. Consequently, we test ProtoBox on some relatively small moduli.

We totally have five arguments as different thresholds, and we test three com-
binations of varying thresholds listed in Table 7.3. In Table 7.3, Combination 1

corresponds to the default, while Combinations 2 and 3 are of higher thresholds.
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Table 7.3: Sets of different combinations of thresholds used in the tests.

] Combination H n \ ¢ \ posttest_thresh \ mapmon _thresh \ rndrep_thresh ‘
v [t 0 | 0 | 0 |
2 [2]2] L | 2 | 2 |
L3 [3]3] 2 | 4 | 4 |

We display the performance of the hybrid of Zippel algorithm, with racing New-
ton against Ben-Or/Tiwari algorithm embedded, on fi, fo, f3, f1 in Figures 7.1
through 7.4. As a probabilistic algorithm implementation, we test each interpola-
tion 100 times for every modulus and threshold combination. The height of each
rectangle, both solid and airy parts combined, reflects the number of accurate re-
sults in 100 runs. The three rectangles on each modulus correspond the results
of three threshold combinations in Table 7.3, from left to right, Combinations 1
through 3. The accurate results are either the correct polynomial (number of times
in 100 runs indicated as the solid part) or an error message (airy part of the rect-
angle.) When the result is not accurate, it is a polynomial that does not equal to
the target polynomial.

For every polynomial and every modulus, when thresholds are increasing, often
both the height of the rectangle and the solid part of the rectangles rise. However,
not all the time the solid part rise at higher thresholds. We notice that higher
thresholds require more evaluation points and checks, and that our record is just
a random sample from 100 runs. We also observe the increasing size of modulus
does not directly increase the overall throughput and probability of correctness.
This is because it is the number of sufficiently large order elements, not the size

of the modulus, that directly effects the success of the Ben-Or/Tiwari algorithm
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(also see Section 7.3.)

7.3 The heuristic on small moduli

If a multivariate polynomial has degrees in each variable that are much smaller
than the total degree, some very small moduli might suffice for interpolating such
a polynomial provided we “turn off” the homogenizing variable modification. Be-
cause without the higher degree in the homogenizing variable interpolation, we
only need to deal with lower degree interpolations in each variable.

We demonstrate the heuristic of polynomials being interpolated on some very
small moduli and report the result after running 100 times in each listed case.
In Table 7.4, for brevity “posttest_thresh” is denoted as 7, “mapmon_thresh” as

w__»

k, and “rndrep_thresh” as . After 100 runs, the column under records the

44'77

times the result is the correct polynomial, under the times an error message is
returned, and “#” reports the times the result polynomial does not equal to the

target polynomial. Note that when modulo 17, the terms with coefficient 17 in f,

map to zero.

Table 7.4: Interpolations on very small moduli without homogenization modifi-
cation after 100 runs.

Thresholds mod 11 mod 13 mod 17 mod 19
nClrlma =1#] "I =1#] "I =1#] ' =]#] !
fil 2 [2] 6 281 217030 O[70| 60| 0|40 44| 1|55
fol 2 [2] 6 81 1191126 074142 0|58 |52| 048
fal 2 2] 6 71 1192 21 019820 0|8 || 13| 1|86
fal 2 [2] 6 500195 0 1]99(39| 0|61 17| 0183

The magnitude of modulus ¢ provides the number of distinct points in the
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Figure 7.1: The performance of interpolating f; under different threshold com-
binations and moduli after 100 runs.
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Figure 7.2: The performance of interpolating f, under different threshold com-
binations and moduli after 100 runs.
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Figure 7.3: The performance of interpolating f; under different threshold com-
binations and moduli after 100 runs.
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Figure 7.4: The performance of interpolating f; under different threshold com-
binations and moduli after 100 runs.
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domain. Yet in the Ben-Or/Tiwari algorithm, in order to recover the term ex-
ponents, an element needs to generate enough distinct values from its powers. In
other word, instead of the number of distinct elements, it is the amount of sufficient
order elements that determines the success rate of the univariate Ben-Or/Tiwari
algorithm.

Figures 7.5 and 7.6 display the order of each element in modulo 11 and 13.
We use a dotted line to indicate the least order required for recovering every term
exponent in a corresponding polynomial. For polynomials f3 and fy, there are less
elements with sufficient order in modulo 13 than in modulo 11. As a result, the
increase of modulus from 11 to 13 does not increase the success rate for these two

polynomials.

012345678910111213
Element

Figure 7.5: The order of elements in modulo 11 and the least order required in
interpolating different polynomials through Ben-Or/Tiwari.
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Figure 7.6: The order of elements in modulo 13 and the least order required in
interpolating different polynomials through Ben-Or/Tiwari.
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Chapter 8

Conclusions and Further Developments

We summarize our research efforts and contributions, then report our further de-

velopments.

8.1 Conclusions

In addition to the case of Newton interpolation, we developed the early termination
strategy in the setting of sparse interpolation algorithms, in which the construction
of different bases is taken into consideration. Among them, we have proved this
strategy for the Ben-Or/Tiwari algorithm, sparse interpolations in the Pochham-
mer and Chebyshev bases. Within the sparse interpolation under the Chebyshev
basis, we eliminated the complications in a symmetric Hankel-plus-Toeplitz ma-
trix solver through randomization. Based on the early termination strategy, we
proposed racing algorithms that race Newton interpolation against a sparse algo-
rithm on the same set of evaluation points, and proved the early termination in
the overall racing algorithms.

We introduced thresholds into the early termination and showed that higher
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thresholds can improve the lower bound of the probability of correctness in dense
interpolations. The probability analysis of thresholds in sparse interpolations is
more complicated and depends on certain conditional probabilities that require
further investigations. Yet, we demonstrated some heuristic examples that higher
thresholds weed out bad random choices.

We provided a new paradigm of racing algorithms: a better algorithm can be
designed by racing two existing algorithms. Through racing two different algo-
rithms, our racing algorithm performs as good as the winning algorithm in every
case, and therefore provides a solution to the predicament of choosing between
two algorithms who have different advantages. Moreover, the racing algorithms
can cross check the results acquired from both racer algorithms and further im-
prove the probability of correctness. By taking the advantage of the two racer
algorithms, our racing algorithm is superior than either of them.

The original variable by variable Zippel algorithm interpolates each variable
densely. We improved Zippel algorithm by embedding our racing algorithms as
the univariate interpolations, and therefore enhanced the efficiency in univariate
interpolations as well as the overall multivariate interpolations. We supplied an
example in the paradigm of designing new algorithms from the hybrids of other
existing algorithms.

Some of our algorithms are implemented in a Maple package, ProtoBoz. The
implementations include the racing algorithm that races Newton against Ben-
Or/Tiwari with thresholds, its hybrid in Zippel, and the homogenization modi-
fication. In ProtoBoz, we can “turn oft” either of the racers for performance com-

parisons, and we verified from our tests the performance of our racing algorithm is
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better than either of the racer algorithms. In ProtoBoz, besides the thresholds of
early termination, we introduced other thresholds for the purpose of fault tolerance
in order to prevent the failure of the overall process due to bad random choices.
We tested some bench mark polynomials under different combinations of thresh-
olds, and presented heuristic examples of interpolating polynomials on very small

moduli.

8.2 Future developments

Derived from the early termination of the Ben-Or/Tiwari algorithm, we present a
heuristic on the early termination of sparse shifts.

Given a univariate! polynomial f(z) = >>'_, c;z% with ¢; # 0, we assume its
most sparse shift occurs at «, that is,

t

flx) = Zéz(af; + )%, & #0. (8.1)
i=1
Consider y = = + « and polynomial g(«,y) = f(y — «) as the following:
t t
glavy) = fly—a) =D aGly—a+a)™ =&y, (8:2)
i=1 i=1
where ¢; are polynomials in «, that is, ¢; € K[a].
Compare g(a,y) represented in (8.2) in variable y and the representation of
f in its most sparse shift (z + «) in (8.1). If the most sparse shift a in (8.2) is

known and p is chosen at random, performing the early termination Ben-Or/Tiwari

L As the Ben-Or/Tiwari algorithm is multivariate, we are optimistic of extending this approach
to the multivariate case.
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algorithm on sequence g(a, p), g(a, p?), g(a,p?), ... will encounter the first zero
discrepancy A; = 0 at i = 2 + 1 with high probability.

The value of « is unknown, and we turn to solve for the first « from the
coefficient field such that A; = 0 at a random p. Notice now we perform the
Berlekamp/Massey algorithm (Step 1 of the early termination Ben-Or/Tiwari al-
gorithm in Section 3.3) on a sequence of polynomials g(a,p), g(a,p?), g(a,p?),
..., the discrepancies A; become rational polynomials in « (see Table 8.1 for the
comparisons of sparse shifts and the Ben-Or/Tiwari algorithm.) We need to prove
that when p is random, the first a such that A;(«) = 0 is the most sparse shift

with high probability.

Table 8.1: Early termination in sparse shifts and the Ben-Or/Tiwari algorithm.

Early termination in Early termination in
sparse shifts Ben-Or/Tiwari
e At a random p, perform e At a random p, perform
the Berlekamp/Massey the Berlekamp/Massey
algorithm on algorithm on
9(e.,p), g(a,p?), g(a.p%), ... fp), f(0*), f°), ...
Ai(a) € K(a) A, eK
e Find the first a € K such e FEarly termination:
that A;(a) =0 when 2L < ¢ the first A; = 0 when 2L < ¢

If our claim can be proved, we have a polynomial time algorithm for early
termination in sparse shifts. However, the efficiency of the algorithm needs to be
addressed as well: either solving A;(«) = 0 or factorizing the numerator of A;(«)
is an excess in computing .

Observe that once the most sparse shift is found, that is, Ay, () = 0, we

have A;(a) = 0 for all i > 2 + 1. In other word, once the linear factor (z — )
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is introduced as a factor in the numerator of a discrepancy A;(«), it will stay
in all the following discrepancies. As a result, we can deduce « from the poly-
nomial GCD of the numerators of every two consecutive discrepancies, namely,
ged(numer(A;(«)), numer(A; 4 ())).

Recall the fact that when « is an integer and (z — ) a factor in the numerator
of A;, o is an integer factor of its constant term. Hence the most sparse integer
shift a can be derived from finding the numeric GCD of the numerators of two con-
secutive discrepancies evaluated at 0, that is, ged(numer(A;(0)), numer(A;41(0))).
(Yet, when o = 0, this is the standard power basis. The correspondence may be
investigated.)

A polynomial factor in the numerator of A;(«) and stays for all the following
discrepancies is not necessarily a linear one. We may study the possible early
termination in sparse decompositions as well as the sparse shifts.

For the wide applications and many useful properties, another possible research
direction is the inquiry about early termination in the setting of the Bernstein
bases. A polynomial f(x) with deg(f) = n can be represented in the Bernstein

bases as the following:

where
>xi(1 — )"

Finally, we list some topics in our research that may be further studied: the
interpolations on very small moduli in Section 7.3, the probability analysis of the

algorithms with different thresholds and moduli, and as described in Section 6.3,
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the heuristic of switching from a small finite coefficient field, say Z/27Z, to a co-
efficient domain Z/27Z[x,], where x,, is the last variable, and proceeding modulo

irreducible polynomials in Z/2Z[x,].
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