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Sparse interpolation of a black box polynomial

dj.n

Black box f =3 _ cp¢it- - x,
plj...jpn _>-_> f(pl’...’pn)

Sparse Interpolation

\

~ - d: d'n
=Bl
Determine Cj:
1. exactly
2. approximately, to a fixed precision



Example Black box 10x°y® — 6x'° — 5x3y — 4y

Exact | Approximate
Input | w=exp(5L)| evalf(oy)
(31st-PRU) | = 0.9795299413 +0.2012985201l

wy = exp(57) | evalf(wy)
(37th-PRU) | = 0.9856159104 + 0.1690008203I

Compute| f(w),wl) | evalf(f(evalf(uw),evalf(w)))),i=0,1,...

Output | 10x%% | (10.00000006
~0.8543610430 x 1081 )x0y®
—6x10 (—6.000000235
~0.1390185436 x 1061 )x1°
—5x3y (—4.999999825
+0.1968676105 x 107°1)x3y
—4y’ (—3.999999997
—0.493054565410~ 1)y’




Methods: Prony (1795) ~ Ben-Or/Tiwari (1988)

A sum of exponential functions
F(X) = ¥ j1Cie' = 3 Cjb]

A polynomial
d.
f(X1,. ., %) = T 51 CjXy

djn

- Xn

1. Solve Aj, 1 =0,...,t -1
SioAF(i+ ) = —F(i+1)

2. €'l =Dbj are zeros of
N=Z 4+ 1721+ + A

1. ComputeT the minimal A that
generates® {f(p,..., ph) }{5"

dj1 djn
2. p;7---pn are zeros of
N=Z~+N1Z" 4+

3. Determine c; from e = b;
and evaluations of F

3. Determine c; from p(ij’l---pn

and evaluations of f

djn

T Berlekamp/Massey algorithm

* P1,..., Py relatively prime




Numerical challenges in Prony’s method

lll-conditioned Hankel system

=

- F(0)

F(1)

F(1) ... F(t—1)
F(2) ... F(t)

1) F(t) .. F(2t—2)

Root-finding sensitive to perturbations in A;
AN=Z4+N_1Z27 4+ +A=0

Further challenge in Ben-Or/Tiwari algorithm

~—
Hot—1

F(t)
F(t+1)

F(2t—1)

Recover multivariate terms in the target polynomial




Generalized eigenvalue reformulation (Golub, Milanfar, and Varah 1999)

Hot—1 =

V_lHo,t—lV_T =D,

T 1 1 e 0 ...0] [Lby... B
bl bt 0 C ... 0 1b2°°°bt2_1
_btl_l b{_l_ 0 G| |1 b ... bE_l_
NS vT
F(t) %18 “.8

; —VDBVT withB= | 2 "~
F2t-1)] 0. 0 b

V-1H, V-7 = DB

—> HiV=DbHp:_1v has solutions by, ..., b for b.



Univariate sparse interpolation via generalized eigenvalues

f(p°) f(p)
f(p) f(p°)
f(pY) ()

t
f(x)=S c;xf
&°

(P (P f(p)
v f(!O) f(ip) f(pi ) |y
LI £ - fe" ]

e Solutions for z: by b,,.... b approximate p, po2, ... p.

e Obtain candidates for d;.d,,...,d: from p and by b,,....b.
(There can be more than t candidates.)

e Compute C; from a transpose Vandermonde system that is
based on terms with exponents the candidates for d,d,, ..., d.
(For Ho:—1 and Hy ¢, the system can be as large as 2t x 2t.)



Multivariate case

djn

Variable by variable (sometimes called “peeling method.”)
e Interpolate one variable at a time via univariate interpolation.
e Numerically suspect?



Everything at once (numerically better)

e Evaluate each variable at powers of a primitive root of unity
of orders that are relatively prime.
o, = exp(2ri/p) and f(cl,...,w})
D1,..., Py relatively prime.

Recall: In the exact arithmetic, the original Ben-Or/Tiwarl
algorithm evaluate f(pj,...,p},) for ps,..., p, relatively prime.



Require the number of terms (or an upper bound)

Binary search
Guess an upper bound 1 > t, double 1 if falls.
Early termination heuristic

Cabay-Meleshko algorithm: a fast procedure estimates the
condition number of a Hankel matrix Hq n for any N.

Simultaneous diagonalizations

The general eigenvalue reformulation can be applied to inter-
polation systems M, N containing:

F-'MG'=D,F'NG! = DB with D, B diagonal.



Sparse interpolation in the Chebyshev basis

t
Z X) with Chebyshev basis Ty(x)
a = f(Ti(p))
i 28y 2y 28¢_1 ]
HT — 2?‘1 a2‘!‘5‘0 at-l-.at—z
28 1 &+ 2 ... 2tag
2a1 &+a ... &t+ao
HT, — 2?2 3-3‘!‘3-1 at—l—l‘!‘at—3
28 1ty ... A1tar




(2a1  &+ta ... atao |
28y 2 L. 231
HT, = | 2a4 @&+ta ... at+a

28 2 & 1+& 3 ... 3+ta

H(HT,+HT )v=2zHTv

e T4.(P), ..., Tq,(p) are solutions for z.
e For —1 <x <1, T,(x) = cosn@ for x = cos 6.
—> Tn(X) = cosn(arccosx) where 0 < arccosx < Tt



Sparse interpolation in factorial bases

t
f(x):ZijdJ, X'=Xx(Xx+1)---(x+n—1)
=1

AF(X)) = F(x+1) — f(x)
F0(9 =xA(F V() = 3 dicpd,  p>0
=1

Hitv=2Hg; 1V dq,...,d are solutions for z




e The case for the falling factorials can be derived similarly.

e The difference operator A behaves in the same way as a
derivative.



