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Black box polynomial interpolation
Black box polynomial p

ai,...,.aneD — p(a,...,an) €D

Interpolation

i  On
p(Xa, .-, %) = > CiXy " -+ Xn" € D[Xq,. .., %)

What if p(xq,....%,) IS sparse?



dij  dnj .
When p(Xg,....%,) = Mo_.xmv_:.x:;_ is sparse:

Exact arithmetic
Zippel's probabillistic interpolation (1979)
Ben-Or/Tiwari deterministic algorithm (1988)

Floating-point arithmetic
Giesbrecht, Labahn, and Lee (2004)

Prony’s method on the unit circle
Generalized eigenvalue reformulation



t
When p(x) = M cjTq () is sparse in the Chebyshev basis:
=1

To(X) =1, Ti(X) =X
k>2: Ti(X) = 2XTk_1(X) — Tk_2(X)

Exact arithmetic
Lakshman and Saunders (1995)

How about floating-point arithmetic?



Sparse Chebyshev Interpolation (Lakshman and Saunders 1995)
P(X) = 5.72T15(X) + 2.11T3(X) — 15.00T12(X) + 0.99T(X)

ePicka> 1. say a= 2.
Evaluate ap = p(To(2)),01 = p(Ti(2)),02 = p(T2(2)),....

e Solve at xt symmetric Hankel-plus-Toeplitz system:

200 2000 ... 204_1 Ao 201
2000 O2+0p ... Otf+0¢_> Ao | U1+ 0t
|200;_1 O¢+0¢ 2 ... Oy 2+ 0g] ->TH- | O2t—1+ 01

e Roots of A(z) = Ti(2) + At 1Tt _1(2) +--- + Ao = O are non-zero
Chebyshev terms in p at x = a:
189750626, 3650401, 5042, 26

U U U U
Ti5(2) T12(2) T7(2)  T3(2)

e Recover coefficients by solving a Vandermonde-like system.



Numerical Issues in Sparse Chebyshev Interpolation

@ The Hankel-plus-Toeplitz system is often ill-conditioned....
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@ Root-finding for T;(z) + A; 1T _1(2) +---+Ag= 0is not a good
thing to do numerically: very sensitive to perturbations in A ;.

@ To recover coefficients Cj In p(X) = Mﬁ_npo__._.g_. (X), need to solve
a Vandermonde-like system that might be ill-conditioned.



Choose a = cos21/N,N > 2deg p, for evaluation: ay = p(Tk(a))

t
== M O_.._ln__. AX
=1
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© Better for conditioning:
1 - K2.t.22(t-1)
22(t=1) .12 min; | 2¢;| < H__MB_: k| Ta (8) — Ty, ()2~ min; | 2¢;
LR LILR P2y Mz Ta (@) — To; (@) ]2 - min; [2¢;]




Choose a = cos21/N,N > 2deg p, for evaluation: ay = p(Tk(a))

pX) = 3 e (¥
=1

All roots of A(z) = Ti(z) + A 1Tt 1(2)+---+Ag=0arein (—1,1).

© Root finding is easier: perturbing A(z) as /\(z) + €[ (z) with
[(2) =W%Z + V12 *+---+Yo changes aroot Ty (a) by no more
than

€- Mwno A 2
MiaTa@ —Ta @) O



Choose a = cos21/N,N > 2deg p, for evaluation: ay = p(Tk(a))

pX) = 3 e (¥
=1

W= =1V ILH < K-

© The condition of the Vandermonde-like system depends on
the distribution of Ty (a) and t.



Generalized eigenvalue reformulation of Prony’s method
Golub, Milanfar, and Varah 1999

Sparse Chebyshev interpolation via generalized eigenvalue

] _ (2 |
201 Ozl ... GOt MMM QNMQMQ s QMMN
4, = 20 data - Gt g = | 2u dpbd ... GG
e 200 5 Qg0 s ... Oz a0
Non-zero Chebyshev terms Ty,(a), Tg,(a), ..., Tg(a) are solu-
tions for z in the generalized eigenvalue system
1



Sparse Chebyshev interpolation via generalized eigenvalue

© Avoid solving the Hankel-plus-Toeplitz system.

© Avoid the root finding of polynomial
N2Z) =T(2) +A-1Tt-1(2) +--- +Ao=0.

O The generalized eigenvalue problem has numerically more
stable algorithms (even when Ty, (a) are not in (—1,1).)



Sparse Chebyshev interpolation via generalized eigenvalue

p) = 3 T (0
=1

e Choose a= cos21t/N, for N > 2deg p.
Evaluate: oy = p(Tg(a)) fork=0,1,...,2t — 1.

e Compute Ty (a) by solving the corresponding generalized
eigenvalue system

1

e Obtain d; from values of Ty (a) and integer roundings.

e Recover coefficients c;.



The kth Chebyshev polynomial: cosk6 in terms of cos6:
coskB = Ty(cos)

Sparse cosine interpolation

t
g(8) = > Ajcosh;b, hy <hy<--- <y
=1

In sparse Chebyshev interpolations:

e Choose @= 21/N, for N > 2h;.
Evaluate: oy = g(ko).



Sparse trigonometirc interpolations

t1 to
f(8) =) Ajcosh8+ ) B;sink;0.
_MH j j _MH j j
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01(8) 92(8)

e When t; =1, h; = k;: a Prony’s variant (c.f. Hildebrand 1956)

e Interpolate its phase polynomial (c.f. Giesbrecht, Labahn,
and Lee 2004)

e When t; = tp,hj = kj and A; # O: sparse cosine interpolation

1

01(8) = 5((8) + f(~9))



Multivariate case (c.f. Giesbrecht, Labahn, and Lee 2004)

t
g(04,...,6,) = M An, cos(hj, 01+ ... +h; By), hj are integers
]=1
m > NHWA::Y ey My > Nﬁm_mwu:;y m; relatively prime
Mm=nmy---My, W = 21/ m;, W= 217/m

Interpolate oy = g(kwy, ..., kwy,): each cos(h;, 614 ...4+h; 6y) is
mapped to cos(hj, 2rt/my + ...+ h; 21m/m,) = cos(h;2r/m).

Then (h;,, ..., h;,) € ZY, can be uniquely determined by the

(reversed) Chinese remainder algorithm:

m m
1 n



Further developments

Sensitivity analysis and tests:

http://scg.uwaterloo.ca/"ws2lee/software/sparsechebysev

Randomize the distribution of Ty (a):
Better condition with high probability?

Interpolating with an upper bound for the sparsity t:
An upper bound T >t may still lead to a good result.

Connections to Fourier series?



