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Black box polynomial interpolation

Black box polynomial f

Interpolation

t
f(Xe,...,%X) = Zcixil" XM e D[X1,...,Xn]
|—=

What if f(xq,...,%,) IS sparse?



t

er -

When f(xl,...,xn):Zcixll"---xﬁ”" is sparse:
=

Zippel’s probabilistic interpolation (1979)
Need: d;>degf(x;)forl1<j<n

Ben-Or/Tiwari deterministic algorithm (1988)
Need: T >t



Without T and d;

degree?

number of terms?

e Guess and check
And double the guess If falls.

e Early termination strategy

Interpolate the polynomial at a random point, when the
polynomial stops changing, it is done with high probability.



Early termination in Newton univariate interpolation

e Interpolate f(x) on random po, p1, P2, --.
FU(X) = co+Ca(X— po) 4+ 4 Gi(X— Po) - -+ (X— pi 1)

e Whenc =0, f = fll and i = degf + 2 with high probability.




Early termination Ben-Or/Tiwari sparse interpolation
Kaltofen, Lee, Lobo (2000)

o .
Interpolate: f =S cx; " X

e With distinct random p;, compute minimal linear generator A
of f(pr,...,pn), F(P5, ..., P2), ..., f(pPL, ..., P, ....

Berlekamp/Massey algorithm: compute “discrepancy” A;.

When Aj=0ati > 2L, 1 =2t+1and A is determined with
nigh probability.

e Recover terms in f by finding roots of A.
e L ocate coefficients ¢; In f.



o |
In f(xg,.... %) =5'_,cx"---x1", powers of x; are revealed as
powers of p; as f evaluated at

X1 Py

I
X= 2] = |P2| fori>1

Xn p:q




Polynomial evaluations in any given power basis

When f(xq,....%) = 5L yya" - va™, where A, Sare given

dy1 d12 ... dn| | X1 31 Y1
dp1 g2 ... Aon| | X2 4 S| _ |Y2
an,l an,2 an,n Xn Sh Yn
— ~ =/ - - — - -
A S
The powers of y; can be revealed In:
di1 12 ... A1n| | X1 S1 pi
a1 Ao ... & X | .
>l 942 b I R SQ - PZ Cfori > 1.

@01 @2 - 8nn| | X Sh ph



Sparse interpolation in any given power basis

6n,i

Interpolate: f = z}zlyiyi)l’i - Vn
e A power basis Y is given as Aand S

Y1 djl d12 ... A1n| | X1 $1
Y2 _ |1 @2 ... @n| |X2 X S
Yn an,l an,2 an,n Xn Sh
_Y' ~ T A - _s_

e Perform Ben-Or/Tiwari algorithm (early termination) to

oS
f(X1,....%) evaluated at A" | : fori > 1.
Ph— Sn




Example Interpolate f(xi,x2) in the power basis of yi,y,

=2l s

S~ -
Y A S
1 2V, — Y, —7
At powers of y;, [);j =A" [ylzyE (_5)] B [—3))/21+ %";_2+131 ’

with random p4, p, perform early termination Ben-Or/Tiwari on

f(2p1—p2—7,—3p1+2p2+13),
f(2pf— p3—7,—3pi+2p5+13),

f(2p,— p,—7,—3p} +2p,+13),



Early termination sparse interpolation in non-standard bases
Kaltofen, Lee (2002)

Pochhammer basis:
t

f(X) = _Zlcixei
XT=X(X+1)--- (X+n—1)

Chebyshev basis:

t

(¥ =3 T4

To(X) =1, Ti(X) =X
N>2: Ta(X) =2XTh_1(X) — Th_2(X)



Consider the polynomial:
t
f(Xe,..., %) = Z cixil" X

=1
t(s)

In shifted basis y; = X; +S;: Vi(X1 4 S1) - (X + S)
iZl N—— N——

Y1 Yn

t(s) dependson s=(s,....S)

Questions:
e Find a sparsest shift of f within set S:

S=(Sy,...,S) € Sand t(s) is minimized.
e T-sparse shifts of f within set S:

S=(S,...,S) €Sandt(s) <T.



Example:

f (X1, X0) = X3X5 — BX3Xo + 9%; + LOX7X5 — B6OXIXo + 90X] + 40X:3X5
— 240X, 4 360%; + 80XEx5 — 480KiX, + 720
+ 80x1X5 — 48Ky Xp + 720%1 + 32x5 — 192, + 288

(2,—3) is a sparsest shift of f(xy,Xo)



Shifts in the standard power basis: A= I,

o
- O O
X
=




Early termination Ben-Or/Tiwari sparse interpolation

SiaG SV (X 51)38 -+ (g + )0
l JAY Berlekamp/Massey l JAY
Ny, 1=0 symbolic X1, ..., X, Ax(+1=0

Leave shifts s; as symbols: s; — z

Compute sparsest shifts s= (s;,...,s,): solve first Aj(z) =0
for symbolic x4, ..., X,

Minimize: i = 2t(s) + 1




Compute sparsest shifts in the standard power basis
Giesbrecht, Kaltofen, Lee (2002)

e Perform fraction-free Berlekamp/Massey algorithm on

fOVi—= 2z Yn—20), - F V=2, Y — Z0)s - -

The fraction-free Berlekamp/Massey algorithm:
Ni(z1,...,Z0,Y1,--.,Yn) @re polynomialsin z, ...,z Y1, - ., Vn.

e Solve 71,...,z,In Aj =0 for all yq, ..., y,, which minimizes i.

When f = f(x):  f(x) € Q[X].



Sparsest shifts in any power basis givenas Aand S

Sparsest shifts for a set of polynomials fi,..., fm€ D[Xg, ..., Xq]:
consider G(xy,...,%n,20) = f1+zofo+ -+ 2 1+ 20 1

Sparse shifts in Chebyshev, Pochhammer bases:
cf. Kaltofen, Lee (2002)

Sparsify linear transform: A unknown
efficiency? structured A?



Gaspard Clair Franois Marie Riche de Prony

Essai expérimental et analytique sur
les lois de la dilatabilite et sur celles
de la force expansive de la vapeur
de I'eau et de la vapeur de 'alkool, a
differentes tempeératures.

J. de I’ Ecole Polytechnique
1:24—76, 1795.

For afunction f : R — R, andt € Z-,

find ¢, & such that
t

f(X) = i;cie""*'x




Prony’s method vs. Ben-Or/Tiwari algorithm

Giesbrecht, Labahn, Lee (2002)

Prony

Ben-Or/Tiwari

Interpolate:
f(X) =i, Ce¥

Interpolate:

e e
f(Xg,. oo, Xn) = 311 CiXy o o X

1. Solve A, | =0,...,t—1:
Siohif(i+]j)=—ft+])

2. €% are zeros of
AN=0"4+A_10"1+..- 4 Ng

1. Compute' the minimal A that

generates” {f(pil, . Ph) i2i61

et .
2. p' - pa are zeros of

N\ = 6t+)\t_16t‘1+---+)\0

3. Determine ¢, from &
and evaluations of f

3. Determine ¢ from p;" - pn"

and evaluations of f

T Berlekamp/Massey algorithm
% P1,. .., P distinct primes




Applications to Prony’s method:
t

Zcieaix
i:

interpolate f(x)

Berlekamp/Massey algorithm
Early termination

Multivariate case
t

f (X17 o oo 7Xn) — Zcieal’ixl_'_“'—i_an,ixn

Linear differential system

e.g. interpolate f from f(p), fY(p), @ (p),....

Further extensions



