ATELIER INTERNATIONAL SUR

LA THÉORIE (ALGÉBRIQUE et ANALYTIQUE) DES RÉSIDUS

ET SES APPLICATIONS

PARIS (IHP) du 18 au 20 MAI, 1995 La théorie des résidus est un domaine qui connaît une récente et intéressante activité.

Plusieurs groupes de travail se sont penchés sur ce thème durant cette année. Cet atelier est donc l’occasion d’une présentation, confrontation et synthèse des idées sur le sujet, aussi bien d’un point de vue théorique que pratique.

Quelques points d’intérêt :

• Unification des différentes approches algébriques sur les résidus. • Connexion entre les approches analytiques et algébriques. • Complexes résiduels et leur constructions. • Théorèmes de Briançon-Skoda. • Calculs effectifs de sommes de résidus.

• Applications des résidus à la théorie de l’élimination, aux formules de représentations, aux résolutions de systèmes polynomiaux.

Orateurs invités :

Reinhold HÜBL, Craig HUNEKE, Ernst KUNZ, Joseph LIPMAN.

Organisateurs :

Marc CHARDIN, Centre de Mathématiques Ecole polytechnique F-91128 Palaiseau (France)

Mohamed ELKADI, Dept. de Mathématiques, Univ. de Nice Sophia-Antipolis, Parc Valrose, 06034 Nice (France)

Bernard MOURRAIN, INRIA, Projet SAFIR 2004, route des Lucioles F-06565 Valbonne (France) Les organisateurs ont été aidés dans leur travail par les participants de deux séminaires "informels" sur ce sujet, l’un à Nice (Formes & Formules) et l’autre à Paris, et aussi par David EISENBUD et Jean-Pierre JOUANOLOU.

Cet atelier a reçu le soutien du Laboratoire GAGE, École polytechnique (Palaiseau), et du projet SAFIR, (Nice Sophia-Antipolis) à travers le programme HCM, SAC.

INTERNATIONAL WORKSHOP ON

ALGEBRAIC AND ANALYTIC THEORY OF RESIDUES

AND ITS APPLICATIONS

PARIS (IHP) 18-20 MAY 1995 Residues theory is a field which has known recent and interesting activities. Several working groups have focus on this theme during the last years. The workshop is the occasion of a presentation, confrontation and synthesis of ideas on this subjects as well from a theoretical point of view, as for its applications.

Some points of interest:

• Unification of the different algebraic approaches on residues. • Residual complexes and their construction.

• Connection between the analytic and algebraic approaches. • Briançon-Skoda theorems.

• Effective computation of sums of residues.

• Application of Residue Theory to elimination theory, representation formulas and polynomial systems solving.

Invited speakers:

Reinhold HÜBL, Craig HUNEKE, Ernst KUNZ , Joseph LIPMAN

Organizers:

Marc CHARDIN, Centre de Mathématiques Ecole polytechnique F-91128 Palaiseau (France)

Mohamed ELKADI, Dept. de Mathématiques, Univ. de Nice Sophia-Antipolis, Parc Valrose, 06034 Nice (France)

Bernard MOURRAIN, INRIA, Projet SAFIR 2004, route des Lucioles F-06565 Valbonne (France) The organizers were (and are) helped in their task by the participants of two informal seminars on this subject, one in Nice and one in Paris, and by David EISENBUD and Jean- Pierre JOUANOLOU.

This workshop is supported by the Laboratoire GAGE, Ecole polytechnique (Palaiseau), the project SAFIR, (Nice Sophia-Antipolis) via the HCM programm SAC.

PROGRAMME - PROGRAM

JEUDI - THURSDAY

MATIN - MORNING 9h30 - 10h30: Amnon YEKUTIELI Adeles and the De Rham-Residue Complex 11h - 12h: Uwe STORCH Resultants for homogeneous regular sequences APRES-MIDI - AFTERNOON 14h - 14h45: Carlos BERENSTEIN On the residue formula of Jacobi and its applications 15h - 15h45: Alain YGER Integral representation formulas and multidimensional residues 16h15 - 17h: Alicia DICKENSTEIN Residues in Toric Varieties 17h15 - 18h: Marie-Francoise ROY Quadratic forms and Bezoutians

VENDREDI - FRIDAY

MATIN - MORNING 9h30 - 10h30: Craig HUNEKE Tight closure and theorems of Briancon-Skoda type 11h - 12h: Joseph LIPMAN Formal Duality, Fundamental Class, and the Residue Theorem APRES-MIDI - AFTERNOON 14h - 15h: I-Chiau HUANG An explicit construction of residual complexes 15h15 - 16h: Leovigildo ALONSO-TARRIO Formal Completion and Duality

16h30 - 17h15: Mikael PASSARE Courants résiduels et faisceaux dualisants 17h30 - 18h15: Teresa KRICK Elimination by arithmetic circuits. The duality tool

SAMEDI - SATURDAY

MATIN - MORNING 9h30 - 10h30: Ernst KUNZ Generalization of a theorem of Chasles 11h - 12h: Reinhold HÜBL Generalization of a theorem of Waring APRES-MIDI - AFTERNOON 14h -14h30: Abdellah AL AMRANI Fibrés projectifs tordus et classes de Chern 14h:45 -15h30: Salomon OFMAN Application de l’algorithme de Gelfand-Leray-Shilov aux courants-résidus 15h:30 - 16h15: Djilali BOUDIAF Interprétation des résidus composés à l’aide des courants

Interprétation des résidus composés à l’aide des courants résiduels

Djilali Boudiaf

Résumé

Soient X une variété analytique complexe de dimension n et F = {Y_1, . . ., Yp}, 1 ≤ p ≤ n, une famille ordonnée d’hypersurfaces complexes de X de réunion ~Y et d’intersection Y telle que chaque sous-famille Fi = {Y_1, . . ., Yi}, 2 ≤ i ≤ p, soit en position d’intersection complète; c’est-à-dire, dimC ∩Fi = n − i, où ∩Fi = Y_1 ∩ · · · ∩ Yi. On désigne par E^·X(∗ ~Y ) (resp.^′D^·X , ′D^·_Y ∞ ) le complexe (des faisceaux des germes) des formes semi-méromorphes sur X à pôles sur ~Y (resp. des courants sur X, à supports sur Y ) et par ΓY (X;^′D^·X ) l’ensemble des sections globales de^′D^·X à support dans Y . Suivant Herrera-Lieberman [5], pour le cas p = 1, on montre que le diagramme de cohomologie suivant est commutatif :

H^qΓ(X; E^·_X(∗ ~Y ))^{I(∗} ~Y ) −−−→_≃ H^q(X\ ~Y ; C ) R^p_F resp_F H^{q+p}Γ_Y (X;^′D^·_X )^≃−−−→_{τY} H^{q+p}_Y (X; C)

où I(∗ ~Y ) est l’isomorphisme de Grothendieck [4], τ_Y est un isomorphisme, composé de

l’isomorphisme de Poly [8]

H^{q+p}Γ_Y (X;^′D^·_X ) ≃ H_{2n−q−p}Γ_Y (X;^′D_{·,X} ) −→ H_{2n−q−p}(Y ; C)

et de H_2n_−q_−p(Y ; C ) −→ Hq^+pY (X; C),

inverse de l’isomorphisme de dualité de Poincaré ∩[X] obtenu par cap-produit par la classe fondamentale de X, Rp_F est l’homomorphisme résiduel défini dans [1] à partir de l’opérateur de Coleff-Herrera Rp_F : EqX(∗ ~Y ) −→^′Dq^+pY_∞ [2] et enfin resp_F est l’homomorphisme résidu

composé défini par Poly [9] à partir de travaux de Sorani [10]. C’est la généralisation de

l’homomorphisme de Leray [6] et Norguet [7] : en effet, si les hypersurfaces Yj sont lisses et

en position générale alors l’homomorphisme res^p_F associe à toute classe de cohomologie [~ω] de X \ ~Y la classe (de cohomologie) p-résidu composé de Leray-Norguet notée res^p_F [~ω]. Si ω est

une forme semi-méromorphe à pôles simples sur ~Y alors la forme p-résidu composé resp_F [ω] est définie et on a la relation

R^p_F [ω] = (2πi)^pI[Y ] ∧ res^p_F [ω]

où le premier membre est le courant résiduel associé à ω et I[Y ] est le courant d’intégration de Lelong sur Y .

Références.

[1] Boudiaf D., Sur les courants résiduels, Thèse, Université Paris VI, 1992. [2] Coleff N. et Herrera M., Les courants résiduels associés à une forme méromorphe, Lecture Notes in Math., 633, Springer Verlag, 1978.

[3] Coleff N., Herrera M. et Lieberman D., Algebraic cycles as residues of meromorphic forms, Math. Ann., 254, 1980, 73–87.

[4] Grothendieck A., On the de Rham cohomology of algebraic varieties, Inst. Hautes Études Sci. Publ. Math., 29, 1966, 95–103.

[5] Herrera M. et Lieberman D., Residues and principal values on complex spaces, Math.

Ann., 194, 259–294, 1971.

[6] Leray J., Le calcul différentiel et intégral sur une variété analytique complexe (Problème de Cauchy, III), Bull. Soc. Math. France 87, 1959, 81–180.

[7] Norguet F., Introduction à la théorie cohomologique des résidus, Sém. P. Lelong (Analyse), Année 1970, Lecture Notes in Math. 205, Springer-Verlag.

[8] Poly J.-B., Formules des résidus et intersection des chaînes sous-analytiques, Thèses, Université de Poitiers, 1974.

[9] Poly J.-B., Morphismes de Mayer-Vietoris et résidus composés, (à paraître), 1972.

[10] Sorani G., Sui residui delle forme diferenziali di una varietà analitica complessa, Rend.

Mat. Appl., V, Ser. 22, 1963, 1–23.

Author’s Address:

Djilali Boudiaf Université de Poitiers, Mathématiques, 40, Avenue du Recteur Pineau, 86022 POITIERS

Residues in Toric Varieties

Eduardo Cattani, David Cox and Alicia Dickenstein

Toric residues provide a tool for the study of certain homogeneous ideals of the homogeneous coordinate ring of a toric variety —such as those appearing in the description of the Hodge structure of their hypersurfaces [BC]. They were introduced in [C2], where some of their properties were described in the special case when all of the divisors involved were linearly equivalent. The main results of the present work are: an extension of the Isomorphism Theorem of [C2] to the case of non-equivalent ample divisors, a global transformation law for toric residues, and a theorem expressing the toric residue as a sum of local (Grothendieck) residues.

Assume that X is a complete simplicial toric variety of dimension n. S denotes the homogeneous coordinate ring of X, which is the polynomial ring S = C[x_1, . . ., xn_+r]. Here, the variables xi correspond to the generators of the 1-dimensional cones in the fan which determines X, and hence to torus-invariant irreducible divisors Di of X. S is graded by declaring that the monomial Πn^+ri_{=1} xd^ii has degree [ ∑n_+r i=1 d_i D_i] in the Chow group A_{n−1}(X)

([C1]).

We let β = ∑n_+r i=1 deg(x_i) ∈ A_{n−1}(X) denote the anticanonical class on X. Then, given homogeneous polynomials Fi ∈ Sα_i for i = 0, . . ., n, we define their critical degree to be

ρ = ( ∑n i=0 α_i) − β ∈ A_{n−1}(X). Each H ∈ S_ρ determines a meromorphic n-form ω_F (H) = H Ω F_0 · · · F_n on X ([BC]).

If in addition the Fi don’t vanish simultaneously on X, then relative to the open cover

U_i = {x ∈ X : F_i(x) ≠ 0} of X, this gives a Čech class [ω_F (H)] ∈ H^n(X, Ω^n_X). The toric residue Res_F : S_ρ/⟨F_0, . . ., F_n⟩_ρ −→ C is given by the formula Res_F (H) = Tr([ω_F (H)]), where Tr : Hn(X, ΩnX) → C is the trace map.

Our first main result is the following Global Transformation Law:

Theorem 1. Let F_i ∈ S_{αi} and G_i ∈ S_{βi} for i = 0, . . ., n. Suppose

G_j = n∑ i=0 A_{ij} F_i, where A_{ij} is homogeneous of degree β_j − α_i, and assume the G_i don’t vanish simultaneously on X. Let ρ be the critical degree for F_0, . . ., F_n. Then, for each H ∈ S_ρ, H det(A_{ij}) is of the critical degree for G_0, . . ., G_n, and

Res_F (H) = Res_G(H det(A_{ij})).

The proof uses a Čech cochain argument. One application of this transformation law is that in certain cases, we can describe explicit elements of Sρ with nonzero residue. For this purpose, assume X is complete and its fan Σ contains a n-dimensional simplicial cone σ. Then denote the variables of the coordinate ring as x_1, . . ., xn, z_1, . . ., zr, where x_1, . . ., xn correspond to the 1-dimensional cones of σ. Also suppose that α_0, . . ., αn are Q-ample classes, which means that some multiple is Cartier and ample. In this situation, each Fj can be written in the form

F_j = A_{0j} z_1 · · ·z_r + n∑ i=1 A_{ij} x_i. Then the (n+1)×(n+1)-determinant Δσ = det(Aij) is in Sρ and has the following important property:

Theorem 2. Assume X is complete and σ ∈ Σ is simplicial and n-dimensional. Suppose that F_i ∈ S_{αi} for i = 0, . . ., n, where α_i is Q-ample and the F_i don’t vanish simultaneously on X. Then Res_F (Δ_σ) = ±1.

We also prove the following Residue Isomorphism Theorem:

Theorem 3. Let X be complete and simplicial, and assume that F_i ∈ S_{αi} for i = 0, . . ., n, where α_i is ample and the F_i don’t vanish simultaneously on X. Then:

(i) The toric residue map Res_F : S_ρ/⟨F_0, . . ., F_n⟩_ρ → C is an isomorphism. (ii) For each variable x_i, 0 ≤ i ≤ n + r, we have x_i · S_ρ ⊂ ⟨F_0, . . ., F_n⟩. In the case when all the αi are equal to a fixed ample divisor α, this theorem follows from the fact that F_0, . . ., Fn are a regular sequence in the Cohen-Macaulay ring S_∗α = ⊕k_{≥0}Skα [C2,§3]. In the general case, the proof relies on the use of the Cayley trick and results of Batyrev and Cox [BC] concerning the cohomology of projective hypersurfaces in toric varieties, to show that dim(S_ρ/⟨F_0, . . ., F_n⟩_ρ) = 1 when X is simplicial and the divisors Fi = 0 are ample with empty intersection. Then, the first (and main) part of the Residue Isomorphism Theorem follows immediately from Theorem 2, and the second part is a consequence of the first using Theorem 2 and Cramer’s Rule.

As a corollary of Theorems 2 and 3, we get a simple algorithm for computing toric residues in terms of normal forms.

We also show that for simplicial toric varieties, the toric residue may be computed as a sum of local Grothendieck residues. The toric setting is not essential here and, in fact, it is convenient to work with the more general notion of a V -manifold or orbifold (see [Sa]). The proof of the following local/global theorem is based on the theory of residual currents ([CH]).

Theorem 4. Let X be a complete simplicial toric variety of dimension n, and let F_0, . . ., F_n be homogeneous polynomials which don’t vanish simultaneously on X. If H ∈ S_ρ, where ρ is the critical degree and D_{k̂} = {x ∈ X : F_i(x) = 0, i ≠ k} is finite, then the toric residue is given by Res_F (H) = (−1)^k ∑ x∈D_{k̂} Res_{k,x} ( H Ω F_0 · · · F_n ) .

Note that the finiteness condition holds automatically whenever the divisor {Fk = 0} is Q-ample. Under appropriate conditions, Theorem 4 gives a framework for the study of sums of local residues —both in the affine and toric cases— as a global residue defined in a suitable toric compactification. It is possible, for example, to interpret in this light the results of [CDS] which correspond to the case when the toric variety under consideration is a weighted projective space.

Finally, we show that, in the equal degree case, the toric residue equals a single local residue at the origin of the affine cone of X. This generalizes the observation in [PS] that toric residues on Pn can be written as a residue at the origin in Cn^{+1}. * References

[BC] V. Batyrev and D. Cox, On the Hodge structure of projective hypersurfaces in toric

varieties, Duke J. Math. 75 (1994), 293–338.

[CH] N. Coleff and M. Herrera, Les Courants Residuels Associés à une Forme Meromorphe, Lecture Notes in Math. 633, Springer-Verlag, Berlin Heidelberg New York, 1978.

[C1] D. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4 (1995), 17–50.

[C2] D. Cox, Toric residues, Ark. Mat., to appear, alg-geom 9410017.

[CDS] E. Cattani, A. Dickenstein and B. Sturmfels Computing multidimensional residues, Proc. MEGA 94, Birkhäuser, to appear.

[PS] C. Peters and J. Steenbrink, Infinitesimal variation of Hodge structure and the generic

Torelli theorem for projective hypersurfaces, in Classification of Algebraic and Analytic Manifolds (K. Ueno, editor), Progress in Math. 39, Birkhäuser, Boston Basel Berlin, 1983, 399–463.

[Sa] I. Satake, On a generalization of the notion of manifolds, Proc. Nat. Acad. Sci. U.S.A.,

42 (1956), 359-363.

Author’s Address:

E. Cattani, Department of Mathematics, U. of Massachusetts, Amherst, MA 01003, U.S.A. cattani@math.umass.edu

D. Cox, Department of Mathematics, Amherst College, Amherst, MA 01002, U.S.A. dac@cs.amherst.edu

A. Dickenstein, Departamento de Matemática, F.C.E. y N., Universidad de Buenos Aires, Ciudad Universitaria, Pabellón I, 1428 Buenos Aires, Argentina. alidick@mate.dm.uba.ar.

6

Generalization of a Theorem of Waring

Reinhold Hübl

In this talk we will present results obtained jointly with E. Kunz.

In the 19^{th} century many beautiful theorems have been proved about the intersection of two plane curves. Many of these results can be obtained by rather explicit calculations, using the equations of the curves. In some cases however a proof can also be given using residues of differential forms and the residue theorem on curves as already introduced by Serre, and these proofs very often generalize to curves in higher-dimesional spaces. As an example of this method we will present a generalization of a theorem of Waring (c.f. [Co], p. 166).

Let K be a field of characteristic 0. Recall that for a zero-dimensional subscheme S ⊆ A^n_K

of degree N with support |S| = {P_1, . . ., Pr}, Pi = (ai_1, . . ., ain) the centroid Σ(S) of S is defined to be the vector sum

Σ(S) := 1 N r∑ i=1 lg(O_{S,Pi}) · (a^i_1, . . ., a^i_n) in A^n_K . For a reduced and irreducible curve Γ ⊆ A^n_K an asymptote to Γ is defined to be

a tangent AP,i(Γ) to an analytic branch Ri of the projective closure Γ at a point P ∈ Γ at infinity. The asymptote cycle A(Γ) of Γ is defined to be the formal sum over all asymptotes of Γ, counted with multiplicities. For an arbitrary curve C ⊆ A^n_K with reduced and irreducible components C_1, . . ., Ct the asymptote cycle A(C) of C is given by A(C) = t∑ i=1 lg(O_{C,Ci}) · A(C_i) In this situation we have the following higher-dimensional analogue of Waring’s theorem:

Theorem. Let C ⊆ A^n_K be a curve such that none of its asymptotes is contained in the hyperplane at infinitiy and let H ⊆ A^n_K be a hyperplane having no common points with C at infinity. Then Σ(C ∩ H) = Σ(A(C) ∩ H) This theorem is proved by expressing centroids in terms of residues, and by showing that we get the same expression if we replace C by its asymptote cycle.

As an immediate consequence of Waring’s theorem we conclude the following result which in the case of plane curves already was known to Newton.

Theorem. For a curve C as above let H run through a family of parallel hyperplanes which are not asymptotic to C. Then all centroids Σ(C ∩ H) are on a line.

Such a line is called a diameter of C. A closed point M ∈ A nK is called a center of C if it lies on all diameters. Waring’s theorem also allows a classification of those curves that have centers (in the sense defined above).

*

References [Co] Coolidge, J. L.: A treatise on algebraic plane curves. Dover Publications. New York, 1959.

[HK] Hübl, R. and E. Kunz: On the intersection of algebraic curves and hypersurfaces.

Preprint.

[Hü] Hübl, R.: Residues of regular and meromorphic differential forms. Math. Ann. 300 (1994), 605 - 628.

[KW] Kunz, E. and R. Waldi: Asymptotes and centers of affine algebraic curves. Preprint. [Se] Serre, J.P.: Groupes Algébriques et Corps de Classes. Hermann, Paris (1959).

Author’s Address:

Reinhold Hübl, Universitat Regensburg, NWF I - Mathematik, D–93040 Regensburg, (Germany). HUEBL@vax1.rz.uni-regensburg.d400.de

Tight closure and theorems of Briançon-Skoda type

Craig Huneke

A theorem of Briançon and Skoda, later generalized by Lipman and Sathaye, and still later by Lipman and Teissier, states that if R is a local ring which is a rational singularity of dimension d, then the integral closure of the dth power of an arbitrary ideal I, denoted Id, is contained in the ideal I. Recall the definition of the integral closure.

Definition Let I be an ideal of a Noetherian ring R. An element x is in the integral closure of I, I, if x satisfies an equation of the form x^k + a_1x^{k−1} + · · · + a_k = 0 where a_i ∈ I^i.

A more general version of the theorem of Lipman and Teissier states:

Theorem.. Let (R, m) be a d-dimensional local ring which is a rational singularity. Let I be any ideal of R. Then for any w ≥ 0 I^{d+w} ⊆ I^{w+1}. A tight closure version was given by Hochster and Huneke in 1990. The definition of tight closure in positive characteristic is:

Definition Let I be an ideal of R, and x ∈ R. An element x is said to be in the tight

closure of I if there exists an element c, not in any minimal prime of R, such that for all large

q = p^e, cx^q ∈ I^{[q]}, where I^{[q]} is the ideal generated by the qth powers of all elements of I. We

denote the tight closure of I by I^∗.

A definition can also be given for all Noetherian rings containing a field by using reduction to characteristic p.

The theorem of Hochster and Huneke states,

Theorem. Let R be a d-dimensional Noetherian ring containing a field. Let I be any ideal generated by n elements. For all w ≥ 0

I^{n+w} ⊆ (I^{w+1})^∗.

In particular for all ideals I of R,

I^{d+w} ⊆ (I^{w+1})^∗.

The test ideal of the ring R is the intersection of I : I^∗, where the intersection runs over all

ideals I of R. We denote the test ideal by τ(R). If R is excellent reduced and has an isolated singularity, the test ideal is either the whole ring, or is m-primary, where m is the maximal ideal of R. In general if Rc is regular, c has a power which is a test element. This leads to the following theorem for an excellent reduced local ring (R, m) of dimensional d with isolated singularity: if mt is contained in the test ideal, then for every ideal I, the integral closure of

I^{d+t} is contained in I.

Of particular interest, then, is the power t of the maximal ideal m such that mt ⊆ τ(R).

If R is graded over an algebraically closed field of characteristic 0, a conjecture is that one

can take t = a + 1, where a is the a-invariant of R, namely the highest degree of a nonzero element in the top local cohomology of R. This conjecture has been verified by Karen Smith and myself for graded rings which are complete intersections (with isolated singularity). It turns out that this conjecture is equivalent in the Gorenstein case to another conjecture which I will discuss which is in turn a generalization of the Kodaira vanishing theorem.

The talk will focus on the relationship between the Briançon-Skoda type theorems, the test ideal and theory of tight closure, and the Kodaira vanishing theorem.

Reference.

[1] I.M. Aberbach and C. Huneke, An improved Briançon-Skoda theorem with applications to

the Cohen-Macaulayness of Rees rings, Math. Ann. 297 (1993), 343–369.

[2] I.M. Aberbach and C. Huneke, A theorem of Briançon-Skoda type for regular local rings

containing a field, to appear, Proc. Amer. Math. Soc.

[3] I.M. Aberbach, C. Huneke and N.V. Trung, Reduction numbers, Briançon-Skoda theorem

and the depth of Rees rings, to appear, Compositio Math.

[4] J. Briançon and H. Skoda, Sur la clôture intégrale d’un idéal de germes de fonctions

holomorphes en un point de C^n, C. R. Acad. Sci. Paris, Sér. A, 278 (1974), 949–951.

[5] M. Hochster and C. Huneke, Tight closure, invariant theory, and the Briançon-Skoda

theorem, J. Amer. Math. Soc. 3 (1990), 31–116.

[6] C. Huneke, Uniform bounds in Noetherian rings, Invent. Math. 107 (1992), 203–223.

[7] C Huneke and K. Smith, Kodaira Vanishing and Tight Closure In preparation.

[8] J. Lipman, Adjoints of ideals in regular local rings, Math. Res. Letters 1 (1994), 1–17.

[9] J. Lipman and A. Sathaye, Jacobian ideals and a theorem of Briançon-Skoda, Michigan Math. J. 28 (1981), 199–222.

[10] J. Lipman and B. Teissier, Pseudo-rational local rings and a theorem of Briançon-Skoda

about integral closure of ideals, Michigan Math. J. 28 (1991), 97–116.

[11] I. Swanson, Joint reductions, tight closure, and the Briançon-Skoda theorem, J. Algebra 172 (1995), 721–743.

Author’s Address:

Craig Huneke, Dept. of Math. Purdue University, W. Lafayette, IN 47906, USA chuneke@math.lsa.umich.edu

Elimination by arithmetic circuits. The duality tool.

Teresa Krick

Le but de l’exposé est de décrire une méthode informatique, le circuit arithmétique, qui permet de fournir des calculs d’évaluation pour les polynômes apparaissant dans les formules de représentation lors de la résolution des systèmes polynomiaux.

Plus précisément, on traitera le problème du Théorème des Zéros Effectif et celui de l’appartenance et la représentation pour des intersections complètes dans l’anneau de polynômes K[X_1, . . ., X_n] : Soit I = (f_1, . . ., f_s) ⊆ K[X_1, . . ., X_n] un idéal dont la variété des zéros dans la clôture algébrique de K est vide (resp. de dimension pure n − s, et dans ce cas soit f ∈ I). Posons d := max{deg f_i (, deg f)}.

Alors il existe un circuit arithmétique de taille sd^{O(n)} et de profondeur O(n log d) qui permet d’évaluer des polynômes a_1, . . ., a_s ∈ K[X_1, . . ., X_n] vérifiant :

1 = a_1f_1 + . . . + a_sf_s (resp. f = a_1f_1 + . . . + a_sf_s) Ce résultat permet de fournir dans le cas de l’appartenance à une intersection complète la borne optimale d^{O(n)} pour les degrés des polynômes a_1, . . ., a_s et de retrouver cette même borne pour le Nullstellensatz (due initialement à Brownawell, Caniglia-Galligo- Heintz et Kollár).

Si de plus les polynômes {f_1, . . ., f_s} sont à coefficients entiers rationnels, on retrouve également pour le Nullstellensatz les résultats sur la hauteur des polynômes (rationnels) a_1, . . ., a_s de Berenstein-Yger, et on obtient (simultanément à Elkadi) le même type de bornes pour l’appartenance à une intersection complète : si H majore tous les coefficients des polynômes f_i et f (en valeur absolue), alors H^{dO(n)} majore numérateurs et dénominateurs de tous les coefficients des g_i.

Les calculs d’évaluation avaient été appliqués dans le cadre de l’élimination dès 1977 par Heintz, Morgenstern, Schnorr, Sieveking et d’autres. Ils ont ensuite été repris par les deux premiers, Giusti et le groupe Fitchas pour les questions ci-dessus.

Dans notre contexte, c’est l’outil de la dualité (la trace) et celui de l’évitation des divisions de Strassen qui, se prêtant bien à une traduction “circuit arithmétique", entraîne les résultats mentionnés.

On se propose aussi de discuter la possibilité d’obtenir, grâce à cette même philosophie, des résultats d’un ordre complètement nouveau pour les deux problèmes considérés : on se place maintenant dans le cadre d’une suite régulière f_1, . . ., fr et éventuellement fr_{+1} non diviseur de zéro modulo (f_1, . . ., fr). Les entrées fi (et f ) sont représentées, de même que le seront les sorties gi, par des circuits arithmétiques permettant de les évaluer. Les paramètres mesurant l’entrée sont d, n, la taille et la profondeur du circuit permettant d’évaluer l’entrée et les degrés géométriques affines des variétés définies par les polynômes f_1, . . ., fi (1 ≤ i ≤ r). Dans ces conditions les taille et profondeur du circuit permettant de fournir les calculs d’évaluation des polynômes gi sont maintenant polynomiales en tous les paramètres considérés ! (Notons que ceci est impossible si l’on donne l’entrée et la sortie par représentation dense, et aussi semblerait-il —selon une borne inférieure de Heintz-Morgenstern— si on utilise les circuits arithmétiques mais on n’introduit pas le degré géométrique en tant que paramètre de mesure de l’entrée). Une conséquence de ce fait est que les degrés des polynômes gi est polynomial en d, n et les degrés géométriques affines des variétés définies par f_1, . . ., fi. Ceci est un travail en cours de Fitchas et Giusti.

Des majorations pour les degrés de même type, polynomiales en tous les paramètres considérés, peuvent également être obtenues pour les degrés des générateurs du radical d’un idéal polynomial décrit par une suite régulière (sous certaines conditions) comme le montre un résultat récent d’Armendariz et Solernó.

Elimination by arithmetic circuits. The duality tool.

The aim of the talk is to describe a computational method, the arithmetic circuit (or straight line program) which allows one to evaluate certain representations of polynomials which appear when one solves polynomial systems. Roughly speaking, a division-free non-scalar

straight line program is a division-free algorithm which computes the evaluation of a multivariate polynomial f ∈ K[X_1, . . ., Xn] at any point in Kn, introducing if necessary some auxiliary fixed constants of K. The size of the algorithm is measured by taking K-linear operations for free, and its depth is the maximal number of intermediate polynomials recursively linked (see [5]). We’ll consider here the effective Nullstellensatz and the member-

ship and representation problems within complete intersection ideals in the polynomial ring

K[X_1, . . ., X_n], where K is a field of characteristic zero:

Let I = (f_1, . . ., f_s) ⊆ K[X_1, . . ., X_n] be an ideal which defines the empty variety over the algebraic closure of K (resp. of pure dimension n-s, and in this case, let f ∈ I). Set d := max{deg f_i} (resp. d := max{deg f_i, deg f)}).

Under these conditions there exists a straight line program of size sd^{O(n)} and depth O(n log d) which computes the evaluation of polynomials a_1, . . ., a_s ∈ K[X_1, . . ., X_n] satisfying:

1 = a_1f_1 + . . . + a_sf_s (resp. f = a_1f_1 + . . . + a_sf_s).

This result ([4]) allows one to obtain the optimal bound d^{O(n)} for the degrees of the polynomials a_1, . . ., a_s in the membership problem for complete intersections, and to recover this same bound for the Nullstellensatz (initially due to Brownawell, Caniglia- Galligo-Heintz and Kollár).

Moreover, when the polynomials f_1, . . ., f_s (and f) have integer coefficients, one also recovers for the Nullstellensatz the bounds for the heights of the (rational) polynomials a_1, . . ., a_s due to Berenstein-Yger ([2]), and gets —simultaneous to Elkadi’s result ([3])— the same type of bound for the membership problem for a complete intersection: if H bounds from above the absolute value of all the coefficients of the polynomials f_i (and f), then H^{dO(n)} bounds the numerators and denominators of all the coefficients of the a_i ([10]).

These evaluation programs had been applied in the elimination framework around 1977 by Heintz, Morgenstern, Schnorr, Sieveking and others. They have been reconsidered more recently for the questions stated above by the first two researchers, Giusti and the Fitchas group (see [6,8,4,9,10,7]). In our context, it is the trace duality tool ([11]) and the avoidance

of divisions of Strassen ([13]) which, admitting a nice straight line program “translation", produces the results mentioned here.

Also, we would like to discuss the possibility of applying the same philosophy and obtaining results of a completely new style for the same two questions: Assume that f_1, . . ., fr form

a regular sequence (r ≤ n) and that fr_{+1} is not a zero-divisor modulo (f_1, . . ., fr). Moreover, suppose that the ideals (f_1, . . ., fi) are reduced for 1 ≤ i ≤ r. We consider the Nullstellensatz for (f_1, . . ., fr_{+1}) or the membership of f in (f_1, . . ., fr_{+1}). The inputs f_1, . . ., fr_{+1} (and eventually f ) will be given no longer by their dense representation but by straight line programs. The output will also be a straight line program which computes a_1, . . ., ar_{+1}. The parameters measuring the input are d, n, the size (and the depth) of the straight line program producing the input and the affine geometric degrees of the varieties defined by (f_1, . . ., fi) for 1 ≤ i ≤ r. Under these conditions, the size (and depth) of the straight line program producing the output a_1, . . ., ar_{+1} is polynomial in all the aforementioned parameters! (Note that this is impossible if the input and output are given in the dense representation, and also, it seems —due to a lower bound by Heintz-Morgenstern ([9])— if one considers straight line programs but does not introduce the geometric degrees as a parameter measuring the input.) This is work in progress by Fitchas-Giusti. A consequence of this fact is that the degrees of the

polynomials ai are polynomial in d, n and the degrees of the varieties defined by (f_1, . . ., fi), as it implicitly appears in [12].

Upper bounds of the same type, polynomial in all the aforementioned parameters, can also be obtained for the degrees of the generators of the radical of a polynomial ideal described by a regular sequence (under certain conditions) as shown in a recent result by Armendariz- Solernó ([1]).

References

[1] I.Armendariz, P.Solernó: On the computation of the radical of complete intersection polynomial ideals, to appear in Proc. AAECC-11, Paris 1995.

[2] C.Berenstein, A.Yger: Effective Bezout identities in Q[z_1, . . ., zn], Acta Math., 166 (1991) 69-120.

[3] M.Elkadi: Bornes pour le degré et les hauteurs dans le problème de division, Michigan Math. J. (1993).

[4] N.Fitchas, M.Giusti, F.Smietanski: Sur la complexité du théorème des zéros, Proc. 2nd Int. Conf. on Approximation and Optimization, La Habana (1993) (to appear). [5] J.von zur Gathen: Parallel arithmetic computations: a survey, Proc. 13th. Symp. MFCS, Springer LN Comput. Sci. 233 (1986) 93-112.

[6] M.Giusti, J.Heintz: La détermination des points isolés et de la dimension d’une variété algébrique peut se faire en temps simplement polynomial, Proc. Int. Meeting on Commutative Algebra, Cortona (1991).

[7] M.Giusti, J.Heintz, J.Morais, L.Pardo: When polynomial equation systems can be “solved" fast? to appear in Proc. AAECC-11, Paris 1995.

[8] M.Giusti, J.Heintz, J.Sabia: On the efficiency of effective Nullstellensätze, Computational Complexity 3 (1993) 56-95.

[9] J.Heintz, J.Morgenstern: On the intrinsic complexity of elimination theory, J. of Complexity 9 (1993) 471-498.

[10] T.Krick, L.Pardo: A computational method for diophantine approximation, Proc. Effective Methods in Algebraic Geometry, Santander 1994 (to appear).

[11] E.Kunz: Kähler Differentials, Advanced Lectures in Mathematics, Vieweg Verlag, 1986. [12] J.Sabia, P.Solernó: Bounds for traces in complete intersections and degrees in the Nullstellensatz, AAECC Journal, (to appear).

[13] V.Strassen: Vermeidung von Divisionen, Crelle J. Reine Angew. Math 264 (1973) 184- 202.

Author’s Address:

Teresa Krick, Département de Mathématiques, Faculté des Sciences de Limoges 123 Av. Albert Thomas, F-87060 Limoges, (France) (/Univ. Buenos Aires) krick@marie.polytechnique.fr

Generalization of a theorem of Chasles

Ernst Kunz

(Joint work with R.Waldi)

Let Z =^r ∑ i=1 ν_i[P_i] be an effective 0–cycle in A^n_K (i.e. ν_i ∈ N_+, P_i = (a^i_1, . . ., a^i_n) ∈ A^n_K

closed points). Assume Char K = 0 and let N := r∑ i=1 ν_i be the degree of Z. The vector sum

Σ(Z) := 1 N r∑ i=1 ν_i · (a^i_1, . . ., a^i_n) ∈ A^n_K

is called the centroid of Z.

Let C ⊂ A^2_K be a smooth curve of degree d > 0 which has d distinct points at infinity. Let L be the linear system of lines parallel to a given line not asymptotic to C and let Z_L := Σμ_P [P ] where P ∈ C are the points with tangents T_P (C) belonging to L and μ_P + 1 = μ_P (C, T_P (C)) (intersection multiplicity). The theorem of Chasles states that the centroid Σ(Z_L) is independent of L (see [T] and [C], p.167). It is called the tangential center of C.

The theorem is a corollary of the residue theorem as stated in [K]. In fact, if C is the zero-set of a polynomial F ∈ K[X_1, X_2] of degree d, then Σ(ZL) turns out to be the centroid of the critical scheme Spec(K[X_1, X_2]/( ∂F∂X_1 , ∂F∂X_2 )).

The theorem be generalized to reduced curves in higher dimensional affine spaces and systems L of parallel hyperplanes if the curve is not the union of pairwise disjoint lines. The system L defines a noetherian normalization K[x] ⊂ K[C] and ZL is the cycle on C defined by the Dedekind different of K[C]/K[x]. Again Σ(ZL) is independent of L. Our proof is by generic projection to the plane.

If the curve is a union of pairwise disjoint lines there is obviously no tangential center. * References

[C] J.L. Coolidge, A Treatise on Algebraic Plane Curves Dover Publications. New York 1959

[K] E. Kunz, Über den n–dimensionalen Residuensatz, J.ber. d. DMV 94 (1992), 170-188

[KW] E. Kunz and R. Waldi, Generalization of a Theorem of Chasles (Preprint)

[T] A. Terquem, Démonstration du théoréme de M.Chasles sur les tangents paralléles et

les plans tangents paralléles; point de moyenne distance.

Nouvelles Ann. Math. IV, Paris 1845, 153-156, 178-185

Author’s Address:

Ernst KUNZ, Universität Regensburg, NWF I - Mathematik, D–93040 Regensburg, KUNZ@vax1.rz.uni-regensburg.d400.de

Formal Duality, Fundamental Class, and the Residue Theorem

Joseph Lipman^1

Grothendieck Duality is based on the existence for certain proper scheme maps f X → Y of a right adjoint f^! of the derived functor Rf_∗—or at least of its restriction to complexes with quasi-coherent homology—and the compatibility of f^! with flat base change. The Grothendieck residue arose as a localized aspect of the adjunction map ∫ f Rf_∗f^! → 1 [H1][p. 195–199]. Approaching (local) residues via (global) duality, while ultimately essential to a full understanding, is rather indirect and abstract, crying out for down-to-earth commutative-algebra constructions. Over the past twenty five years several such treatments of residues and their relationships have been worked out, in terms of differential forms, or Hochschild homology, or topological local fields, ... and associated trace maps, see e.g., [HK1], [Y], [S], and their references.

In [HK1] Hübl and Kunz consider certain equidimensional ring maps R → S together with

an S-ideal J such that S/J is finite over R. Under their assumptions, there is a finitely gener-

ated module ωS/R consisting of meromorphic differential d-forms of S/R (d=fibre dimension), the module of regular differential d-forms, implicit in Grothendieck’s duality theory, but first explicated by Kunz (see [KW]). At primes where S/R is smooth, e.g., ωS/R coincides with the relative holomorphic differentials ΩdS/R. Hübl and Kunz define, concretely, a residue symbol, and also a local integral ∫ S/R,J : H d J (ω_{S/R}) → R given, roughly, by fibrewise summation of residues (see [HK][3.7]). [HK][3.4] gives the following version of Local Duality (where ^ denotes J-adic completion): The pair (ω̂S/R ,

∫_^

S/R,JŜ) represents the functor HomR(H d J (E), R) of Ŝ-modules E.

They then globalize, considering a finite-type map f X → Y of e.g., reduced excellent noetherian schemes, with f generically smooth and equidimensional of fibre-dimension d, together with a closed subscheme Z ⊂ X finite over Y , whose inverse image over any affine open subset, say U = Spec(R), is contained in an affine open subset of f^{−1}U , say V = Spec(S). The regular differentials glue together into a coherent sheaf ω_f on X whose module of sections over any such V is ωS/R. There is then a unique map ∫ f,Z : R^d_Zf_∗ω_f → O_Y which over any affine U is the sheafification of ∫ S/R,J , where S and R are as just stated and J ⊂ S is a defining ideal of Z ∩ V . (Here RdZf_∗ , the relative local cohomology supported in Z, is a derived functor of f_∗ΓZ , ΓZ being the sheafified functor of sections with support in Z.) These maps behave functorially with respect to inclusions Z ⊂ Z^′.

The basic local-global relationship is summarized in the Residue Theorem2, which for

proper f , asserts the existence of a canonical map ∫ d f R^df_∗ω_f → O_Y such that:

(i) The corresponding map (via duality) ωf → H^−df^!OY is an isomorphism, (i.e., (ωf , ∫ d f ) represents the functor Hom(Rdf_∗E, OY ) of quasi-coherent OX -modules E);

(ii) The composition of ∫ d f with R d Zf_∗ω^{nat′l}−→ R^df_∗ω (any Z as above) is ∫ f,Z . 1Partially supported by the National Security Agency.

2stated at several levels of generality in various places in the literature, a recent one—including references to others—being [HS].

Thus we have, via differentials and residues, a canonical realization of, and compatibility between, local and global duality.

In the talk, we will outline new proofs of the two parts of the Residue Theorem. For (ii), going from concrete back to abstract, we replace ωf by H^−df^!OY (thereby begging the question of (i)) and ∫ f,Z by the homology of a more general, but abstract, formal integral, i.e., a map of the form Rf_∗f^! → 1 where f is now a proper map of formal noetherian schemes, with respect to which a generalized version of Grothendieck Duality obtains.

This Formal Duality theorem contains, e.g., formal duality à la Hartshorne [H2][p. 48], and a related local-global duality theorem of [L1][p. 188] which includes the classical local duality theorem. Modulo (i), the central Theorem 10.2 in [L2][p.87] and the above Local Duality are also special cases. Formal Duality turns (ii) into a simple statement about functoriality of the formal integral (with respect to the canonical map from the formal completion of X along Z to X itself).

As for (i), one can formalize the above Local Duality to see that the concrete and abstract integrals both provide representations of the same functor; and so deduce the existence of a

local isomorphism ω_{S/R} −→^∼ H^{−d}f^!O_Y |_V (see above). The remaining question is: Does this local isomorphism comes from a global one?

In [HS], the question is answered affirmatively by means of a fairly complex pasting argument (generalizing [L2][§§6,9], where Y is the Spec of a perfect field), reducing ultimately via Zariski’s Main Theorem and traces to the case X = PdY , which is treated in [HK2].

We will indicate a more direct approach. The basic relation of holomorphic differential

d-forms to f^! is encapsulated in a canonical derived category map

C_f Ω^d_f → f^!O_Y ,

the fundamental class of f . For smooth f , C_f is a well-known isomorphism [V][p. 397,

Thm. 3]). The characteristic 0 case (with singularities) was studied by Angéniol and El Zein [AE] by means of a theorem of Bott on Grassmannians. We will define Cf quite generally via simple derived-category formalism; and state a “trace property" relating Cf_∘g and

C_f (g X^′ → X a finite map), which should provide an answer to the preceding question. * References

[AE] B. Angéniol and F. Elzein, Complexe dualisant et applications à la classe fondamentale d’un cycle, Bull. Soc. Math. France, Mémoire 58, 1978, 67–92.

[H1] R. Hartshorne, Residues and Duality, Lecture Notes in Math., no. 20, Springer-Verlag New York, 1966.

[H2] ——, On the de Rham cohomology of algebraic varieties, Publications Math. IHES 45, 1976, 5–99.

[HK1] R. Hübl and E. Kunz, Integration of differential forms on schemes, J. reine angew.

Math. 410, 1990, 53–83.

[HK2] ——, Regular differential forms and duality for projective morphisms, J. reine angew.

Math. 410, 1990, 84–108.

[HS] R. Hübl and P. Sastry , Regular differential forms and relative duality , American J.

Math. 115, 1993, 749–787.

[KW] E. Kunz and R. Waldi , Regular Differential Forms , Contemporary Math., v. 79 , American Math. Society Providence, 1988.

[L1] J. Lipman, Desingularization of two-dimensional schemes, Annals of Math. 107, 1978, 151–207.

[L2] ——, Dualizing sheaves, Differentials, and Residues on Algebraic Varieties, Astérisque, vol. 117, Soc. Math. de France, 1984.

[S] P. Sastry, Residues and duality on algebraic schemes, Compositio Math. (to appear).

[V] J.-L. Verdier , Base change for twisted inverse image of coherent sheaves , Algebraic Geometry (Bombay, 1968), 393–408, Oxford Univ. Press London, 1969.

[Y] A. Yekutieli, An Explicit Construction of the Grothendieck Residue Complex, Astérisque, vol. 208, Soc. Math. de France, 1992.

Author’s Address:

Joseph Lipman, Dept. of Mathematics, Purdue University, W. Lafayette IN 47907, USA, lipman@math.purdue.edu

20

ALGORITHME DE GELFAND-LERAY-SHILOV ET COURANTS-RÉSIDUS

Salomon Ofman

(RÉSUMÉ)

La théorie des résidus a son origine dans les travaux de Cauchy et surtout pour le multirésidu chez Poincaré. Une théorie satisfaisante basée sur la dualité est donnée par J. Leray dans [L] dont l’aspect cohomologique a été montrée par F. Norguet [N] ; cependant, cette situation est essentiellement formulée dans le cadre des formes semi-méromorphes d’ensemble polaire réunion d’hypersurfaces lisses. Une généralisation de cette théorie au cas des formes semi-méromorphes quelconques est faite par F. Coleff et N. Herrera avec les courants-résidus. Cependant, alors qu’on a un algorithme simple pour calculer le résidu dans le cadre de la théorie de Leray (c’est l’algorithme de Gelfand-Leray-Shilov ou G.L.S.), cela est beaucoup moins aisé dans celui de Coleff-Herrera. C’est une motivation pour étudier la dépendance du résidu en fonction d’un paramètre afin de ramener certains problèmes sur les courants-résidus à des problèmes de résidus cohomologiques.

Cependant, cette dépendance n’est certainement pas “continue” comme le met en évidence l’exemple très simple ci-dessous en une variable :

Soit D (respectivement ∂) le disque unité (respectivement le cercle unité) de C, 1 la fonction égale à 1 dans C ; si ϕ est une forme semi-méromorphe dans D d’ensemble polaire

C, soit Res_C ϕ le courant-résidu au sens de Coleff-Herrera. Pour tout t ∈ D — {0}, on a en posant Ct = {−t, t} (1/2iπ)⟨Res_{Ct}z̄dz/(z^2 − t), 1⟩ ∈ ∂ tandis que (1/2iπ)⟨Res_{{0}}z̄dz/z^2, 1⟩ = 0. Par contre en utilisant le théorème de Stockes pour les ensemble semi-analytiques, on a (cf. [O])

Théorème 1. Soit ψ une forme différentielle d-fermée de dimension p dans une variété analytique Y , F_T = (f_{1,t1}, . . ., f_{p,tp}) une famille de p-uples de fonctions méromorphes d’ensembles polaires respectifs C_T = (c_{1,t1}, . . ., c_{p,tp}) ; si lorsque T tend vers 0 la famille F_T converge (dans un sens naturel) vers le p-uple F , on a lim_{T →0} Res_{FT} [ψ/F_T ] = Res_F [ψ/F ].

En utilisant les propriétés fondamentales des courants-résidus des formes semi-méromorphes on peut, pour certains calculs, se ramener par des tronquages adéquats au cas du théorème précédent puis à celui des résidus cohomologiques de Leray. L’algorithme G.L.S. donne alors une formule explicite pour l’obtention du résidu ((2iπ)^p/K!) ∫ c_1∩...∩cp ρ∂^{|K|}ψ/∂u^{k1}_1 · · ·∂u^{kp}_p = ⟨Res_F [dU ∧ ψ/U^{K+}1], ρ⟩

où 1 désigne le p-uple formé de 1, ui = 0 une équation minimale de ci (i = 1, . . ., p),

U = (u_1, . . ., u_p) et ρ une fonction C^∞ à support compact.

Un exemple d’application est une démonstration très simple et une généralisation de la formule de transformation (cf. [D]) sous des hypothèses convenables (essentiellement les ensembles d’annulation des fonctions fi forment une intersection complète) : soit alors ψ une forme différentielle C^∞ dans une variété analytique complexe Y , F = (f_1, . . ., fp) et

G = (g_1, . . ., g_p) deux p-uples de fonctions méromorphes sur Y avec G = M · F où M est une

matrice de fonctions holomorphes

Théorème 2. Pour tout p-uple d’entiers I on a Res_G[ψ/G^I] = ( ∑ p≤|L|≤|I| Res_F [C(detM, K, L)ψ/F^L])

les C(detM, K, L) étant des “constantes” convenables (qui dans le cas lisse sont celles intervenant dans la formule de changement de variables des dérivations de fonctions).

Un cas particulier de cette égalité est utilisé dans [O] pour la construction de la transformation de Radon générale sur les cycles analytiques les variétés analytiques.

PETIT GLOSSAIRE

Admissible (trajectoire) : c’est une fonction δ défini sur un voisinage de 0 ∈ R> à valeurs dans (R>)p vérifiant, lorsque ε tant vers 0, δp(ε) = 0 et δi(ε) converge vers 0 plus vite que toute puissance de δi_{+1}(ε) (i ∈ {1, . . ., p − 1}).

Courant-résidu : soit ϕ une forme différentielle semi-méromorphe dans un polydisque

D ⊂ C^n d’ensemble polaire contenu dans la réunion des hypersurfaces c_1, . . ., c_p d’équations

respectives ui = 0. Pour toute forme différentielle C^∞ à support compact ρ et toute trajectoire admissible δ la limite ∫_p ⋂ i=1 {z;|ui(z)|=δi(ε)} [ϕ ∧ ρ] notée ⟨Res_U ϕ, ρ⟩ (ou encore ⟨Res_Cϕ, ρ⟩) existe lorsque ε tend vers 0, est indépendant du choix des équations ui et dépend continûment

de ρ (U et C désignant respectivement les p-uples (u_1, . . ., u_p) et (c_1, . . ., c_p)). Ainsi Res_U ϕ

définit un courant-résidu sur D et par partition de l’unité, on peut les définir sur toute variété analytique.

Dimension (d’une forme) : si ψ est une forme différentielle de degré k sur une variété Y , sa dimension est dim Y − k.

Semi-méromorphe (forme) : une forme différentielle est semi-méromorphe si elle s’écrit localement comme quotient d’une forme C^∞ par une fonction holomorphe.

GELFAND-LERAY-SHILOV ALGORITHM AND RESIDUES-CURRENTS

(ABSTRACT)

The origins of the theory of residues are in Cauchy’s works and especially for multiresidues in Poincaré’s. A satisfactory theory based on duality was given by J. Leray [L] and the cohomological aspect was shown by F. Norguet [N] ; nevertheless, this situation is essentially formulated for semi-meromorphic differential forms whose polar set have smooth irreducible parts. The generalization to any semi-meromorphic forms was done by F. Coleff and N. Herrera with the residues-currents. But, whereas we have a convenient algorithm to compute the residues inside Leray’s theory (the so-called Gelfand-Leray-Shilov or G.L.S. algorithm), this is much less easy for the Colefff-Herrera’s one. This is a motivation to study how the residues are depending of a parameter in order to solve some problems on the residues-currents using the tools of cohomological residues.

However this dependence is not “continuous” as we can see in the very simple following example in one variable :

Let D (resp. ∂) be the unit disk (resp. the unit circle) in C, 1 the function equals to 1 in C and C_t = {−t, t}. For any t ∈ D — {0}, we obtain (1/2iπ)⟨Res_{Ct}z̄dz/(z^2 − t), 1⟩ ∈ ∂ whereas (1/2iπ)⟨Res_{{0}}z̄dz/z^2, 1⟩ = 0. Let Y an analytic manifold of dimension Y and ψ a d-closed differential of dimension p in Y . Using Stockes’ theorem for semi-analytic sets we have however (cf. [O]) Theorem 1. Let F_T = (f_{1,t1}, . . ., f_{p,tp}) a p-uples family of meromorphic functions of respective polar sets C_T = (c_{1,t1}, . . ., c_{p,tp}) ; if lim_{T →0} F_T = F (in a natural way), we have lim_{T →0} Res_{FT} [ψ/F_T ] = Res_F [ψ/F ].

Using some fundamental properties of the residues-currents and appropriate truncating, it is possible reduce some problems to the case of the previous theorem and then to the one of Leray’s cohomological residues. Then the G.L.S. algorithm gives an explicit formula to obtain the residu : ((2iπ)^p/K!) ∫ c_1∩...∩cp ρ∂^{|K|}ψ/∂u^{k1}_1 · · ·∂u^{kp}_p = ⟨Res_F [dU ∧ ψ/U^{K+}1], ρ⟩

where 1 is the p-uple 1, . . ., p, ui = 0 a minimal equation of ci (i = 1, . . ., p), U = (u_1, . . ., up)

and ρ a function C^∞ with compact support.

An application is a very simple demonstration and generalization of the transform formula (cf. [D]) under some suitable (essentially the zero sets of the functions fi is a complete intersection) : Let F = (f_1, . . ., fp) and G = (g_1, . . ., gp) be two p-uples of meromorphic functions in Y and G = M · F where M is a matrix of holomorphic functions in Y

Theorem 2. For any p-uple of integers I we have Res_G[ψ/G^I] = ( ∑ p≤|L|≤|I| Res_F [C(detM, K, L)ψ/F^L]) where the C(detM, K, L) are suitable “constants” (in the smooth case they are the ones appearing in the formula of change of variables for the derivatives of functions).

A particular case of this equality is used in [O] for the construction of the Radon transformation for the analytic cycles of analytic manifolds.

SMALL GLOSSARY

Admissible (trajectory) : it is an function δ defined in a neighborhood of 0 ∈ R> with values in (R>)p such that when ε tends to 0, δp(ε) = 0 and δi(ε) tends to 0 faster than any power of δi_{+1}(ε) (i ∈ {1, . . ., p − 1}).

Residu-current : Let ϕ be a semi-meromorphic differential form in the polydisc D ⊂ Cn of polar set contained in the union of hypersurfaces c_1, . . ., cp of respective equations ui = 0. For any C^∞ differential form ρ with compact support and any admissible trajectory δ, the limit ∫_p ⋂ i=1 {z;|ui(z)|=δi(ε)} [ϕ ∧ ρ] denoted by ⟨Res_U ϕ, ρ⟩ (or ⟨Res_Cϕ, ρ⟩) exists when ε tends to

0, does not depend of the choice of the equations u_i and depends continuously of ρ (U and C are respectively the p-uples (u_1, . . ., u_p) and (c_1, . . ., c_p)). Then Res_U ϕ defines a current on D the residu-current ; by a partition of the unity, we can define them on any analytic

manifold.

Dimension (of a form) : if ψ is a differential form of degree k on Y , its dimension is dim Y − k.

Semi-meromorphic (form) : a differential form is semi-meromorphic if it is locally a quotient of a C^∞ form by an holomorphic function.

QUELQUES RÉFÉRENCES BIBLIOGRAPHIQUES

[C-H] N. Coleff-M. Herrera, Les Courants Résiduels Associés à une Forme Méromorphe, Lect. Notes in Math., 633, Springer Verlag, 1978

[D-S] A. Dickenstein-C. Sessa, Résidus de formes méromorphes et cohomologie modérée,

Géométrie Complexe, F. Norguet-S. Ofman-J.J. Szczeciniarz ed., Actualités scientifiques et

industrielles, Hermann, 1995, à paraître

[L] J. Leray, Le calcul différentiel et intégral sur une variété analytique complexe, problème de Cauchy III, Bull. Soc. Math. France, 87, 81-180, 1959

[N] F. Norguet, Sur la théorie des résidus, C.R.A.S., 248, 2057-2059, 1959 [O] S. Ofman, La transformation de Radon Analytique en dimension quelconque, Preprint

Université Paris 7, 84, 1994, à paraître

Author’s Address:

Salomon OFMAN, 39, rue de la Glacière, 75013 Paris, France.

ofman@mathp7.jussieu.fr

Quadratic forms and Bezoutians

Marie-Françoise Roy

In the univariate situation, quadratic forms based on Bezoutians and residues can be defined and their signatures are the Cauchy indices of rational functions. Hermite quadratic form counting the number of real roots can be recovered this way. The multivariate situation is as follows. Multivariate Bezoutians and residues give in the complete intersection case a general construction of quadratic forms. Their signature give interesting informations in some particular cases: topological degree (Eisenbud-Levin’s results), real root counting (Hermite method). The general case is not clearly understood yet and we do not know what is the multivariate generalization of the Cauchy index.

From a computational point of view, the quadratic forms so obtained have small coefficients (using dual basis shortens the data). In general Bezoutians and residues have been shown useful in order to control the size of coefficients in several important problems of computer algebra and a better knowledge of the algebraic approach should help us to understand these phenomena more deeply. * References

[1] V. I. Arnold, A. N. Varchenko, S. M. Gusein- Zade: Singularities of differen-

tiable maps. Vol.2. Birkhäuser,1988.

[2] Becker E., Cardinal J.P., Roy M.F., and Szafraniec Z. Multivariate Be-

zoutians, Kronecker symbol and Eisenbud-Levin formula. In Effective Methods in Al-

gebraic Geometry (MEGA), Progress in Math. Birkhäuser, 1994. To appear. .

[3] Cardinal J.-P.: Dualité et algorithmes itératifs pour la solution des systèmes polyno-

miaux. Thèse, Université de Rennes I. (1993).

[4] Eisenbud D., Levine H. I. An algebraic formula for the degree of a C^∞ map germ.

Annals of Mathematics, 106 (1977), 19-44.

[5] G. M. Khimshiashvili.On the local degree of a smooth map. Soobshch. Akad. Nauk

Gruz. SSR, 85(1977), 309- 311 (in Russian).

[6] Kreuzer, M. and Kunz, E.: Traces in strict Frobenius algebras and strict complete

intersections, J. reine angew. Math. 381 (1987), 181–204.

[7] Kunz, E.: Kähler differentials. Vieweg advanced lecture in Mathematics. Braun-

schweig, Wiesbaden 1986.

[8] Kunz, E.: Über den n–dimensionalen Residuensatz, Jahresbericht der Deutschen

Mathematiker–Vereinigung 94 (1972), 170–188.

[9] Roy, M.-F.: Basic algorithms in real algebraic geometry: From Sturm theorem to the

existential theory of reals . De Greuter, to appear.

[10] Scheja, G. and Storch, U.: Über Spurfunktionen bei vollständigen Durchschnitten, J. reine angew. Math. 278/279 (1975), 174–190.

[11] Scheja, G. and Storch, U.: Quasi– Frobenius–Algebren und lokal vollständige

Durchschnitte, manuscripta math. 19 (1976), 75–104.

[12] Scheja, G. and Storch, U.: Residuen bei vollständigen Durchschnitten, Math.

Nachr. 91 (1979), 157–170.

Author’s Address:

Marie-Francoise ROY, RMAR , Universiti de Rennes I, 35042 Rennes CEDEX, (France)

costeroy@univ-rennes1.fr

Formal completion and duality

Leovigildo Alonso Tarrío

In this talk we will explain the results in [AJL] and some consequences for the algebraic theory of residues.

Let X be a noetherian separated scheme. Let D(X) be the derived category of the

category of sheaves of modules over X and Dqc(X) the full subcategory of complexes with quasi-coherent homology. For any closed subscheme Z of X, we can consider the endofunctors of OX −Mod defined over the objects by

Γ ′ZF = lim_→ n>0 Hom(O_X /I^n, F) and ΛZ F = lim_← n>0 O_X /I^n ⊗ F, where I is a coherent OX −ideal such that Z is the support of OX /I.

The functor Γ^′Z is a left exact subfunctor of ΓZ, and it can be derived on the right using injective resolutions. Moreover the natural map RΓ^′ZF → RΓZF is an isomorphism if F ∈ Dqc(X). The functor ΛZ is not right exact, but it has a left derived functor LΛZ : D_{qc}(X) → D(X) describable via quasi-coherent flat resolutions.

This two operations are related by an adjunction formula RHom(RΓ^′_ZE, F) ≃ RHom(E, LΛ_Z F) (E ∈ D(X), F ∈ D_{qc}(X)), which is a sheafified derived-category version of [GM, Thm. 2.5]. (We note that this is proved in [AJL] for a general quasi-compact separated scheme X with a mild restriction over Z.) The proof reduces to the case E = OX , establishing an isomorphism between RHom(RΓ_Z O_X , −)—whose homology can be called local homology—and LΛ_Z , as functors from Dqc(X) to D(X).

Some consequences of this result are local duality as in [Gr, p. 85, Thm. 6.3] and [H1, p. 280, cor. 6.5], a more general local-global duality [L1, Theorem in p. 188], and Hartshorne’s

affine duality in [H2, p. 152, Thm. 4.1].

Furthermore, when F ∈ D^+c (Y ) (coherent homology) the previous formula becomes RHom(RΓ^′_ZE, F) ≃ κ_∗RHom(κ^∗E, κ^∗F),^∗ where κ : ^X/Z → X is the canonical map.

Let f : X → Y be a proper map of noetherian schemes, where Z and W are closed subsets of X and Y respectively such that f(Z) ⊂ W . The natural map ρ : Rf_∗RΓ_Zf^! → RΓ_W (abstract residue) obtained via the trace map of Grothendieck duality, together with (∗),

induces a functorial isomorphism κ_∗RHom(κ^∗E, κ^∗f^!F) ≃ Rf_∗RHom(Rf_∗Γ_ZE, RΓ_W F), for E ∈ Dqc(X), and F ∈ D^+c (Y ).

This isomorphism depends only on the formal completion of X (resp. Y ) with respect to

Z (resp. W ). (The underlying reason is that it is possible to establish a Grothendieck duality

theory for proper maps of noetherian formal schemes.) As an application we can recover [HK1, p. 73, Thm. 4.3] and [H3, p. 48, Prop. 5.2].

* References [AJL] L. Alonso Tarrío, A. Jeremías López and J. Lipman, Local homology and cohomology

of schemes, preprint.

[GM] J. C. P. Greenlees and J. P. May, Derived functors of I-adic completion and local

homology, J. Algebra 149 (1992), 438–83.

[Gr] R. Grothendieck (notes by R. Hartshorne), Local cohomology, Lecture Notes in Math.

41, Springer-Verlag, New York (1967).

[H1] R. Hartshorne, Residues and duality, Lecture Notes in Math. 20, Springer-Verlag, New York, 1966.

[H2] R. Hartshorne, Affine duality and cofiniteness, Inventiones Math. 9 (1970), 145–164. [H3] R. Hartshorne, On the De Rham cohomology of algebraic varieties, Publications Math.

IHES 45 (1976), 5-99.

[HK1] R. Hübl and E. Kunz, Integration of differential forms on schemes, J. Reine u. Angew.

Math. 410 (1990), 53-83.

[HK2] R. Hübl and E. Kunz, Regular differential forms and duality for projective morphisms,

J. Reine u. Angew. Math. 410 (1990), 84-108.

[L1] J. Lipman, Desingularization of two-dimensional schemes, Annals of Math. 107 (1978), pp. 151-207.

[L2] J. Lipman, Dualizing sheaves, differentials and residues on algebraic varieties, Asterisque 117 (1984), Soc. Math. France, Paris.

[L3] J. Lipman, Notes on derived categories, Preprint, Purdue University.

Author’s Address:

Leovigildo ALONSO TARRIO, Departamento de Algebra, Facultade de Matematicas, Universidade de Santiago, E-15771 Santiago de Compostela, SPAIN, lalonso@zmat.usc.es.

Adeles and the De Rham-Residue Complex

Amnon Yekutieli

Introduction

Let me begin by recalling some notions from complex geometry. These will serve as models for the algebro-geometric constructions which will follow. Let M be an n-dimensional complex manifold. On it we have the sheaf Ap,q of smooth (p, q)-forms, and the sheaf Dp,q of (p, q)- currents. By definition for any U ⊂ M open

D^{p,q}(U) := dual space of A^{n−p,n−q}_c (U).

A· is a DGA (differential graded algebra) and D· is a DG A·-module. The map A· → D·, α → (β → ∫ U α ∧ β) is a quasi-isomorphism.

Observe that A· pulls back under any morphism f : M → N and D· pushes forward when

f is proper.

De Rham-Residue Complex

This is the analog of the Dolbeault complex of currents. Suppose X is a finite type scheme over a perfect field k. The De Rham-Residue Complex appeared before in work of Hartshorne and El-Zein, under another name (the canonical, or Cousin resolution of Ω·X/k).

First consider the residue complex K·X . It has an explicit construction, which goes like this. For a point x ∈ X let OX,_(x_) := ^OX,x, the complete local ring. By the theory of Beilinson completion algebras (BCAs) there is a dual module K(OX,_(x_)). Set

K_X(x) := K(O_{X,(x)}), K·_X := ⨁ x∈X K_X(x). If (x, y) is a saturated chain of points (immediate specialization) then there is a BCA OX,_(x,y_) and a map δ_{(x,y)} : K(O_{X,(x)}) → K(O_{X,(x,y)}) → K(O_{X,(y)}). Putting δX := ∑ δ_{(x,y)} we get our complex.

Theorem 0.1 Given a differential operator (DO) D : M → N of O_X -modules, there is a

functorial DO D^∨ : N^∨ = Hom(N , K·_X) → M^∨ which is a map of complexes. Set F p,qX := Hom(Ω^−pX/k, KqX).

Corollary 0.2 F·_X is a complex, with operator D := d^∨ ± δ_X .

Theorem 0.3 If f : X → Y is proper, then there is a homomorphism of complexes Tr_f : f_∗F·_X → F·_Y . The fundamental class CX is an easily defined global section of F·X .

Adele-De Rham complex

This is our analog of the Dolbeault complex of smooth forms. Given a quasi-coherent sheaf

on X, let A^q_{red}(M) be the sheaf of degree q reduced Beilinson adeles. For an open set U , Γ(U, A^q_{red}(M)) ⊂ ∏ ξ M_ξ, where ξ runs over the length q chains of points in U and M_ξ is the Beilinson completion.

Set Ap,qX := Aq_{red}(ΩpX/k). A·X is a DGA, D := d ± ∂, and Ω·X/k → A·X is a quasiisomorphism.

Variance: for any morphism f : X → Y there is a DGA homomorphism A·Y → f_∗A·X .

Theorem 0.4 F·_X is a right DG A·_X -module.

Sketch of proof: one has A·X = Ω·X/k ⊗ A·_{red}(OX ). The action of Ω·X/k is obvious. Suppose

a = (a_ξ) is an adele. Fix a chain ξ = (x_0, . . ., x_q) and ϕ ∈ K(x). What is ϕ · a_ξ? It is nonzero

only if ξ is saturated and x = x_0. Then there are a BCA OX,ξ and homomorphisms K(O_{X,(x0)}) → K(O_{X,ξ})^{Tr}−→ K(O_{X,(xq)}), and we set ϕ · aξ = Tr(aξϕ).

(Co)homology: for X smooth the maps Ω·X/k → A·X → F·X, 1 → 1 → CX, are quasiisomorphisms. Otherwise (in char. 0) we consider a smooth formal embedding X ⊂ X; for example take an embedding X ⊂ Y , Y smooth, and set X := Y/X , the formal completion. Then Hi_{DR}(X) = HiΓ(X, A·X) and H^{DR}i (X) = H^−iΓ(X, F·X).

Example: Chern Character

(Some of this is joint with R. Hübl.) There is an adelic Chern-Weil theory. It uses the Thom- Sullivan adeles Ã·X . Here X is smooth and chark = 0. By “integration on the simplex” we get a map of complexes ∫ Δ : Ã·_X → A·_X . Let E be a lomcally free sheaf. On Ã^0_X ⊗ E one can put a connection ∇, and the curvature R = ∇^2 ∈ Ã^2X ⊗ End(E). Set

ch(E, ∇) := ∫ Δ tr exp R ∈ A·_X .

This defines the usual Chern character ch : K^0X → H·_{DR}(X).

Theorem 0.5 Suppose Z ⊂ X is integral of codimension m and · · · E_1 → E_0 → O_Z → 0 is a lomcally free resolution. Then there are adelic connections ∇_i on E_i s.t.

C_X · ch(E·; ∇·) ∈ Γ_Z F·_X (ch(E·; ∇·) is the alternating sum) and moreover

C_X · ch(E·; ∇·)_{2m} = C_Z ∈ F·_X.

* References [Be] A.A. Beilinson, Residues and adeles, Funkt. Anal. Pril. 14 (1980) no. 1, 44-45; English trans. in Func. Anal. Appl. 14 (1980) no. 1, 34-35.

[EZ] F. El Zein, Complexe Dualizant et Applications à la Classe Fondamentale d’un Cycle, Bull. Soc. Math. France, Mémoire 58, 1978.

[Fu] W. Fulton, "Intersection Theory", Springer, Berlin, 1984.

[GH] P. Griffiths and J. Harris, “Principles of Algebraic Geometry”, Wiley, New York, 1978. [Ha] R. Hartshorne, On the De Rham Cohomology of algebraic varieties, Publ. Math. IHES

45 (1975), 5-99.

[Hr] A. Huber, On the Parshin-Beilinson Adeles for Schemes, Abh. Math. Sem. Univ.

Hamburg 61 (1991), 249-273.

[HY] R. Hübl and A. Yekutieli, Adelic Chern forms and the Bott residue formula, preprint (1994).

[Sa] P. Sastry, Residues and duality on algebraic schemes, to appear: Compositio Math. [SY] P. Sastry and A. Yekutieli, On residue complexes, dualizing sheaves and local cohomology modules, Israel J. Math. 90 (1995), 325-348.

[Ye1] A. Yekutieli, “An Explicit Construction of the Grothendieck Residue Complex” (with an appendix by P. Sastry), Astérisque 208 (1992).

[Ye2] A. Yekutieli, Smooth formal embeddings, in preparation.

[Ye3] A. Yekutieli, Traces and differential operators over Beilinson completion algebras, to appear: Compositio Math.

[Ye4] A. Yekutieli, Residues and differential operators on schemes, preprint (1994). [Ye5] A. Yekutieli, The action of adeles on the De Rham-residue complex, preprint (1994).

Author’s Address:

Amnon Yekutieli, Department of Theoretical Mathematics, The Weizmann Institute of Science, Rehovot 76100, ISRAEL

amnon@wisdom.weizmann.ac.il

32

Integral representation formulas and Multidimensional residues

Alain Yger

Integral representation formulas of the Bochner-Martinelli or Andreotti-Norguet type provide some sharp estimates for effectivity questions ([1] [2]). For example, if (P_1, . . ., Pn) is a proper map from Cn to Cn, with Lojasiewicz exponent δ, and Q ∈ C[X_1, . . ., Xn], the degree of the polynomial map w = (w_1, . . ., w_n) → [ QdX_1 ∧ . . . ∧ dX_n P_1 − w_1, . . ., P_n − w_n ]

is at most [ deg(Q) + D − (n − 1)δ + n δ ] − n where D = max_{1≤j≤n} ∑ k≠j deg(P_k) . When the Lojasiewicz exponent δ is strictly a negative number, one can show that if P_1, . . ., Pm are polynomials such that ‖P (X)‖ ≥ γ‖X‖^δ , ‖x‖ ≫ 1 and that the sheaf I corresponding to the ideal (hP_1, . . . hPm) satisfies depth(I) ≥ 2, then, for any Q ∈ √ (P_1, . . ., P_m), Q^ν = m∑ j=1 P_j Q_j , deg(P_jQ_j ) ≤ νdegQ + n(|δ| + max_{1≤j≤m} deg(P_j)), where ν denotes the maximum of local Noether exponents at all common zeroes of the Pj’s. We will show in this lecture the role of to Briançon-Skoda theorem, together with Jacobi- Kronecker formula, in order to get economic solutions for the algebraic Nullstellensätze, where the estimates depend on the affine degree (or on the Lojasiewicz exponent) rather than on the projective degree, as in Kollár’s approach.

The second aim of this lecture is to emphazise the role of the Bochner-Martinelli or Andreotti-Norguet formulas in the analytic theory of multidimensional residues. Recall that, in the local situation where f_1, . . ., fn are germs of holomorphic functions defining the origin as an isolated zero, one can define the local residue symbols (for m ∈ Nn) as [ hdζ_1 ∧ · · · ∧ dζ_n f^{m1+1} 1 , . . ., f^{mn+1}_n ] = (−1)(n(n^−1)/2(n−1+|m|)! m!(2iπ)^n ∫ ‖ζ‖=ϵ hs m (∑ n k=1(−1)^{k−1}s_k ⋀ j≠k dsj ) ∧ dζ, (1) where s = (s_1, . . ., sn) denotes any n-uplet of C^1 functions in some neighborhhod of {‖ζ‖ = ϵ} such that < s, f >:= ∑ s_jf_j ≡ 1 in this neighborhhood (here s^m := s^{m1}_1 · · · s^{mn}_n , |m| := ∑ m_j, m! := m_1! · · ·m_n!). From Kronecker’s formula, one knows that any germ h in O_n can be

expanded as h(z) = ∑ m∈N^n [ hΔ(z, ·)dζ_1 ∧ · · · ∧ dζ_n f^{m1+1} 1 , . . ., f^{mn+1}_n ] f^m(z), (2)

where Δ denotes the determinant of a matrix of germs [gi,j(z, ζ)] such that

f_i(z) − f_i(ζ) = n∑ j=1 g_{i,j}(z, ζ)(z_j − ζ_j), i = 1, . . ., n. One can write (1) using ideas inspired by analytic theory of currents; if ϕ is any (n, 0) test form ϕdζ with compact support, such that ϕ ≡ 1 near the origin, then, if we chose s = f/‖f‖^2, (1) can be rewritten (see for example [5]) as [ hdζ_1 ∧ · · · ∧ dζ_n f^{m1+1} 1 , . . ., f^{mn+1}_n ] = [ λ^{(−1)(n(n−1)/2(n−1+|m|)!} m!(2iπ)^n ∫ C^n h‖f‖^{2(} λ−n−|m|)f mdf ∧ ϕdζ ] λ=0 where df := df_1 ∧ · · ·∧ dfn, the notation meaning that one considers the analytic continuation of the function of λ (clearly defined for Re(λ) >> 0) and takes its value at λ = 0. The (0, n) current defined by the right hand side of (2) makes sense even if (f_1, . . ., f_n) do not define the origin as an isolated zero. In fact, the function of λ in the right hand side of (2) is, for any (n, 0) test form ϕ, a meromorphic function with poles in Q^−; its value at the origin defines the action of a (0, n) current which is, as a current, annihilated by the ideals In, I n (I being the integral closure of (f_1, . . ., f_n) and I^n the integral closure of I^n). We will show

how currents of this form play a role in a substitute for Kronecker’s formula (2) in the case when f_1, . . ., fn do not define the origin as an isolated zero. We will even assume that the number Q(ζ, X) = ∑m k=1 f_k(ζ)dX_k ‖f(ζ)‖^2 . Let us write, for 1 ≤ p ≤ inf(n, m) the formal expression λ ∂‖f(ζ)‖^2 ‖f(ζ)‖^2 ‖f(ζ)‖^{2λ}Q(ζ, X) ∧ (∂_ζQ(ζ, X))^{p−1} as ∑ 1≤i1<···<ip≤n T_{i1,...,ip} (ζ; λ) ∧ p⋀ l=1 dX_{il} All functions λ → Ti_1,...,i_p (·; λ) correspond to (0, p)-current-valued meromorphic functions of

λ, all with poles in Q^−, with values at the origin (0, p) currents T^p_J , J ⊂ {1, . . ., m}, #J = p,

annihilated (as currents) by the ideals I p or I^p, where I denotes the ideal (f_1, . . ., f_m) and

the notation bar means as before one takes the integral closure. Assume that m ≤ n. We can represent the germs h in On modulo the ideal as follows. Take representants of f_1, . . ., fm defined in some neighborhood ω of the origin; let ϕ be a C^∞ test function, with compact support in ω, equal to 1 near some open subset ω^′ such that 0 ⊂ ω^′ ⊂⊂ ω; let σ be a Cnvalued function defined in a neighborhood of ω^′ × Supp(∂ϕ) and such that < σ, ζ − z >≡ 1 for z ∈ ω^′ and ζ ∈ Supp(∂ϕ) Σ(z, ζ) := n∑ j=1 σ_j(z, ζ)dζ_j,

g_i(z, ζ) := n∑ j=1 g_{i,j}(z, ζ)dζ_j, i = 1, . . ., m. Then, if h is some holomorphic function in ω, then (see [6], section 5), one can write h in

ω^′ as

h(z) =^{−1}_{(2iπ)n} ∑m p=1 ∑_{J⊂{1,...,m}} #J=p ⟨ T^p_J , h∂ϕ ∧ [ Σ ∧ (∂_ζΣ)^{n−1−p} ∧ ⋀ j∈J g_j ] (z, ·) ⟩ + ∑m j=1 h_j (z)f_j(z), (3)

where h_1, . . ., hm are holomorphic functions in ω^′. The algebraic understanding of these techniques (all based on the approach of multidimensional residues with the Bochner-Martinelli or Andreotti-Norguet formulas) remains to be cleared. In particular, one would like to interpret the role of all currents T pJ , J ⊂ {1, . . ., m}, #J = p, involved in the division formula (3). We would like also to point out that the transformation law (in its usual version [3] or generalized version [5]) can be also obtained (this was done in a recent work by J. Y. Boyer) as an easy consequence of Bochner-Martinelli and Norguet formulas. The crucial role of this transformation law in the algebraic theory of residues is a further reason for such tools to be understood from the algebraic point of view. * References

[1] C. A. Berenstein and A. Yger, Effective Bézout identities in Q[z_1, . . ., zn], Acta Math., 166 (1991), 69-120.

[2] C. A. Berenstein, R. Gay, A. Vidras and A. Yger, Residue currents and Bézout identities, Progress in Mathematics 114, Birkhäuser, 1993.

[3] P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley-Interscience, New York, 1978.

[4] A. M. Kytmanov, A transformation formula for Grothendieck residues and some of its applications, Siberian Math. Journal (1989), 495-499.

[5] C. A. Berenstein and A. Yger, Une formule de Jacobi et ses conséquences, Annales de l’Ecole Norm. Sup. Paris 24 (1991), 363-377.

[6] A. Dickenstein, R. Gay, C. Sessa and A. Yger, Analytic functionals annihilated by ideals, preprint, 1995.

Author’s Address:

Alain Yger, Laboratoire de Mathématiques Pures, Université Bordeaux I, 351, cours de la libération, 33405 Talence, (FRANCE),

yger@math.univ-bordeaux.fr

List of participants:

• Abdellah AL AMRANI, UFR de Mathématiques et d’Informatique, Université

Louis Pasteur, 7, rue René Descartes, F-67084 Strasbourg cedex, France.

• Leovigildo ALONSO TARRIO, Departamento de Alxebra, Facultade de Matem-

aticas, Universidade de Santiago, E-15771 Santiago de Compostela, SPAIN.

lalonso@zmat.usc.es

• Francesco AMOROSO , Universitá di Pisa

amoroso@gauss.dm.unipi.it

• Abdalah ASSI, Université d’Angers, France.

assi@tonton.univ-angers.fr

• Carlos BERENSTEIN, Institute for Systems Research & Dept of Mathemat-

ics, University of Maryland, College Park, MD 20742, USA.

carlos@src.umd.edu

• Isabel BERMEJO, Departamento de Matematica Fundamental, Facultad de

Matematicas, Universidad de La Laguna, 38271-La Laguna, Tenerife, Spain.

ibermejo@ull.es

• Djilali BOUDIAF , Université de Poitiers, Département de Mathématiques,

40, Avenue du Recteur Pineau, 86022 POITIERS, France.

boudiaf@mathrs.univ-poitiers.fr

• Jean-Yves BOYER , 22, cité Barthelemy 33000 BORDEAUX, France.

pelle@math.u-bordeaux.fr

• Jean-Paul BRASSELET , CIRM Luminy, Case 916, 13288 Marseille Cedex 9,

France.

jpb@cirm.univ-mrs.fr

• Joël BRIANÇON, Département de Mathématique, Université de Nice, Parc

Valrose, 06034 Nice (Cedex) France.

• Pierrette CASSOU-NOGUÈS, , Laboratoire de Mathématiques Pures, Univer-

sité Bordeaux I, 351, cours de la libération, 33405 Talence, France.

thnu@frbdx11.cribx1.u-bordeaux.fr

• Marc CHARDIN, École polytechnique, F-91128 Palaiseau, France (Cedex).

chardin@gage.polytechnique.fr

• Vincent COSSART, École polytechnique, Université de Versailles, F-91128

Palaiseau, France (Cedex).

cossart@gage.polytechnique.fr

• Alicia DICKENSTEIN, Univ. Buenos Aeres

alidick@mate.dm.uba.ar

• Pierre DOLBEAULT , 34 rue des Cordelières, 75013 Paris, France.

pido@ccr.jussieu.fr

• David EISENBUD , Institut Henri Poincaré (Univ. Brandeis, USA)

eisenbud@ihp.jussieu.fr

• Mohamed ELKADI, Département de Mathématiques, Université de Nice,

Parc Valrose, 06108 Nice .

elkadi@math.unice.fr

• Fouad ELZEIN, Université de Nantes, dépt. de Mathématiques, 2, rue de la

Houssinière, 44000 Nantes, France.

elzein@mathp7.jussieu.fr

• Adelina FABIANO, Dipartimento di matematica, Universitá della Calabria,

87036 Arcavacata di Rende (Cosenza).

pucci@ccusc1.unical.it

• Andrei GABRIELOV, Cornell MSI, 409 College Av., Ithaca, N.Y. 14850,

USA.

andrei@msiadmin.cit.edu

• Andre GALLIGO, Département de Mathématiques, Université de Nice, Parc

Valrose, 06108 Nice (Cedex)

galligo@sophia.inria.fr

• Bernard GLEYSE , INSA de ROUEN, BP 8, 76131 Mont St-Aignan Cedex.

Bernard.Gleyse@insa-rouen.fr

• Ngoc Minh HOANG, LIFL - UA 369 CNRS - Université de Lille II, 59655

Villeneuve d’Ascq, France.

hoang@lifl.lifl.fr

• Alain HENAUT, Laboratoire de Mathématiques Pures, Université Bordeaux

I, 351, cours de la libération, 33405 Talence, France.

henaut@math.u-bordeaux.fr

• I-Chiau HUANG, Institute of Mathematics, Academia Sinica, Nankang, Taipai

11529, Taiwan.

maichiau@ccvax.sinica.edu.tw

• Reinhold HÜBL , Universitat Regensburg, NWF I - Mathematik, D–93040

Regensburg, Germany.

HUEBL@vax1.rz.uni-regensburg.d400.de

• Craig HUNEKE , Dept. of Math. Purdue University

chuneke@math.lsa.umich.edu

• Ana JEREMIAS LOPEZ, Departamento de Alxebra, Facultade de Matemat-

icas, Universidade de Santiago, E-15771 Santiago de Compostela, Spain.

jeremias@zmat.usc.es

• Jean-Pierre JOUANOLOU, UFR de Mathématiques et d’Informatique, Uni-

versité Louis Pasteur, 7, rue René Descartes, F-67084 Strasbourg cedex.

jouanolo@math.u-strasbg.fr

• Askold KHOVANSKII, 117333 Dm. Ulianova st. 1/61, apt. 167, Moscow,

Russia.

ashkold@math.toronto.edu

• Theresa KRICK, Département de Mathématiques, Faculté des Sciences de

Limoges, 123 Av. Albert Thomas, F-87060 Limoges, France.

krick@marie.polytechnique.fr, Krick@mate.dm.uba.ar

• Ernst KUNZ , Universität Regensburg, NWF I - Mathematik, D–93040 Re-

gensburg.

KUNZ@vax1.rz.uni-regensburg.d400.de

• Yves LEGRANDGERARD, Équipe de Logique Mathématique, Tour 45, couloir

45-55, pièce 504, Université Paris 7, 2, place Jussieu, 75005 Paris, France.

ylg@logique.jussieu.fr

• Monique LEJEUNE-JALABERT, Université de Grenoble, France.

lejeune@fourier.grenet.fr

• Joseph LIPMAN, Dept. of Mathematics, Purdue University, W. Lafayette,

IN 47906, USA.

lipman@math.purdue.edu

• Danielle MATTHYS, 77 rue de la Corniche, 44 700 Orvault, France. • Michel MEO , meo@puccini.grenet.fr.

• David MOND, Mathematics Institute, University of Warwick, Coventry,

CV4 7AL, England.

mond@maths.warwick.ac.uk

• Marcel MORALES, Université de Grenoble, Institut Fourier, Mathéma-

tiques, BP 74, 38402 Saint Martin d’Hères„ France.

morales@fourier.grenet.fr

• Guillermo MORENO SOCÍAS, Laboratoire GAGE & Centre de Mathéma-

tique, École polytechnique, F–91128 PALAISEAU cedex, FRANCE.

moreno@gage.polytechnique.fr

• Bernard MOURRAIN, INRIA, Projet SAFIR, 2004 Route des Lucioles, 06565

Valbonne, France.

mourrain@sophia.inria.fr

• Salomon OFMAN, 39, rue de la Glacière, 75013 Paris, France.

ofman@mathp7.jussieu.fr

• Keith PARDUE, Mathematics Department, University of Toronto, Toronto,

ON M5S 1A1, CANADA.

pardue@math.toronto.edu

• Mikael PASSARE, Department of Mathematics, Stockholm University, S-

106 91 Stockholm, SWEDEN.

passare@matematik.su.se

• PAUGAM Michel, Département de mathématiques, Université de Caen, F-

14032 Caen cedex.

paugam@math.unicaen.fr

• Thierry PELLE, Laboratoire de Mathématiques Pures, Université Bordeaux

I, 351, cours de la libération, 33405 Talence, France.

pelle@math.u-bordeaux.fr

• Michel PETITOT , Laboratoire des Signaux et Systèmes (LSS), École SUP-

ELEC, Plateau du Moulon, F-91192 Gif-sur-Yvette cedex, France.

petitot@lifl.fr

• Patrice PHILIPPON, Université Paris 6, UMR 9994 - Problèmes Diophantiens,

T. 46-56, 5e étage, case 247, 4, place Jussieu, 75252 PARIS cedex 05.

pph@ccr.jussieu.fr

• Olivier PILTANT, Centre de Mathématiques, École polytechnique, F-91128

Palaiseau cedex, France.

piltant@orphee.polytechnique.fr

• Valeri POUCHNIA, Institute for Systems Research & Dept of Mathematics,

University of Maryland, College Park, MD 20742, USA.

valeri@math.umd.edu

• Jean-Charles POURTIER, Batiment B, Apt 27, residence "les vergers", 8 rue

du Docteur Roux, 33320 EYSINES, France.

pelle@math.u-bordeaux.fr

• Gemma PUCCI, Dipartimento di matematica, Universitá della Calabria,

87036 Arcavacata di Rende (Cosenza).

fabiano@ccusc1.unical.it

• Marie-Francoise ROY, IRMAR, Université de Rennes I, 35042 Rennes CEDEX,

France.

costeroy@univ-rennes1.fr

• Uwe STORCH, Fakultät und Institut für Mathematik, Ruhr Universität,

Bochum, 44780 Bochum, Germany.

Uwe.Storch@rz.ruhr-uni-bochum.de

• Aviva SZPIRGLAS, Département de Mathématiques, Université Paris XIII

(Paris-Nord), 93430 Villetaneuse, France.

aviva@math.univ-paris13.fr

• Bernard TEISSIER, École Normale Superieure, 75 rue d’Ulm, 75230 PARIS

Cedex 05, France.

teissier@dmi.ens.fr

• Bernd ULRICH , Michigan State University, Lansing, USA.

ulrich@math.msu.edu

• Alekos VIDRAS , Departement of Mathematics and Statistics, University

of Cyprus, Nicosia, P. O. Box Cyprus.

msvidras@pythagoras.mas.ucy.ac.cy

• Amnon YEKUTIELI, Dept. of Theoretical Mathematics, Weizmann Insti-

tute of Science, Rehovot 76100, ISRAEL.

amnon@wisdom.weizmann.ac.il

• Alain YGER, Laboratoire de Mathématiques Pures, Université Bordeaux

I, 351, cours de la libération, 33405 Talence, France.

yger@math.univ-bordeaux.fr

* Contents Djilali Boudiaf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 Eduardo Cattani, David Cox and Alicia Dickenstein . . . . . . . . . . . . . . . . . 3 Reinhold Hübl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Craig Huneke . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Teresa Krick . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 Ernst Kunz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 Joseph Lipman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 Salomon Ofman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 Marie-Françoise Roy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 Leovigildo Alonso Tarrío . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 Amnon Yekutieli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 Alain Yger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33