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Are two objects identical under the action of a group element?
Equivalence of pairs of points

(CC, y> (07 le_g)
X\ _[a =B\ ([x a _ Btoay _ Ym
()= (6)G) () = et
2t BR=1, &= ~» rational action
Differential invariant o = (1_{—2%3 the curvature
Invariant derivation: \/nyQ 4 =2 s the arc length
~» algebraic functions
e group of symmetry o rewriting algorithm
e generating invariants o reduced problem solving
o relations among those e solution lifting

Biological models redimensioning with A.Sedoglavic
Prey-predator model [Murray, 2002]

= ((1-2)r =k )n, [a=(1-n—2Z)n

- p ~ |
\p—s(l—hﬁ)p. \p—s(l—ha)p
r, s, e, h, ki, ks parameters. s, ¢, h parameters
where
t , n kop S e , rh
=ri,n=-—p=7,"58=, ) - 5
]{31 v /ﬁ?“ (A " ]fl /{2

are the invariants of the symmetry group

t = X', r—A\r, h — vh,
n—pn, s—As, ki — pk,
p— v tp, e — pe, ks — Ak
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Semi-regular Lie group action

g:GxM—-M (A - )
(A, 2) — Axz

x Z2=A* (% 2)

G a r-dimensional Lie group, M a n-dimensional manifold
Orbitof z: O, ={Axz | A e G} C M
Semi-regularity: the orbits have dimension d. =

X

[ |

Lie algebra: vy, ..., v, right invariant vector fields on g

Maurer-Cartan forms: wy, ..., w, their duals

Infinitesimal generators: Vi,..., V.

Vi(f)=0,....V

vector fields on M

Local invariant: f : M — R smooth s.t.

() =0 < f(Axz)=f(z) for A € G,

Local cross-section P

-P an embedded manifold of dimension n — d

7 N P:{ZEM’pl(Z):

( +——1 P is transverse to OV at z

Thm: for f local invariant f(z,. ..

\ /
\ /

. =ps(z) =0}

cP.

\ | V(P)=(Vi(pj)),, hasrank s at zp € P
u - P intersect O at a unique point, Vz € M.

! is the connected component of O..

f: M — R smooth

[Local invariants = smooth functions on the cross-section.
Invariantization ¢ f of a smooth function f

if(z) = f (02N P)

tf is the unique local invariant with ¢ f|p = f|p

Cartan’s normalized invariants: ¢z, ..., 1z,

zn) = fliz1, ... 02,

= (Cartan’s normalized invariants form a generating set

Thm: a maximally independent set of relations is

IThm: tf(z) = f(p(z) * 2)

iz, t2,) =0, 0 pp(tzy, ..o t2,) =0
p:U — G equivariant p(Axz) = p(z)- A"
= z— p(z)*xz invariant i ,A/”(\\z\ o
Locally free action: G, = {\ | A x z = 2z} finite (\ ’j
['he equation p(z) x z € P defines a m.f. map X . 7
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4 3)
J'=XxU
(x1,...,x,) coordinates on X; independent variables
(ug, ..., u,) coordinate on U; dependent variables
(uq | @ € N™) other coordinates on J°; derivatives

Total derivations:
D = (Dl, Ce e Dm)t S.t. DZ<£IZ]) — 57;]', DZ'(UO) = Uqae

g:GxJ"—J" prolongedto g¢g:GxJ"— J"
by g*oD:ﬁog*whereﬁzA_lDWithA:(Di(g*a:j))ij

g:GxJ"— JYeffective on subset =
dim 0" < dimO' < ... dim O° = dim O**' = r
Stabilisation order : s. The action on 75** is locally free.

Differential invariant of order k:
f:J%¥ — Rsmooths.t. V*(f) =0,...,VEf) =0

P a cross-section to the orbits on 7¢, and therefore on J**.

P pi(2)=0,...,p(2) =0

p: J?® — G the associated moving frame map: p(z) x z € P

g js+k N g % js+k
2 = (p(2),2)

D= (D1,...,9n)'st. VoD, =0,0V
f adiff. inv. of order k = 9;(f) adiff. inv. of order £+ 1, k >> 0.

Classical construction: ® = A~'D, A = (D;( fi))igr J1o- -, fm diff. inv.
[FO'99]: © = (g*A)_1 D where A = (Di(g*ﬂfj))i,j
Thm: ©(¢f) = (D f) — Ki(V(f)) where K = tD(P)V(P)!

D(P) = (Di(pj))ij’ V(P) = (Vz'(pj))zj
Cor: fadiff. inv. = 9(f) =u(D(f))

Prop: 9,9,| = A,
k=1
where A = Y0 Kiet(D () = Kje UD;(6)), Ear = Vilap)
3 =iy, ..t U g | ol < k)
75T a generating set of differential invariants of order s + k.

'CN Thm: 5°*! is a differentially generating set of differential
invariants and a complete set of syzygies is given by

Di(;) = 055 + 2y Kia t(V ()
D;(tUa) = Wate, T 2gmy Kia t(V (ua)), | <'s

D,(tug) — @j(m%) = > o1 Kia t(V(ua)) — Kijal (V(ug))
a+e=p+¢jlal =8 =s+1.

- /

O Thm: If P is a cross-section of minimal order then 3 U
{t(D;(pj))} is a differentially generating set of differential
Jnvariants. /)

4 S)
A the set of entries K, of the m x r matrix K = tD(P)V(P).
Thm: p*w = —K'; mod ©

where O contact ideal, r = (z1, ..., ) duals of ®
Structure equations: dw. = — >, Yabe Wa N Wh

= dpte = — X g<t Vabe Ha /\ f1o, Where p = p*w
MC Thm: & is a differentially generating set of differential
invariants, if the action is transitive on J". A complete set

of syzygies is given by

Di(Kie) = D(Kje) = > Yave (KjaKip — KiaKjp) = > Nijie Kje
\_ 1<a<b<lr k=1 W,

with P.Olver
With the infinitesimal generators of the group action and a
choice of cross-section as data we show that the algebra of
differential invariants is generated by a single differential
invariants.

The invariant derivations satisfy (91,9 = ¢ D1 — ¢ Do

By differential elimination [H'05] we show that the invariants of
theorem MO or MC can be written in terms of the monotone
derivatives of ¢ and 1.

Observe then that 1) = @2 (qﬁ@l(gb) — 19D9(0) + D20 1(0)).

Conformal geometry

The infinitesimal generators for th1s action of SO(4 1) are
0 0 0 (

0

?, ygu ugy, —y —u)ax+2xya +2xu%u,
95 Tu — Uop Qxya + (2% — y? ) +2yu8u,

0 0 0 0 0 2 2\ O
o0 L7 — Yoz 2xu8u+2yua—y+(x —y —u)au

Cross-section: = Y=Upgp=uU10=up1 =u9p — 1= U] =U)2=U2] =U]2 = 0
100010 - o &k O

Maurer-Cartan matrix;: K = 1
010000 ¢ 7 —0 —5¢
1

_ _ 1 - 1 - _
where ¢ = tup3, ¥ = tugy, 7 = 5lu13, K = —5LU3], O = 5 LU

. . 1
Syzygies: Ty) — 5 ¢10 = Y00 $00, 010 +1/fo1 = 2000 koo — 2 %00 000
¢10 + o1 = 2700 — 2 K00, 001 — T10 = 5 P00 + 2 P00 000 + 2 Y00 T00, -
By differential elimination on the syzygies we obtain:

1 1
T = 5010 + YooPoo K = YooPoo — 5 %ol
Too+K02 _|_5 (Yo0T10—P00K01)+2 (Y10T00—P01K00) _|_12 (d00”Koo+oo” Too ) +1o0Poo+2 Too
4 (Koo—To0) 4 (Koo—Too) 8 (Koo—Too)

0=

Projective geometry

The infinitesimal generators of the action are

o o o o o o 0 e o o o
o oy ow Lor Yor “Yor f'fa ?Ja Yoy Youw You You
:1:2a+:13 9 4l pyd o429 4 uﬁy rud +yud 420

Oz Y oy ow YYorTY ay YU aou or YUy ou’

Mmlmal order Cross- Sectlon.
r=0,y=0,up =0, un=0,uyp =0, ugg =0, up; =1, uge =0,
uzp =1, ug1 =0, u1o =0, ugz =1, uzy =0, ugg =0, U13 = 0.

1002¢ 0 kK —2 ¢ 7013 —7 %

010 ¢ —50 0 2¢77103¢i— —0 3

| | 1 | | |
where ¢ = —gugy, ¥ = —3u40, ) = —5U14 — 7, T = U4 — 2“23>

0=%U40+%U40—%U32,/€— %Uzu 411
Syzygies:
¢10—2¢01———277+¢¢ 010—%01—8¢+3¢/€+2¢0
2¢10—¢01—2/€+¢¢—%, Mo —To1 = —3Yn — 8¢ —2¢7

1110 1001+8¢10— ¢01=ili— 77—2¢0+2¢T

1
From which: n = § — % @10+ o1 — 5 do0to, # = 5+ d10 — 5%01 — 3 dootoo
A challenging ditferential e11m1nat10n with non-commuting derivations

produces 7 and ¢ in terms of ¢ and ¢ and their monotone derivatives. |

Then K = (

[\DlHOON)O
N\ <=
N




