DyNAMIC CONSTRUCTION OF THE SPLITTING
FIELD OF A POLYNOMIAL

G. Diaz-Toca - Universidad de Murcia (Espafia)

CAG'06 (Nice) Dynamic Construction of Splitting Fields



Constructive approach to the splitting field of a separable
polynomial

Consider the following situation
o K is a discrete field,
e f(T) € K[T] is monic and separable.

Our goal

Approach dynamically a representation of the splitting field factoring as less as
possible.

How

Considering the Splitting Algebra and then its Galois quotients. Using all the
oddities that appear when doing dynamical computations.
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The Splitting Algebra (Universal Decomposition Algebra)

Given
F(T)=T"—a T" ' +...+(~1)"a, € K(T),

and

I = (a=Y Xew=d . XX.a - [ %)
the Splitting Algebra is defined as

AKyf = K[Xl,,Xn]/j(f) ZK[Xl,...,X,,]

where
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Basic properties of Ag r = K[Xy,..., X,]/T(f)

@ Ak is a K-vector space of dimension n!
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Basic properties of Ag r = K[X1, ..., X,]/T(f)

@ Ak is a K-vector space of dimension n!

@ A basis is given by the monomials xfl .- ~x:"_’11 ,de < n—k.
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Basic properties of Ag r = K[X1, ..., X,]/T(f)

@ Ak is a K-vector space of dimension n!
L . dn_
@ A basis is given by the monomials xfl coex " de < n— k.

@ When S, acting on Ak ¢, J(f) is fixed by S, and Fix(S,) = K.
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Basic properties of Ag r = K[X1, ..., X,]/T(f)

@ Ak is a K-vector space of dimension n!

@ A basis is given by the monomials xfl .- ~x:"_’11 ,de < n—k.

@ When S, acting on Ak ¢, J(f) is fixed by S, and Fix(S,) = K.
@ Agk r is separable, which implies reduced.

@ Every f.g. ideal is generated by an idempotent.

Q@ If g is an indecomposable idempotent,

» Ag /(1 — g)=:L splitting field of f,
» Stabg,(g) acts on L as Galois group of f(T),
> Ak = @GGSH/StabSn(g) (o(g)) =L’
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Definitions - Galois Idempotents of A ¢

e BSOI.

A Basic System of Orthogonal Idempotents (in a commutative ring R):

n
(ri)i<i<n, rif; =0, E =1
i=1

Galois ldempotent of Ak .
An idempotent whose orbit is a BSOI.

Galois Ideal of Ak r.

(1—e) =(1—- e)Ak r, e Galois idempotent .

Galois Quotient of (Ak ¢,S,): (B1, G), where

B; := Ag /(1 — e), G := Stabg,(e), e a Galois idempotent.
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Definitions - Galois Idempotents of A ¢

e BSOI
A Basic System of Orthogonal Idempotents (in a commutative ring R):

n
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i—1
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Properties - Galois Idempotents

e e € Ak is Galois Idempotent < 3 g indecomposable idempotent,
Gal(f) = Stabg,(g) C Stabg, (e),

e= > og,
oEStabg,(e)/Stabs, (g)

CAG'06 (Nice) Dynamic Construction of Splitting Fields 8 /22



Properties - Galois Idempotents

e e € Ak is Galois Idempotent < 3 g indecomposable idempotent,
Gal(f) = Stabg,(g) C Stabg, (e),

e= > og,
oEStabg,(e)/Stabs, (g)

e e € Ak is Galois [dempotent < dim(Ag ¢/ (1 — e)) = |Stabg,(e)|
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Structure Theorem for Galois quotient (By, G) in
(AK,fa Sn)

Same properties as the universal decomposition algebra.
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Structure Theorem for Galois quotient (By, G) in
(AK,fa Sn)

Same properties as the universal decomposition algebra.
@ A good K-vector space basis (a triangular Grébner basis)
@ B; is separable, which implies reduced.
© Every f.g. ideal is generated by an idempotent.
@ B; closer to Splitting Field; G closer to Galois group.

@ If his a Galois idempotent in By, let B, := B;/(1 — h), H := St(h), then
(B, H) is a better Galois Quotient, with fixed field K.

Q If ¢’ is an indecomposable idempotent,
» Bi/(1—¢€') =: L splitting field of f,
» Stg(e’) acts on L as Galois group of f(T),
» B, = @aeG/St(e,) (o(e")) ~L"
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Outline

© Dynamic constructive Galois theory
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Dynamic constructive Galois theory — Idea

Ag r = Ag s = K[X1,..., X,]/TJ(f) splitting algebra;
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Dynamic constructive Galois theory — Idea

Ag r = Ag s = K[X1,..., X,]/TJ(f) splitting algebra;

If we get a indecomposable idempotent g and compute the Groebner Basis of
J(f)+<1—g>= well done!
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Dynamic constructive Galois theory — Idea

Ag r = Ag s = K[X1,..., X,]/TJ(f) splitting algebra;

If we get a indecomposable idempotent g and compute the Groebner Basis of
J(f)+ <1—g> = well done !

:( we do not know how to compute indecomposable idempotents.
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Dynamic constructive Galois theory — Idea

Ag r = Ag s = K[X1,..., X,]/TJ(f) splitting algebra;

If we get a indecomposable idempotent g and compute the Groebner Basis of
J(f)+ <1—g> = well done !

However,

@ we dynamically obtain a family of successive Galois [dempotents

aa>a> > (l-¢g)C{l-e)C...C(l-eg_1)C(1-—¢)

@ and Galois Quotients such that

A A
(sie)) = (fEgsuw) — - = (@)
] 4 i
Ln n>r Lr N fr712;’:=1 L
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Outline

© Dynamic Algorithm
@ How to get Galois Quotients
o Examples - Degree 7
@ Dynamic Example
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How to get Galois Quotients

If
@ Min,(T) : the minimal polynomial of z.

° Rv,(T) = Hf;l(T — z;) : the resolvent of z,

then

@ Find out an “odd” element z. That is
> neither null nor invertible (T divides Min,(T)).

> Minz(T) = Rl R2,
» Min,(T) # Rv(T),
@ Compute an idempotent e from z.

© Compute a Galois Idempotent €’ from e.

13 /22
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Dynamic Algorithm for approaching Splitting field

Input:f(T) € K[T], J(f), S»
Dynamic Output: (B, G) Galois Quotient: approximation to splitting field and
Galois group.
Local variables: e¢,¢’, 7, G,B
Start
B:=Axs G:=85,7:=J.
while we find odd elements in B do
Interactive Input: z € B,
if odd (z) then
e := idempotent(z);
e’ := galois — idempotent(e);
I =T+ (1-¢€);
G := Stabg(€');
B :=B/Z;
end if;
end while;
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Example - Degree 7

Galois Group | Order | Polynomial — Relations Ideal
7T1 7 T — T —12T° + 7T +28T°— 1472 —9T7 —1 @0
7T2 14 T 2T 42754+ T3 —3T24+T7 1@
773 21 T —8T° —2T*+16T°+6T°—6T —2 @D
T4 42 | TT—3T°49T° —13T* 4+ 1773 —10T? +4T +1 @10
7T5 168 | TN — T —3T5 + TP +4T3—T2—-T+1@D
7T6 2520 | T/ —2TS+4T*—5T73+27 — 1@

Reference:

http://www.mathematik.uni-kassel.de/ klueners/minimum/minimum.html
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Example - Degree 6

| f(TY=TC+6T>+15T*+16T°3+3T2—6T +4;
nput
B = AQ,f = Q[X17X2,X3,X4,X5,X6], G = Se, 7= j(f)
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Example - Degree 6

| f(TY=TC+6T>+15T*+16T°3+3T2—6T +4;
nput

B:= AQ,f = Q[X17X27X37X43X53X6]a G:= Sﬁa 7:= j(f)
Interactive Input

@ Z := Xp X5 + Xp Xa,
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Example - Degree 6

| f(TY=TC+6T>+15T*+16T°3+3T2—6T +4;
nput
B = AQ,f = Q[X17X2,X3,X4,X5,X6], G = Sﬁ, 7= j(f)

Interactive Input

@ Orb(z) ={z,02(2),...,060(2)}, z := X6 X5 + X6 Xa,
@ Min (T) =T ... =(To+.. (T8 +.. N(TB+.. (T¥+..)=f-Hh-f-f,
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Example - Degree 6

| f(TY=TC+6T>+15T*+ 16T +3T2 6T +4;
nput
B = AQ,f = Q[X17X27X37X47X53X6]a G = 867 7= j(f)

Interactive Input

@ Orb(z) ={z,02(2),...,060(2)}, z := X6 X5 + X6 Xa,

@ Min (T) =T ... =(To+.. (T8 +.. N(TB+.. (T¥+..)=f-Hh-f-f,
Let’'s consider z.

Q e :=idempotent(z) = 5x3xE + xaxg + - ..

Q@ Gi :=Stabg(e’) = Group([(1,6), (1,4)(2,5)(3,6), (5,6)]), |G| =72,

Q IZ:=(Z+(1—¢)), By:=B/Z (new) Galois quotient .
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Example - Degree 6

New Interactive Input
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Example - Degree 6

New Interactive Input

e z :=o5o(2),
o Min,(T)=T¥+...=(T¥+. . )N(T¥+..)=0h"f
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Example - Degree 6

New Interactive Input

e z :=o5o(2),

o Min,(T)=T%®+.. . =(T¥+. . )(T¥+..)=%"f
Q e :=idempotent(z) = Zx3x7x¢ + 2x3x3xZ + ...
o
Gy := Stabg,(¢”) = Group([(1,4)(2,5)(3,6), (2,4,3), (1,6,5)])
— Gal(f)

Transitive Group of order 18

@ B, :=B;/(Z+ (1 —¢€")) representation of the splitting field.
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Example - Degree 6

And if we start with a conjugate of the initial z?
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Example - Degree 6, Bis

Interactive Input
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Example - Degree 6, Bis

Interactive Input

@ z :=030(2), Min,(T) =T + ...
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Example - Degree 6, Bis

Interactive Input
@ z :=030(2), Min,(T) =T + ...

— _ 1 5, 1,2 5
Q@ e :=idempotent(z) = 5x2X3XaXsXg + 75 X3 XaX6Xg + . ..

Gs == Stabg(e’) = Group([(1,3)(2,6)(4,5), (1,4,6), (2,3,5)])
= Gal(f)

Transitive Group of order 18.

@ B3 :=B/(Z + (1 — ¢€')) representation of the splitting field.
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Example - Degree 6
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Example - Degree 6

We compare the two results:

@ Both groups are isomorphic.
» IsomorphismGroups( G, , Gz );

[(1,4)(2,5)(3,6),(2,4,3),(1,6,5)] — [(1,3)(2,6)(4,5),(1,4,6),(2,3,5)]
o Different minimal polynomials of z
Min,(T) = f,inBy, Min,(T) = f3inB3

o G.B. of Galois ideal defining B3 = (1,4,5)(3,2)(G.B. of Galois ideal defining
B;)
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THANK YOU !
y iFELIZ CUMPLEANOS ANDRE!
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