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1 $ %
�������������������������������������

���� �!" ��! [1,2]. "���&#� Lagrange ����� �$��#!$
%����&'����'("�����$��� Euler- Lagrange $������ !
�����#) $%���$�������$�"#���&*'!()*����

$��%��"" 19 �+#�� Scherk �!��#���� —Scherk ���+$�,,
%��&�'&" Enneper A �!�#��$�%(����� —Enneper ��" 19 �+
20–30 �&�'��)'&* P1ateau -*������-)'�(."�"./�*+�
�(�()� 0"�( P1ateau -����$��/, [3], !"���)1!'2)-.
� Plateau ���*�����/��(#*��� Jordan ���)*."/����"+
+�,3�������"

$-�.,,"/������45��'6"7-�.30/1������0%�

.1"2",��("20'���'6�����,13%80�#9�&23#�44

:�55"�����%*8'5(�163��-2+)#67837;<6�,9&6
*:; 973 =8<9Æ�=>>?<4 (2004CB318000) @:;Æ*5�<4 (60773179, 60473130, 10371110)
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76&5C���<3345�@$"&&�-*8Æ=97�2+16 – /16����
��>�0&'8�?�%*@$����/DA���1633��'E($�'B�3
C�1�'/@:1�!"-*�Æ223�,16,76�,16�%*A�2'4��
���%*Æ=#5 [4], "2(�9&"�)',��#9,345FB",�G(.�C
7������D6#!8HE��)# (CAGD) ����D CAGD �E/*�����
��2( IJ�@$,3���1F"

0D;:E,;KG7F�����D6 CAGD ��.* [5,6], H3C8:,2���
�<<���7���"GI<<$%�C=�(�>LJ/�"<(#��=9<<$%
,H><<$%"I:�D"<�$�2����<<����J�71:���7>L
'?"0(;M�I:K2L5J/,1N(O:@<�?@��&A ,'AM=CN2
:�3B>�JO($B>L:,"

I:PC�K�L5� 3 K�?@3�"# 2 C@<����=9<<$��J/"
# 3 C@<����H><<$��J/"# 4 C2*3<<$%�7��9'?��2D
*J/�7�JE"

2 456789:;<=>
-.=9<<$%��Q�=9����@$)#!8HE<<FG��,'$%"A

B� CAGD ������=9<<$%L53<($��?@L��Æ2'4�����
D;HPMCA6<�)�5I$�%(������JEA#9"

2.1 ?@ABCDEF	GHIJKLM
- CAGD/CAD ��<<FG��D;HP2FQ)#DNÆ=45�/$"N2(G

(%�������K"<L%$ NURBS ��=9MC"7-�&��!�����D;
HPMC����Æ=31F�H�"

,%�,+$��<#RE�6�045������&"-J��3S%45@$"

:, [7] . C-Bézier ��, H-Bézier ��/"<<J,�"I9#!�-<�$�$M�B
F$�<3C=�G'��GHO�!�,%�,+$��D;HPMC@&R�NS2D
;%+%HP���LF��9��!��F"<#���D;HP���6<TT"

UF%U��� ScherkO!��#45������0$�MP�" r(u, v) = (x(u, v),
y(u, v), z(u, v)), 0�

x(u, v) = a sinh u cos v − b coshu sin v,

y(u, v) = a sinhu sin v + b coshu cos v,

z(u, v) = av + bu,

0� a , b "I1 �"Q a = 0 ��&P9"+$�@Q b = 0 ��&P9",%�""�
�!V#�����D;HPMC�:, [8] 7Q6<��� {sin t, cos t, sinh t, cosh t, 1, t} �
�� Bézier G�JRGHO�!�� Bézier GA {sin t, cos t, sinh t, cosh t, 1, t} �'(JV�
�!R)�UF%U��D;HPMC"�(V#����(.K/�,%�,+$�W
K$-R)�7-�K5Q�B6<!,%�,+$���D;A/�T&">2@D;A

/��/>�UF%U��D;A/""W>R)�UF%U����6<$%":, [9]
X *��,%�)+$��SR�%��L���ST��<�����"
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�����YM(Y�+$�, Enneper ����5$��>�0�.���L0�.
�-"$���" Bonnet - 1855 �-*��#�.�"$����Æ$������3
Z"$��.������+$�, Enneper ���0'&"&�$�%�"

{ρu ± sin u coshv√
1 − ρ2

,
v ± ρ cosu sinh v√

1 − ρ2
, ± cosu cosh v

}
.

:, [10] �B- u $�$MU$ C-Bézier(C-BW/) G'�� v $�$MU$ H-Bézier(H-B
W/) G'���!�V#������ Bézier(� B W/) D;HPMC��L *��+
$�) Enneper ���SR�%�!L���ST��<�����"

�:J/�!��#'4�����D;HPMCA��6<$%�D!(.�$@
�!%N�������- CAGD <<FG�A0 ���G�,'"

2.2 OPQRSTUABCDEVWKX

Q8 CAGD FG�����=.%(�$�%�MC"7-�JE$�%(����

�2����- CAGD FG��@$,3451F"N-����'A��%(�$��
���Æ=8N"�OV�����YM(Y�.$�1�CW-0 #<�)F$�%(

�����":, [5] 7F�����D6 CAGD ����$4P$%N��OF$�%(
����� —Enneper �����0MC"OQ��� B-B ��%�":, [11, 12] �$C
=�$%M=� Enneper ���U���#OF$�%(�����"7-�)*0F$�
%(������>�"YV"R���"

P�� r(u, v) �#�GI%�SZ E = G, F = 0, 0� E = 〈ru, ru〉, F = 〈ru, rv〉, G =
〈rv, rv〉, T3 r(u, v) "5I$���":, [11] G(��������OV1A��5I$
���"�����X5/T�V��"Y,����!� 4 F$�%(���"���
����X�/T"�-X�/T�/O-*�<#W� 4 F$�%(�����""<#
����CU,3<�%*$��[W�<<�0�Z�!L,323#58'#9"

:, [13] G(=W�Q8��� 5 F5I$�%(�����"7Q�!� 5 F$�
%(�"�����X�/T�JR�!�O#[3 4 �Y 8 �%*$�� 5 F5I$�
%(�������R6���&"�#9"C��0��#�����&,�

r(u, v) = (X(u, v), Y (u, v), Z(u, v)),

where

X(u, v) = a1(u5 − 10u3v2 + 5uv4) − a2(v5 − 10v3u2 + 5vu4) + e1u(u2 − 3v2) − e2v(v2 − 3u2),

Y (u, v) = a2(u5 − 10u3v2 + 5uv4) + a1(v5 − 10v3u2 + 5vu4) + e2u(u2 − 3v2) + e1v(v2 − 3u2),

Z(u, v) =

√
30
4

√√
(a2

1 + a2
2)(e2

1 + e2
2) − (a1e1 + a2e2)(u4 − 6u2v2 + v4)

−
√

30

√√
(a2

1 + a2
2)(e

2
1 + e2

2) + (a1e1 + a2e2)uv(u2 − v2).

/OX-*�"2����L( X $�Y Y $�23@&"44</>Q,F�:��!

L�\"0F���0F/SKX(23$���.-Z1�C4V0 0F/"NY 1.



8 . 5B�������	
�������
����? 987

(a) �]T� (b) Y = 0 U�[Æ��
Z 1 �]T�Z[Æ\�� u, v ∈ [−4, 4]

]-^Y�,%�,+$���2[\����":, [13] �NS)�Æ2%*$��
R)��2W�[\����"��-R)�]W������V]����,3>=�#
�GI%�":�X *�"2[\����Z��SR�%��L���ST��-"�
���"

:, [14] 2 6 F5I$�%(������7����R)�A 5 FVW>#5�1
N"

�:J/-�!��#W�$�%(������-(MC"�)� Bézier ��,O
Q��� B-B ���%��(^:X\�) CAD FG�"

3 45678^_;<=>
�(���������0ZÆ�#�89���&�=9"9"3W:XR)"7

-�- CAGD ����&O"����R)����H>"�$%"AB�����H><
<$%(6(.�"O#LG(�B#!�H>$%@G(�#���$��H>$%@G

(X)'�&89�H>$%"C�K"����7@<"
3.1 `aR�bcEdefg

������I9�(.K/��Æ�#_Y89���7-�(.U$�B#!�#
&B�$%*#"-��":, [15] [A����$��#""����$����0ZÆ
�#�) $%���$��#"Z�YW"V:G(30`$%�F$��I_!3\�

�#9`Z����'9"�F[�#���D!((I9�#"S�"�B1NM=V$
%I_3\�XaN]'�1N":, [16] �$�B$%2J%��.��� Bézier ��Y
O B W/��"++�'��������7���"2(�����>5 Bézier "�U
$G(�]�#[^�a6\\� Newton b&$%*#"����9��"2(����
�>5 B W/"�T^1"#"]Æ�#����$����"U$��3\��#9`
Z������$��#"'9"�F[�#���#"�JR-^OF B- W/'���
�U$30`$%�7#""

:, [17] �$30`$%���3' Bézier $����<<��":, [18] ���
NURBS �����<<���7Q6<!.�� NURBS ��"++� NURBS ��]�
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JR-V��]�)*�����&_>5"F$_]�$%*#"�����V!%,3
S^\\#�b&`Z_�8/":, [19] 2I1++������<<���7�[A�
0L5Q8�F$WK� B W/'���/"30`,���D!R)����-I1+
+�� B W/��>5""

3.2 `ahXijkflCDEdefg
����AY,��`^Y,��3N_`�LF"Y,���QSZ.C�#��

�$���� r(u, v), ( ∂2

∂u2 +
∂2

∂v2

)
r(u, v) = 0,

!^Y,��T�QSZ.C�#���$���� r(u, v),

( ∂2

∂u2 +
∂2

∂v2

)2

r(u, v) = 0,

&N��$���SZ5I$�/T�a`&"�����X5/T�&"Y,��"7
-�K"(.cY,��Q/������b>5":, [12] 7F2 CAGD �Y,���
6<�7�����!�J%����)� Bézier ��"Y,���X5/T��LM=�
V�)����D;HP�0>2�</++���D;A/aSR��"a� I)#

[*�$>d:, [20, 21] �!�J%����)� Bézier ��"^Y,���X5/T�
�LM=�V�)����D;HP� 4 /++���D;A/aSR�"/OXNS�
�<< &2Y,��,^Y,���7�'?�-*"<b$%C3bc"

- I@$��N=bE��++- xy $���cc��/d�����-.-Y,
��)#��N=V52Y,���7eb.P)"W�5#"7-��Y,��MC�O

Q��� B-B ��abW$>dG(�:'��:, [22] ��OQ���Y, B-B ���
#9��!�OQ��� B-B ��"Y,���X5/T��LM=�I���OQ���
Y, B-B ���D;HP�&�#�f,#)fD;A/R�"A:, [12, 20, 21] >'�
:, [22] V5Bc�F�"Æ:QOQ%�VW�N-A X5/T�S��LV�7d
 �7-R)�1N>2*e'?I_�M=S��dLV� Bernstein G9"fG�bW
Ideg�!L0 f�D;A/A&hK�<fD;A/�MCLF(.:XNSb&
�$%#!�LV#"�#$�3" I��2OQ���Y, B-B ��fN$�$M�7
ge�>R)J%���Y, Bézier ��"

(.M=�Y,�����20%�.��":, [23] 2�#OF20%�. Bézier �
��7���":, [24] �01NAU) n F�V%�R)�#5�1A""�"R PDE
��<<cgA*8 CAD FG�e@#���:, [25] ��� PDE ��� Bézier H>�
�"

3.3 `amnoR�pqEdefg
ABG(X)'�&89�H>$%L5'!("R-.� Plateau-Bézier �����

�7f>X� 4 /++���D;A/�)#?K�D;A/�F-R)� Bézier ����
�P)&�"�(��'����]Æ�#'��:, [26] 7Q���X)'�>5"�#
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9X)'� –Dirichlet X)'���

EDir(r) =
∫

U

‖ru‖2 + ‖rv‖2dudv,

JRc?KD;A//"V>5X)'��0�)��$iG�� �"/�Q8�R)�
?KD;A/A++D;A/Z���#LF"C�� 3 FVW�1N"

P11 =
1
48

(−22P10 + 15P13 + 24P20 − 4P32 + 24P02 + 4P33 + 15P31 + 48P00 − 22P01 − 4P23),

P12 =
1
48

(15P10 − 22P13 − 4P20 + 48P03 + 15P32 + 4P30 − 22P02 − 4P31 + 24P01 + 24P23),

P21 =
1
48

(24P10 − 4P13 − 22P20 + 4P03 + 24P32 + 48P30 − 4P02 − 22P31 + 15P01 + 15P23),

P22 =
1
48

(−4P10 + 24P13 + 15P20 − 22P32 + 15P02 + 48P33 + 24P31 + 4P00 − 4P01 − 22P23).

G(=W�Q8$%�:, [27] 2OQ��� B-B ����<<�7�g["
:, [28] 7QG( Coons ���F��bW�(.jBI1++� Coons B W/�

��JR�$ Dirichlet X)'�����-#��� Plateau ��"
����.��&�,$-�."/"��'6�7-�.���&��K"X(.D

$-�."/!-*�� Plateau-Bézier ��"�(2(>5����*e�$-�.(,
(2�7-�:, [29] �$-�. H "/'9"C[89��

Emean(r) =
∫

U

‖H‖2dudv,

�("d���0ZÆ�#���/O����0�#9"

Emean(r) =
1
4

∫
U

(ruu + rvv)2dudv,

G("�W�X)'��>R)�?KD;A/A++D;A/Z�W��#LF"C��

3 FVW�1N"

(a) Tf�gT��� (b)Dirichlet ��

Z 2 h 3 k Bézier ���hr
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P11 =
1

16269
(−6288P10 + 3381P13 + 5812P20 + 58P03 − 1426P32 + 58P30 + 5812P02

+ 1455P33 + 3381P31 + 11740P00 − 6288P01 − 1426P23),

P12 =
1

16269
(3381P10 − 6288P13 − 1426P20 + 11740P03 + 3381P32 + 1455P30 − 6288P02

+ 58P33 − 1426P31 + 58P00 + 5812P01 + 5812P23),

P21 =
1

16269
(5812P10 − 1426P13 − 6288P20 + 1455P03 + 5812P32 + 11740P30 − 1426P02

+ 58P33 − 6288P31 + 58P00 + 3381P01 + 3381P23),

P22 =
1

16269
(−1426P10 + 5812P13 + 3381P20 + 58P03 − 6288P32 + 58P30 + 3381P02

+ 11740P33 + 5812P31 + 1455P00 − 1426P01 − 6288P23).

�(VX)'�A���) � 3L�7-�AG(Dirichlet X)'�&�9>'�
W��#LF>2*eF�'?dh"D\N�K��(<O<�2��Y$-�.�H>

'��7-<OC38i�2(Æ2++VW��$$-�.X)'�-R)�����'

?�@!2Æ2++VW��$ Dirichlet X)'�-R)�����'?�"Y 2 ��B�
!�,3��$-�.$$X), Dirichlet X)�&,"%%�D;A/"���D;A
/�h%�D;A/"l#�D;A/"Y 2(a) AY 2(b) ��++_Y/T>=�Y 2(a)
�����" 180.8689,Y 2(b) ������" 180.9090,7-�-"�&,��$-�.$
$X)' Dirichlet X)5e"

4 stuvwxyz
��������������#45�'4��"�(0-J�cg���U&@

$������D6 CAGD ��,3451F"AB�J/L5�"=9<<,H><<
<(#"=9<<iJXR)iPf]�F������Nd>2im�<<�0�Z�L
%SZ(%���<<�V#"H><<(.SZ(%�$g�V#�N-R)���KX
�>5����"-H><<$%��G(�B#!�$%iJ(.R)>2=9�1N�

Nj3W:X\�) CAGD <<FG�@G(�#���$��$%,G(X)'�89
�$%1NI_�$%e7���1F=j�3@eA*7 CAGD <<FGe@��BRA
j�����<<$%"

����- CAGD ������ABk,(?h n"V5���"R���L53
1) CAGD �$�%(������JEkVijR6g[�'B�I1F$�%(

������W-#M=`0�\%�,�\#9@

2) CAGD �� Plateau ��Xl3aSR)"R"R)�����&_�#>5��
���jk--"&�*)A++/T0m@�X)'���"R���Lk@

3) -�����@$(g — /16)#��&�NS)]ol�eb��m%�-V

5�O]������a�/16J��&Lk�����"7-��������eb,
J�!%��K"C��V5"R�45H�@

4) -SZ�����_Y/TC�&�R)HP����,@������d�BR
���H�@
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5) &�� CAGD ������<<$%�@$) I����&78)#�37;<
55�2( IJ�3451F"

Q { | }
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RESEARCH DEVELOPMENT OF MINIMAL SURFACE

MODELING IN COMPUTER AIDED GEOMETRIC DESIGN

XU Gang WANG Guozhao

(Institute of Computer Graphics and Image Processing, Department of Mathematics,

Zhejiang University, Zhejiang 310027)

Abstract Minimal surfaces have been employed in many areas. It is valuable to intro-
duce minimal surfaces into the field of computer aided geometric design. In this paper, the
research on modeling of minimal surfaces in CAGD is made a comprehensive survey. According
to the modeling methods, the existing work can be clarified into two parts: exact modeling
of minimal surfaces and approximating modeling of minimal surface. The exact modedling
methods include: representation and construction of control mesh of some special minimal sur-
face; exploration and properties of polynomial parametric minimal surfaces with isothermal
parameter. The approximating modeling methods include: approximating methods based on
numerical calculations; approximating methods based on linear PDE; approximating methods
based on optimization of linear energy function. At last, we analyze and compare the modeling
methods, and introduce the research directions in the future.

Key words Computer aided geometric design, minimal surface, harmonic surface, isothe-
mal parametric surface, membrane structure.


