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Ba
kground
✦ Programming languages 
hara
terising 
omplexity 
lasses.

➣ Appli
ations with resour
e restri
tions.

➣ Veri�
ation of 
ryptographi
 algorithms.

✦ Re
ursion s
hemes 
apturing PTIME 
omputations:

➣ Bounded re
ursion [Cobham 1963, ...℄

➣ Safe re
ursion [Bellantoni & Cook℄
➣ Tiered re
ursion [Leivant & Marion℄

✦ Surveys:Programming languages 
apturing 
omplexity 
lasses, by M. Hofmann.Computation models and fun
tion algebras, by P. Clote.
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Contents of the paper

✦ A typed λ-
al
ulus SLR with

➣ a mixed use of linearity and modality, and

➣ a de
idable type 
he
king system.

✦ A 
ategory-theoreti
 proof of soundness:

➣ a 
ategori
al model of SLR;
➣ all morphisms are PTIME 
omputable fun
tions by
onstru
tion.
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Re
ursion on notation

✦ Complexity is measured in terms of the length of binaryrepresentations: |x| = ⌈log2(x + 1)⌉.

✦ Primitive re
ursion usually makes an exponential (of |x|)number of re
ursive 
alls.
✦ Re
ursion on notation:

f(0, ~y) = g(~y)

f(x, ~y) = h(x, ~y, f(⌊x

2 ⌋, ~y)), when x > 0An evaluation of f(x, ~y) requires |x| re
ursive 
alls.

✦ Alternative sytax: a simply-typed λ-
al
ulus.
S0, S1 : N → N

rec : N → (N → N → N) → N → N
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An example: re
ursion on notation is NOT enough!

sq(0) = 1

sq(x) = 4 · sq(⌊x

2 ⌋), when x > 0

sq(x) = (2|x|)2 is a fun
tion of polynomial growth, but

exp(0) = 2

exp(x) = sq(exp(⌊x

2 ⌋)), when x > 0

exp(x) = 2(3·2|x|−2) is a fun
tion of exponential growth.

Results of re
ursive 
alls should not be used as arguments ofre
ursively de�ned fun
tions.
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Safe re
ursion [Bellantoni & Cook℄

✦ Variables are divided into normal and safe variables: f(~x; ~y).

✦ Safe 
omposition: everything plugged in a normal position isde�ned with only normal variables:

k(~x; ~y) = f(~g(~x; );~h(~x; ~y))

✦ Results of re
ursive 
alls are used via safe variables only:

f(0, ~y; ~z) = g(~y; ~z)

f(x, ~y; ~z) = h(x, ~y; f(⌊x

2 ⌋, ~y; ~z), ~z)The fun
tion exp is not de�nable by safe re
ursion:
exp(x; ) = sq(exp(⌊x

2 ⌋; ); )
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Alternative syntax: modal types

Types from the modal logi
:

➣ a unary type 
onstru
tor �:

Γ ⊢ e : �(τ)

Γ ⊢ e : τ

Γ ⊢ e : τ Γ(x) = �(_) for all x ∈ FV (e)

Γ ⊢ e : �(τ)

➣ �(τ) are types for normal variables.

➣ the safe re
ursor:
rec : N → (�(N) → N → N) → �(N) → NThe fun
tion exp is not typable:

sq ≡ rec(S1O)(λy�(N).λzN.S0(S0z)) : �(N) → N

exp ≡ rec(S0(S1O))(λy�(N).λzN.sq(z)) : ✘
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Higher-type re
ursion and linearity

➣ Higher-type re
ursor

rec
τ : τ → (�(N) → τ → τ) → �(N) → τ

➣ This re
ursor breaks the PTIME restri
tion:

f ≡ rec
N→N

S0(λn�(N).λgN→N.λzN.g(g(z))) : �(N) → N → N

f(x, y) = 22|x|

· y is of exponential growth.

➣ Results of re
ursive 
alls should be used linearly.

➣ Linear fun
tions: arguments 
an be used at most on
e.

rec
τ : τ ⊸ (�(N) ⊸ τ ⊸ τ) ⊸ �(N) ⊸ τ
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SLR system � types, terms

✦ Types:
τ, τ ′, . . . ::= N natural numbers

| τ ⊸ τ ′ linear fun
tions

| τ → τ ′ nonlinear, nonmodal (optional)

| �τ → τ ′ modal fun
tions

| . . .

� itself is NOT a type 
onstru
tor in SLR.
✦ Terms:

e, e′, . . . ::= λx.e | ee′ | O | S0 | S1 | recτ | caseτ | . . .Above is a non-polymorphi
 fragment of the SLR system.
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SLR system � aspe
ts, subtyping, 
ontexts

✦ Aspe
ts:
(nonlinear, modal) < (nonlinear, nonmodal) < (linear, nonmodal)

✦ Subtyping:
τ ′ <: τ σ <: σ′ a′ ≤ a

τ
a

−→ σ <: τ ′ a
′

−→ σ′In parti
ular, τ ⊸ τ ′ <: τ → τ ′ <: �τ → τ ′.

✦ Typing 
ontexts assign to variables aspe
ts as well as types:

x1 :a1 τ1, . . . , xn :an τnAspe
ts spe
ify the way how variables 
an be used in terms.
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SLR system � typing rules

Γ ⊢ e : τ τ <: τ ′

Γ ⊢ e : τ ′

Γ, x :a τ ⊢ e : τ ′

Γ ⊢ λx.e : τ
a

−→ τ ′

Γ, ∆1 ⊢ e1 : τ
a

−→ τ ′ Γ, ∆2 ⊢ e2 : τ

Γ nonlinear a′ ≤ a for all x :a
′

∈ Γ, ∆2

Γ, ∆1, ∆2 ⊢ e1e2 : τ ′

Γ ⊢ recτ : τ ⊸ �(�N → τ ⊸ τ) → �N → τExample:

f ≡ rec
N⊸N

S0h : �N → N ⊸ N where we are expe
ting

⊢ h ≡ λn
N
.λg

N⊸N
.λz

N
.g(g(z)) : �N → (N ⊸ N) ⊸N ⊸ Nbut in SLR we 
an only infer

⊢ h : �N → (N ⊸ N) →N ⊸ N or ⊢ h : �N → �(N ⊸ N) →N ⊸ N
Informal meeting � Mar
h 23, 2007 � 11



Main result
✦ Type-
he
king in SLR is de
idable.

✦ All de�nable numeri
 fun
tions are PTIME 
omputable.

➣ A 
ategory-theoreti
 model for SLR.

➣ All morphisms are PTIME 
omputable by 
onstru
tion.

[Murawski & Ong℄ SLR- is PTIME 
omplete.SLR- is SLR with only two fun
tion spa
es: _ _ and_ _.The proof is standard: en
oding PTIME Turing ma
hines inSLR-.
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