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Background

[1 Programming languages characterising complexity classes.
[l Applications with resource restrictions.

[1 Verification of cryptographic algorithms.

[1 Recursion schemes capturing PTIME computations:
[0 Bounded recursion |[Cobham 1963, ...]
[1 Safe recursion |[Bellantoni & Cook|
[0 Tiered recursion |Leivant & Marion]

[1 Surveys:

Programming languages capturing complexity classes, by M. Hofmann.

Computation models and function algebras, by P. Clote.

Informal meeting — March 23, 2007 — 2




Contents of the paper

[J A typed A-calculus SLR with
[ a mixed use of linearity and modality, and

[1 a decidable type checking system.

[J A category-theoretic proof of soundness:
[1 a categorical model of SLR;
[1 all morphisms are PTIME computable functions by

construction.
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Recursion on notation
[1 Complexity is measured in terms of the length of binary
representations: |z| = [logy(x + 1)].

[0 Primitive recursion usually makes an exponential (of |z|)

number of recursive calls.
[1 Recursion on notation:
f0,9) = g
fle,y) = b,y f(15],9)), when 2 >0
An evaluation of f(x, ) requires |z| recursive calls.
[J Alternative sytax: a simply-typed A-calculus.

S(),Sl : N— N
rec : N—-(N—-N-—-N)—N-—=N
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An example: recursion on notation is NOT enough!

sq(0) = 1
sq(x) = 4-sq([5]), when z >0

sq(z) = (2*)? is a function of polynomial growth, but

exp(0) = 2
exp(x) = sq(exp(|5])), when z >0

exp(z) = 2(32"1-2) i5 4 function of exponential growth.
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An example: recursion on notation is NOT enough!

sq(0) = 1
sq(x) = 4-sq([5]), when z >0
sq(z) = (2*)? is a function of polynomial growth, but
exp(0) = 2
exp(x) = sq(exp(|5])), when z >0
exp(z) = 2(32"1-2) i5 4 function of exponential growth.

[1 Results of recursive calls should not be used as arguments of

recursively defined functions.
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Safe recursion |Bellantoni & Cook]|

[0 Variables are divided into normal and safe variables: f(7; 7).

[1 Safe composition: everything plugged in a normal position is
defined with only normal variables:

k(T 4) = f(7(7); (& 7))
[1 Results of recursive calls are used via safe variables only:

5 (0,
Sz,

\

—

7)) = g1 ?)
2) = hix,y; f(L5],1:2),2)

<

l

<

The function exp is not definable by safe recursion:

exp(z;) = sq(exp(5]:);)
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Alternative syntax: modal types

Types from the modal logic:
[l a unary type constructor LI
I'Fe:0() I'Fe:7 T(z)=0( ) for all x € FV (e)
Che:r I'Fe:0O(7)

0 O(7) are types for normal variables.

[1 the safe recursor:
rec:N— (OIN) —-N—=N)—-(N) —N
The function exp is not typable:

sq = rec(S10)(Ay"MN AzN.50(S02)) : O(N) — N
exp = rec(Se(S10))( Ay N AN sq(2)) : O
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Higher-type recursion and linearity

[1 Higher-type recursor

rec’ :7—= (ON) -7 —-7)=0(N) —>7
[1 This recursor breaks the PTIME restriction:
f=recN=Ng (A= M AgN=N Xz2N g(g(2))) : ON) = N = N
flx,y) = 22", y is of exponential growth.

[1 Results of recursive calls should be used linearly.

[J Linear functions: arguments can be used at most once.

rec’ :7—o (ON) o7 —o7) o O(N) —o 7
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SLR system — types, terms

[1 Types:

7' ,... = N natural numbers
7 —o 7/ linear functions
7 — 7' nonlinear, nonmodal (optional)

(Jr — 7/ modal functions

[1 itself is NOT' a type constructor in SLR.

[1 Terms:

e,e',...:=MXr.e|ee |0]8Sy |81 |rec” |case” |...

Above is a non-polymorphic fragment of the SLR system.
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SLR system — aspects, subtyping, contexts

[1 Aspects:

(nonlinear, modal) < (nonlinear, nonmodal) < (linear, nonmodal)

[1 Subtyping:
<1t o< d<a

a /CL/ /
T — 0 <.:T —™O0

In particular, 7 — 7/ <:7 — 7/ <: Or — 7.

[1 Typing contexts assign to variables aspects as well as types:

.al

X1 : Ldn

Tlyeeoyp - ™n

Aspects specify the way how variables can be used in terms.
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SLR system — typing rules

'e: 7 7<:7 Dz *rthke:7

TFe:7 CHAre:T — 7/

F,A1|_6127'i>7'/ F,AQ"&QIT
I nonlinear o < a for all z:¢ €T, A,

AL, A ejeq: 7/

I'+rec,:7—ON—-7—o7)—=0N—>T7T

Example:
f =rec"™Ngyh : ON — N — N where we are expecting

Fh=M"Ag" N 2N g(g9(2)) : ON — (N — N) —N — N
but in SLR we can only infer

~h:ON—(N—oN)—=N-—-N or Fh:ON—DON-—-N)—N-—N
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Main result

[0 Type-checking in SLR is decidable.

[1 All definable numeric functions are PTIME computable.
[0 A category-theoretic model for SLR.
[0 All morphisms are PTIME computable by construction.
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Main result

[0 Type-checking in SLR is decidable.

[1 All definable numeric functions are PTIME computable.
[0 A category-theoretic model for SLR.
[0 All morphisms are PTIME computable by construction.

[0 [Murawski & Ong| SLR- is PTIME complete.

[J SLR- is SLR with only two function spaces: @ — and
1] —

[1 The proof is standard: encoding PTIME Turing machines in
SLR-.
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