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In this talk, we present a Mathematica implementation of algo-
rithms which compute reachable space for nonlinear dynamical
systems in presence of model uncertainty. These algorithms will
be described through an example of a biological process, dis-
cussing the quality of the results and the efficiency for getting
them.
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2 Author(s)

m Non-Linear Dynamical Systems

o Generic Case
x@ty=Ffx p, t) x(to)eXocD, peP) (1)

O Example

Haldane model of a biotechnological process in a stirred reactor,
addressing the existence of one specy on a chemostat with a single
substrate

s
X = (%, 8) = |up————ad|x
s+ks+ 52/ k;
P )
s = f(x,9 = ~kpyp——————x+(5;5-95d
s+ks+ 5%k

X : biomass density,

s : substrate concentration,

d : dilution rate of the chemostat,

Sin : concentration of input substrate given by
Sin(H=5% +15cos(1/5 t).

uo and s, are assumed uncertain.
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m Reachable Set
x(@®=Ffx,p,t), x(tp)eXocD, peP) 3)

The reachable space is the set of all feasible solutions for the differen-
tial equation when initial state vector is taken in domain Xy and param-
eter vector in domain P

R([t1, &]; Xo) =
X, ist=<b [(X[@=F(X, p, 1)) (X (t) €Xo) A (P €P)}
s[a_] := NDSolve [
{(y'[X] =ay[x] Cos[x+aA (3) y[x]],Y[0] =1}, y, {X, 0, 30}]
Plot[Evaluate[{y[x] /.s[0.5],y[Xx] /.s[1.],y[Xx] /-s[1.5]}],
{x, 0, 30}, PlotRange - All, Filling -» {1 -> {3}}]

4)

Reach
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m Set Integration with Interval Taylor Models
o defineatimegridfp<ti <t <...<tp,

e objective is to compute interval vectors [x;], j=1, ..., nr, that
are guaranteed to contain the solution at time t;

a priori [X J.-] EE—

[x]] [xj+1]

1. Fixed point theorem and Picard-Lindel6f operator, compute
an a priori enclosure [ij]

Vte[tj, tj+1] X(t)E[)ZJ] (5)
2. a tighter enclosure [xj+1] of the solution is based on Taylor
expansion
k_l . -
[ja] = [xi]+ 25 A5 ()], o), )+ A 49 (%0, 10, 1), ta]) (6)

i=1
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m Set Integration with Interval Taylor Models (cont'd)
O Wrapping Effect

ll(‘ll‘

i

7

N\
NN\

O Implementation

e a C++ package which implements Rhim's algorithm (mean
value forms, matrices preconditioning and linear transforms)

e Profil/BIAS C++[17] class library for interval computations

e FADBAD++ package is used for computing Taylor coefficients
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m Set Integration with Miiller's Theorem

o Miiller's Theorem
e Hypothesis :

Vi, D*w;(t)=ming o fi (X, p, t)

Vi, D"Q;(t)= maxy, , f; (X, p, 1)

T {X= w0, wj(=x=0;0), j#,

k]
IA

o
IA

T

T {Xi=ﬂi(F), wi(H=x;=Q;(t), j*£I,

k=]
IA

©
IA

ol

e Solution of system is inside

X_{tosts tn,
Hom=xm=am

O Using Monotonicity

e Study sign of the partial derivatives O and &

APk ax;
e Solve
wt)=1f(w, Qp, P, t), w(ty)=Xg
{Q(t): f(w, Qp, P, t), Qt)=Xo
with

fi(w, 0, p, 0, t)=F(y %, @), 1)

Filw, 00,0 0)=F(7 0,5 (), 1)

Q;ifi=j

L. 0f
Q;if i+ )n—=0
7 (x)= 0,

.. 0f;
wj if (i+j))r—<0
an
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m Hybridization

e Use Miiller's theorem whenever it is possible, use interval
taylor models otherwise

+ [l [e]- £)

, leli(5;: [l [t £.4]) (gl2([%);. []. 5. tia])
PN e RO
e lgh([x). ol ©
.tD i’l ; 3 1;. s ts - t& ty i
R D D
g=1 g=0 ¢g=2 g=0 g=3 g=0 qg=4
g=1 g=2

% = % By oo ) 0€[alvoe &l .
il ) oclalvocla, \ -
x = f(x Py P2 ) \ X =

\ S j‘wo\‘ '/__u,__ | )

e q=0 ol <onlpli<o
x € f([x]. [p1]. [e2]. )

'/‘“‘T::IL <OnlEl >0 g \la)>0Al&] >0

[ I
e avoc, /) \ ocllvocl iy
x=f(%.p.Fnt) O€lBlivoeial \ i Y X=F(% PPt
k= £(x.P1pyt) T Ea ——\ &= f(x.p,; 2, 1)

&) =350, (&l = &%), [l [pa], [t tia])

IMStaékBiftEgmatic3 Jb9/43] volume:issue © year Wolfram Media, Inc.



8 Author(s)

m Practical Case

Uncert[v_, p_] :=Interval [N[{v-pVv/100,v+pv/100}]]
si[t] :=s0+plCos[t/5]
equations = { (muO s/ (s +Ks + sz/ki) -a d) X,
—kmuOs/(s+ks+sz/ki) X+ (si[t] -s) d}
variables = {x - Interval [ {0.00000001, 1000}1],
s - Interval [ {0.00000001, 1000} 1] };

parameters = {mu0 - Uncert[0.75, 1], sO - Uncert[65, 1.51};
constants = {k » 42.14, ks » 9.28, ki-» 256, a-» 0.5, d > 2., p1 > 15};

{X LOS—CIOt ,—M+d —S+SO+p1COS[;”}

52 52
ks +s + > ks +s+ >
ki ki

O Derivatives and signs

(jac = D[equations, {First /@ Join[variables, parameters]}]) //

MatrixForm
2s
muds do B mu0 s 1+W) mu0 X s X 0
2 22 2 2
ks+5+; [k5+5+;] ks+s+s—_ ks+s+s—_
ki ki ki ki
2s
kmuO's d kmuOs(LF)x k mu0 x ks x d
- $2 B 212 2 2
k5+5+—_ ks+s+— kS+S+—_ kS+S+f_
ki ki ki ki

(sigjac = Fold[ReplacePart[#1, 1, {#2, #2}] &,
Map [Sign, jac /. Join[ {t - Interval [ {0, 30} ]}, constants] /.
parameters /. variables, {2}1,
Range[Length[jac]]]) // MatrixForm

1 Interval{{-1,1}] 1 O
-1 1 -1 1

O Code

Building equations for each mode

Given an equation, the corresponding line of the sign matrix, and
uncertain variables, BuildEquation returns the corresponding
bounding equations. Minima and maxima of variable x are denoted by
new variables xMin and xMax.
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BuildEquation[eq_, |_, v_] :=
eq /- Transpose[Map [{#[[1]] »#[[2,1]],#[[1]]1-»>#[[2,2]]} &
Inner[ {#2, SetMm [#1] [#2]} &, |, v, List]]]

SetMm[1] = {min[#], max[#]} &;
SetMm[-1] = {max[#], min[#]} &;
SetMm[0] = {#, #} &;

min[s_Symbol] := ToExpression[ToString[s] <> "Min"]
max[s_Symbol] := ToExpression [ToString[s] <> "Max"]

For a given mode criterion, and the corresponding sign matrix, BuildE-
quations applies BuildEquation for generating all the equations of
the mode.
BuildEquations [ {mc_, sig_}, var_, param_, eqs_] :=
{mc, Mapindexed [BuildEquation[#1, sig[ [#2[[1]]111,
First /e Join[var, param]] &, eqs]}

Building modes
BuildMode is the low level function computing all the modes and the
corresponding equations.
BuildMode[jac_, p_, sig_, var_, param_, eqs_] :=
Map [BuildEquations [#, var, param, eqs] &,
Transpose[ {With[{l =Map[{# >0, # <0} &, Extract[jac, p11},
Flatten [Outer[List, Apply[Sequence, |11, Length[l] - 111,
Map [BuildSignJac[#, sig] &,
With[ {l =Map[{toto[1, #], toto[-1, #]} & p]}, Flatten[
Outer[List, Apply[Sequence, 111, Length[l] - 1111}11]

BuildSignJac[ {x__toto}, sig_] :=
Fold [ReplacePart[#1, #2[[1]], #2[[2]]1] &, sig, {X}]

GenMode is the high level function computing all the modes and the
corresponding equations.
GenMode[var_, param_, eq_, val_] :=
With[ {jac = D[eq, {First /e Join[var, param]}]},
With [ {sigjac = Fold [ReplacePart[#1, 1, {#2, #2}] &, Map[Sign,
jac/.val /.param /.var, {2}], Range[Length[jac]]]},
With [ {pos = Position[sigjac, _Interval] },
BuildMode | jac, pos, sigjac, var, param, eq]]1]
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GenJacMode [var_, param_, eq_, val_] := Map [FullSimplify,
With [ {jac =D[eq, {First /@ Join[var, param]}]},
With [ {sigjac = Fold [ReplacePart[#1, 1, {#2, #2}] &,
Map [Sign, jac /.val /. param /.var, {2}],
Range[Length[jac]]]}, With]
{pos = Position[sigjac, _Interval] }, Extract[jac, pos]111]

Result is a list of mode. Each mode is a {<criterion>, <equations>}
list. <criterion> is a list of inequations. <equations> is a list of

couples of {min, max} equations.
O Mode Computation

res = GenMode [variables, parameters,

equations, Join[ {t- Interval[ {0, 30}]}, constants]]

muO s (1+2k—is) muO

- + X>0},
212 s2
(ks+s+s—) ks+s+ >
ki ki
muOMin sMin muOMax sMax
{{xMin - —dal, xMax

-da },
. Min? Max?
ks + sMin + 3% k'_n ks + sMax + ° ka_x
I 1

k muOMax sMin xMax

+d

)

sOMin - sMin + p1 Cos[

in
ks + sMin + SN:('“
]

k muOMin sMax xMin

t
- , +d sOMastax+p1Cos[]]}}},
ks + sMax + S‘M% 5
|
muO s (1 + Zk—ls) muo
- + X<0},
212 §2
ks+s+ s kS+S+ —
ki ki
muOMin sMax muOMax sMin
{ {xMin o da], xMax | g,
ks + sMax + SMS ks + sMin + SMk',”
| I
k muOMax sMin xMax
- +d

t
sOMin - sMin + p1 Cos [f} J

2
ks+sMin+5M% 5
1

k muOMin sMax xMin
- +d

sOMax - sMax + pl Cos{t”}}}}
ks + sMax + k_z >

sMa
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o C code linking
Code generation

O Results

PlotFrontier[l1, 1]

PlotFrontier[l1, 2]
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