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Abstract

A modular recon�gurable parallel robot system consists of a collection of standardized
active and passive joint modules and custom-designed links and mobile platforms that can
be assembled into many possible parallel robot con�gurations. Since kinematic errors, es-
pecially the assembly errors, are likely to be introduced into such a modular parallel robot,
kinematic calibration becomes essential to enhance its positioning accuracy. Using the
local frame representation of the Product-Of-Exponential (Local POE) formula, a linear
self-calibration model is proposed for a class of three-legged modular recon�gurable par-
allel robots. In the local POE formula, each link has a local frame and its corresponding
joint adopts the local frame representation. Since all of the local frames can be arbitrar-
ily assigned, we are able to calibrate (relocate) them, and yet retain the nominal (local)
descriptions of their respective joints to re
ect the actual kinematics of the robot. The cal-
ibration criteria is de�ned as the measurement residues of the passive-joint displacements.
The kinematic calibration thus simply becomes a procedure of �ne-tuning the poses of
the local frames to minimize the measurement residues. To identify the error parameters,
an iterative least-square algorithm is employed. The simulation example of calibrating a
three-legged (RRRS) modular parallel robot shows that the robot kinematics can be fully
calibrated within three to four iterations.

1 Introduction

Parallel robots are complex kinematic systems that require extensive development e�ort. A
modular recon�gurable parallel robot system consists of a set of independently designed modules,
such as actuators, passive joints, rigid links (connectors), mobile platforms, and end-e�ectors,
that can be rapidly assembled into various robot con�gurations having di�erent kinematic and
dynamic characteristics. Employing modular design to the parallel robots can shorten the
development cycle, i.e., the time from design to deployment, and therefore reduce the complexity
of the overall design problem to a manageable level.

In this work, a class of three-legged, nonredundant, parallel robot structures [1] has been iden-
ti�ed for our modular robot system. Such a modular parallel robot consists of three legs. Each
leg has two active joints, one passive 1-DOF (revolute) joint, and one passive 3-DOF (spherical)
joint which is placed at the end of the leg. Based on this topological structure, all of the possible
robot con�gurations can be enumerated [2]. Fig. 1 shows two such possible robot con�gurations
that have been constructed.

One of the main concerns in using such a recon�gurable robot system is the positioning accuracy
of the robot end-e�ector. A set of robot modules are joined together to form a complete parallel
robot assembly. Machining tolerance, compliance, misalignment of the connected modules, and
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Figure 1: Two modular three-legged parallel robot con�gurations

wear of the connecting mechanism will a�ect the positioning accuracy of the robot. Hence,
identifying the critical kinematic parameters to improve the positioning accuracy of the robot
end-e�ector becomes a very important issue for modular recon�gurable parallel robots.

Because of the closed-loop structure of a parallel robot, its kinematic calibration is normally
divided into two consecutive procedures: 1) self-calibration, and 2) base and tool calibration. The
purpose of self-calibration is to calibrate the closed-loop mechanism itself by using the built-in
sensors in the passive joints. After a robot is self-calibrated, the kinematic transformation from
the robot base frame to the mobile platform frame can be computed with su�cient accuracy. The
base and tool calibration, on the other hand, is to identify the �xed kinematic transformations
from the world frame to the robot base frame and from the mobile platform frame to the
end-e�ector frame by using external measuring equipment. It can be conducted only if the
self-calibration has been completed. Because of the importance of the self-calibration step, past
research e�orts on calibration of parallel robots have been concentrated on the self-calibration
techniques [3, 4, 5, 6]. A representative work in this approach was presented by Zhuang [3].
In this work, a self-calibration method was proposed for the conventional six-legged Stewart
platform through the installation of redundant sensors in several passive joints and construction
of a measurement residue with measured values and the computed values of these readable
passive joint angles. When these passive joint angles are recorded at a su�cient number of
measurement con�gurations, the actual kinematic parameters can be estimated by minimizing
the measurement residues. Wampler, Hollerbach, and Arai [6] presented a uni�ed formulation
for the self-calibration of both serial-type robots and robotic mechanisms having closed loops
by using the implicit loop method. In this method, the kinematic errors are allocated to the
joints such that the loop equations are exactly satis�ed. Inrascu and Park [7] developed a
geometric framework for the calibration of kinematic chains containing closed loops. Both joint
encoder readings and end-e�ector pose measurements can be uniformly included into this frame
work. As a result, the kinematic calibration is cast as a nonlinear constrained optimization
problem. There is only a handful works on the calibration of the three-legged parallel robots
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[7, 8]. Notash and Podhorodeski [8] presented a methodology allowing kinematic calibration
of three-legged parallel robot based on the minimization of the leg-end distance error. The
work employs the Levenberg-Marquardt nonlinear least-square algorithm to identify the actual
kinematic parameters.

We focus on the self-calibration of a class of three-legged modular parallel robots in this work.
A general and e�ective calibration algorithm is developed for modular parallel robots base
on the local frame representation of the Products-Of-Exponentials (POE) formula. The POE
formulation method describes the joint axes based on line geometry. It is uniform in modeling
manipulators with both revolute and prismatic joints. The kinematic parameters in the POE
model vary smoothly with changes in joint axes so that the model can cope with certain kinematic
singularity problems that can not be handled by using the conventional D-H parameterization
method. Signi�cantly, the POE formula has a well-de�ned di�erential structure such that it can
be easily di�erentiated with respect to any of its kinematic parameters. These features make
the POE formula very suitable for robot kinematic calibration [9, 10].

The remaining sections of this article are organized as follows. The kinematic modeling issues
including the local POE formula, the forward displacement analysis, and the inverse kinematics
are brie
y addressed in Section 2. The the self-calibration model, based on the local POE
formula, is formulated in Section 3. The simulation examples are then presented in Section 4.
This article is summarized in Section 5.

2 Kinematics of Three-legged Modular Parallel Robots

In order to develop a self-calibration model for the three-legged modular parallel robots, two for-
ward displacement analysis algorithms, i.e., the sensor based method and the numerical method,
are brie
y introduced in this section. These algorithms, based on the POE formula, are gen-
eral enough to deal with the three-legged modular parallel robots having di�erent assembly
con�gurations. For more detail, please refer to our previous paper [11].

2.1 The Local POE Formula

In [12], Brocket shows that forward kinematic equation of an open chain robot containing either
revolute or prismatic joints can be uniformly expressed as a product of matrix exponentials.
Because of its compact representation and its connection with Lie groups and Lie algebras, the
POE formula has proven to be a useful modeling tool in robot kinematics [13, 14, 15, 16]. For
our purpose, only the local frame representation of the POE formula is introduced in this article.

2.1.1 Dyad kinematics

Let link i� 1 and link i be two adjacent links connected by joint i, as shown in Fig. 2. Link
i and joint i are termed as link assembly i. If we denote the body coordinate frame on link
assembly i by frame i, then the relative pose (position and orientation) of frame i with respect
to frame i� 1, under a joint displacement, qi, can be described by a 4� 4 homogeneous matrix,
an element of SE(3), such that

Ti�1;i(qi) = Ti�1;i(0)e
bsiqi ; (1)
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Figure 2: Two consecutive links: a dyad

where bsi 2 se(3) is the twist of joint i expressed in frame i, and Ti�1;i(0) 2 SE(3) is the initial
pose of frame i relative to frame i� 1.

Ti�1;i(0) =

�
Ri�1;i(0) di�1;i(0)

0 1

�
; (2)

where Ri�1;i(0) 2 SO(3) and di�1;i(0) 2 <3�1 are the initial orientation and position of frame
i relative to frame i� 1 respectively.

The twist of joint i can be written as

bsi = � bwi vi
0 0

�
; (3)

where vi = (vix; viy; viz)
T is the positional vector of the joint axis i expressed in frame i, andbwi is a skew-symmetric matrix related to wi = (wix; wiy ; wiz)

T , which is the directional vector
of joint axis i expressed in frame i. bwi is given by

bwi =

24 0 �wiz wiy

wiz 0 �wix

�wiy wix 0

35 ; (4)

The twist, bsi, can also be expressed as a 6-dimensional vector through a mapping: bsi 7! s =
(vi; wi)

T 2 <6�1, termed as twist coordinates. In the local POE formula, the twists are expressed
in their local frames. Without loss of generality, we always assign the local frame i in a simple
way such that the joint axis i passes through origin of frame i . Hence, si = (0; wi) for revolute
joints, where wi is the unit directional vector of the joint axis i and kwik = 1; si = (vi; 0) for
prismatic joints, where vi is the unit directional vector of the joint axis i and kvik = 1.

An explicit formula for the computation of ebsiqi , is given in [13, 14]. For the local POE formula,
the computation formula can also be simpli�ed as:

ebsiqi = �
ebwiqi viqi
0 1

�
; (5)

where qi is the displacement of joint i and

ebwiqi = I + bwi sin qi + bw2
i (1� cos qi): (6)

2.1.2 The Local POE formula for Open Chains

Based on the dyad kinematics, the forward kinematic transformation for an open kinematic chain
can be easily derived. Consider an open kinematic chain with n+1 links, sequentially numbered
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as 0 , 1, : : :, n (from the base 0 to the end link n). The forward kinematic transformation thus
can be given by:

T0;n = T0;1(q1)T1;2(q2) : : : T(n�1);n(qn)

= T0;1(0)e
bs1q1T2;1(0)ebs2q2 : : : Tn�1;n(0)e

bsnqn : (7)

2.2 Forward Displacement Analysis

The kinematic structure of a modular three-legged (6-DOF) parallel robot is shown in Fig. 3.
Each leg contains four joint modules, i.e., two actuator modules, one passive revolute (rotary
or pivot) joint module, and one passive spherical joint module which is at end of the leg. It is
assumed that joint ij (bsij) is an active joint (i = 1; 2; 3; j = 1; 2), and joint i3 (bsi3) is a passive
joint (i = 1; 2; 3). De�ne frame A as the local frame attached to the mobile platform and frame
B as the base frame. The forward displacement analysis becomes to determine the pose of frame
A with respect to the base frame B when the joint displacements of the six active joints, qij
(i = 1; 2; 3; j = 1; 2), are known.
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Figure 3: Kinematic structure of a three-legged parallel robot

2.2.1 Sensor-based solution approach

The sensor-based method is a simple and practical approach for the forward displacement anal-
ysis of parallel robots. The basic idea is to install a sensor in each of the passive joint modules
to measure its corresponding joint displacement. In this case, the position vector of point
Ai(i = 1; 2; 3) with respect to the base frame B can be directly determined. It is a function of
both active and passive joint displacements in leg i. Based on the local POE formula (Eqn. (7)),
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pi - the positional vector of point Ai, can be given by�
pi
1

�
= TB;i0Ti0;i1(0)e

bsi1qi1Ti1;i2(0)ebsi2qi2Ti2;i3(0)ebsi3qi3 � p0i1
�
; (8)

where TB;i0 is the �xed pose of local frame i0 with respect to the base frame B and p0i is
the position vector of point Ai with respect to local frame i3 (i = 1; 2; 3). Note that the
homogeneous coordinate representation is employed in Eq. (8). Once the position vector pi
(i = 1; 2; 3) is computed, we can readily determine the pose of the mobile platform such that
(refer to [11] for more details):

TB;A =

�
p1 p2 p3 (p2 � p1)� (p3 � p2)
1 1 1 0

��
p001 p002 p003 (p002 � p001)� (p003 � p002)
1 1 1 0

�
�1

; (9)

where p00i is the position vector of point Ai relative to frame A.

2.2.2 Numerical solution approach

The limitation of the sensor-based algorithm is that it can only be implemented on the actual
parallel robot in which each of the passive joints is sensible. In situations where the passive
joint displacements are unable to be obtained, e.g., o�-line computations and simulations, the
iterative numerical solution method will be more practical. To mathematically derive the passive
joint displacements, a di�erential kinematic model has been formulated by Yang et al [11] based
on the POE formula. This model describes the di�erential relationship between the leg-end
distance and the passive joint displacement in a manner:

da = J dq; (10)

where da and dq represents the di�erential changes of the leg-end distance and the passive joint
displacement respectively, and J is the Jocabian matrix. Eqn. (10) can be written as an iterative
form, i.e.,

q(k+1) = q(k) + (J�1da)(k); (11)

where k represents the number of iterations. Based on the standard iterative form of Eqn. (11),
the Newton Raphson method is employed to derive the numerical solution of the passive joint
displacements. After the passive joint displacement q is derived, the pose of the mobile platform
can be easily determined by using the rest of the sensor-based algorithm.

3 The Calibration Model

3.1 Basic Considerations

Due to the closed-loop structure of a parallel robot, the forward kinematic transformations
of its legs are coupled together through the spherical joints and the unique mobile platform.
The overall kinematic errors of a parallel robot are contributed by the kinematic errors in each
of the legs and those in the mobile platform in a coupled manner. Based on the local POE
formula, a linear self-calibration model is formulated for a class of three-legged parallel robots.
The identi�cation objective function is de�ned as the measurement residues, i.e., the di�erence
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between the measured values and the nominal (computed) values of the readable passive joints.
The measurement residue can fully re
ect the overall kinematic errors of a parallel robot. If a
robot does not have any kinematic error, the measurement residue will be de�nitely equal to
zero. Based on the local POE formula, we assume that:

� the kinematic errors in a dyad exist only in the relative initial pose;

� the joint twist coordinate and the joint angle in a dyad have no kinematic error and retain
their nominal values.

Note that for the passive joints, the measurement residues, resulting from the kinematic errors
in the robot, are not constant and vary with the changes of robot con�gurations. Hence, they
are di�erent from the constant passive-joint angle o�set which, in our formulation, is assumed
to be equal to zero. In this formulation, we also assume that the 3-DOF spherical joint is
kinematically perfect such that its three axes intersect at one point.

3.2 Kinematic Errors in an Individual leg

Now let us �rst consider the kinematic errors of an individual leg. Due to the kinematic errors
in the leg assembly, the actual leg-end position will be di�erent from its nominal value. From
Eqn. (8), the forward kinematic transformation of leg i can also be given by�

pi
1

�
= TB;i1(0)e

bsi1qi1Ti1;i2(0)ebsi2qi2Ti2;i3(0)ebsi3qi3 � p0i1
�

(12)

where TB;i1(0) is the �xed kinematic transformation from the base frame B to the initial pose
of frame i1, TB;i1(0) = TB;i0Ti0;i1(0).

According to the de�nition of matrix logarithm de�ned on SE(3), there exists at least a bt 2 se(3)

for a given T 2 SE(3), such that ebt = T . Hence, for the initial pose Ti(j�1);ij(0), it is su�cient

to let ebtij = Ti(j�1);ij(0) (with ebti1 = TB;i1(0)), where btij 2 se(3) (i; j = 1; 2; 3). Eqn. (12) can
be rewritten as �

pi
1

�
= ebti1ebsi1qi1ebti2ebsi2qi2ebti3ebsi3qi3 � p0i

1

�
: (13)

We assume that the kinematic errors occur only in the initial pose Ti(j�1);ij(0) (hence in btij) and
the position vector p0i. Let the kinematic errors in btij be expressed in the local frame i(j � 1),

denoted by �btij . Since btij 2 se(3), �btij will also belong to se(3) and �ebtij = �btij ebtij . In addition,
the measurement residue of passive joint i3, �qi3, will also be treated as the kinematic error when
computing the positioning error of the leg-end point Ai. Linearizing Eqn. (12) with respect tobtij , p0i, and �qi3, we have�

�pi
0

�
= �bti1ebti1ebsi1qi1ebti2ebsi2qi2ebti3ebsi3qi3 � p0i1

�
+ ebti1ebsi1qi1�bti2ebti2ebsi2qi2ebti3ebsi3qi3 � p0i1

�
+ ebti1ebsi1qi1ebti2ebsi2qi2�bti3ebti3ebsi3qi3 � p0i1

�
+ ebti1ebsi1qi1ebti2ebsi2qi2ebti3ebsi3qi3 � �p0i

0

�
+ ebti1ebsi1qi1ebti2ebsi2qi2ebti3ebsi3qi3bsi3 � p0i1

�
�qi3 (14)
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where �btij 2 se(3) is the kinematic errors in btij expressed in module frame i(j � 1), �p0i 2 <3�1

is the kinematic error of position vector p0i with respect to frame i3, and �qi3 is the measurement

residue of passive joint i3. Based on the fact that ebtij = Ti(j�1);ij(0), Eqn. (14) can also be
simpli�ed as: �

�pi
0

�
= �bti1 � p0B;i

1

�
+ TB;i1�bti2 � p0i1;i1

�
+ TB;i2�bti3 � p0i2;i1

�
+ TB;i3

�
�p0i
0

�
+ TB;i3bsi3 � p0i1

�
�qi3; (15)

where TB;ij(j = 1; 2; 3) represents the forward kinematic transformation from frame B to frame
ij and p0ij;i 2 <3�1 (with p0i0;i = p0B;i) represents the position vector of point Ai with respect to
frame ij.

Eqn. (15) describes the gross kinematic error of the leg-end position vector pi that results from
the kinematic errors in the initial pose Ti(j�1);ij(0), the position vector p

0

i, and the measurement
residue �qi3. However, Eqn. (15) appears to have a nonlinear form, which is undesirable for robot
calibration. With some modi�cation, Eqn. (15) can be converted into a clear linear equation
described as follows.

Let �bt be an element of se(3) such that �bt = �
� bw �v

0 0

�
and p 2 <3�1 be a positional vector.

We have

�bt � p
1

�
=

�
� bw �v

0 0

� �
p

1

�
=

�
�v + � bw p

0

�
=

�
�v � bp �w

0

�
=

�
I3�3 �bp
0 0

� �
�v

�w

�
: (16)

In Eqn. (16), the matrix [I3�3 � bp] 2 <3�6 can be considered as the transition matrix related
to the positional vector p. We term such a matrix the position transition matrix and denote it
by Tp. Therefore, Eqn. (16) can be rewritten as

�bt � p
1

�
=

�
Tp
0

�
�t; (17)

where �t = (�w �v)
T 2 <6�1 is a 6�dimensional vector representation of �bt. Substituting

Eqn. (17) into Eqn. (15), we have�
�pi
0

�
=

�
Tp0

B;i

0

�
�ti1 + TB;i1

�
Tp0

i1;i

0

�
�ti2 + TB;i2

�
Tp0

i2;i

0

�
�ti3

+ TB;i3

�
�p0i
0

�
+ TB;i3bsi3 � p0i1

�
�qi3: (18)

Since TB;ij =

�
RB;ij pB;ij

0 1

�
, in which RB;ij and pB;ij (i; j = 1; 2; 3) represent the orientation

and position of frame ij with respect to the base frame B respectively, Eqn. (18) can also be
further simpli�ed as

�pi = Tp0

B;i
�ti1 +RB;i1Tp0

i1;i
�ti2 +RB;i2Tp0

i2;i
�ti3 +RB;i3�p

0

i +RB;i3Tp0

i
si3�qi3

= Ji�ti + Jqi3�qi3; (19)

where
Ji =

�
Tp0

B;i
RB;i1Tp0

i1;i
RB;i2Tp0

i2;i
RB;i3

� 2 <3�21,
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�ti = [ �ti1 �ti2 �ti3 �p0i ]
T 2 <21�1,

Jqi3 = RB;i3Tp0

i
si3 2 <3�1, si3 = (vi3; wi3)

T 2 <6�1.

Apparently, Eqn. (19) is a liner equation with respect to the kinematic errors and the mea-
surement residue. Based on this equation, a linear self-calibration model for the three-legged
modular parallel robots can be formulated.

3.3 Linear Calibration Model

Now consider the three leg-end distance equations. Without loss of generality, we �rst consider
the leg-end distance between leg 1 and leg 2 denoted by a12 such that

a212 = (p2 � p1)
T (p2 � p1): (20)

Di�erentiate Eqn. (20) with respect to p1 and p2, we have

a12�a12 = (p2 � p1)
T (�p2 � �p1)

= (p2 � p1)
T (J2�t2 �J1�t1 + Jq23�q23 �Jq13�q13): (21)

Similarly, for leg-end distance between leg 2 and leg 3 { a23 and leg-end distance between leg 3
and leg 1 { a31, we have

a23�a23 = (p3 � p2)
T (J3�t3 �J2�t2 + Jq33�q33 �Jq23�q23); (22)

a31�a31 = (p1 � p3)
T (J1�t1 �J3�t3 + Jq13�q13 �Jq33�q33): (23)

Arranging Eqn. (20), (22) and (23) into a matrix form, a linear calibration model can be obtained

Jq3�q3 = J �t; (24)

where
�q3 = ( �q13 �q23 �q33 )

T 2 <3�1,

�t = ( �t1 �t2 �t3 �a12 �a23 �a31 )
T 2 <66�1,

Jq3 =
24 (p2 � p1)

TJq13 �(p2 � p1)
TJq23 0

0 (p3 � p2)
TJq23 �(p3 � p2)

TJq33
�(p1 � p3)

TJq13 0 (p1 � p3)
TJq33

35 2 <3�3,

J =

24�(p2 � p1)
TJ1 (p2 � p1)

TJ2 0 �a12 0 0
0 �(p3 � p2)

TJ2 (p3 � p2)
TJ3 0 �a23 0

(p1 � p3)
TJ1 0 �(p1 � p3)

TJ3 0 0 �a31

35 2 <3�66,

a12 =
p
(p2 � p1)T (p2 � p1),

a23 =
p
(p3 � p2)T (p3 � p2),

a31 =
p
(p1 � p3)T (p1 � p3).

Eqn. (24) can also be further simpli�ed as the following linear calibration model:

Y = JX; (25)

where
Y = Jq3�q3 2 <3�1,
X = �t 2 <66�1.
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�q3 is termed as the measurement residue of passive joint angles and �q3 = qai3 � qi3, where q
a
i3

and qi3 (i = 1; 2; 3) represent the measured and nominal passive joint displacements respectively.
The nominal passive joint displacement qi3 can be determined by using the numerical forward
kinematic algorithm as mentioned in Section 3. In this calibration model, we have altogether 66
error parameters to be identi�ed, which re
ect the kinematic errors of a three-legged modular
parallel robots.

3.4 An Iterative Least-Square Algorithm

Based on the calibration model Eqn. (25), an iterative least-square algorithm is employed for the
calibration solution. To improve the calibration accuracy, we need to measure the passive joint
displacements in many di�erent robot postures. Suppose we need to take m sets of measured
data. For ith measurement, we can obtain a Y[i] as well as an identi�cation Jacobian matrix
J[i]. After m measurements, we can stack Y[i] and A[i] to form the following equation:

eY = eJX; (26)

whereeY = (Y[1]; Y[2]; : : : ; Y[m] )
T 2 <3m�1;

X = ( �t1; �t2; �t3; �a12; �a23; �a31 )
T 2 <66�1;eJ = Row[J[1];J[2]; : : : ;J[m]] 2 <3m�66:

Since Eqn. (26) consists of 3m linear equations with 66 variables (normally m > 22), the linear
least-squares algorithm is employed for the parameter identi�cation. The least-square solution
of X is given by

X = ( eJ T eJ )�1 eJ T eY ; (27)

where ( eJ T eJ )�1 eJ T is the pseudoinverse of eJ . Due to the closed loop structure of the parallel

robot, the determinant of eJ T eJ is normally very small. To avoid the computational di�culty, the
Singularity Value Decomposition (SVD) method can be employed to derive the pseudoinverse

of eJ .

The solution of Eqn. (27) can be further improved through iterative substitution as shown in
Fig 4. Once the kinematic error parameter vector, X is identi�ed, the initial pose Ti(j�1);ij(0),
the position vector p0i, and the leg-end distances a12; a23, and a31 are updated by substituting
X into the following equations.

Ti(j�1);ij(0)
new = e�btijTi(j�1);ij(0)

old;

p0 newi = p0 oldi + �p0i;

a12
new = a12

old + �a12;

a23
new = a23

old + �a23;

a31
new = a31

old + �a31: (28)

The same procedure is repeated until the norm of the error vector, jjX jj, approaches zero and the
actual leg-end distances converge to some stable values. Then the �nal Ti(j�1);ij(0), p

0

i, a12; a23,
and a31 represent the calibrated kinematic parameters of robots, denoted by T c

i(j�1);ij(0), p
0 c
i ,

ac12, a
c
23, and ac31 respectively.
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Actual Passive Joint Displacements:

Identification of Kinematic Errors
X = (J TJ)-1J T Y

Update T(0), p'' , a

Compute m Sets of Norminal
Passive Joint Displacements:q

p

Compute m  Sets of Measured/Simulated
qp

a

Compute Average Measurement
Residual :

δq3 < ε  ?

Terminate

Yes

No

δq3

Compute New Norminal Passive
Joint Displacements: qp

Preset Kinematic Errors
into the Robot

Nominal Robot Description:
T(0), p'', S, a

Give m Sets of Actuator Joint
Displacements: qa

Figure 4: Iterative calibration loop
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Note that the kinematic error vector,X , will no longer represent the actual kinematic errors after
iterations. However, the actual kinematic errors can be extracted by comparing the calibrated
kinematic parameters with their nominal values.

In order to evaluate the calibration result, we de�ne a deviation metric, i.e., the average mea-
surement residue of passive joint angles as

�q3 =

vuut 1

3m

mX
i=1

(�q132 + �q232 + �q332): (29)

4 Simulation Example

In this section, a simulation example of calibrating a three-legged (6-DOF,RRRS) parallel robot
is given to demonstrate the e�ectiveness of the calibration algorithm. As shown in the kinematic
diagram in Fig. 3, the nominal kinematic parameters of the 6-DOF modular parallel robot
(RRRS) are given as follows.

TB;10 =

264
1
2

�
p
3
2

0 �250
p
3
2

1
2

0 �250p3
0 0 1 90
0 0 0 1

375 ; TB;20 =

264�1 0 0 500
0 �1 0 0
0 0 1 90
0 0 0 1

375; TB;30 =

264
1
2

p
3
2

0 �250
�
p
3
2

1
2

0 250
p
3

0 0 1 90
0 0 0 1

375;

Ti0;i1 =

264 0 0 1 90
0 1 0 0
�1 0 0 0
0 0 0 1

375; Ti1;i2 =

264 0 0 �1 �330
0 �1 0 0
�1 0 0 0
0 0 0 1

375; Ti2;i3 =
264 0 1 0 0

0 0 �1 0
�1 0 0 0
0 0 0 1

375;
p001 =

" �205
�205p3

0

#
; p002 =

"
410
0
0

#
; p003 =

" �205
205
p
3

0

#
; p0i =

"
0

�330
0

#
;

si1 = si2 = si3 = (0; 0; 0; 0; 0; 1).

Here, p00i (i = 1; 2; 3) represents nominal leg-end positions with respect to the mobile platform
frame. Hence, we can compute the nominal values of the leg-end distances as:

a12 =
p
(p002 � p001)

T (p002 � p001) = 410
p
3,

a23 =
p
(p003 � p002)

T (p003 � p002) = 410
p
3,

a31 =
p
(p001 � p003)

T (p001 � p003) = 410
p
3.

Note that the units of the kinematic parameters are in radians and millimeters. The following
procedures are employed for the simulation of the calibration algorithm.

1. Use the numerical forward kinematic algorithm to randomly generate 50 robot poses as
well as the corresponding 50 sets of nominal passive joint angles;

2. Assign errors at the kinematic parameters such as dtij , dqij , dp
0

i, and da = [da12, da23,
da31]

T (i = 1; 2; 3) (listed in Table 1);

3. Find the actual initial poses in each dyad { T a
i(j�1);i(0)=e

dt̂ijTi(j�1);i1(0), the actual po-

sition vectors of each leg end with respect to frame i3 { p0
a
i = p0i + dp0i, and the actual

leg-end distances { aa12 = a12 + da12, a
a
23 = a23 + da23, a

a
31 = a31 + da31;

12



4. Determine the (simulated) actual passive joint displacements for each of the 50 poses using
the numerical forward kinematics algorithm;

5. Employ iterative calibration algorithm is then employed to identify the kinematic errors.

Since each of the actuator and passive joints are assumed to be a true 1-DOF joint, the condition
for the assignment of errors in each of the joint twists must satisfy kwi + dwik = 1 and (wi +
dwi)

T (vi + dvi) = 0, where si = (vi; wi)
T and dsi = (dvi; dwi)

T . Moreover, in the actual
calibration experiment, all actual joint displacements, including both active and passive joints,
can be directly obtained from the joints encoder readings.

The calibrated initial local frame poses as well as the kinematic errors are listed in Table 2. Since
the preset and identi�ed errors do not have the same physical meaning and are not one-to-one
correspondence, the preset kinematic errors are not fully recovered. Note that the calibration
solution is not unique and not necessarily identical to the actual robot. However, the success of
the calibration simulation can be deduced from the results shown in Fig. 5(a), where the average
measurement residue (combined for the 50 poses) is reduced from about 0.125 radians to nearly 0
radians within 4 iterations. This result shows that under the calibrated parameters description,
we can directly employ the nominal joint twist coordinates and the joint displacements from
both actuator and passive joint encoder readings to compute the actual kinematics of the parallel
robot. In other words, the parallel robot itself is precisely calibrated.
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(a) Under Ideal Experimental Condition (b) With Measurement Noise Injected

0.0014 0.0014

Figure 5: Measurement residue before and after calibration

To verify the robustness of the proposed self-calibration algorithm, we have also conducted a lot
of computer simulations where the measurement noise was injected. The simulation results show
that the calibrated measurement residues of the passive-joint angles can always converge to the
noise level. A typical simulation result is shown in Fig. 5(b), where the measurement noise of
the passive joint angles is subjected to a uniform distribution in the range of [�0:002; 0:002]rad.
Under such a noise level, the e�ective number of measurement poses is around �fty. With
the increase in the number of measurement poses beyond �fty, there is not much signi�cant
improvement in the calibration results.
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Table 1: Preset Kinematic Errors

Parameter Preset errors Parameter Preset errors

dtij (2; 2; 2; 0:02; 0:02; 0:02)T dqij(j 6= 3) 0.02

dsij (0; 0; 0; 0; sin(0:02);�1 + cos(0:02))T dqij(j = 3) 0

dp00i (2; 2; 2)T da (2; 2; 2)T

Table 2: Identi�ed Kinematic Errors

Dyad Kinematic errors T c
i(j�1);ij

(0)

0� 1
(Leg1)

(�8:531; 6:599;�0:138
0:01758; 0:02277;�0:00001)

T

24�0:02277 �0:86570 0:50005 �211:664
0:01758 0:49975 0:86599 �350:039
�0:99959 0:02851 0:00384 88:406

0: 0: 0: 1:

35
1� 2
(Leg1)

(0:075; 8:472; 1:516;
0:00031; 0:018800; 0:02967)

T

24�0:01880 0:02966 �0:99938 �329:833
0:00003 �0:99956 �0:02967 �1:31847
�0:99982 �0:00059 0:01879 7:719

0: 0: 0: 1:

35
2� 3
(Leg1)

(2:037;�0:060;�0:092;
0:059989; 0:00170;�0:00052)

T

24�0:00169 0:99999 �0:000576 2:037
0:05995 �0:00047 �0:99820 �0:057
�0:99820 �0:00172 �0:05995 �0:096

0: 0: 0: 1:

35
0� 1
(Leg2)

(�1:030;�10:721;�0:144;
�0:02856;�0:00382;�0:00012)

T

24 0:00381 �0:00018 �0:99999 408:624
�0:02855 �0:99959 0:00007 �8:180
�0:99959 0:02855 �0:00382 91:536

0: 0: 0: 1:

35
1� 2
(Leg2)

(0:097; 8:472; 1:038;
0:00032; 0:01880; 0:02959)

T

24�0:01880 0:02958 �0:99939 �329:815
0:00004 �0:99956 �0:02959 �1:292
�0:99982 �0:00060 0:01879 7:240

0: 0: 0: 1:

35
2� 3
(Leg2)

(2:037;�0:097;�0:076;
0:05999; 0:00154;�0:00053)

T

24�0:00152 0:99999 �0:00057 2:037
0:05995 �0:00048 �0:99820 �0:095
�0:99820 �0:00155 �0:05996 �0:080

0: 0: 0: 1:

35
0� 1
(Leg3)

(9:536; 4:057;�0:061;
0:01096;�0:01894;�0:00006)

T

24 0:01894 0:86585 0:49995 �197:146
0:01096 0:49982 �0:86606 358:154
�0:99976 0:02188 �0:00002 90:039

0: 0: 0: 1:

35
1� 2
(Leg3)

(0:180; 8:479; 1:242;
0:01030; 0:01891; 0:02282)

T

24�0:01902 0:02272 �0:99956 �329:759
0:01008 �0:99969 �0:02292 0:911
�0:99977 �0:01051 0:01879 7:486

0: 0: 0: 1:

35
2� 3
(Leg3)

(2:037;�0:054;�0:017;
0:05999; 0:00130;�0:01060)

T

24�0:00098 0:99994 �0:01063 2:036
0:05997 �0:01055 �0:99815 �0:064
�0:99820 �0:00162 �0:05996 �0:020

0: 0: 0: 1:

35
Position vector Kinematic errors p0i

c

p01 (�3:914; 2:099; 0:059)T (�3:914;�327:901; 0:059)T

p02 (�3:968; 2:100; 0:022)T (�3:968;�327:900; 0:022)T

p03 (�3:947; 2:100; 0:073)T (�3:947;�327:900; 0:073)T

Leg-end distance Kinematic errors (ac12; a
c
23; a

c
31)

T

(1-2,2-3,3-1) (�1:822;�1:822;�1:822)T (711:963; 711:963; 711:963)T
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5 Conclusion

In this paper, a self-calibration model is proposed for the kinematic calibration of a class of
three-legged modular parallel robots. The identi�cation objective is de�ned as the measurement
residues of the passive joint displacements. By taking advantage of the local POE formula
where the local coordinate can be arbitrarily assigned, the kinematic calibration is modeled as a
process of rede�ning a set of new local coordinate frames to re
ect the robot actual geometrical
characteristics. Since the calibrated local frames are de�ned in such a way that makes the twist of
the joints and the joint displacements remain in their nominal values, the resulting calibration
model is greatly simpli�ed. Simulation studies on a 6-DOF (RRRS) modular parallel robot
shows that the results exhibit full recovery of the kinematic errors. Future work will be focused
on experimental study of the proposed self-calibration algorithm.
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