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Abstract

In orde to copewith thelarge amouns of datathathave becomeavailablein ge-
nomics,mathematial tools for the analysis of networks of interactionsbetween
genes protdns, and other molecuks are indispengble. We presenta method
for the qualttative simulaton of geretic regulatory networks, basel on a class of
piecewise-linar (PL) differentid equationsthathasbeenwell-studiedin mathe
maticalbiology. The simulaion methodis well-adaptedto stateof-the-artmea-
suremehtechnguesin genanics, which often provide qualttative and coarse-
grained descrptions of gendic regulatory networks. Given a qualtative model
of agendic regulatory network, conssting of a sysgem of PL differential equa
tionsandinequality constrairts on the paranetervalues the methodproducesa
graphof qualitative states andtranstions betweenqualitative states, summariz
ing the qualitative dynamics of the sysem. The quditative simulaion method
hasbeenimplemertedin Javain the compuertool GeneticNetwork Analyzer.

1. Introduction

Recentprogressn genomicshasprovided uswith experimenal toolsthathold great
promigesfor unraveling the networks of regulatay interactionsbetweengenespro-
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teins,andsmallmoleculesvhich underliethefunctioningof living organismsOnthe
onehand,thesetechniquesllow protein-DNA andprotein-proteinnteractiongo be
identified,thusproviding insight into the structureof geneticregulatorysystemge.g.,
[51, 57]). Ontheotherhand,they allow the evolution of the stateof the systemto be
characterizedyy large-scalaneasuremerdf thelevel of geneexpressiorandprotein
actvity acrosdime (e.g., [43, 72]).

In orderto copewith the large amountsof datathat have thusbecomeavailable,
formalmethoddor therepresentatioandanalysisof geneticregulatorynetworksare
indispensableMathematicaimodelsallow networks of interactionsto be described
in a preciseandunambiguos manneywhile a large variety of analysisandsimula-
tion techniquexiststo systematally derive behaior predictionsfrom the models.
The applicationof formal metho, especiallywhen supportedoy computertools,
may leadto a comprehensiownf the structureand functioning of large and comple
networks of interactionghat cannotbe obtainedthroughintuitive approachealone
[18, 44].

Theuseof formal methoddo studyregulatorynetworksis currentlysubjectto two
major constraintgd8]. First of all, the biochemicalreactionmechanismsinderlying
theinteractionsareusuallynotor incompletelyknown. This preventsthe formulation
of detailedkinetic models,suchasthosedevelopedfor the geneticswitchcontrolling
phage) growth [45] or the feedbackmechanismsegulating tryptophansynthess
in E. coli [59]. A secondconstraintarisesfrom the generalabsenceof quantiative
information on kinetic parameter&ndmolecularconcentrationsAs a consequence,
traditional methoddor numericalanalysisaredifficult to apply.

Few of the modelhg and simulaton methodsthat have beendevelopedthusfar
are capableof handlingthe above constraintsA notableexceptionis formedby ap-
proachedbasedna classof piecavise-linear(PL) differentialequatiormodelsorigi-
nally proposedy GlassandKauffman[27]. Thestatevariablesn the PL modelscor-
respondo the concentrationsf proteinsencodedy genesn the network, while the
differentialequationgepresentheinteractionsarisingfrom the regulatoryinfluence
of someproteinson the synthesisand degradationof others.The regulatoryinterac-
tionsaremodeledoy meansof stepfunctions,which givesriseto the piecavise-linear
structureof the differentialequationsThe useof stepfunctionsis motivatedby the
nonlinear switch-like characterof mary of the interactionsin geneexpressionand
proteolyss [56, 71].

The PL modelsprovide a coarse-grainedlescriptionof geneticregulatory net-
works,well-adaptedo state-of-the-amneasuremeriechniquesn genomicsFurther
more,the modelshave mathematal propertieghatfavour qualitatve analysisof the
steady-statandtransientbehaior of regulatorysystemg14, 15, 16, 24, 25, 28, 29,
31, 41, 47,48,52,60,61]. Onaformallevel, the PL modelsarerelatedto a classof
asynchronougical modelsproposedy Thomasandcolleague$66, 67]. PL mod-
elsandtheirlogicalrelatives have beenusedfor the studyof a numberof prokaryotic
andeukaryoticregulatorynetworks[1, 22, 23, 46, 50, 55, 58, 65]. In addition,they
have beenusedfor modelingfood webs[53], neuralnetworks [42], and biological
computerg6].
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Theuseof stepfunctionsin PL modelsof geneticregulatorynetworksbringsabout
somenontrivial mathematicaproblems In particular it involves the subdvision of
the phasespaceinto regions at the boundariesof which disconinuities may occur
Exising approachegitheravoid theseproblemsby restrictingthe analysisto a sub-
classof regulatorynetworks, or adoptsolutionsthat have undesirableconsequences
for the predictveressof the method.Recently it hasbeenshavn that an approach
capableof dealingwith differential equationswith discontiruousright-handsides,
widely usedin controltheory allows theabore-menionedproblemso beresohedin
amathemadctally properandpracticallyusefulmannef31]. Thisapproachgriginaly
proposedy Filippov [19], is basednthegeneralizatiorof the differentialequations
to differentialinclusiors.

In this paperwe presenta methodfor the qualitaive simuktion of geneticregu-
latory networks describedoy the generalized®L models.The methodis obtainedby
formulating theanalysisof PL modelsin termsof conceptslevelopedfor the qualita-
tive simulaton of dynamicalsystemg12, 39, 40]. The qualitatve simulaton method
hasbeenimplemengédin a publicly-availablecomputertool, called GeneticNetwork
Analyzer(GNA) [10]. In theaccompawing paper9], we usethe methodandthetool
to analyzea geneticregulatorynetwork of biologicalinterest,consistimg of thegenes
andinteractionghatregulatetheinitiation of sporulationin Bacillussubtilis Theap-
plicationshavsthatthesimuation methodcanhelpto gaininsightinto thequalitatve
dynamicsof comple regulatorynetworksinvolving a dozenof genes.

Two qualitatve abstractiondie at the basisof this approachFirst, we give a de-
scriptionof the dynamcs of the systemin termsof a graphof qualitatve statesand
transitons betweenqualitative states A qualitative statecorrespond$o a regionin
thephasespacewnherethe systenbehaesin a qualitatively distinctway. Thereexists
atransitionbetweerntwo qualitatve statescorrespondingo contiguaisregionsin the
phasespaceif asolution startingin thefirst regionreacheshe secondegion, without
passinghrougharthird region. Secondjnsteadof specifyingnumericalvaluesfor the
parametersye supplementhe differentialequationsvith inequalityconstraintghat
canusually be inferred from available biological data. The resultingqualitative PL
modelcorrespondso aregionin the parametespacewhere,undercertainconditions
to be specifiedthe behaior of the systemis describedy the samegraphof qualita-
tive statesandtransitonsbetweergualitative statesGivena qualitatve PL modeland
aninitial qualitative state the simulaton methoddeterminesll qualitatve stateghat
arereachabldrom theinitial statethroughoneor moretransitons.The simulatian is
guaranteedbo cover all possiblesoluionsof the quantitatve PL modelssubsumedby
thequalitatve PL model.

In the next sectionof the paper the modelirg of geneticregulatory networks by
meansof PL modelswill be discussedThe mathematial analysisof thesemodels
will bereviewedin Section3. Sections4 and5 introdwce a qualitative descriptionof
thedynamicsof PL modelsandthe notionof qualitatve PL model,respectiely. The
qualitatve simulaton algorithmis detailedin Section6, followed by aninvestgation
of its formal propertiesn Section7. In the final sectionof the paper the methodis
discusedin thecontet of relatedwork.
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2. Piecewise-linear models of genetic regulatory networ ks

Figurel1 shovs an exampk of a simde geneticregulatorynetwork. Thegenesa and
b, transcribedrom separatgoromotersencodethe proteinsA andB, eachof which
controlsthe expressiorof bothgenes: ProteinsA andB repressyenea andb at dif-

ferentconcentrationsRepressiomnf the geness achieved by binding of the proteins
to regulatory sitesoverlappingwith the promotrs. The patternof interactionsgives
riseto oneposiive andtwo negative feedbacloops.

— > A B O—m——
L |
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Figure 1: Exampleof a geretic regulatay network of two genes(a andb) codingfor a reguatory
pratein (A andB). The notationfollows, in a somevha simplified form, the graphical corventions
proposedby Kohn[38].

The dynamicsof geneticregulatorynetworks canbe modeledby a classof differ-
entialequationgroposedy Mestletal. [47], extendirg previouswork by Glassand
Kauffman [27] (seealsothe work of Snoussiand Thomas[60, 66] and Ratnerand
Tchuare [63]). Theequationhave thegeneraform

t; = fi(x) — gi(x) 25, 1;>0,1<0<n, (1)

wherex = (z4, ..., z,)" isavectorof cellularproteinconcentrationsl hestateequa-
tions(1) definetherateof changeof eachconcentrationr; asthedifferenceof therate
of synttesisf;(x) andtherateof degradationg;(x) x; of the protein.In vectornota-
tion, the systemof differentialequationg1) is written as

&= f(z) - g(x)w, )

with f = (f1,..., fn) andg = diag(g1, - - -, gn)-
Thefunction f; : Ry — Ryo expressedow therate of synthesif the protein
encodedy genei depend®ntheconcentrationg of proteinsin thecell. It is defined

as

fi®) = ki by(x), 3)

leL

wherex; is arateparametefx; > 0), b; : R, — {0, 1} aregulationfunction and
L apossilly emptysetof indicesof regulationfunctions.The function ¢g; describes
theregulationof proteindegradationt is definedanalogousiyto f;, exceptthatwe
demandthat g;(x) is strictly positive. In addition in orderto formally distinguish
degradationratesfrom synthess rates,we will denotethe former by ~ insteadof «.

*As a notatioral convention, names of genesareprintedin italic andnamesof protans startwith a
capital.
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Stateequationfor genea: &, = k4 5 (Tq,62) s (x5, 0) — Va Ta

Stateequationfor geneb: @, = ky s~ (T4, 0%) s (x4, 07) — Y Tp

Figure 2: Stateequatiois for thenetwork of Figurel. We will assumehefollowing parametevalues:
0l =4,02=28,0; =4,07 =8, kq =20, kp = 20,7, =2, andy, = 2.

Noticethatwith the above definitionsof f; andg;, the stateequationg1) and(2) are
piecavise-linear(PL).

A regulationfunctionbd;; describeshelogic of generegulation [54, 60]. More pre-
cisely, it describesheconditionsunderwhichtheproteinencodedy gene; is synthe-
sized(degraded)at a rate x;; (v x;). Theseconditionsareformulatedasexpressios
of stepfunctionss™*, s~ : R?> — {0, 1}:

1, T; > 0]',

and s (z;,0;)=1—s"(z;,0,), 4
A (2,00 =1 @.0). @

5T (z4,0;) = {

wherez; is an elementof the statevectorz andé; a constantdenotirg a threshold
concentratior(d; > 0). Notice that stepfunctionss*(z;, ;) ands~(z;,6;) arenot
definedfor z; = 6;, soneitherarethe regulationfunctionsin which they occur We
will useregulationfunctionsthatarethe arithmetc equivalentof logical functions,as
describedn [54].

The simpestexampleof a regulationfunctionis b;(x) = s*(xz;, 6,), which eval-
uatesto 1, if the concentrationz; is above its thresholdf;. Another exampleis
bu(x) = 1 — sT(z;,0;) st (xx, O), which evaluatesto 1, if eitherz; is belaw its
thresholdd; or =, below its thresholdd,,.. The useof stepfunctionshasbeenmoti-
vatedby the obsenation thatthe actvity of agene,asafunctionof theconcentration
of a regulatory protein, often follows a steepsigmoial curve [56, 71]. Thatis, the
actiity of the genechangesn a switch-like mannerat a thresholdconcentratiorof
theregulatoryprotein.

In Figure2 the stateequationdor the examplenetwork areshavn. Genea is ex-
pressedtarates,, if theconcentratiorof proteinA is belaw its threshold)? andthe
concentratiorof proteinB below its thresholdd;, thatis, if the regulation function
ba((a, 1)) = 57 (24, 0%) s (x3, 0} ) evaluateso 1. Analogouslygeneb is expressed
ataratex,, if theconcentratiomf proteinA is belav thethresholdd! andtheconcen-
trationof proteinB below thethreshold? (by (x4, 23)") = 5™ (24, 0L) s~ (23, 07) = 1).
Degradationof the proteinsA andB is assumedo be spontaneoysvhich givesrise
to regulationfunctionshaving the value 1, independenof the concentration®f the
proteins.

The PL modelscanbe extendedo take into accountinputvariablesu = (uq, ...,
um)’, representinghe concentratiorof proteinsandsmallmoleculesvhosesynthegs
anddegradationareregulatedoutsice the system This leadsto modelsof theform:
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T = f(m’u) - g(m,u) L. (5)

In whatfollows, we will assumehattheinputvariablesareconstantij.e.,, 4 = 0. Asa
consequencgb) canbereducedo (2) withoutlossof generality by prior evaluaton
of the stepfunctionexpressiamsin which inputvariablesoccut

3. Mathematical analysis of piecewise-linear models

3.1. Domainsin phase space

The dynamtal propertiesof PL modelsof the form (2) canbe analyzedin the n-
dimensonal phasespacebox 2 = Q; x ... x Q,, whereeveryQ;, 1 < ¢ < n, s
definedas

maz; IS a parameterdenotinga maximumconcentratiorfor the protein. It canbe
shaowvn, by generalizingheargumentin [26], thatif we choose

maz; > max f;(x)/g;(x),
x>0

all trajectoriesstartinginside 2 will remainin it, while trajectoriesstartingoutside
will enterthe phasespacebox at somepoint.

In general,a proteinencodedoy a genewill beinvolvedin differentinteractions
atdifferentthresholdconcentrationsihich afterorderingaredenotedby 6, . . . , 67"
The (n — 1)-dimensimal hyperplanes;; = 0f 1 < k; < p;, partition (2 into hy-
perrectangularegionsthatare calleddomains Within eachsuchregion, the concen-
trationof a proteinequalsa thresholdor is boundedoy thresholdsMore precisely a
domainD C Qisdefinedby D = D, x ... x D,, withevery D;, 1 < i < n, given
by oneof thefollowing equations:

D; ={z; |0 <z, <0},
D; ={x; | =i = 6;},
D; ={z; | 0} < z; <67},
D; ={z; | z; = 67},

D; ={xz; | 67 < z; < maz;}. (7

D denoteghesetof all domainsn 2. As canbeeasilyverified, | D| =[], (2p;+1).

We will distinguishtwo kinds of domain.A domainD € D is calledaregulatory
domain,if therearenoi,j, 1 <i < n,1 < j < p;, suchthatD; = {z; | z; = 0{}.
Thatis, in a regulatorydomainnoneof the variablesassumes thresholdvalue.On
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theotherhand,D € D is calleda switching domain,if for atleastones, 1 < i < n,
it holdsthatthereis somej, 1 < j < p;, suchthatD; = {z; | z; = 6/}. The
correspondingariablesz; arecalledswitching variables' The order of a switching
domainis anumberbetweerll andn, equalto thenumberof switchingvariablesThe
setsof regulatoryandswitching domainsaredenotedoy D, andD;, respectrely. We
have |D,| =[], (i + 1) and|D,| = [, 2p; + 1) — [ i, (s + 1)

In Figure 3(a) the two-dimensbnal phasespacebox €2 for the examplenetwork
is shavn. As proteinsA and B have two thresholdseach,the phasespacebox is
partitionedinto 9 regulatoryand 16 switchirg domains An exampk of a regulatory
domainis D' = {(z4,25) € R? | 0 < 7, < 6, 0 < z;, < 6}, while D* =
{(za,2) € R | 0 < 2, < 0, 7, = 07} is an exampleof a switchingdomain.
Noticethatz, is the (only) switching variablein D*.

e Lo

mazxy mary

10 15 20 25 [ . A L,,,, __
D pis o p Kb/ “p(DY)

02 Nnd 9 pld 19 p24 2
b 17 17 17 F5 a4 0
b

D3 s D13 E18 D23

0; D2 pl pl2 pT p2o 0;
Dl Lﬁ DH LIG D21 Dl
0 93 92 maz, 0 Gé 02 i maz,
Z = -
‘ (a) Kol Y 7o (b)

Figure 3: (a) Phasespacebox (2 for the PL mockel in Figure2. (b) Target equilibrium ¢(D 1) for the
regulatorydomain D!. Thevariablesr,, andz; converge towardstarget equilibrium valuess , /v, and
Kb/7s, respectrely. With theparameer valuesin Figure2, thetargetequilibfium lies in theupperight
dommain.

As a preliminary stepfor the analysisof the dynamicalpropertiesof (2) in regula-
tory andswitchingdomainswe definesomeauxiliary conceptsLet D beaswitching
domainof order k£, and C the hyperplaneof dimenson n — k£ containirg D. The
bounday of D in C'isthesetB(D) of all pointsz € C, suchthateachball B¢ (z, ¢)
in C' of centere andradiuse > 0 intersectdoth D andC' \ D [37]. In the casethat
D is aregulatorydomain,C equals2. Now, for every D € D we definethesets

A(D)={D" €D, | D'C B(D)}, and

R(D)={D'eD,| D C B(D")}.
A(D) containghe(switching)domaindn theboundaryof D, whereask( D) contains
the regulatory domainsthat have D in their boundary In the caseof the regulatory

tIn [47] switchingdomainsarecalled A-regions andswitchingvariablesarereferedto asprimary
variables
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domain D' in Figure 3, we find A(D') = {D? D% D"}, while A(D?) = {D7}.
Furthermore R(D*') = {} andR(D?) = {D*, D?}.

3.2. Analysisin regulatory domains

The behaior of systemsdescribedoy a PL model of the form (2) hasbeenwell-
characterizedn the regulatorydomainsof €2 [25, 52, 60]. Whenevaluatng the step
function expressionsn (3) in aregulatorydomainD € D,, f;(x) reduceso some
constan” € M;, andg;(x) to someconstant;”’ € N;, where

M; = {fi(z) | 0 < & < max}, (8)
N; ={gi(xz) | 0 < ¢ < maz}. 9)

More preciselyasa consequencef (3), z” andr)” reduceto sumsof rateconstants
ki and~y;;, respectrely. M; and N; collectthe synthesisanddegradationratesof the

proteinin differentdomainsof €. Insidea regulatorydomain D, the stateequations
thussimgify to linearanduncoupledifferentialequations

b =pP =Pz, 1<i<n, (10)

or, equivalently,
=puP —vPe, (11)

with u? = (P, ..., uP) andv? = diagv?, ..., vP).

Letd = (...,0%, .. ),k = (...,Kkg,...),andy = (71,...,7)" be numerical
parameteralues.Furthermorelet (0) = x, beapointin 2 representingheinitial
conditions. A continuouly differentiablefunction &(¢, x, 0, k, <) is a solufon of
(11) on atime-intenal [0, 7], 7 > 0, if £(0) = x, andfor all ¢ € [0, 7] it holdsthat
£(t) € D andé(t) = uP — vP £(¢t). Forinitial valuesz, € D, thereexists afunction
&(t) andar (7 > 0), suchthaté(¢) is theuniquesolution for (11)on [0, 7].

Let ¢; beafunctionfrom D, to Q2;, definedas

¢i(D) = p? JvP. (12)

It follows directly from (11) thatall solutiors £(¢) in D monotoncally corverge to-
wardsa so-calledtargetequilibrium z = ¢(D), with

Intuitively speakingthetargetequilibriumlevel ¢;(D) of z; givesanindicatian of the
strengthof geneexpressiorin theregulatorydomain.If ¢(D) € D, thenfor ¢ — oo
all soluionsin D approachthetamgetequilibrium whichis thena stableequilibrium
point of the system alsocalledregular steadystate[61]. If ¢(D) ¢ D, all solutions
will leave D atsomepoint.

In the exampleof Figure2, ascanbe easilychecled from the stateequationsye
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have M, = {0,k.}, No = {7} for proteinA, and M, = {0, xp}, N, = {v} for
proteinB. In theregulatorydomainD'® in Figure3(b), the stateequationsimplify to

Lo = Kag — Ya La,

Ty = Kp — Vp Tp.

As aconsequencehetamgetequilibrium¢(D!) of D! equals(k,/7a, £5/75)"s Which
lies outsice D!. Thetrajectoriesn D! will thereforeleave the domainat somepoint.
Differentregulatorydomainsgenerallyhave differenttarget equilibria. For instance,
in the regulatorydomain D? definedby 0 < z, < 6! andf;} < z, < 6?2, thetamget
equilibrium is given by (0, xs/7s)".

3.3. Analysisin switching domains

In the switchingdomainsof €2, (2) is generallynot defined,becausene or more of
the concentratiorvariablestake a thresholdvalue. This is not muchof a problem.,if
solufontrajectoriesn oneregulatorydomainarrive ata switchingdomainfromwhich
they canbecontinuedn anotheregulatorydomain[16, 60]. Thetrajectoriesarriving
at D? from D! in Figure4(a) area casein point However, if solutiontrajectoriesin
differentregulatorydomainsevolve towardsthe sameswitchingdomain,asis thecase
for trajectoriesarriving at D* from D? or D? (Figure4(b)), mathematicaperpleities
arise.In the framework of the previous subsectionthereis no indicationon how the
soluionsin D? andD? canbe continued:

Ty T Ty

maxy mazxy
3 . D3 ¢+ D°
¢ (DY) S(DY) o(D?) /
ag 02 N4
v,
9[} Dp2pt 01
7 b
D' Df
(D%
0 6! 6? maz, 0 6! 6? maz,
2. —— (a) z. — (D)

Figure 4: Exampes of the behaior of the systemof Figure?2 at threstold bourdaries.The figures
shav thereguatory domairs D!, ..., D, andthetargetequilibia ¢(D?'), ¢(D?), ¢(D?). In (a)the
solutiontrajectoiesin D' canbecontiruedin D3, whereasn (b) thesolutiontrajectoriesn D? canrot
becontiruedin D3.

The underlyingcauseof this problemis the occurrenceof discontiruities in the
right-handside of (2), dueto the useof stepfunctions.The discontinities occurat
YIn [47, 52], D? is calleda transpaent wall and D* a black wall. Another problem, not shavn

here,occus whena switchingdomainis a whitewall, thatis, whenthe trajectoresin two reguatory
domainsevolve from acomnon bourding switchingdoman.
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thresholdhyperplaneswhich separateegulatorydomainsin which the dynamicsof
the regulatory network is describedby a different systemof differential equations
(11).In orderto dealwith thesedisconthuitiesin ageneralandrigorousway, we will
usea methodoriginally proposedy Filippov [19]. This method recentlyappliedby
Gouz andSari[31] to PL systemsf theform (2), consiss$ of extendirg a systemof
differentialequationswvith discontiruousright-handsidesinto a systenof differential
inclusions.By meansof this extensionwe canexplicitly describethe behaior of the
systemin athresholdhyperplne.

More precisely the differentialequationq2) are extendedinto differentialinclu-
sions

&€ H(z), (14)

whereH : Q) — 29 isaset-\aluedfunction$ For z € D, andD aregulatorydomain,
we defineH (x) simdy as

H(z)={p” -vPz}. (15)

Notice that the extenson of the PL systemagreeswith the original systemin the
regulatorydomairs. If D is aswitchingdomain,H () is definedby

H(z) =co({u” —v” x| D' € R(D)}). (16)

Thesmallestlosedcorvex setco (E) of asetE istheintersectiorof all closedconvex
setscontainirg F [19]. In thecaseof switchingdomains H (x) will notgenerallybe
single-valued.

An absolutelycontinuoudunctioné(t, zo, 8, k, «) is asolutionof (14)in thesense
of Filippov on [0, 7] (7 > 0), if £(0) = x, andfor almostall ¢ € [0, 7] it holdsthat
£(t) € H(&(t)) [19]. The qualification'for almostall ¢ € [0, 7] meansthatthe set
of time-ponts for which the condition doesnot hold is of measure. In particular
the conditionis not satisfiedat time-ponts whenthe solutionarrives at or leavesa
switchingdomainD. If no misunderstandy is possble, we will oftensimdy speak
of ‘a solutionof (14), insteadof ‘a soluion of (14) in the senseof Filippov. For all
initial valuesz, € Q2 thereexistsa solution of (14) onsome|0, 7| [19]. However, this
soluion is not guaranteedo be unique,dueto the generalizatiorof the differential
equationgo differentialinclusians.

In orderto getanintuitive feeling for the meaningof the above conceptsconsider
againthe exampksin Figure4. In thefirst case,D? is the switchingdomainbound-
ing theregulatorydomainsD! and D3. If £ € D?, then H(z) is the smallesttlosed
convex setincluding the end-pointsof the vectorsu?' — v?' z andu?’ — 2% ¢
startingat . This setis graphicallyrepresenteéh Figure5(a) by the linearsegment
connectinghe end-pointf the vectors.An absolutelycontinuoudunction&(t) de-
fined on a time-intenal [0, 7], which remainsin D' andsatisfies(14) for ¢ € [0, o],
crossex € D? att = o, andremainsgn D? andsatisfie14)ont €|o, 7], 0 < 7,isa

§2F representthe powerset(the setof subsetspf thesetE.
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D5
£
T Ty D3 D3

D} D? 2 4
O

1 1
TN Ha)|/ =
61 2
b

b (a) D’ (b)

Figure5: Behavior of thesystenof Figurel atapointa in athreshéd boundary whenthedifferential
equdionsaregeneralizedhto differertial inclusionsby themethal of Filippov. Whereasn (a) solution
trajectoiescrossD? instantaeouslyin (b) they slidealongD*.

soluion. In thesecondexampleof Figure4, H (x) is alinearsegmentconnectinghe
end-pointof thevectorsp?’ — v2° & anduP’ — v?° 2. Contraryto the previousex-
ample,H (x) intersectswith the thresholdboundarybecausehe vectorfieldsin D3
andD?® aredirectedtowardsD* (Figure5(b)). An absolutelycontinwousfunctiong (¢)
definedon atime-interval [0, 7], whichremainsin D? andsatisfieq14)for ¢ € [0, o[,
arrivesatz € D* att = o, andslidesalong D* andsatisfieq14)ont €|o, 7], 0 < T,
IS asolution.

For everydomainD, atarget equilibrium set®(D) canbedefined.If D is aregu-
latory domain,then

(D) = {¢(D)}, (17)

whereg(D) is thetargetequilibriumof D, definedby (13).If D is a switchirg do-
main,the definitionis a little bit morecomplicatedLet D be a switching domainof
orderk, containedn the (n — k)-dimensimal hyperplane”. Then

®(D) =Cneo({p(D) | D' € R(D)}). (18)

Thatis, ®(D) is the smallestclosedconvex setof the target equilibria of regulatory
domainsD’ having D in their boundary intersectedwith the thresholdhyperplane
containirg D. In the caseof switchirg domains ® (D) is notgenerallya singlepoint.

Gouz and Sari [31] have shavn thatall solutins £(t) eithercrossa domainD
instananeouslyor remainin it on someextendedime-interval, while corverging to-
wards® (D). For thelattersolutiors to exist, it musthold

(D) # {}- (19)
In regulatorydomains(19) is alwayssatisfiedandsolutonsmonotorically corverge
towards®(D), asdiscussedn Section3.2.In switchirg domainsjf (19)is satisfied,
the convergenceof the soluionsin D is monotone in a weaksensgAppendixA). T

TThesolutionssatisfying(19) in switchingdomairs areknown assliding modesolutionsin contol
theow [13].
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If ®(D) N D = {} all solutimswill leave D at somepoint. On the otherhand, if
&(D)ND # {},thereexistsolutionsin D thatapproaclor enterthetargetequilibrium
set®(D) ast — oo. Every ¢ € ®(D) N D is anequilibrium point of the systemjn
thesensehatthereexistsasolution&(t, g, 0, k, 7), suchthaté (t) = ¢ forall ¢ > 0.
In the specialcasethat®(D) is a singleton the equilibriumpoint ¢ hasbeencalled
asinguhbr steadystate[61] of the system Whetherthis equilibrium pointis stableor
unstabé mustbe determinedhroughfurtheranalysis.

Considertheexampksin Figure6. Thetargetequilibriumset®(D?) of the switch-
ing domainD? is definedfollowing (18), by theintersectiorof co({p(D*), ¢(D?)})
andthe thresholdboundaryz, = 6;. The smalestclosedcorvex setconsistsof the
linear segmentconnectinghe points(x4/va, ks/v5)" and(0, k»/7s)’, asshavnin (a).
co({o(D"), ¢(D?)}) andthethresholdboundaryz;, = 6} donotintersectin the fig-
ure,so®(D?) = {}. Following criterion(19), thereareno soluticnsremainingin D?.
This is differentin the caseof D*. Here,the target equilibrium set®(D*?) is given
by theintersectiorof co({¢(D?), ¢(D®)}), thelinearsegmentconnectinghe points
(0, ks/)" and (0,0)’, and the thresholdboundaryz, = 62. Consequently®(D*)
equals{(0,6?)'}, andthereexists a solution remainingin D*, corverging towards
(0, 62). Becausethetargetequilibrium liesinside D*, it is anequilibrium pointof the
system Closeranalysisrevealsthatit is stable.

T Ty Ty

maxry @({q’)(Dl) ¢(D3) ) maxy
D3 . DS
(D7) S0 o(D?)
67 9; 1D
D3 (DY) D
6, B2 0}
D! @({p(DP), p(D")})
0 6! 6?  maz, 0 (D% 4! 6?2  maz,
z. —— (a) z. — (D)

Figure 6: Determirationof thetargetequlibrium sets(a) ®(D?) = {} and(b) ®(D*) = {(0,6?)'}.

4. Qualitative description of dynamics of piecewise-linear models

The mathematicaframenork presentedn the previous sectionsuggest&n intuitive
gualitatve descriptionof the dynamicsof regulatory systemsdescribedby the PL
models(2). Thisdescriptions basedn anabstractiorof thestateof aregulatorysys-
tem, a qualitative state,consistingof the domainD in which the systemresidesand
the positionof the targetequilibrium set® (D) with respecto D. Thereexistsa tran-
sition betweentwo qualitative states@S and @.S’, correspondindo contiguais do-
mainsD and D', if somesoluion trajectoriesstartingin D reachD’, without passing
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throughanintermediatelomain Thesetsof qualitatve statesandtransitonsbetween
qualitatve statesdefinea statetransitiongraphconciselyrepresentinghe qualitatve

dynamicsof theregulatorysystemIn this sectionwe will elaborateheideasof qual-

itative state transitionbetweemgualitative statesandstatetransitiongraph.

4.1. Qualitative states

As a preliminary step,we definea functionv : D x Q@ — {-—1,0,1}" thatmaps
adomainD anda point e to a signvectordescribingthe relatve posiion of D and
e. More precisely we definev (D, e), suchthattheith componentf the signvector
1 <i < n,isgiven by

1 ,ifforallde D; : e; > d,
v(D,e); = 0 ,ifforsomede D; : e; =d,
—1 ,ifforallde D; : e; < d.

As anexample,considettherelative position of domainsandtheir targetequilibriain
Figure4.Wefindv (D!, ¢(D')) = (1,1),v(D?, ¢(D?)) = (0,1),andv(D?, ¢(D?)) =
(0,-1).

The definition of v canbe generalizedo obtaina setfunctionV : D x 29 —
2{-1.0.1}" "which mapsa domainD andasetE to asetof signvectorsdescribingthe
relative positionof D andpointsin E:

V(D,FE)={v(D,e) | e € E}. (21)

For exampk, in Figure 7, we have V(D', ®(D')) = {(1,1)}, V(D? ®(D?)) =
{3, V(D?,2(D%) = {(0,1)}, V(D*,@(D")) = {( ,0)}, and V(D?, &(D%)) =
{(0,-1)}.Moreover, V (D', D?) = {(0,1)},V(D, D) = {(1,1)},andV(D*, D?*u
D7) ={(0,1), (1, 1)}

To everydomainD € D, we associat@ qualitatve state Q.S definedasfollows:

QS = (D,V(D,®(D))). (22)

Thatis, the qualitative statedescribeghe relative posiion of D andits tamget equi-
librium set®(D), thuscapturingthe local dynamicsof the systemin D. The setof
qualitatve statesassociatedvith the domainsD is denotedby QS. In the example
systemwe have @S = (D', {(1,1)}), @S* = (D% {}), QS*> = (D? {(0,1)}),
QS* = (D*{(0,0)}),andQS® = (D>, {(0,—1)}) (Figure7).

4.2. Transitions between qualitative states

Let @S, @S’ € QS be two qualitative statesassociatedvith contiguos domains
D, D’ € D. Contiguily implies that either D’ is in the boundaryof D, or D is in
the boundaryof D'. ConsiderD’ € A(D). ThereexistsatransitionT = (QS, QS’)
betweerthe qualitative statesif thereis asolutioné (¢, x, 0, k,«) definedon afinite
timeinterval [0, 7], suchthat
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B

o Qs'=(D',{(,)}) T'7*=(Qs", Q%)
e | D) 0= (D () T = (08", 08°)
62 / pt_po Qs®= (D’ {(0,1)}) T 7" =(QS",QS")
\\D3 Qs*=(D"{(0,0)}) T*7°=(Qs5 QS%)
o B QS° = (D°{(0,-1)}) T**=(Qs® Qs*)
s Qs® =(D°,{}) 757 = (QS°, QS*)

0 T a— Q8™ = (D",{(0,0)})

Tqg —

Figure 7: Examplesf qualitative statesandtransitiors betweergualitative statedor the PL mocel in
Figure2.

1. £(t) e Dfor0 <t < 7,and
2. &(r) e D

The definition expresseghat thereexists a solution trajectoryreachingD’ from D
in finite time, without passingthrougha third domain.A similar definition covers
the casethat D € A(D'). For atransitonT = (@S, @S’) to exist, theremustbe a
soluion &(t, o, 8, k, ) definedon afinite timeinterval [0, 7], suchthat

1. £(0) e D,and
2. &(t)e D' foro <t <.

We will use7 to denotethe setof transitils betweerthe qualitatve statesQS of a
regulatorysystem

Figure7 givesafew examplesof transitiors betweergualitatve statesn theexam-
ple system For the parametewaluesin Figure2, trajectoriesstartingin D' corverge
towards®(D') andreachthe boundarydomainsD?, D%, or D in finite time, thus
giving rise to transitons 7172 = (QS*, QS?), T'~° = (QS', @S°®), andT'~7 =
(QS', QS7), respectiely. Solutiontrajectoriesstartingin D? will immediatelyenter
D3, D? € A(D?), sothatT?>® = (QS? QS®) is a transitionof the system.All
trajectoriesin D3 reachD* € A(D?) in finite time, which resultsin the transitbn
T32% = (QS?, QS*). Thereis notransition possiblefrom D*, becausell trajectories
startingin D* remainin thisdomain sliding towardsthetargetequilibriumset®(D*)
in D*. In otherwords,no solutionsreachD?, domainin the boundaryof D*, andno
soluionsreachD? and D%, domainshaving D* in their boundary

Whatwould happerif we choosethe parameteraluessuchthat ¢(D?) is located
in thethresholdboundarydefinedby z, = 62? Thetrajectoriesstartingin D would
still reach D#, but not in finite time! So, accordingto the definition, there would
be no transition between@$? and QS*. This akward situation can be avoided un-
derthe condition that, if thereexists ¢ € ®(D) includedin the boundaryof D, i.e.
¢ € ®(D)N B(D), thenthereexistsanotherp’ € ®(D) notincludedin theboundary
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of D,i.e. ¢' ¢ ®(D) N B(D), suchthatv(D, ¢) = v(D, ¢'). Thecondition guaran-
teesthat, if thereare solutionsreachingthe boundaryin infinite time, therearealso
soluionsdoingsoin finite time. For regulatorydomairs, this simifies to the generic
assumpbn that¢(D) is notlocatedin the boundaryof D.

4.3. Statetransition graph

A statetransiion graphis adirectedgraphG consistng of thequalitatve stateQS of
asystemandthetransitions] betweerthesequalitative statesthatis, G = (QS, 7).
Figure 8 shaws the statetransitiongraphobtainedfor the modelin Figure 2. The
statetransition graphobtainedfrom a PL modelprovidesa qualitatve pictureof the
dynamicsof ageneticregulatorysystemaswill bediscussedbelow.

Ip TTTTTTTmTTommooooooooooooooooooooooooooo- ‘

3 08’ Q8™ Qs Qs® Q8% :

mazy O~ = 0-  @=—0
D5 D0 pis o p2 08! i ng/i 05" /l Qs™

! @<—e u® ° (] !

92 DA p9 pld pio p 1 Qs l / l ;

' gs® T 0s* Qs ¥ os® !

D3 DS D13 s p ! O<—@<~—0O0<—@e<—0 i

: Q5" E
R Lyl
b qu ° @ ° N ° .QS
D! DS Dt ppis p2 ! lQSu
g5 T Qs

0l “e—s0 —>@<— o
0 p! 62 maz, 1 Qs st g

a
Taq

R

Figure 8: Phasespaceandstatetransitiongragh for the PL modelin Figure2. Qualitative statesas-
sociatedwith reguatory andswitchingdomainsareindicatedby unfilled andfilled dots,respectiely.
Qualitative equilibrium statesarecircledin addition The attractionsetof the qualitative equilibrium
stateS* is markedby thedottedborcer.

PROPOSITION 4.1: Let @S = (D,V(D,®(D))) be a qualitatve state.Thereexist
soluionsremainingin D, iff V/(D, ®(D)) # {}. Corversely no suchsolutionsexist,
iff V(D,®(D)) ={}.

Prodf: Thereexist solutonsremainingin D, iff D is a regulatorydomainor D is
a switchingdomainsatisfyingcondition (19). In both cases®(D) # {} andhence
V(D,®(D)) # {}. Theredonotexist ary suchsolutiors, iff D is aswitchingdomain
notsatisfying conditian (19). In thatcase ®(D) = {} andhenceV (D, ®(D)) = {}.
O

A qualitatve state@S = (D, V (D, ®(D))), suchthatV' (D, ®(D)) # {}, will be
calledpersistent On the otherhand,a qualitative statefor which V' (D, ®(D)) = {}
will becalledinstartaneousTheinstantaneougualitatvesstatesn Figure8 are Q.S 2,
QSG’ QSB’ QSQ’ QSIO, qu’ QSM’ QSIT, QSIS’ QSlg, QSQO, QS”, and Q524-
Instantaneouqualitative statescanberemovedfrom a statetransitiongraph,because
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their biologcal significanceis limited. This resultsin a statetransitiongraphthatis
smallerandhenceeasietto interpret.

PROPOSITION 4.2: Let QS = (D,V(D,®(D))) be aqualitatve state.D contains
anequilibrium point,iff 0 € V(D, ®(D)).

Prodf: If D is aregulatorydomain,then®(D) = {¢(D)}. ¢(D) is anequilibrium
point, iff ¢(D) € D, thatis, iff v(D, ¢(D)) = 0. If D is a switchirg domain,then
®(D) =Cneo({p(D') | D' € R(D)}). ¢ € (D) is an equilibrium point, iff
¢ € D, thatis, iff v(D, ¢) = 0. O

A qualitative statesuchthat0 € V' (D, ®(D)) will be calleda qualitative equilib-
rium state Examplesof qualitative equilibrium statesn the statetransitiongraphof
Figure8areQS* = (D*,{(0,0)}), @S = (D7,{(0,0)}),and@S8® = (D', {(0,0)}).
Thequalitative equilibrium statesS* and @S¢ correspondo stableequilibriaof the
system locatedat (0, §2)" and(62,0)’, respectiely. The qualitative equilibrium state
QS" correspondso anunstablesquilibrium locatedat (9!, 61)'. The stableequilibria
presenthetwo functionalstatef thesystem{1) genea onandgeneb off, (2) genea
off andgeneb on. This confirmstheresultsof earliermathematicastudiesof genetic
regulatorynetworkswith the sameor a similar structure(e.g., [7, 30, 35, 36, 66, 70]).

The qualitatve statesfrom which a qualitatve equilibrium stateis reachableo-
getherform the attraction setof that state.Figure 8 shavs the attractionsetof the
qualitative equilibriumstateS*. Notice thata qualitative statemay be a memberof
severalattractionsetsike QS' in Figure8, whichis in theattractionsetsof all three
gualitatve equilibriumstates.

T matae — T maxry —
Tq Tp

62 + 62 —+

o+ o+

| | Il y |
0 QSI I QS2 QS3 f QS4 | 0

‘ TR T T

Figure 9: Detaileddescriptiorof the qualitative behavior (QS*, QS?, QS*, QS*) in Figure8.

A pathin the statetransiton graphwill be calleda qualitative behaviorof the sys-
tem.Forinstance(QS', QS?, QS*, QS*), (QS', QS®, @S, @S*°),and(QS*, QS")
are qualitative behaiors of the system Eachof thesebehaiors leadsfrom QS* to
oneof thequalitative equilibrium statesThequalitatve behaiorsin a statetransiton
graphdescribeéhow theboundson proteinconcentrationsvolve over time, according
to thesequencef transitonsbetweemualitative statesin Figure9, oneof thequali-
tative behaiors of theexamplesystemis exploredin moredetail. A cyclic qualitatve
behaior will becalleda qualitatve cycle Like for qualitative equilibrium stateswe
candefinean attractionsetfor qualitatve cycles. The relationbetweenlimit cycles
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and qualitatve cycleshasbeenstudiedfor somespecialcaseq14, 28, 29, 48, 60].
Figure8 doesnot containary qualitatve cycles.

There exists an importantrelation betweenthe qualitative behaiors in the state
transiton graphandthe soluions of a PL model.Let (¢, x, 0, k, ) be a solution
of a PL modelon a finite time-intenal [0, 7]. We assumeéhatz, € €, sothat&(t)
remainsin Q on |0, 7] (Section3.1).

PROPOSITION 4.3: If £(t) is a solution passingthroughthe finite sequencef do-
mains(D°, ..., D™) onthefinite time-intenal [0, 7], then

(QS° = (D", V(D% ®(D")),..., Q8™ = (D™, V(D™,&(D™))))

is aqualitatve behaior in the statetransition graph.

Prodf: Becauset(t) passeshroughthe sequencef domains(D?, ..., D™) onthe
finite time-intenal [0, 7], thereexist transitons betweenqualitative states@Q$* and
QS**1, 0 < k < m. Asaconsequencd,@S°, ..., QS™) is aqualitative behasior in
the statetransitian graph. a

Informally speakingtheproposition meanghatthesetof solutionspassinghrough
afinite sequencef domainonarfinite time-interval of thePL modelis coveredby the
statetransitiongraph It allowsustoinfer that,if aqualitatvebehaior (QS°,..., QS™)
is absentfrom the statetransiton graph,thentheredoesnot exist ary solution of the
PL modelpassinghroughthe sequencef domains(D?, ..., D™).

5. Qualitative piecewise-linear models

Most of the time, precisenumericalvaluesfor the thresholdandrate parametersn
a PL modelare not available.However, insteadof specifyingprecisenumericalval-
ues,it is oftenpossibleto supplementhe stateequationswith inequalityconstraints
on the parametewalues.Theinequaliyy constrains expressweak, but reliableinfor-
mationon the regulatoryinteractionsthat canbe inferred from biological data.The
resulting so-calledqualitative PL modelsubsunesa setof quantitatve PL models,
thequalitatve dynamicsof eachof which canbedescribedy meanf a statetransi-
tion graph.In thenext sectionwe will shav that,undersomeconditionsto bespelled
out, all quantitatve PL modelssubsuned by a qualitatve PL modelyield the same
statetransitiongraph.

Thefirst type of inequalityconstraing in a qualitatve PL modelarethe so-called
thresholdinequalities They areobtainedby orderingthe p; thresholdconcentrations
of genei, thatis,

0<0 <...<0 < maz,. (23)

In the caseof proteinA, therearetwo thresholdconcentrationsf! is thethreshold
for the repressiorof geneb, while #? is the thresholdfor the repressiorof genea.
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Stateequationfor genea: i, = K, 8™ (T4, 02) s~ (Tp,0;) — Vo Ta
Thresholdnequalites: 0 < 6} < 62 < maz,

S s . L. K
Equilibriuminequalities: #? < — < maz,
Ya

Stateequationfor geneb: i, = ky s~ (T4, 01) s7 (x4, 02) — Y 1p
Thresholdnequalites: 0 < 6; < 67 < mazy

L s . L. K
Equilibriuminequalities: 67 < 2 < mazy
Yo

Figure 10: Stateequatims,threshdd inequalities,andequilibium inequalitiesforming the qualitatve
PL modelof the network of Figurel.

Assuning thefirst to be lower thanthe secondwe obtainthe thresholdinequalites
0 < 6! < 6? < maz,. Theorderingof thethresholdof proteinB canbe determined
likewise,giving riseto 0 < 0} < 62 < maxs, With 6} beingthe thresholdfor genea
repressiorandé? thethresholdfor geneb autorepressio(Figure 10).

Secondthe possibé targetequilibrium levels of z; in differentregulatorydomains
D € D, canbe orderedwith respecto the thresholdconcentrationsThe resulting
equilibrium inequalties definethe strengthof geneexpressio in the domainin a
qualitatve way, on the scaleof orderedthresholdconcentrationsMore precisely for
every u; € M;, v; € N;, andu;, v; # 0, we specifyone of the following pairs of
inequalites:

0< Mz/Vz < (911,
011 < ,U/z/l/Z < 912,

07 < p;/vi < maz;. (24)

Theequilibriuminequalitesfor the exampk modelareshowvn in Figure10. In the
absencef proteinB (s~ (z, 0;) = 1), while proteinA hasnotyetreachedts highest
level (s~ (z4,6?) = 1), genea is expressedht a rate x,. The correspondingarget
equilibrium value, /v, of z, mustbe above the secondthreshold)?, otherwisethe
concentratiorof the proteinwould not be ableto reachor maintaina level at which
the obsered negative autorgulation of genea occurs(i.e., 02 < k,/v. < maz,).
In a similar way, the target equilibrium value x; /-, is positimedabove 02, againto
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ensurethatthe negative autorgulation of geneb at high concentration®f proteinB
canoccur

6. Qualitative ssimulation

In orderto studythe qualitatve dynamicsof a geneticregulatorysystemwe would
like to know the possibé statetransitiongraphsfor all quantitatve PL modelssub-
sumedy thequalitatve PL model.Thisrequireshe computatbn of qualitative states
andtransitionsbetweemualitatve stateswhichis a difficult problemin general pe-
caused(D) maybeacomple polyhedronin Q2. In this sectionwe thereforepropose
a hyperrectangulaoverapproxination of ®(D). The approximatiorhasthe property
thatin the region of the parameteispacedefinedby the inequalitiesin the qualita-
tive PL model,all quantiative PL modelsyield the samestatetransiton graph.We
will derie rulesto efficiently computethis graphfrom the inequality constraintsy
symbdic insteadof numericalmeans.

A statetransiton graphmaybecomesxceedinglylarge,asthe numberof domains,
and hencequalitatve statesgrows exponentialy with the dimensionof the system
(Section3.1). For mary purposesit is sufficientto know which qualitatve statesare
reachabldrom a giveninitial qualitatve state thatis, which qualitatve behaiors the
systencanexhibit wheninitially beingin this state We outlineanalgorithmfor what
will be called qualitative simulaion, the generatiorof the reachablepart of a state
transiton graphfrom a qualitatve PL modelandaninitial domain.

6.1. Computation of qualitative states

In order to determinethe qualitatve stateassociatedvith a domain D, we need
to computeV (D, ®(D)). Because (D) may be a complex polyhedronin 2, we
will computeV (D, ¥ (D)) insteadof V (D, ®(D)), where¥(D) C  is the small-
est closedhyperrectanglencluding ®(D). Like ®(D), ¥(D) is a corvex set, but
it hasa much simper shape.More specifically if D is a regulatory domain,then
V(D) = ®(D) = {¢(D)}. ForaswitchingdomainD of orderk we have

(D) = Cnrect ({¢(D) | D' € R(D) }, (25)

where C' is the (n — k)-dimensionalthresholdhyperplanecontaining D. The set
rect(E) denoteshe smallestclosedhyperredanglecontainirg the setE. If D is a
switching domain,thenin general¥ (D) will be an overapproxinationof ®(D). In
Section7, we discusghe consequencest choosinghis overapproximation.

Theuseof V (D, ¥(D)) ratherthanV (D, ®(D)) muchfacilitatesthe computatbn
of qualitative statesasdemonstratedy thefollowing rules.

PROPOSITION 6.1: Let D be a regulatorydomain v € V(D, ¥ (D)), iff for all i,
1< <n,
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1 ,ifforallde D; : ¢;(D) >d,
v; = 0 , if forsomed € D; : ¢;(D) =d,
-1 ,ifforalld € D; : ¢;(D) < d.

Prodf: Theresultis adirectconsequencef ¥ (D) = {¢(D)}, for D € D,, andthe
definitionof V (D, ¥(D)). O

PROPOSITION 6.2: Let D beaswitchingdomainof orderk containedn the (n — k)-
dimengonalthresholchyperplane”. V (D, ¥ (D)) # {}, iff forall 7,1 < i < n, such
thatz; is aswitchingvariableand D; = {d},

min  ¢;(D') <d < max (D). (27)

D'€R(D) D'€R(D)

Prodf: V(D,¥(D)) # {},iff ¥(D) # {}. For D € D,, ¥(D) is definedby (25).
¥(D) canbedecomposethto ¥ (D) x ... x ¥, (D), becausef its hyperrectangular
shapeForeveryi, 1 <i <n,

V(D) =Cin{z; € Q| min ¢(D) <z < max ¢;(D")}.  (28)

D'eR(D) " D'eR(D)

If z; is aswitchingvariable thenC; = D; = {d}, whered equal$omethreshold9fi,
1 < k; < p;. Condition(27) now follows with the obsenation that the inequalites
arestrict, becausehe modelsthatinterestus satisfy (24). As a consequencey;(D’)
is notequalto athreshold. O

PROPOSITION 6.3: Let D beaswitchihgdomainof orderk containedn the (n — k)-
dimensonal thresholdhyperplaneC, andV (D, ¥ (D)) # {}. v € V(D,¥(D)), iff
foralli, 1 <1 < n,if x; isaswitchingvariable then

’Uz':Oa

and,if z; is anon-switchirg variable then

1 ,ifforalld € D; : maxpicgp) ¢i(D') > d,
0 , if forsomed € D; : minpcgp) ¢i(D') < d < maxperp) ¢i(D'),
—1 ,ifforalld € D; : minpcgrpy ¢:(D') < d.

V;

Prodf: ¥ (D) canbedecomposethto ¥(D) x ... x ¥, (D), asin the proof of the
previouspropositon. If x; is aswitchirg variable thenC; = D; = {d} andv; = 0 by
definitionof V. If x; is anon-swithingvariable then¥;(D) is definedasin (28) and
the conditionson v; follow from thedefinitionof V. O
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Theapproximaton of (D) by ¥ (D) hasanimportantconsequencedn principle,
for differentcombirationsof parametewraluesf, , v consistentvith the inequality
constraintsn thequalitatve PL model,we couldobtaina differentrelative positionof
adomainandits targetequilibrium, andhencea differentqualitative state. However,
undertheapproximaibn it canbeshawvn thateverydomainD € D is associateavith
a uniquequalitatve state.As will beillustratedin Section7.2, this is not generally
truefor qualitative states D, V (D, ®(D))).

LEMMA 6.1: For all quantitatve PL modelssubsuned by a qualitatve PL model,
everydomainD € D is associateavith a uniquequalitatve state(D, V (D, ¥ (D))).

Proof: The qualitatve state(D, V (D, ¥(D))) associatedvith D is determinedby
the orderrelationsspecifiedin Propositions5.1-6.3.In particular for every i, 1 <
i < n, we needto determinethe orderingof the taget equilibrium value ¢;(D) and
D; (if D is a regulatorydomain),or the orderingof the target equilibrium values
¢:i(D"), D" € R(D), andD; (if D is a switchingdomain).Theseorderrelationsare
uniquelydeterminedy thethresholdandequilibriuminequalitieq23)-(24)specified
in aqualitatve PL model. O

Given a qualitatve PL model, Propositions6.1-6.3can be usedto computethe
qualitatve stateassociateavith a domain,assuggestedn the proof of Lemma6.1.
The checkof the orderrelationbetweerthresholdsandtargetequilibriumvaluescan
be performedseparatelyor every dimenson i, while bearingin mindthat|R(D)| =
2" in theworstcase(compareD” in theexample).

As anexample considerthecomputatiorof V (D*, ¥(D')) in thecaseof thequal-
itative PL modelof Figure10. D' is aregulatorydomaindefinedby

D' = {(za,m) € R |0 <20 <0}, 0< 3, < 63},

while ¢(D') = (ka/7a, ks/7)" (Figure6). Fromthe parameteralueswe infer that
Ka/Ya > 0. andk, /vy, > 6. As aconsequencat follows with Propositon 6.1 that
V (DY, ¥(D')) = {(1,1)}. Theresulting qualitative stateis QS' = (D*,{(1,1)}).
Anotherexampleis the computaion of V (D?, ¥(D?)), where D? is a switching do-
main,with switchirg variablez,. More precisely

D? = {(z4,7) € R | 0 < 24 < 0}, 7, = 0} }.

R(D?) = {D", D*} andp(D") = (Ku/a: K/ )" andey(D%) = (0, ry/,)'. Because
ky/vs > 0, andhencep, (D) > 6 andg,(D?) > 6}, it canbeinferredfrom Propo-
sition 6.2 that V (D?, ¥(D?)) = {}, andhence@S$? = (D? {}). A third example
concernghe computationof V (D*, ¥(D*)), where D* is a switchingdomainwith
switching variablez;,. We have

D* = {(z4,7) € R* |0 < 24 < O, 7 =0 }.
UsingR(D*) = {D3, D°}, wefind by meanf Propositior6.2thatV (D*, U (D*)) #
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{}. Giventhate(D?) = (0, xp/75)" andg(D?) = (0, 0)', the parameteraluesimply
0 < 62 < ky/vs. Applicationof Proposition6.3yieldsV (D*, ¥(D*)) = {(0,0)}, so
thatthe qualitative stateassociateavith D* is QS* = (D*, {(0,0)}).

6.2. Computation of transitions between qualitative states

Let QS and QS’ be qualitative statesassociatedavith domainsD and D', suchthat
D' € A(D). In Section4.2,the conditionsfor a transitbn from @S to @S’ to occur
werediscussedgonsising of the existenceof a solution trajectorystartingin D and
remainingin this domainon somefinite time-intenal until reachingD’. Like in Sec-
tion 6.1,wewill approximateb(D) by ¥ (D). In orderfor thisapproximatio to make
senseye would like to hold thecrucial propertyof &(D), thatevery ¢ € &(D) N D
is anequilibrium pointof thesystemto holdfor (D) aswell. This presupposethat
we alsoformulatea hyperrectangulaapproximaton for H (x), thusredefiningthe
dynamicsof the systemaccordingto (14). More specifically we setfor everyx € D,

H(z) = {u” — vPz}, if D isaregulatorydomain, (30)
and

H(z) =rect ({p” —vP | D' € R(D)}), if D isaswitchingdomain. (31)

It now follows thatevery ) € W (D) N D is anequilibriumpoint of the system.The
hyperrectangulaapproximaibnsof (D) and H () underliethefollowing rulesfor
computng the possibletransitionsfrom a qualitatve state.

PROPOSITION 6.4: GivendomainsD andD’,letV (D, D') = {w} bethesignvector
denotingtheir relative posiion. Furthermorelet D’ € A(D). Thereis a transitbn
from QS = (D,V (D, ¥(D))) to @S’ = (D', V(D', ¥(D"))), iff

1. V(D,¥(D)) # {}, and

2. thereissomev € V (D, ¥(D)), suchthatv; w; = 1 for everyz;,1 < i < n, that
is aswitchirg variablein D', but notin D.

Prodf: Wefirst prove sufliciency of the conditions1 and2 to yield atransition Let z;

be a switchingvariablein D', but notin D, which meanghat D} = {#%}, for some
ki, 1 < k; < p;. Letw; = 1. Theconditionsimply thatthereis somey € ¥(D), such
that,for all d € D;, d < 6F < ;. Forw; = —1, we obtainy; < 0% < d. For every
zo € D andvy € ¥(D), thereexist soluions&(t, x, 8, k,) in D monotoncally

converging towardsyy (AppendixA). As aconsequencehe solutionswill reachone
or more hyperplanese; = Of where z; is a switching variablein D’, but not in

D. We now choosez, suchthatthe correspondingsoluions &(¢) passthroughthe

intersectionof the thresholdhyperplanes:; = 6. Thisimpliesthatthe trajectories
reachD’ from D. Because(24) holdsfor the modelsthatinterestus, the conditionat

theendof Sectiond.2is satisfiedfor ¥ (D), andatleastsomesolutilmsreachD’ from

D in finite time. This resultsin atransitionfrom QS to QS’.
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Necessityis provenby contrapositio, thatis, by shaving that, if the conditions1
and2 arenot satisfied thenwe cannothave a transitio. If conditionl is false,then
a transitionis certainly not possibé. Supposehat condition 2 is false.Thatis, for
somei, suchthatz; is a switchingvariablein D', but notin D, v; w; # 1 for all
v € V(D,¥(D)). We have D} = {#*}, for somek;, 1 < k; < p;. If w; = 1,
thenvy; < 6%, whereasif w; = —1, theng¥ < v, for all ¢ € ¥(D). For all
soluions &(t, ¢, 0, k, ) in D, it holdsthat&;(¢) monotmically corvergestowards
the projectionof ¥ (D) on(; (AppendixA). As aconsequenceao solutioncanreach
the thresholdhyperplaner; = Of andhencetheredoesnot exist a transitian from
QS to QS'. O

PROPOSITION 6.5: GivendomainsD andD’,letV (D, D') = {w} bethesignvector
denotingtheir relative posiion. Furthermorelet D € A(D’). Thereis a transitbn
from QS = (D, V (D, ¥(D)))to @S’ = (D', V(D', ¥(D"))), iff

1. V(D', (D) # {}, and

2. thereis somev € V(D', ¥(D')), suchthatv; w; # —1 for everyz;, 1 < i < n,
thatis a switchingvariablein D, but notin D’.

Theproofis similar to thatof Proposition6.4 andwill be omitted.

Usingqualitatvestateg D, V (D, ¥(D))) insteadof (D, V (D, ®(D))) hasthecon-
sequencéhat,for all combirationsof parametewraluesconsiséentwith theinequality
constraintsn the qualitatve PL model,the setof transitionsfrom a qualitatve state
to otherqualitative stateds unique.Again, thisis notguaranteedor qualitatve states
(D,V(D, ®(D))).

LEMMA 6.2: Forall quantitatve PL modelssubsumedy aqualitatve PL model,ev-
ery qualitatve state@S = (D, V (D, ¥(D))) hasauniquesetof outgoingtransitions

{(QS, Q%) | Q5" € S}

Prodf: Lemmasb.1 statesghatunderthe conditions of the propositon, every domain
D is associatedvith a uniquequalitative state@S = (D, V (D, ¥(D))). As aconse-
quenceof Propositons6.4and6.5,the setof transitionsrom @S is unique. O

Givena qualitative state@S = (D, V (D, ¥(D))) obtainedfrom a qualitative PL
model,Propositios 6.4 and6.5 allow the transitions from this stateto be computed
symbdically, by checkingthetwo conditionsn therule thatappliesIn theworstcase,
a domainis in the boundaryof 3" — 1 otherdomains(compareD? in the example).
The maximun differencein the numberof switchingvariablesbetweertwo domains
is n (compareD! and D7 in the exampk). The computatbn of transitionsfrom a
qualitatve stateis thereforeexponental in the numberof variables.

We will illustratethe transitian rulesby meansof the two examplesin Figure11,
againderivedfrom the qualitatve PL modelin Figure10. Considetthe possble tran-
sitionsfrom the qualitative state QS® associateavith regulatorydomainD? to qual-
itative statesassociateavith the boundarydomainsA(D3) = {D?, D* D7, D3, D%}



HiddedeJongetal.: Qualitative Simulation of GeneticRegulatory Networks 24

in (a). We have to verify whethertheconditiors 1 and2 of Propositior6.4areverified.
V (D3, ¥(D?)) is calculatedo be {(0, 1)}, while V (D3, D*) equals{(0, 1)}. With z,
aswitchingvariablein D*, but notin D3, we find thatconditionsl and?2 aresatisfied.
Consequentlya transiton from QS to QS* is generatedTransitions from QS* to
the othercandidatesuccessostatesareruled out, becausehey violate condition 2.
BecauseD? is notin theboundaryof any domain Proposition6.5 cannotbe applied.
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Figure 11: Possibleandimpossible(x) transitiors from thequalitative statega) QS 2 and(b) QS*, as
deterninedby thetransitionrulesin Propgitions6.4and6.5.

In Figure 11(b), the transitionsfrom the qualitative state@S* = (D*, {(0,0)}) to
the statesassociateavith the boundarydomainA(D*?) = { D} areinvestgated.The
transiton to QS° = (D? {}) is excluded,becausecondition 2 of Propositon 6.4
is not satisfied.In addition, we considertransitbns from QS* to qualitatve states
associateavith domainsthathave D* in their boundary Proposition6.5 is valid for
thesecasesAs can be verified in the figure, D* € A(D?) and D* € A(D?%). D3
and D5 areregulatorydomains socondition1 is trivially satisfied However, with z;
beinga switching variablein D*, but notin D? and D?, condition?2 is satisfiedin
neithercase We thereforeconcludethatthereareno transitionsfrom QS*.
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6.3. Computation of state transition graph

Given a qualitatve PL model,we cangeneratehe qualitatve statesandtransitions
betweenqualitative statesby meansof the Propositionss.1 to 6.5. This resultsin a
statetransitiongraphwith the following importantproperty

THEOREM 6.1: Undertheapproximatiorof ®(D) by ¥ (D), all quantifitive PL mod-
elssubsumedby a qualitatve PL modelhave the samestatetransitiongraph.

The theorem,a direct consequencef Lemmas6.1 and 6.2, implies that, under
the approximationof ®(D) by ¥(D), the entire setof quantitatve PL modelssub-
sumedby the qualitatve PL modelcanbeanalyzedn onestroke. The statetransiton
graphgeneratedrom the qualitatve PL modelsumnmnarizesthe qualitatve dynamics
of every quantiaitive PL modelhaving parametewvaluesconsisentwith theinequality
constraintsin thecaseof theexamplenetwork, usingthemodelin Figurel0,thestate
transiton graphin Figure8 is obtained.

Thenumberof qualitatve statesn a statetransition graphexponentiallygronvs with
thedimensim n of thesystemAs aconsequenceéhegraphmaybecomedorbiddingy
largefor geneticregulatorynetworkswith morethanafew genesFor mary purposes,
it is not necessaryo generatehe completestatetransition graphthough.In fact, it
oftenis sufficient to know which qualitatve statesarereachabldrom a given initial
qualitatve state thatis, which qualitatve behaiorsthesystencanexhibit whenstart-
ing from theinitial qualitatve state.The generatiorof the reachablgart of the state
transiton graphwill becalledqualitative simulaton, by analogywith [39]. If nomis-
understandig is possibé, we oftenreferto this reachablepart of the statetransiton
graphasthe statetransitiongraph.

Thequalitatve simulationalgorithmcanbesummarize@sfollows. Given aninitial
domainD?, the simulaton algorithmcomputegheinitial qualitative state@S° from
the qualitative PL model,andthen determinesall possble transitionsfrom Q.S° to
successoqualitatve statedy meansof therulesof the previoussubsectia. Thegen-
erationof successostatess repeatedn arecursve mannemuntil all qualitatve states
reachabldrom theinitial qualitatve statehave beenfound. A formal descriptionof
thesimdation algorithmcanbefoundin [11]. An exampk of a statetransitiongraph
obtainedthroughqualitatve simulationis givenin Figure12, shaving the qualitatve
stategeachabldrom the qualitative stateQS".

Thesimuationmethodhasbeenimplementedn Jaral.3,in aprogramcalledGNA
(GeneticNetworkAnalyzer)[10].l The programreadsandparsesnput files specify-
ing the modelof the system(stateequationsthresholdandequilibrium inequalities)
and the initial domain.From this informationit producesa statetransitiongraph.
GNA is accessiblghrougha graphicaluserinterface,which allows the network of
interactiondetweergenedo bedisplyed,aswell asthestatetransitiongraphresult-
ing from the simulaton. In addition the usercananalyzethe qualitatve equilibrium

IGNA is available for nonprofit acaderit research purpses at http:// www
heli x.inrial pes.fr/gna.
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Figure12: Phasespaceandstatetransitiongraph obtairedby qualitative simulationusingthemocel in
Figurel0. Thestatetransitiongraph contairs the qualitative stategeachale from theinitial qualitatve
stateQS".

statesandqualitatve cycleswith their attractionsets andfocuson selectedjualitatve
behaiorsin orderto studythe temporalevolution of proteinconcentrationgn more
detalil.

7. Propertiesof qualitative ssimulation

Given a qualitatve PL modelandan initial regulatorydomainD?, qualitative sim-
ulation generates statetransitiongraphwhich, underthe approximationof ®(D)

by ¥(D), describeghe qualitatve dynamicsof the systemfor all quantitatve PL
modelssubsumedby the qualitatve PL model.In this sectionwe invegigatethe con-
sequencesf the useof this approximaton, by comparingthe statetransitiongraph
obtainedthroughqualitative simulaton, using¥ (D) insteadof ®(D), with the state
transiton graphghatwould be obtainedusing® (D).

7.1. Qualitative smulation is sound

In orderto clarify thediscussia below, wewill explicitly distinguishbetweenwo sets
of statetransitiongraphsOntheonehand ,we will beinterestedn G4, the setof state
transiton graphsobtainedfor quantitatve PL modelssubsunedby thequalitatve PL

model,using® (D). Onthe otherhand,we considerthe setof statetransiton graphs
Gy obtainedby meansof the approximatbn ¥ (D) of ®(D). From Theorem6.1 it

follows that this set hasa single element.More particularly we will focuson G2

and G, which containthe statetransitiongraphscomprisingall qualitatve states
reachablerom initial qualitative statesQS3 = (D°, V(D°, ®(D%))) and QS =

(D° V(D°,¥(D%))), respectiely. The following theoremallows us to evaluatethe
consequencesf using¥ (D) ratherthan® (D).

THEOREM 7.1: Let GY = (QSy,Ty) € GY be the statetransiti;m graphobtained
throughqualitative simulaton. EveryG% = (9S4, Ts) € G3 is containedn GY,, that
is,
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1. If Q84 = (D,V(D,®(D))) € QSq, thenQS,, = (D,V(D,¥(D))) € QSy,
and

2. 1f Ty = (QS4, QS%) € Ta, thenTy = (QSy, QS%) € Tu.

Prodf: The theoremis a consequencef the redefinitionof H (x), presupposetly
theapproximatio of ®(D) by ¥(D) (Section6.2).Every S € QS¢ is reachable
from QS$ throughoneor moretransitions by definition of G§. By comparing(16)
with (31), we seethatthe setof solutions of the approximatesystemincludesthe set
of solutiors of the original system.It directly follows thatthereis alsoa qualitatve
behaior leadingfrom QS to @S, andhence@S, € QSy. If Ty € Ty, then
Ty € Ty, asaconsequencef 1 andthe obsenationthatthe setof soluions of the
approximag systemincludesthe setof solutiors of the original system. O

The theoremexpresseshatthe approximationof ®(D) by ¥(D) is consenrative.
Formulaedin a differentway, it meanghatqualitatve simulationdoesnot missary
of the qualitatve behaiors permittedby somequantiaitive PL modelsubsumedy
thequalitatve PL model.This meanghatthe proposiionsin Section4.3 canbeused
to relatethe statetransitiongraphobtainedhroughqualitatve simuation to the solu-
tionsof quantitatve PL models.In particular Propositim 4.3andTheorem7.limply
thatfor all parametewaluessatisfyingtheinequaliy constraintsn the qualitatve PL
model,the setof solutiors passingthrougha finite sequencef domainson a finite
time-interval is coveredby the statetransiton graph.By analogywith [39], the qual-
itative simuation methodis saidto be sound

7.2. Qualitative smulation isincomplete

Thecorverseof Theoreni.1lis nottrue:theremaybesomeGY € G2, suchthatGY, €
Gy is notcontainedn G%. Thiswill beillustratedby meansof a countergample.

Thenetworkin Figure13 consistf two genesa andb, which encodeheproteins
A andB, respectrely. The proteinsform a heterodimerA-B repressinghe expres-
sion of both genes.The qualitatve PL modelis shavn in Figure 14. It is assumed
thatthe heterodimerepressethetwo genesatthe samethresholdconcentrationThe
phasespaceassociatedvith the modelconsistsof four regulatorydomainsandfive
switchingdomaingFigurel5(a)).Whensimulatng thenetwork from theinitial qual-
itative stateassociatedvith the regulatorydomainD*, in which both z, andz; are
below their thresholdconcentrationye obtain the statetransiton graphshavn in
Figurel5(b).

Theresultsthatwould beobtainedf ®(D) insteaddf its approximaton ¥ (D) were
usedareshawn in Figurel6. In thiscasethequantitatve PL modelssubsumedby the
qualitatve PL modelareassociateavith oneof threedifferentstatetransiton graphs,
dependingon the preciseparametenvalueschosen As canbe directly verified, the
statetransitiongraphobtainedthroughqualitatve simulation containsall threestate
transiton graphsin Figure 16, aswasto be expectedon the basisof Theorem?7.1.
However, it is containedn noneof thesegraphs.n this example,the approximaton
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Figure 13: Exampe of a geneticreguatory network of two genes(a andb) codirg for a reguatory
pratein (A andB). Thereguatory prateinsform a heteralimerA-B.

Stateequatiorfor genea: @, = k, (1 — s (24,0)) sT (23, 63)) — Va Ta
Thresholdnequalites: 0 < 0} < maz,
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Equilibriuminequalities: 6} < L mazy
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Figure 14: Stateequatims,thresholdinequalities,andequilibrium inequalities for the prateinsin the
network of Figure 13.
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Figure 15: (a) Phasespacebox for the geneticreguatory network descrited by the qualitatve PL
mockl in Figure 14. (b) Statetransitiongragh resultingfrom a qualitatve simulationof the system
startingin D*. (c) Determinatio of therelative positionof D¢ and®(D*%). Theshadedrearepresents

rect ({¢(D%), #(D?)}).

leadsto the faulty predictionthatthe systemhasthreequalitative equilibrium states,
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whereasn factit hasonly one,whoseidentity varieswith the parameteraluescho-
sen.

In orderto explain this result, considerthe computationof the qualitatve state
associatedvith the switching domain D¢. R(DS) = {D3, D°}, while ¢(D?) =
(Ka/%a, 66/) ande(D?) = (0, 0)". Usingthe equilibrium inequalitesin Figure 14,
we find V (D¢, ¥(D°®)) = {(0,-1),(0,0)}, where¥(D%) is the intersectionof the
smallestrectanglencluding ¢(D?) and¢(D?), andthethresholdboundaryz, = 6!
(Figure15(c)). @S is predictedo be a qualitative equilibrium state becausg0, 0) €
V(D®, ¥ (D°®)). However, (0, —1) € V(DS ¥(D%)) allows atransitonto QS°, asso-
ciatedwith D> € A(D®), to occuraswell.

Figurel6shavsthat¥ (D*) is actuallyanoverapproxinationof ®(D*®). Thesmall-
estclosedcorvex setco ({p(D?), ¢(D?)}) is notrect ({p(D?), ¢(D)}), but rather
thelinearsegmentconnectinghetwo targetequilibria. As aconsequencea(D°) isa
single pointin (2, locatedat the intersectiorof the linear segymentconnectingp(D?)
and¢(D?), andthethresholdboundaryz, = 6.. Dependingon the exactpositionof
¢(D?) in D?, thelinear sggmentcrosseqa) Db, (b) D3, or (c) D*. Eachconfigura-
tion in Figure 16(a)-(c)implies an additioral constrainton the parameteralues.In
particular we have

Ya Kb 01} Ya Kb 01} Ya Kb 0;
a—— > = b) —— ==, and (c)—— < .
() a ' I'b 03’ ( Ka Vb 03’ ()Ka% 0;

For (a) we have V(D®, ®(D°®)) = {(0,0)}, for (b) V(DS%, ®(D%)) = {(0,—1)}, and
for (c) V(D®, ®(D®)) = {(0,—1)}. In (b) and(c) QS is notaqualitative equilibrium
state while in (a) and(b) thereis notransitionto QS°. (In (b), trajectoriesstartingin
DS reachD? onlyin infinite time, sothereis notransitionfrom Q5° to Q5°.) Foreach
of thethreecasesyve obtaina differentstatetransitiongraph,asshovn in Figure 16.
The exampleillustratesthat the approximatn of ®(D) by ¥(D) may be overly
conserative, in the sensehatthe resultingstatetransitiongraphcontainsgualitatve
behaiorsthatarenotpermittedoy any of thequantitatve PL modelssubsumedby the
qualitatve PL model.Someof the qualitatve behaiors in Figure15(b)do notoccur
in ary of thestatetransitiongraphsn Figure16(a)-(c) suchas(QS*, @S*, @S’, QS®,
QS°, QS®). Thisimpliesthatan absolutelycontinuows function passinghroughthe
correspondingsequenceof domairs on a finite time-intenal is not a solution for
ary parametewaluessatisfyingtheinequalityconstraing in the qualitatve PL model
(Propositim 4.3). Qualitatve simulaton is incompletein theterminologyof [39].

8. Discussion

We have presenteé methodfor the qualitatve simulation of geneticregulatorynet-
works describedby a classof piecavise-linear (PL) differential equationsthat has
beenwell-studiedn mathematicabiology. Themethodallowsthebehaior emeging
from largeandcomplex networksof geneticregulatoryinteractiondo be predictedn
aqualitatve mannerln theaccompawping paperwe describea modelof the network
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Figure16: (a)-(c)Statetransitiongraghsobtainedor thequalitatve PL model in Figurel4, containirg
qualitatve statesreactablefrom QS*. (D) insteadof its approxmation ¥ (D) hasbeenused.The
statetransitiongrapls correspondo the following additioral constraiis on the paranetervalues: (a)

(kb/ 1)/ (Ka/Ya) > 03 /85, (0) (K6/76)/(Ka/7a) = 0;/85, and(C) (ks/7s)/(Ka/Va) < 04/05- (d)-
(f) Differert constrais leadto differentrelative positionsof D¢ and®(D*), andhenceto different
qualitative statesQS®.

underlyingtheinitiation of sporulatia in B. subtlis, andwe comparepredictionsob-
tainedthroughsimulaton with obsenationsof the behaior of wild type andmutant
bacteria[9]. The applicationof the qualitatve simulation methodis supportecby a
computettool, calledGeneticNetwork Analyzer(GNA) [10].

ThePL modelsemployedin thispaperarebasedn stepfunctionapproximaibnsof
theregulatoryinteractiongnvolvedin the synthesisanddegradationof proteins.The
stepfunctionsprovide a succinctdescriptia of theregulatorylogic, while abstracting
from the detailsof molecularinteractionsThebiologicalvalidity of thestepfunction
expressios derves from experimentalevidencethat the activation of a gene,asa
function of the concentratiorof a regulatoryprotein,oftenfollows a steepsigmodal
cune[56, 71]. Thatis, below acertainthresholdconcentratiorof the protein,thegene
will be hardly expressedat all, whereasabove this thresholdits expressionrapidly
saturatesRecenexperimenal studieshave shovn thatsomeaspect®f thequalitative
dynamicsof geneticregulatorynetworkssynthesizedh vivo corresponavell with the
predictionsobtainedrom mathematicamodelsbasedn switch-like approximatios
of regulatoryinteractiond5, 17,21].

The useof stepfunctionsgives riseto discontiniitiesin the right-handsideof the
differentialequationswhich mayleadto nontrivial mathematal problems asillus-
tratedin Figure 4. Several waysto dealwith the stepfunction disconinuities have
beenproposedn the literature. The applicationof the PL modelscanbe restricted
to systemswithout autorgyulation, which excludessituatons of the type described
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in Figure 4(b) [25]. Alternatively, when a trajectoryarrives at a switching domain
from which it cannotbe continued,it may simgdy be stipulatedto cometo a dead
stop[52]. Anothersolution basedon an ideaof Plahteet al. [47, 52], consiss$ of
avoiding the discontnuitiesaltogetherby replacingthe stepfunctionss*(z;, 6;) by
so-calledlogoid functionsi*(z;, 8,, §) thatmonotamically increasefromOto 1in a
d-interval aroundthe threshold;. Thelogoid functionsapproacttheir stepfunction
homobguesaséd — 0.

Eachof the above solutiors is unsatiséctoryin someway. In the first place,au-
toregulation is an ubiquitbusfeaturein geneticregulatorynetworks [64].** Ignoring
trajectorieghat cannotbe continuedin a switchingdomainwill causemportantbe-
havioral propertiesof regulatory systemsto be missed like the equilibrium points
locatedin thresholdboundariesn the example.The useof logoid functionsinstead
of stepfunctionsis attractie at first sight, but leadsto nonlineardifferentialequation
modelsthataredifficult to treatin a qualitatve way. Here,we have adoptedanother
soluion, basedon anapproactto dealwith differentialequationsvith discontinuais
right-handsidesoriginally proposedy Filippov [19]. Thisapproachrecentlyapplied
to PL modelsof theform (2), hastheadvantageof puttingno restrictiors ontheclass
of geneticregulatorynetworksthatcanbe handledwhile explicitly definingthe be-
havior of the systemin thethresholdhyperplanedy meansof simple-to-analyzePL
models[31].

Thequalitatve dynamicsof geneticregulatorynetworksdescribedy the PL mod-
els(2) canbesummarizedy meanf a statetransitiongraph.Eachqualitatve state
in thegraphcorrespond$o adomainin the phasespacewvherethe systembehaesin
a qualitatively distinct manneywhile a transitbn betweentwo qualitative statescor
responddgo soluion trajectorieghatstartin onedomainandreachthe other without
passingthroughan intermediatedomain.Qualitative equilibrium statesand qualita-
tive cyclesin a statetransiton graphpoint at equilibrium pointsandlimit cyclesof
the systemwhile a qualitatve behaior representshe qualitatve shapeof solutions.
The qualitatve natureof the statetransitiongraphis well-adaptedo measurement
techniquesn genomicswhich currently have limited quantitatve precision,but are
ableto detectqualitatve changesn geneexpressbn overtime.

Insteadof precisenumericalvalues,we useinequaliy constrainton the valuesof
thresholdandrateparametersTheresultingqualitatve PL modelcorrespond$o aset
of quantitaive PL models Whereagprecisenumericalvaluesfor the parametersire
usuallynotavailable,the choiceof appropriatehresholdandequilibriuminequalites
can be basedon biologcal data,or is at leaststrongly constrainedoy the latter. If
the choiceof inequalityconstrains is not unambguouslydeterminedy the data,the
consequenced optingfor onecombirationof constraintgatherthananothercanbe
exploredby simulating the systemfor eachof thealternatves

Theaim of qualitatve simulationis to generatehe possibé statetransitiongraphs
for the quantitatve PL modelssubsuned by a qualitatve PL model. The statetransi-

**In fact,thenetwork shavn in Figurel is asimplifiedversionof the molecularswitch deternining
therespoiseof E. coli to phag A infection[56].
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tion graphscontainall qualitatve statesreachabldrom a giveninitial statethrough
oneor moretransitions We have usedthe hyperrectangulaapproximaton ¥ (D) of
®(D), which guarantee¢hatin theregion of the parametespacedefinedby thein-
equalitiesn the qualitatve PL model,all quantitatve PL modelsyield the samestate
transiton graph.This graphcan be obtainedthroughsymboliccomputatio instead
of numericalsimulaton. Qualitatve simuation hasbeenshaowvn to be sound,in that
to every soluion of a quantiaitive PL modelsubsumedy the qualitatve PL model
correspondaqualitatve behaior in thestatetransitiongraph.Thesoundnessf qual-
itative simdation mayhelpin checkingtherobustnes®f simulaton resultso changes
in parameteralues|2, 3, 4, 49, 69]. If acertainbehaior is not coveredby the state
transiton graph,onecanbesurethatit will notoccurfor ary of the parameteralues
consisent with the thresholdand equilibrium inequalities.Although the simulaton
algorithmis soundt is notcomplete Thisimpliesthatthetransition graphmaycon-
tain qualitative behaiors thatdo not correspondo ary solutionof a quantitatve PL
modelsatisfyng theinequaliyy constraintsn the qualitatve PL model.

The lack of quantitatve informationon kinetic parameter&andmolecularconcen-
trations has stimulated an interestin methodsfor modelingand simuation devel-
opedin the field of qualitatve reasoning{QR), mostnotably QSIM [39] and QPT
[20]. Methodssimilar in spirit have beenproposedn the hybrid systens communty
[22, 23]. QR method have beenappliedto theregulation of tryptophansynthesig33]
and )\ phagegrowth [32] in E. coli, andto the regulation of the transcriptionfactor
familiesAP-1 andNF-xB in differentclasse®f animals[68]. A major problemwith
existing QR methodss their lack of upscalabilly, which causeghe applicability of
themethoddo belimitedto smallregulatorysystem®of modestompleity. As its ap-
plicationto the sporulatiorexamplein theaccompawing papershows, thequalitatve
simuation methodpresentedereis ableto dealwith large and complex networks.
Upscalingof the methodis achieved by the useof PL modelsthatstronglyconstrain
the local dynamcs of the system.Moreover, the representationf qualitatve states
and the transitionrules are tailored to this classof models,in orderto maximaly
exploit theirfavorablemathematicaproperties.

Qualitatve methodsfor the analysisof geneticregulatay systemshave beende-
velopedn mathematicabiology aswell, thebest-knevn examplebeingBooleannet-
works[34, 62]. Simulaton of Booleannetworks restson the assumpbn thata gene
is eitheractive or inactive, andthatgeneschangeheir activation statesynchronously
For thepurposeof modelirg actualgenetiaegulatorynetworks,theseassumptiasare
usuallytoo strong.Thomasandcolleague$66, 67] have proposedageneralizedogi-
cal methodthatpermitsmultivaluedactivation statesandasynchronidransitons.On
theformallevel, the methodof Thomasandcolleaguess relatedto theapproactpre-
sentedn this paper In fact, Snousshasdemonstratethatthe logical equationsan
beinterpretedasanabstractiorof a specialcaseof (1), wherein the production term
fz(.’,ﬂ) = ZlEL Kl bzl(w) it hOldSthateitherbil(Cﬂ) =gt (.Tj, HJ) orby (m) = 8_(1‘]’, 0]'),
while in the degradationterm g;(x) = >_,.; va bu(x) it holdsthatb; () = 1. In
addition, no two genesareregulatedat the samethreshold60].

Although someideasof the generalizedogical methodhave beenretainedin the
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methodpresentedhere,in particulartheinequalityconstraintof Section5, whichare
relatedto the logical parametersn [66, 67], we have optedfor differentialequation
models We believe thatthelatterformalismis intuitively clearandof largegenerality
In particular it allowsfor atransparentlescriptiorof thebehaior of thesystenin the
thresholdhyperplanesAlthoughfor the classof PL modelscoveredby the general-
izedlogical method certainpatternsof logical statescanbe interpretedasindicating
singubr steadystatesof the system[61], a generaldescriptionof the behaior of the
systemin the thresholdhyperphnesis currently missng. The differential equation
formalismhasthe additionaladvantageof facilitating the integration of quantiative
databecomingavailablethroughimprovementsof currentmeasuremertechniques.

Qualitatve simulaton resultsin predictionsof the possibé qualitatve behaiors
of a geneticregulatorynetwork. The interestof thesepredictionsis thatthey canbe
directly comparedwith geneexpressionprofiles obtainedby meansof quantiative
RT-PCRor DNA microarraysTheuseof predictedqualitatve behaiorsin combina-
tion with obsenedgeneexpressio profilesallows hypohesizednodelsof regulatory
networksto berapidlytestedgvenwhenonly imprecisedatais available.Along these
lines,we are currentlyworking on extensias of the methodto validateandidentify
modelsof geneticregulatory networks usinggeneexpressiom data.lncorporationof
theseextensiors in thecomputeitool mentonedin Section6.3would allow the simu-
lationmethodto evolveinto amoregenerabpproachowardsthe compuer-supported
analysisof geneticregulatorynetworks.
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A. Monotonicity properties of piecewise-linear models

This appendixdescribesnonotoncity propertiesof PL modelsof theform (2).

For regulatorydomainsD, all solutonsé(t, g, 8, k, ) in D monotoncally con-
verge towards® (D). This is not generallytrue for switching domains,althougha
wealer monotoncity propertycanbe shown to hold. Let ®(D) # {}. Furthermore,
let £(¢, xo, 8, k, ) beasolution in D, andconsidersomei, 1 < i < n. It holdsthat
&:(t) monotoncally cornvergestowardsthe projectionof ®(D) on(2,,

mi(®(D)) = {¢: € Qi | ¢ € (D)},
where;(t) is assumedo startoutsidethe projection(i.e., £;(0) & m;(®(D))).

Let &(t) < minm(®(D)), t > 0. From the definition of (D) in (18), it fol-
lows that &(t) < ¢;(D') = pP /v, for all D' € R(D). By (16), H(&(t)) =
(X perw) ap (B —v? E()}, with 3= gy @p = 1 andap > 0. Because
£(t) € H(&(t)), &(t) > 0. As a consequence;(¢) monobnically corvergesto-
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wards;(®(D)) while beingin D. A similar agumentcan be given for the case
&(t) > maxm;(®(D)).

Althoughnot all solutionsin D monotorically corvergetowards® (D), somecan
be shavn to doso.Let ®(D) # {}. Foreveryz, € D and¢ € ®(D), thereexist
soluionsé&(t, zg, 0, k, v) in D monobnically corverging towardsd.

By (18),¢ = ZD,ER(D) ap ¢(D'), with every apr > 0 andZD,ER(D) ap = 1.
Considertheabsolutelycontinuoudunction£(t) that,while beingin D, satisfies

VD")fl (/J’D’ - VD’ (t)) (32)

— &(1).

(33)

= " _ ¢(DI) - m
D'ER(D) ZD”ER(D) apn (vP7)~ ZD”ER(D) apr (vP")

From(32)it followsthaté (¢) is asoluion, because (¢) € H(£(t)) accordingo (14)
(the coeficientsap (') 1/ 3 e gy @pn (vP") ! arenon-ngaive andsumto
1). Moreover, (33) is a systemof linear and uncoupleddifferentialequationsof the
form (11), monotaically corvergingtowards " . py @' ¢(D') = ¢.

We statewithout proof that the abose monotorcity propertiesalso hold for the
approximabn ¥ (D) of (D), giventhe correspondingedefinitionof H(x) (Sec-
tion 6.2). Thesemonotaicity propertiesareusedin the proof of Proposition6.4.
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