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recherche Rhône-Alpes,655avenuedel’Europe, Montbonnot,38334 SaintIsmier

Cedex, France.
2InstitutNationaldeRechercheenInformatique etenAutomatique(INRIA), Unit éde
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Abstract
In order to copewith thelargeamountsof datathathavebecomeavailablein ge-
nomics,mathematical tools for theanalysisof networksof interactionsbetween
genes, proteins, and other molecules are indispensable.We presenta method
for thequalitativesimulation of genetic regulatory networks,based onaclassof
piecewise-linear(PL) differential equationsthathasbeenwell-studiedin mathe-
maticalbiology. Thesimulation methodis well-adaptedto state-of-the-artmea-
surement techniquesin genomics,which often provide qualitative andcoarse-
grained descriptions of genetic regulatory networks.Given a qualitative model
of a genetic regulatorynetwork, consistingof a systemof PL differential equa-
tionsandinequality constraints on theparametervalues, themethodproducesa
graphof qualitative states andtransitionsbetweenqualitative states,summariz-
ing the qualitative dynamics of the system.The qualitative simulation method
hasbeenimplementedin Java in thecomputer tool GeneticNetwork Analyzer.

1. Introduction
Recentprogressin genomicshasprovideduswith experimental toolsthathold great
promisesfor unraveling thenetworksof regulatory interactionsbetweengenes,pro-
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teins,andsmallmoleculeswhichunderliethefunctioningof living organisms. Onthe
onehand,thesetechniquesallow protein-DNA andprotein-proteininteractionsto be
identified,thusproviding insight into thestructureof geneticregulatorysystems(e.g.,
[51, 57]). On theotherhand,they allow theevolution of thestateof thesystemto be
characterized,by large-scalemeasurementof thelevel of geneexpressionandprotein
activity acrosstime(e.g., [43, 72]).

In order to copewith the large amountsof datathat have thusbecomeavailable,
formalmethodsfor therepresentationandanalysisof geneticregulatorynetworksare
indispensable.Mathematicalmodelsallow networks of interactionsto be described
in a preciseandunambiguous manner, while a large varietyof analysisandsimula-
tion techniquesexiststo systematically derive behavior predictionsfrom themodels.
The applicationof formal methods, especiallywhen supportedby computertools,
may leadto a comprehensionof thestructureandfunctioning of large andcomplex
networks of interactionsthat cannotbe obtainedthroughintuitive approachesalone
[18, 44].

Theuseof formalmethodsto studyregulatorynetworksis currentlysubjectto two
major constraints[8]. First of all, the biochemicalreactionmechanismsunderlying
theinteractionsareusuallynotor incompletelyknown. Thispreventstheformulation
of detailedkineticmodels,suchasthosedevelopedfor thegeneticswitchcontrolling
phage

�
growth [45] or the feedbackmechanismsregulating tryptophansynthesis

in E. coli [59]. A secondconstraintarisesfrom the generalabsenceof quantitative
information on kinetic parametersandmolecularconcentrations.As a consequence,
traditionalmethodsfor numericalanalysisaredifficult to apply.

Few of the modeling andsimulation methodsthat have beendevelopedthus far
arecapableof handlingtheabove constraints.A notableexceptionis formedby ap-
proachesbasedonaclassof piecewise-linear(PL) differentialequationmodelsorigi-
nally proposedby GlassandKauffman[27]. Thestatevariablesin thePL modelscor-
respondto theconcentrationsof proteinsencodedby genesin thenetwork, while the
differentialequationsrepresentthe interactionsarisingfrom theregulatoryinfluence
of someproteinson thesynthesisanddegradationof others.Theregulatoryinterac-
tionsaremodeledby meansof stepfunctions,whichgivesriseto thepiecewise-linear
structureof the differentialequations.The useof stepfunctionsis motivatedby the
nonlinear, switch-like characterof many of the interactionsin geneexpressionand
proteolysis [56, 71].

The PL modelsprovide a coarse-graineddescriptionof geneticregulatory net-
works,well-adaptedto state-of-the-artmeasurementtechniquesin genomics.Further-
more,themodelshavemathematical propertiesthatfavour qualitativeanalysisof the
steady-stateandtransientbehavior of regulatorysystems[14, 15, 16, 24, 25, 28, 29,
31, 41, 47,48,52,60,61]. On a formal level, thePL modelsarerelatedto a classof
asynchronouslogicalmodelsproposedby Thomasandcolleagues[66, 67]. PL mod-
elsandtheir logical relativeshavebeenusedfor thestudyof anumberof prokaryotic
andeukaryoticregulatorynetworks [1, 22, 23, 46, 50, 55, 58, 65]. In addition,they
have beenusedfor modelingfood webs[53], neuralnetworks [42], andbiological
computers[6].
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Theuseof stepfunctionsin PL modelsof geneticregulatorynetworksbringsabout
somenontrivial mathematicalproblems. In particular, it involves the subdivision of
the phasespaceinto regionsat the boundariesof which discontinuities may occur.
Existing approacheseitheravoid theseproblemsby restrictingtheanalysisto a sub-
classof regulatorynetworks,or adoptsolutionsthat have undesirableconsequences
for the predictivenessof the method.Recently, it hasbeenshown that an approach
capableof dealingwith differential equationswith discontinuousright-handsides,
widely usedin controltheory, allowstheabove-mentionedproblemsto beresolvedin
amathematically properandpracticallyusefulmanner[31]. Thisapproach,originally
proposedby Filippov [19], is basedonthegeneralizationof thedifferentialequations
to differentialinclusions.

In this paperwe presenta methodfor the qualitative simulation of geneticregu-
latory networksdescribedby thegeneralizedPL models.Themethodis obtainedby
formulating theanalysisof PL modelsin termsof conceptsdevelopedfor thequalita-
tivesimulationof dynamicalsystems[12, 39,40]. Thequalitativesimulationmethod
hasbeenimplementedin a publicly-availablecomputertool, calledGeneticNetwork
Analyzer(GNA) [10]. In theaccompanying paper[9], weusethemethodandthetool
to analyzea geneticregulatorynetwork of biological interest,consisting of thegenes
andinteractionsthatregulatetheinitiationof sporulationin Bacillussubtilis. Theap-
plicationshowsthatthesimulationmethodcanhelpto gaininsightinto thequalitative
dynamicsof complex regulatorynetworksinvolvingadozenof genes.

Two qualitative abstractionslie at the basisof this approach.First, we give a de-
scriptionof thedynamics of thesystemin termsof a graphof qualitative statesand
transitionsbetweenqualitative states.A qualitative statecorrespondsto a region in
thephasespacewherethesystembehavesin aqualitatively distinctway. Thereexists
a transitionbetweentwo qualitativestates,correspondingto contiguousregionsin the
phasespace,if asolution startingin thefirst regionreachesthesecondregion,without
passingthrougha third region.Second,insteadof specifyingnumericalvaluesfor the
parameters,we supplementthedifferentialequationswith inequalityconstraintsthat
canusuallybe inferredfrom availablebiological data.The resultingqualitative PL
modelcorrespondsto a region in theparameterspacewhere,undercertainconditions
to bespecified,thebehavior of thesystemis describedby thesamegraphof qualita-
tivestatesandtransitionsbetweenqualitativestates.GivenaqualitativePL modeland
aninitial qualitativestate,thesimulationmethoddeterminesall qualitativestatesthat
arereachablefrom theinitial statethroughoneor moretransitions.Thesimulation is
guaranteedto coverall possiblesolutionsof thequantitativePL modelssubsumedby
thequalitativePL model.

In the next sectionof the paper, the modeling of geneticregulatorynetworks by
meansof PL modelswill be discussed.The mathematical analysisof thesemodels
will bereviewedin Section3. Sections4 and5 introducea qualitative descriptionof
thedynamicsof PL modelsandthenotionof qualitativePL model,respectively. The
qualitativesimulationalgorithmis detailedin Section6, followedby aninvestigation
of its formal propertiesin Section7. In the final sectionof the paper, the methodis
discussedin thecontext of relatedwork.
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2. Piecewise-linear models of genetic regulatory networks
Figure1 shows anexample of a simple geneticregulatorynetwork. Thegenesa and
b, transcribedfrom separatepromoters,encodetheproteinsA andB, eachof which
controlstheexpressionof bothgenes.� ProteinsA andB repressgenea andb at dif-
ferentconcentrations.Repressionof thegenesis achievedby binding of theproteins
to regulatorysitesoverlappingwith the promoters.The patternof interactionsgives
riseto onepositiveandtwo negative feedbackloops.

a b

A B

Figure 1: Exampleof a genetic regulatory network of two genes(a andb) codingfor a regulatory
protein (A andB). The notationfollows, in a somewhat simplified form, the graphical conventions
proposedby Kohn[38].

Thedynamicsof geneticregulatorynetworkscanbemodeledby a classof differ-
entialequationsproposedby Mestlet al. [47], extending previouswork by Glassand
Kauffman [27] (seealsothe work of SnoussiandThomas[60, 66] andRatnerand
Tchuarev [63]). Theequationshave thegeneralform������	�
����
�����������
�������� ���������! #"%$�"�&�� (1)

where
'�(�)��*+�-,-,-,.�/��01��2 is avectorof cellularproteinconcentrations.Thestateequa-
tions(1) definetherateof changeof eachconcentration�3� asthedifferenceof therate
of synthesis �4���5
�� andtherateof degradation�4���5
������ of theprotein.In vectornota-
tion, thesystemof differentialequations(1) is writtenas6
7�98:��
����7;��5
��<
=� (2)

with 87�>���?*@�-,A,-,A�@�B01� 2 and ;C� diag�D��*E�-,-,-,.�/�40F� .
The function ���HGCI 0 JLKNM I JLK expresseshow the rateof synthesisof theprotein

encodedby gene$ dependsontheconcentrations
 of proteinsin thecell. It is defined
as �
����
����PO QSRATVU�� Q.W � Q �5
��+� (3)

where U�� Q is a rateparameter( U�� QYX � ), W � Q G�I 0 JLKZM [ ���- 4\ a regulationfunction, and]
a possibly emptysetof indicesof regulationfunctions.The function �<� describes

the regulationof proteindegradation.It is definedanalogouslyto �?� , exceptthatwe
demandthat �F����
�� is strictly positive. In addition, in order to formally distinguish
degradationratesfrom synthesis rates,we will denotethe former by ^ insteadof U ._

As a notational convention,names of genesareprintedin italic andnamesof proteins startwith a
capital.
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Stateequationfor genea:
��a`H�	U<`Yb4cd�D�3`4�Ee�f` ��b4cd�)�3g/�Ee *g ��� ^ `a�3`

Stateequationfor geneb:
��agh�iU�g�b4cd�D�3`4�Ee *` ��b4c��)�3gE�je4fg ��� ^ gk�3g

Figure 2: Stateequations for thenetwork of Figure1. Wewill assumethefollowing parametervalues:lAmnpoNq , l+rnpots , l-mu ovq , l+ru ows , x n owy+z , x u o{y@z , | n ovy , and | u owy .
Noticethatwith theabove definitionsof �F� and �4� , thestateequations(1) and(2) are
piecewise-linear(PL).

A regulationfunction

W � Q describesthelogic of generegulation [54, 60]. More pre-
cisely, it describestheconditionsunderwhichtheproteinencodedby gene$ is synthe-
sized(degraded)at a rate U�� Q ( ^ � Q ��� ). Theseconditionsareformulatedasexpressions
of stepfunctionsb4}d�@b4c~GhI�f M [ ���- F\ :

b } �)�L�
�EeE�.�h���  k���L� X eE�
������L���%eE�
� and b c �)�L�
�EeE�+���9 =��b } �)�L�
�EeE�A�@� (4)

where �L� is an elementof the statevector 
 and e+� a constantdenoting a threshold
concentration( eE� X � ). Notice that stepfunctions b } �D�L���EeE�.� and b c �)�L�
�EeE�A� arenot
definedfor �?����eE� , soneitheraretheregulationfunctionsin which they occur. We
will useregulationfunctionsthatarethearithmetic equivalentof logical functions,as
describedin [54].

Thesimplestexampleof a regulationfunction is

W � Q ��
��Z��b } �)�L�
�EeE�+� , which eval-
uatesto 1, if the concentration��� is above its threshold eA� . Another example isW � Q �5
����  ���b } �D�L���EeE�.��b } �D�3�F�Ee-�-� , which evaluatesto 1, if either ��� is below its
thresholde@� or �3� below its thresholde�� . The useof stepfunctionshasbeenmoti-
vatedby theobservation thattheactivity of agene,asa functionof theconcentration
of a regulatoryprotein,often follows a steepsigmoidal curve [56, 71]. That is, the
activity of the genechangesin a switch-like mannerat a thresholdconcentrationof
theregulatoryprotein.

In Figure2 thestateequationsfor theexamplenetwork areshown. Genea is ex-
pressedata rate U<` , if theconcentrationof proteinA is below its thresholde f` andthe
concentrationof proteinB below its thresholde *g , that is, if the regulation functionW `F�/�D�3`4�/�3g���2����	b4cd�D�3`4�je4f` ��b4c��D�3gE�Ee *g � evaluatesto 1. Analogously, geneb is expressed
atarate U<g , if theconcentrationof proteinA is below thethresholde *` andtheconcen-
trationof proteinB below thethresholde fg (

W g+�/�)�3`��/�3g�� 2 ���Pb c �D�3`4�Ee *` ��b c �)�3gE�je fg ���� ).
Degradationof theproteinsA andB is assumedto bespontaneous, which givesrise
to regulationfunctionshaving the value1, independentof the concentrationsof the
proteins.

ThePL modelscanbeextendedto take into accountinput variables� ���5�p*@�A,-,-,A������ 2 , representingtheconcentrationof proteinsandsmallmoleculeswhosesynthesis
anddegradationareregulatedoutside thesystem.This leadsto modelsof theform:
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'�~8=��
!� � ���7;��5
!� � �<
!, (5)

In whatfollows,wewill assumethattheinputvariablesareconstant,i.e.,
�� �P� . As a

consequence,(5) canbereducedto (2) without lossof generality, by prior evaluation
of thestepfunctionexpressionsin which inputvariablesoccur.

3. Mathematical analysis of piecewise-linear models
3.1. Domains in phase space

The dynamical propertiesof PL modelsof the form (2) canbe analyzedin the & -
dimensional phasespacebox � � � *#�%,-,A,Y� � 0 , whereevery � � ,  �"�$V"�& , is
definedas � ��� [ ������I JLK�� �V"����d"~�¡ -¢���\?, (6)�¡ -¢<� is a parameterdenotinga maximumconcentrationfor the protein. It can be
shown, by generalizingtheargumentin [26], thatif wechoose�¡ -¢�� X�£�¤�¥
 J � �B���5
��§¦�������
��@�
all trajectoriesstartinginside � will remainin it, while trajectoriesstartingoutside
will enterthephasespaceboxatsomepoint.

In general,a proteinencodedby a genewill be involved in different interactions
at differentthresholdconcentrations,whichafterorderingaredenotedby e *� �-,-,-,.�Ee.¨@©� .
The �5&��9 
� -dimensional hyperplanes�ª�«�¬e � ©� ,  ­"¯®k�°"�±�� , partition � into hy-
perrectangularregionsthatarecalleddomains. Within eachsuchregion, theconcen-
trationof a proteinequalsa thresholdor is boundedby thresholds.More precisely, a
domain ²�³9� is definedby ² � ² *=�´,-,-,3� ² 0 , with every ² � ,  �"~$:"~& , given
by oneof thefollowing equations:

² ��� [ ��� � ��"������%e *� \?�² ��� [ ��� � �����ie *� \?�² ��� [ ��� � e *� �µ�����%e f� \?�² ��� [ ��� � �����ie f� \?�,-,A,² ��� [ ��� � �����ie+¨+©� \?�² ��� [ ��� � e ¨+©� �¶����"~�¡ -¢<�·\?, (7)¸
denotesthesetof all domainsin � . As canbeeasilyverified,

� ¸ � �º¹ 0��»ª* ��¼+±<�@½� 
� .
We will distinguishtwo kindsof domain.A domain ² � ¸ is calleda regulatory

domain,if thereareno $§��¾ ,  ¿"9$�"�& ,  N"À¾Á"%±3� , suchthat ² ��� [ ��� � �����Âe �� \ .
That is, in a regulatorydomainnoneof thevariablesassumesa thresholdvalue.On
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theotherhand,² � ¸ is calleda switching domain,if for at leastone $ ,  �"~$="~& ,
it holds that thereis some ¾ ,  �"Ã¾~"Ä±ª� , suchthat ² �¡� [ ��� � ����� e �� \ . The
correspondingvariables�a� arecalledswitching variables. Å Theorder of a switching
domainis anumberbetween1 and & , equalto thenumberof switchingvariables.The
setsof regulatoryandswitching domainsaredenotedby

¸¡Æ
and

¸�Ç
, respectively. We

have
� ¸ÈÆ � �	¹ 0�S»ª* �S±<��½À B� and

� ¸�Ç � �P¹ 0��»ª* ��¼+±<��½� 
����¹ 0��»ª* �S±<��½À 
� .
In Figure3(a) the two-dimensional phasespacebox � for the examplenetwork

is shown. As proteinsA and B have two thresholdseach,the phasespacebox is
partitionedinto 9 regulatoryand16 switching domains.An example of a regulatory
domainis ² * � [ �)�3`
�/�3g�� 2 �ÂI f � �P"��3`µ�Ée *` �È�P"É�3gÁ�Ée *g \ , while ²¿Ê �[ �D�3`
�/�3g�� 2 �9I f � ��"¯�3`­�Äe *` �Ë�3g��Ãe fg \ is an exampleof a switchingdomain.
Noticethat �ag is the(only) switchingvariablein ² Ê .ÌAÍ

Î�Ï Î�Ð Î3Ñ Ï Î�Ñ Ð Î�ÏÒÏ
Ó ÌAÔ

Õ�Ö�× Í

ØjÙÔ Ø/ÚÔ ÕpÖ·×.ÔÎ�ÑÎ�Û
Î�Ü

Î�ÝÎ�Þ Î Ñ Û
Î<ÏàßÎ Ñ ÞÎ ÑáÝÎ ÑÒÑ Î�Ï ÑÎ�ÏÒÛ

Î Ñ ÜÎ Ñ ß Î�ÏÒÜÎ�âPÎ<ã Î Ñ â�Î Ñ ãØ/ÚÍØ ÙÍ
Î�Ïàâ

(a)

Ì Í

Ó ÌAÔ

ÕpÖ·× ÍØ§ÚÍØ ÙÍ
Ø ÙÔ Ø ÚÔ Õ�Ö�×.Ô

ä Í�å�æEÍ

ä+Ô å�æ Ô

çªèêé Ùìë
é Ù

(b)

Figure 3: (a) Phasespacebox í for thePL model in Figure2. (b) Target equilibrium î�ïìð m�ñ for the
regulatorydomain ð m . Thevariablesò n and ò u converge towardstargetequilibrium values x n@ó | n andx u ó | u , respectively. With theparametervaluesin Figure2, thetargetequilibrium lies in theupperright
domain.

As a preliminary stepfor theanalysisof thedynamicalpropertiesof (2) in regula-
tory andswitchingdomains,wedefinesomeauxiliaryconcepts.Let ² beaswitching
domainof order ® , and ô the hyperplaneof dimension &'�9® containing ² . The
boundary of ² in ô is theset õ � ² � of all points 
µ� ô , suchthateachball õVö �5
=�§÷k�
in ô of center
 andradius÷ X � intersectsboth ² and ôÀø ² [37]. In thecasethat² is a regulatorydomain,ô equals� . Now, for every ² � ¸ wedefinethesetsù � ² �h� [ ² 2 � ¸�Ç � ² 2 ³ õ � ² �@\?� andú � ² �h� [ ² 2 � ¸°Æ � ²û³ õ � ² 2 �@\?,ù � ² � containsthe(switching)domainsin theboundaryof ² , whereas

ú � ² � contains
the regulatorydomainsthat have ² in their boundary. In the caseof the regulatoryü

In [47] switchingdomainsarecalled ý -regions andswitchingvariablesarereferredto asprimary
variables.
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domain ² * in Figure 3, we find
ù � ² * �C� [ ² f � ²¿þ � ²Nÿ \ , while

ù � ² f �{� [ ²Nÿ \ .
Furthermore,

ú � ² * �h� [ \ and
ú � ² f@��� [ ² * � ²�� \ .

3.2. Analysis in regulatory domains

The behavior of systemsdescribedby a PL modelof the form (2) hasbeenwell-
characterizedin theregulatorydomainsof � [25, 52, 60]. Whenevaluating thestep
function expressionsin (3) in a regulatorydomain ² � ¸¡Æ , �
����
�� reducesto some
constant���� ����� , and ������
�� to someconstant���� �
	È� , where

����� [ �
����
�� � �{"�
¶"���
d
!\?� (8)	È��� [ ������
�� � ��"�
�"���
d
�\?, (9)

More precisely, asa consequenceof (3), ���� and ���� reduceto sumsof rateconstantsU�� Q and ^ � Q , respectively. �­� and 	È� collect thesynthesisanddegradationratesof the
proteinin differentdomainsof � . Insidea regulatorydomain ² , thestateequations
thussimplify to linearanduncoupleddifferentialequations����Y� � �� � � �� ���·�! È"%$�"%&�� (10)

or, equivalently, 6
���� � ��� � 
:� (11)

with � � �º� ��� * �-,-,-,.� ���0 � 2 and � � � diag� ���* �-,-,A,A� ���0 � .
Let � � ��,-,-,.�Ee � ©� �-,-,-,ê� 2 , � � ��,-,-,.�@U<� Q �-,-,-,ê� 2 , and � � � ^ *@�A,-,-,A� ^ 0F� 2 be numerical

parametervalues.Furthermore,let 
=�5�1�!�~
 K bea point in � representingtheinitial
conditions.A continuously differentiablefunction � ���@�E
 K � � � � � � � is a solution of
(11) on a time-interval � ��� �"! , � X � , if � ���1�«��
 K andfor all �°� � ��� �"! it holdsthat� ���§�!� ² and

6� �#�§���$� � �%� � � ���§� . For initial values
 K � ² , thereexistsa function� ���§� anda � ( � X � ), suchthat � ���§� is theuniquesolution for (11)on � ��� ��! .
Let & � bea functionfrom

¸ Æ
to � � , definedas

& ��� ² ��� � �� ¦ � �� , (12)

It follows directly from (11) thatall solutions � �#�§� in ² monotonically converge to-
wardsa so-calledtargetequilibrium 
'��'«� ² � , with

'�� ² ���º� & *.� ² �+�-,A,-,A� & 0�� ² �§� 2 , (13)

Intuitively speaking,thetargetequilibriumlevel & ��� ² � of ��� givesanindication of the
strengthof geneexpressionin theregulatorydomain.If '«� ² �Ë� ² , thenfor � M (
all solutionsin ² approachthetargetequilibrium, which is thena stableequilibrium
point of thesystem, alsocalledregular steadystate[61]. If 'Z� ² �*)� ² , all solutions
will leave ² at somepoint.

In theexampleof Figure2, ascanbeeasilycheckedfrom thestateequations,we
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have �­`w� [ ���EU�`
\ , 	°`w� [ ^ `B\ for proteinA, and �­gV� [ ���@U<g�\ , 	°g � [ ^ g/\ for
proteinB. In theregulatorydomain² * in Figure3(b), thestateequationssimplify to��3`H�PU<`!� ^ `ª�3`����3gp�PU<g�� ^ g?�3gE,
As a consequence,thetargetequilibrium '«� ² * � of ² * equals��U�`A¦ ^ `
�@U<g�¦ ^ g�� 2 , which
lies outside ² * . Thetrajectoriesin ² * will thereforeleave thedomainat somepoint.
Dif ferentregulatorydomainsgenerallyhave differenttargetequilibria.For instance,
in the regulatorydomain ² � definedby ��"��3`v�Âe *` and e *g �>�3g �Âe fg , the target
equilibrium is given by �5���@U�g�¦ ^ g�� 2 .
3.3. Analysis in switching domains

In theswitchingdomainsof � , (2) is generallynot defined,becauseoneor moreof
theconcentrationvariablestake a thresholdvalue.This is not muchof a problem,if
solution trajectoriesin oneregulatorydomainarriveataswitchingdomainfromwhich
they canbecontinuedin anotherregulatorydomain[16, 60]. Thetrajectoriesarriving
at ² f from ² * in Figure4(a)area casein point. However, if solutiontrajectoriesin
differentregulatorydomainsevolvetowardsthesameswitchingdomain,asis thecase
for trajectoriesarriving at ² Ê from ² � or ²�+ (Figure4(b)),mathematicalperplexities
arise.In theframework of theprevioussubsection, thereis no indicationon how the
solutionsin ² � and ²�+ canbecontinued.,Ì Í

Ó ÌAÔ

Õ�Ö·× Í

Ø ÙÔ Ø§ÚÔ Õ�Ö�×.Ô
Ø ÙÍ

-/. Î Ñ10-/. Î<Û 0Ø/ÚÍ
Î Ñ
Î�Û
Î ÝÎ<ÐÎ<Ï

(a)

Ì Í

Ó Ì.Ô

Õ�Ö�× Í
Ø ÙÍ

Ø ÙÔ Ø ÚÔ Õ�Ö�×.Ô-/. Î�Ü 0
Î�Û
Î�Ü-/. Î�Û 0Ø/ÚÍ Î�â

(b)

Figure 4: Examples of the behavior of the systemof Figure2 at threshold boundaries.The figures
show theregulatory domains ð m3254645472 ð98 , andthetargetequilibria î�ï ð m§ñ , î�ï ð9: ñ , î�ï ð;8 ñ . In (a) the
solutiontrajectoriesin ð m canbecontinuedin ð<: , whereasin (b) thesolutiontrajectoriesin ð=: cannot
becontinuedin ð>8 .

The underlyingcauseof this problemis the occurrenceof discontinuities in the
right-handsideof (2), dueto the useof stepfunctions.The discontinuities occurat?

In [47, 52], ð r is calleda transparent wall and ðA@ a black wall. Anotherproblem, not shown
here,occurs whena switchingdomainis a whitewall, that is, whenthe trajectories in two regulatory
domainsevolve from a commonboundingswitchingdomain.
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thresholdhyperplanes,which separateregulatorydomainsin which thedynamicsof
the regulatory network is describedby a different systemof differential equations
(11).In orderto dealwith thesediscontinuitiesin ageneralandrigorousway, wewill
usea methodoriginally proposedby Filippov [19]. This method,recentlyappliedby
Gouźe andSari [31] to PL systemsof theform (2), consists of extending a systemof
differentialequationswith discontinuousright-handsidesinto asystemof differential
inclusions.By meansof this extensionwe canexplicitly describethebehavior of the
systemin a thresholdhyperplane.

More precisely, the differentialequations(2) areextendedinto differential inclu-
sions 6
¶��B��5
��+� (14)

whereB G � M ¼DC is aset-valuedfunction.E For 
µ� ² , and ² aregulatorydomain,
wedefine B���
�� simply as

B���
��h� [ � � ��� � 
!\?, (15)

Notice that the extension of the PL systemagreeswith the original systemin the
regulatorydomains. If ² is aswitchingdomain,B���
�� is definedby

B���
���� FHG!� [ � �JI ��� �JI 
 � ² 2 � ú � ² �@\4�@, (16)

Thesmallestclosedconvex set FHG:�LK�� of aset K is theintersectionof all closedconvex
setscontaining K [19]. In thecaseof switchingdomains, B��5
�� will notgenerallybe
single-valued.

An absolutelycontinuousfunction � �#�@�E
 K � � � � � � � is asolutionof (14) in thesense
of Filippov on � ��� ��! ( � X � ), if � ���1����
 K andfor almostall � � � ��� ��! it holdsthat6� ���§����B�� � ���§�§� [19]. Thequalification‘for almostall �°� � ��� ��! ’ meansthat theset
of time-points for which the condition doesnot hold is of measure0. In particular,
the conditionis not satisfiedat time-points whenthe solutionarrivesat or leavesa
switching domain ² . If no misunderstanding is possible,we will oftensimply speak
of ‘a solutionof (14),’ insteadof ‘a solution of (14) in thesenseof Filippov.’ For all
initial values
 K � � thereexistsasolutionof (14)onsome� ��� ��! [19]. However, this
solution is not guaranteedto be unique,dueto the generalizationof the differential
equationsto differentialinclusions.

In orderto getanintuitive feelingfor themeaningof theaboveconcepts,consider
againtheexamplesin Figure4. In thefirst case,² f is theswitchingdomainbound-
ing theregulatorydomains² * and ² � . If 
i� ² f , then B��5
�� is thesmallestclosed
convex set including the end-pointsof the vectors � �NM �O� �NM 
 and � ��P �$� ��P 

startingat 
 . This setis graphicallyrepresentedin Figure5(a)by the linearsegment
connectingtheend-pointsof thevectors.An absolutelycontinuousfunction � �#�§� de-
finedon a time-interval � ��� �"! , which remainsin ² * andsatisfies(14) for ��� � ���RQ � ,
crosses
¶� ² f at �h�$Q , andremainsin ² � andsatisfies(14)on �!��!SQª� ��! , Q��T� , is aU yHV representsthepowerset(thesetof subsets)of theset W .
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Figure 5: Behavior of thesystemof Figure1 atapoint g in athreshold boundary, whenthedifferential
equationsaregeneralizedintodifferential inclusionsby themethod of Filippov. Whereasin (a)solution
trajectoriescrossð r instantaneously, in (b) they slidealong ð=@ .
solution. In thesecondexampleof Figure4, B���
�� is a linearsegmentconnectingthe
end-pointsof thevectors� � P �h� � P 
 and � ��i �h� ��i 
 . Contraryto thepreviousex-
ample, B���
�� intersectswith thethresholdboundary, becausethevectorfields in ² �
and ²�+ aredirectedtowards² Ê (Figure5(b)).An absolutelycontinuousfunction � ���§�
definedona time-interval � ��� ��! , which remainsin ²j� andsatisfies(14) for ��� � ���RQ � ,
arrivesat 
¶� ² Ê at �h�$Q , andslidesalong ² Ê andsatisfies(14)on �!��!kQ�� �"! , Q��l� ,
is asolution.

For everydomain ² , a target equilibrium set m � ² � canbedefined.If ² is a regu-
latorydomain,then

m � ² ��� [ '«� ² �@\?� (17)

where '«� ² � is the targetequilibriumof ² , definedby (13). If ² is a switching do-
main,thedefinitionis a little bit morecomplicated.Let ² bea switching domainof
order ® , containedin the �5&t��®�� -dimensionalhyperplaneô . Then

m � ² �h� ô�n FoG�� [ '«� ² 2 � � ² 2 � ú � ² �@\4�+, (18)

That is, m � ² � is thesmallestclosedconvex setof the targetequilibriaof regulatory
domains² 2 having ² in their boundary, intersectedwith the thresholdhyperplane
containing ² . In thecaseof switching domains, m � ² � is notgenerallyasinglepoint.

Gouźe andSari [31] have shown that all solutions � ���§� eithercrossa domain ²
instantaneouslyor remainin it on someextendedtime-interval, while converging to-
wards m � ² � . For thelattersolutions to exist, it musthold

m � ² �`)� [ \?, (19)

In regulatorydomains,(19) is alwayssatisfiedandsolutionsmonotonically converge
towards m � ² � , asdiscussedin Section3.2. In switching domains,if (19) is satisfied,
theconvergenceof thesolutions in ² is monotonic in a weaksense(AppendixA). pq

Thesolutionssatisfying(19) in switchingdomains areknown asslidingmodesolutionsin control
theory [13].
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If m � ² � n ² � [ \ all solutions will leave ² at somepoint. On the otherhand,ifm � ² � n ² )� [ \ , thereexistsolutionsin ² thatapproachorenterthetargetequilibrium
set m � ² � as � M (

. Every '~� m � ² � n ² is anequilibrium point of thesystem,in
thesensethatthereexistsasolution � �#�@�E
 K � � � � � � � , suchthat � ���§���r' for all �!��� .
In thespecialcasethat m � ² � is a singleton,theequilibriumpoint ' hasbeencalled
a singular steadystate[61] of thesystem.Whetherthis equilibrium point is stableor
unstable mustbedeterminedthroughfurtheranalysis.

Considertheexamplesin Figure6.Thetargetequilibriumset m � ² f@� of theswitch-
ing domain² f is defined,following(18),by theintersectionof FoG�� [ '«� ² * �@�/'Z� ²�� �E\4�
andthe thresholdboundary��g#� e *g . The smallestclosedconvex setconsistsof the
linearsegmentconnectingthepoints ��U�`A¦ ^ `��EU�g�¦ ^ g�� 2 and �����@U<g�¦ ^ g�� 2 , asshown in (a).FHG�� [ '�� ² * �+�o'«� ² � �@\4� andthethresholdboundary�ªg:�ºe *g do not intersectin thefig-
ure,so m � ² f ��� [ \ . Following criterion(19),therearenosolutionsremainingin ² f .
This is different in the caseof ² Ê . Here,the target equilibrium set m � ² Ê � is given
by theintersectionof FoG�� [ '«� ²s� �+�o'«� ² + �@\4� , thelinearsegmentconnectingthepoints�5���@U<g�¦ ^ g·� 2 and �����j�1� 2 , and the thresholdboundary��gw� e fg . Consequently, m � ² Ê �
equals

[ �����Ee fg � 2 \ , and thereexists a solution remainingin ² Ê , converging towards�5���Ee fg � . Becausethetargetequilibrium lies inside ² Ê , it is anequilibrium pointof the
system. Closeranalysisrevealsthatit is stable.Ì Í

Ó ÌAÔ

Õ�Ö·× Í

Ø ÙÔ Ø§ÚÔ Õ�Ö�×.Ô
Ø ÙÍ

-/. Î Ñ10Î�Û
Î Ñ
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tku .wvL-/. Î3Ñ 0yx -/. Î Û 0yz�0

(a)

Ì Í

Ó Ì.Ô

Õ�Ö�× Í
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Ø ÙÍ
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Ø/ÚÍ Î ÛÎ ÜÎ�â

t{u .|vL-/. Î�Û 0}x -/. Î<Ü 0yz�0
-/. Î�Û 0
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Figure 6: Determinationof thetargetequilibrium sets(a) ��ï ð r/ñ o��o� and(b) ��ï ð�@ ñ o�� ï z 25l+ru ñ�� � .
4. Qualitative description of dynamics of piecewise-linear models
Themathematicalframework presentedin theprevioussectionsuggestsan intuitive
qualitative descriptionof the dynamicsof regulatory systemsdescribedby the PL
models(2).Thisdescriptionis basedonanabstractionof thestateof aregulatorysys-
tem,a qualitative state,consistingof thedomain ² in which thesystemresidesand
thepositionof thetargetequilibrium set m � ² � with respectto ² . Thereexistsa tran-
sition betweentwo qualitative states ��� and ��� 2 , correspondingto contiguous do-
mains² and ² 2 , if somesolution trajectoriesstartingin ² reach² 2 , withoutpassing
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throughanintermediatedomain. Thesetsof qualitativestatesandtransitionsbetween
qualitative statesdefinea statetransitiongraphconciselyrepresentingthequalitative
dynamicsof theregulatorysystem.In thissectionwewill elaboratetheideasof qual-
itativestate,transitionbetweenqualitativestates,andstatetransitiongraph.

4.1. Qualitative states

As a preliminarystep,we definea function � G ¸ � � M [ �° k�j���- F\ 0 that maps
a domain ² anda point � to a signvectordescribingthe relative position of ² and� . More precisely, we define � � ² � � � , suchthat the $ th componentof thesignvector, #"%$�"%& , is given by

� � ² � � ����� ��� ��
 � if for all � � ² ��G��A� X � ,� � if for some� � ² �°G��A��� � ,�È � if for all � � ² ��G��A��� � .

As anexample,considertherelativepositionof domainsandtheir targetequilibriain
Figure4.Wefind � � ² * �o'«� ² * �/���º�� k�- 
� , � � ²�� �o'«� ²�� �/�h�>�5���- 
� , and� � ² + �o'«� ² + �/����5���-�È 
� .

The definition of � canbe generalizedto obtaina set function � G ¸ �µ¼ C M¼/� c *�� K � *���� , whichmapsa domain² anda set K to asetof signvectorsdescribingthe
relativepositionof ² andpoints in K :

� � ² ��K �h� [ � � ² � � � � � �
K�\?, (21)

For example, in Figure 7, we have � � ² * � m � ² * �/�'� [ �� k�- 
�E\ , � � ² f � m � ² f �/�'�[ \ , � � ² � � m � ² � �/�7� [ �5���- 
�E\ , � � ² Ê � m � ² Ê �/�­� [ �5���E�1�E\ , and � � ²�+ � m � ²�+ �§�7�[ �5���-�È 
�@\ . Moreover, � � ² * � ² f �h� [ �5���- 
�E\ , � � ² * � ²Nÿ ��� [ �� k�A 
�@\ , and � � ² * � ² f^�²¿ÿ �h� [ �����- 
�+�B�� k�- B�@\ .
To everydomain² � ¸ , weassociateaqualitative state ��� definedasfollows:

��� ��� ² � � � ² � m � ² �§� �., (22)

That is, the qualitative statedescribesthe relative position of ² andits target equi-
librium set m � ² � , thuscapturingthe local dynamicsof the systemin ² . The setof
qualitative statesassociatedwith the domainş is denotedby ��  . In the example
systemwe have ��� * � � ² * � [ �� k�- 
�E\D� , ��� f � � ² f � [ \D� , ��� � � � ² � � [ �����- 
�@\D� ,��� Ê ��� ² Ê � [ �����j�1�@\D� , and ��� + �¡� ²�+ � [ �5���-�È 
�@\D� (Figure7).

4.2. Transitions between qualitative states

Let ��� � ��� 2 � �;  be two qualitative statesassociatedwith contiguous domains² � ² 2 � ¸
. Contiguity implies that either ² 2 is in the boundaryof ² , or ² is in

theboundaryof ² 2 . Consider² 2 � ù � ² � . Thereexistsa transition ¢ �£� ��� � ��� 2 �
betweenthequalitativestates,if thereis asolution � ���@�j
 K � � � � � � � definedonafinite
time interval � ���6��! , suchthat
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Figure 7: Examplesof qualitativestatesandtransitions betweenqualitativestatesfor thePL model in
Figure2.

1. � �#�§�:� ² for �¡"¼���l� , and

2. � �#�3�!� ² 2 .
The definition expressesthat thereexists a solution trajectoryreaching² 2 from ²
in finite time, without passingthrougha third domain.A similar definition covers
the casethat ² � ù � ² 2 � . For a transition ¢ �½� ��� � ��� 2 � to exist, theremustbe a
solution � ���@�E
 K � � � � � � � definedonafinite time interval � ��� ��! , suchthat

1. � �5�1��� ² , and

2. � �#�§�:� ² 2 for �V�l��"¼� .

We will use ¾ to denotethesetof transitionsbetweenthequalitative states�;  of a
regulatorysystem.

Figure7 givesafew examplesof transitionsbetweenqualitativestatesin theexam-
ple system. For theparametervaluesin Figure2, trajectoriesstartingin ² * converge
towards m � ² * � andreachthe boundarydomains² f , ² þ , or ² ÿ in finite time, thus
giving rise to transitions ¢ *·¶ fv�¿� ��� * � ��� f � , ¢ *·¶ þ � � ��� * � ��� þ � , and ¢ *·¶ ÿ �� ��� * � ��� ÿ � , respectively. Solutiontrajectoriesstartingin ² f will immediatelyenter² � , ² f � ù � ² � � , so that ¢ f ¶ � � � ��� f � ��� � � is a transitionof the system.All
trajectoriesin ² � reach ² Ê � ù � ² � � in finite time, which resultsin the transition¢ � ¶ Ê ��� ��� � � ��� Ê � . Thereis notransition possiblefrom ² Ê , becauseall trajectories
startingin ² Ê remainin thisdomain,slidingtowardsthetargetequilibriumset m � ² Ê �
in ² Ê . In otherwords,no solutionsreach²jÀ , domainin theboundaryof ² Ê , andno
solutionsreach² � and ²�+ , domainshaving ² Ê in theirboundary.

Whatwould happenif we choosetheparametervaluessuchthat 'Z� ² � � is located
in thethresholdboundarydefinedby ��g:�>e fg ? Thetrajectoriesstartingin ² � would
still reach ² Ê , but not in finite time! So, accordingto the definition, therewould
be no transition between ��� � and ��� Ê . This akward situation canbe avoidedun-
der the condition that, if thereexists '�� m � ² � includedin theboundaryof ² , i.e.'�� m � ² � n°õ � ² � , thenthereexistsanother' 2 � m � ² � not includedin theboundary
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of ² , i.e. ' 2 )� m � ² � n�õ � ² � , suchthat � � ² �o'��!� � � ² �H' 2 � . Thecondition guaran-
teesthat, if therearesolutionsreachingtheboundaryin infinite time, therearealso
solutionsdoingsoin finite time.For regulatorydomains,thissimplifies to thegeneric
assumption that '«� ² � is not locatedin theboundaryof ² .

4.3. State transition graph

A statetransitiongraphisadirectedgraphÁ consistingof thequalitativestates�;  of
asystemandthetransitions¾ betweenthesequalitativestates,thatis, Á �¡� �;  � ¾ � .
Figure 8 shows the statetransitiongraphobtainedfor the model in Figure 2. The
statetransition graphobtainedfrom a PL modelprovidesa qualitative pictureof the
dynamicsof ageneticregulatorysystem,aswill bediscussedbelow.
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Figure 8: Phasespaceandstatetransitiongraph for thePL modelin Figure2. Qualitative statesas-
sociatedwith regulatory andswitchingdomainsareindicatedby unfilled andfilled dots,respectively.
Qualitative equilibrium statesarecircled in addition. Theattractionsetof thequalitative equilibrium
state ÎJÏ @ is markedby thedottedborder.

PROPOSITION 4.1: Let ��� �Ð� ² � � � ² � m � ² �/�6� be a qualitative state.Thereexist
solutionsremainingin ² , if f � � ² � m � ² �/�<)� [ \ . Conversely, nosuchsolutionsexist,
if f � � ² � m � ² �/�h� [ \ .
Proof: Thereexist solutions remainingin ² , if f ² is a regulatorydomainor ² is
a switchingdomainsatisfyingcondition(19). In bothcases,m � ² �h)� [ \ andhence� � ² � m � ² �§�>)� [ \ . Theredonotexist any suchsolutions,if f ² is aswitchingdomain
notsatisfyingcondition (19). In thatcase,m � ² ��� [ \ andhence� � ² � m � ² �/�h� [ \ .Ñ

A qualitative state ��� �£� ² � � � ² � m � ² �/�6� , suchthat � � ² � m � ² �/�Ò)� [ \ , will be
calledpersistent. On theotherhand,a qualitative statefor which � � ² � m � ² �/�=� [ \
will becalledinstantaneous. Theinstantaneousqualitativesstatesin Figure8are ��� f ,��� þ , ���cÓ , ��� À , ��� * K , ��� * f , ��� * Ê , ��� * ÿ , ��� * Ó , ��� * À , ��� f K , ��� f�f , and ��� f Ê .
Instantaneousqualitativestatescanberemovedfrom astatetransitiongraph,because
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their biological significanceis limited.This resultsin a statetransitiongraphthat is
smallerandhenceeasierto interpret.

PROPOSITION 4.2: Let ��� �Ð� ² � � � ² � m � ² �§� � be a qualitative state.² contains
anequilibrium point, if f �w� � � ² � m � ² �§� .
Proof: If ² is a regulatorydomain,then m � ² �Z� [ '«� ² �E\ . '«� ² � is anequilibrium
point, if f 'Z� ² � � ² , that is, if f � � ² �o'�� ² �/�Z��� . If ² is a switching domain,thenm � ² �¿� ôÔn FoG!� [ '�� ² 2�� � ² 2«� ú � ² �E\4� . ' � m � ² � is an equilibrium point, if f'�� ² , thatis, if f � � ² �o'����i� .

Ñ
A qualitative statesuchthat �'� � � ² � m � ² �§� will becalleda qualitative equilib-

rium state. Examplesof qualitative equilibrium statesin thestatetransitiongraphof
Figure8are ��� Ê �¡� ² Ê � [ �5���E�1�E\D� , ��� ÿ �¡� ² ÿ � [ �����j�1�@\D� , and ��� * þ ��� ² * þ � [ �����E�k�@\D� .
Thequalitativeequilibrium states��� Ê and ��� * þ correspondto stableequilibriaof the
system, locatedat �5���Ee fg � 2 and �5e f` �E�k� 2 , respectively. Thequalitative equilibrium state��� ÿ correspondsto anunstableequilibrium locatedat �5e *` �Ee *g � 2 . Thestableequilibria
presentthetwo functionalstatesof thesystem:(1) genea onandgeneb off, (2) genea
off andgeneb on.Thisconfirmstheresultsof earliermathematicalstudiesof genetic
regulatorynetworkswith thesameor asimilar structure(e.g., [7, 30,35, 36, 66,70]).

The qualitative statesfrom which a qualitative equilibrium stateis reachableto-
getherform the attraction setof that state.Figure8 shows the attractionsetof the
qualitativeequilibriumstate ��� Ê . Noticethata qualitative statemaybea memberof
severalattractionsets,like ��� * in Figure8, which is in theattractionsetsof all three
qualitativeequilibriumstates.

0 0

Õ5Ö×
Õ�Ø×Ù ×ÛÚNÜ Ù ×

ÝßÞ Ö
Õ6Öà
Õ7ØàÙ à ÚNÜ Ù à

ÝßÞ Ö ÝßÞ Ø ÝáÞfâ ÝáÞ^ãÝáÞfãÝáÞ Ø ÝáÞDâ
Figure 9: Detaileddescriptionof thequalitativebehavior ï ÎJÏ m 2 ÎJÏ r 2 ÎJÏ : 2 ÎJÏ @ ñ in Figure8.

A pathin thestatetransition graphwill becalleda qualitativebehaviorof thesys-
tem.For instance,� ��� * � ��� f � ��� � � ��� Ê � , � ��� * � ��� þ � ��� *�* � ��� * þ � , and � ��� * � ��� ÿ �
arequalitative behaviors of the system. Eachof thesebehaviors leadsfrom ��� * to
oneof thequalitativeequilibrium states.Thequalitativebehaviors in astatetransition
graphdescribehow theboundsonproteinconcentrationsevolveover time,according
to thesequenceof transitionsbetweenqualitativestates.In Figure9, oneof thequali-
tativebehaviorsof theexamplesystemis exploredin moredetail.A cyclic qualitative
behavior will becalleda qualitative cycle. Like for qualitative equilibrium states,we
candefinean attractionsetfor qualitative cycles.The relationbetweenlimit cycles
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andqualitative cycleshasbeenstudiedfor somespecialcases[14, 28, 29, 48, 60].
Figure8 doesnotcontainany qualitativecycles.

Thereexists an importantrelation betweenthe qualitative behaviors in the state
transition graphandthe solutions of a PL model.Let � �#�@�E
 K � � � � � � � be a solution
of a PL modelon a finite time-interval � ��� ��! . We assumethat 
 K � � , so that � ���§�
remainsin � on � ��� ��! (Section3.1).

PROPOSITION 4.3: If � �#�§� is a solutionpassingthroughthe finite sequenceof do-
mains � ² K �-,-,-,+� ² � � on thefinite time-interval � ��� �"! , then� ���

K ��� ² K � � � ² K � m � ² K �§� �.�A,-,-,A� ��� � ��� ² � � � � ² � � m � ² � �/� �/�
is aqualitativebehavior in thestatetransition graph.

Proof: Because� ���§� passesthroughthe sequenceof domains � ² K �-,-,-,.� ² � � on the
finite time-interval � ��� ��! , thereexist transitionsbetweenqualitative states ��� � and��� � } * , �t"9®C�Oä . As a consequence,� ���

K �A,-,-,A� ��� � � is a qualitative behavior in
thestatetransition graph.

Ñ
Informallyspeaking,theproposition meansthatthesetof solutionspassingthrough

afinite sequenceof domainsonafinite time-interval of thePL modeliscoveredby the
statetransitiongraph.It allowsusto infer that,if aqualitativebehavior � ���

K �-,A,-,A� ��� � �
is absentfrom thestatetransition graph,thentheredoesnot exist any solution of the
PL modelpassingthroughthesequenceof domains� ² K �-,-,A,.� ² � � .
5. Qualitative piecewise-linear models
Most of the time, precisenumericalvaluesfor the thresholdandrateparametersin
a PL modelarenot available.However, insteadof specifyingprecisenumericalval-
ues,it is oftenpossibleto supplementthestateequationswith inequalityconstraints
on theparametervalues.The inequality constraints expressweak,but reliableinfor-
mationon the regulatoryinteractionsthat canbe inferredfrom biological data.The
resulting, so-calledqualitative PL modelsubsumesa setof quantitative PL models,
thequalitativedynamicsof eachof whichcanbedescribedby meansof astatetransi-
tion graph.In thenext section,wewill show that,undersomeconditionsto bespelled
out, all quantitative PL modelssubsumed by a qualitative PL modelyield the same
statetransitiongraph.

Thefirst typeof inequalityconstraints in a qualitative PL modelaretheso-called
thresholdinequalities. They areobtainedby orderingthe ±�� thresholdconcentrations
of gene$ , thatis, �V�%e *� �P,-,A,���e ¨@©� �P�¡ -¢��·, (23)

In thecaseof proteinA, therearetwo thresholdconcentrations:e *` is thethreshold
for the repressionof geneb, while e f` is the thresholdfor the repressionof genea.
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Stateequationfor genea:
��a`H�	U<`Yb c �D�3`4�Ee f` ��b c �)�3g/�Ee *g ��� ^ `a�3`

Thresholdinequalities: ����e *` �¶e4f` �i�¡ -¢�`
Equilibrium inequalities: e f` � U<`^ ` �	�¡ -¢�`
Stateequationfor geneb:

��agh�iU�g�b c �D�3`4�Ee *` ��b c �)�3gE�je fg ��� ^ gk�3g
Thresholdinequalities: ����e *g �¶e fg �i�¡ -¢�g
Equilibrium inequalities: eLfg � U<g^ g �i�¡ -¢ag
Figure 10: Stateequations,threshold inequalities,andequilibrium inequalitiesforming thequalitative
PL modelof thenetwork of Figure1.

Assuming the first to be lower thanthesecond,we obtainthe thresholdinequalities�¡�Àe *` ��e f` �~�¡ -¢a` . Theorderingof thethresholdsof proteinB canbedetermined
likewise,giving riseto �t�~e *g �	e fg �>�¡ -¢�g , with e *g beingthethresholdfor genea
repressionand eFfg thethresholdfor geneb autorepression(Figure10).

Second,thepossible targetequilibrium levels of �Y� in differentregulatorydomains² � ¸ÈÆ canbe orderedwith respectto the thresholdconcentrations.The resulting
equilibrium inequalities definethe strengthof geneexpression in the domainin a
qualitative way, on thescaleof orderedthresholdconcentrations.More precisely, for
every � � �å��� , � ���å	È� , and � ��� � �æ)��� , we specifyoneof the following pairsof
inequalities:

�¡� � �)¦ � ����e *� �e *� � � �D¦ � ����e f� �,A,-,e ¨@©� � � �D¦ � ���	�¡ -¢<�·, (24)

Theequilibriuminequalitiesfor theexample modelareshown in Figure10. In the
absenceof proteinB ( b c �)�3gj�je *g �h�( ), while proteinA hasnotyet reachedits highest
level ( b c �)�3`��Ee f` �{�  ), genea is expressedat a rate U�` . The correspondingtarget
equilibrium value Ua`A¦ ^ ` of �3` mustbeabove thesecondthresholde f` , otherwisethe
concentrationof theproteinwould not beableto reachor maintaina level at which
the observed negative autoregulation of genea occurs(i.e., e1f` �ûU<`-¦ ^ `Á�Ã�¡ -¢�` ).
In a similar way, the target equilibrium value U�g�¦ ^ g is positionedabove e fg , againto
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ensurethat thenegative autoregulationof geneb at high concentrationsof proteinB
canoccur.

6. Qualitative simulation
In orderto studythequalitative dynamicsof a geneticregulatorysystem,we would
like to know the possible statetransitiongraphsfor all quantitative PL modelssub-
sumedby thequalitativePL model.Thisrequiresthecomputationof qualitativestates
andtransitionsbetweenqualitative states,which is a difficult problemin general,be-
causem � ² � maybeacomplex polyhedronin � . In thissection,we thereforepropose
a hyperrectangularoverapproximationof m � ² � . Theapproximationhastheproperty
that in the region of the parameterspacedefinedby the inequalitiesin the qualita-
tive PL model,all quantitative PL modelsyield the samestatetransition graph.We
will derive rulesto efficiently computethis graphfrom the inequalityconstraintsby
symbolic insteadof numericalmeans.

A statetransitiongraphmaybecomeexceedinglylarge,asthenumberof domains,
andhencequalitative states,grows exponentially with the dimensionof the system
(Section3.1).For many purposes,it is sufficient to know which qualitative statesare
reachablefrom agiveninitial qualitativestate,thatis, whichqualitativebehaviors the
systemcanexhibit wheninitially beingin thisstate.Weoutlineanalgorithmfor what
will be calledqualitative simulation, the generationof the reachablepart of a state
transitiongraphfrom aqualitativePL modelandaninitial domain.

6.1. Computation of qualitative states

In order to determinethe qualitative stateassociatedwith a domain ² , we need
to compute � � ² � m � ² �/� . Because m � ² � may be a complex polyhedronin � , we
will compute� � ² �3ç�� ² �/� insteadof � � ² � m � ² �/� , where ç�� ² � ³�� is the small-
est closedhyperrectangleincluding m � ² � . Like m � ² � , ç�� ² � is a convex set, but
it hasa much simpler shape.More specifically, if ² is a regulatory domain,thenç�� ² �h� m � ² ��� [ '�� ² �E\ . For aswitchingdomain² of order ® wehave

ç�� ² �h� ô�n è �¸F��Y� [ 'Z� ² 2 � � ² 2 � ú � ² �h\?� (25)

where ô is the �5&��º®<� -dimensionalthresholdhyperplanecontaining ² . The setè �¸F��.�·K�� denotesthe smallestclosedhyperrectanglecontaining the set K . If ² is a
switching domain,thenin generalç�� ² � will be an overapproximationof m � ² � . In
Section7, wediscusstheconsequencesof choosingthisoverapproximation.

Theuseof � � ² �3ç�� ² �§� ratherthan � � ² � m � ² �/� muchfacilitatesthecomputation
of qualitativestates,asdemonstratedby thefollowing rules.

PROPOSITION 6.1: Let ² be a regulatorydomain. é � � � ² �3ç�� ² �§� , if f for all $ , #"%$�"%& ,
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� ��� ��� ��
 � if for all � � ² ��G & ��� ² � X � ,� � if for some� � ² � G & ��� ² �h� � ,�° � if for all � � ² ��G & ��� ² ��� � .

Proof: Theresultis a directconsequenceof ç�� ² �:� [ '�� ² �@\ , for ² � ¸�Æ , andthe
definitionof � � ² �3ç�� ² �§� . Ñ
PROPOSITION 6.2: Let ² beaswitchingdomainof order ® containedin the �)&Z�v®<� -
dimensional thresholdhyperplaneô . � � ² �3ç�� ² �§�>)� [ \ , if f for all $ ,  È"%$�"%& , such
that ��� is aswitchingvariableand ² ��� [ � \ ,£ëêSì

� I
R°íáî

��ï & ��� ² 2 �!� � � £¿¤�¥
� I
R¸í�î

��ï & ��� ² 2 �+, (27)

Proof: � � ² ��ç¡� ² �/�j)� [ \ , if f ç�� ² �ð)� [ \ . For ² � ¸�Ç , ç�� ² � is definedby (25).ç�� ² � canbedecomposedinto ç�*A� ² ���¿,-,-,A�*ç�03� ² � , becauseof its hyperrectangular
shape.For every $ ,  È"%$�"%& ,

ç���� ² �h� ô � n [ ���d� � � � £ñêkì
� I
R¸í�î

��ï & ��� ² 2 �!"�����" £¿¤
¥
� I
R°íáî

��ï & ��� ² 2 �E\?, (28)

If ��� is aswitchingvariable,then ô ��� ² ��� [ � \ , where� equalssomethresholde � ©� , �"�®F�«"º±�� . Condition(27) now follows with the observation that the inequalities
arestrict, becausethemodelsthat interestussatisfy(24). As a consequence,& ��� ² 2S�
is notequalto a threshold.

Ñ
PROPOSITION 6.3: Let ² beaswitchingdomainof order ® containedin the �)&Z�v®<� -
dimensional thresholdhyperplaneô , and � � ² �3ç�� ² �/��)� [ \ . é � � � ² ��ç¡� ² �/� , if f
for all $ ,  È"%$�"%& , if �3� is aswitchingvariable,then

� ���i���
and,if ��� is anon-switching variable,then

� ��� ��� ��
 � if for all � � ² �°G £�¤�¥ � I

R¸í�î
��ï & ��� ² 2 � X � ,� � if for some� � ² � G £ëêSì

� I
R°íáî

��ï & ��� ² 2 ��" � " £¿¤�¥ � I
R¸í�î

��ï & ��� ² 2 � ,�° � if for all � � ² �°G £ëêSì
� I
R°íáî

��ï & ��� ² 2S�:� � .

Proof: ç¡� ² � canbedecomposedinto çV*.� ² �H�´,-,-,a�%ç�0�� ² � , asin theproof of the
previousproposition. If �ª� is aswitching variable,then ô �ª� ² ��� [ � \ and � ���P� by
definitionof � . If �3� is anon-switchingvariable,then çÈ��� ² � is definedasin (28)and
theconditionson � � follow from thedefinitionof � .

Ñ
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Theapproximation of m � ² � by ç�� ² � hasanimportantconsequence.In principle,
for differentcombinationsof parametervalues� � � � � consistentwith the inequality
constraintsin thequalitativePL model,wecouldobtainadifferentrelativepositionof
a domainandits targetequilibrium, andhencea differentqualitative state.However,
undertheapproximation it canbeshown thateverydomain² � ¸ is associatedwith
a uniquequalitative state.As will be illustratedin Section7.2, this is not generally
truefor qualitativestates� ² � � � ² � m � ² �/� � .
LEMMA 6.1: For all quantitative PL modelssubsumed by a qualitative PL model,
everydomain² � ¸ is associatedwith auniquequalitativestate� ² � � � ² �3ç�� ² �/�6� .
Proof: The qualitative state � ² � � � ² �3ç�� ² �/�6� associatedwith ² is determinedby
the order relationsspecifiedin Propositions6.1-6.3.In particular, for every $ ,  '"$�">& , we needto determinetheorderingof the targetequilibrium value & ��� ² � and² � (if ² is a regulatory domain),or the orderingof the target equilibrium values& ��� ² 2 � , ² 2 � ú � ² � , and ² � (if ² is a switchingdomain).Theseorderrelationsare
uniquelydeterminedby thethresholdandequilibriuminequalities(23)-(24)specified
in aqualitativePL model.

Ñ
Given a qualitative PL model,Propositions6.1-6.3can be usedto computethe

qualitative stateassociatedwith a domain,assuggestedin the proof of Lemma6.1.
Thecheckof theorderrelationbetweenthresholdsandtargetequilibriumvaluescan
beperformedseparatelyfor every dimension $ , while bearingin mind that

� ú � ² � � �¼ 0 in theworstcase(compare² ÿ in theexample).
As anexample,considerthecomputationof � � ² * �3ç�� ² * �/� in thecaseof thequal-

itativePL modelof Figure10. ² * is a regulatorydomaindefinedby² * � [ �D�3`4�/�3g�� 2 ��I f � �V"��3`Z�%e *` �h�V"��3g���e *g \?�
while '«� ² * �Z�¯��U<`-¦ ^ `
�@U<g�¦ ^ g�� 2 (Figure6). Fromtheparametervalueswe infer thatU<`.¦ ^ ` X e *` and U�g�¦ ^ g X e *g . As a consequence,it follows with Proposition 6.1 that� � ² * �3ç�� ² * �§��� [ �� k�- 
�E\ . The resulting qualitative stateis ��� * �Ð� ² * � [ �� F�- 
�@\D� .
Anotherexampleis thecomputation of � � ² f ��ç¡� ² f �§� , where ² f is a switching do-
main,with switching variable��g . Moreprecisely,² f � [ �)�3`��/�3g�� 2 ��I f � �V"��3`Z��e *` �d�3gp�Pe *g \?,ú � ² f �h� [ ² * � ² � \ and '«� ² * ���(��U<`-¦ ^ `
�@U<g�¦ ^ g�� 2 and '«� ² � ���>�5���@U<g�¦ ^ g�� 2 . BecauseU<g�¦ ^ g X e *g , andhence& gE� ² * � X e *g and & g@� ² � � X e *g , it canbeinferredfrom Propo-
sition 6.2 that � � ² f �3ç�� ² f �§�N� [ \ , andhence ��� f � � ² f � [ \D� . A third example
concernsthe computationof � � ² Ê ��ç¡� ² Ê �§� , where ² Ê is a switchingdomainwith
switchingvariable�ªg . Wehave² Ê � [ �)�3`��/�3g�� 2 ��I f � �V"��3`Z��e *` �d�3gp�Pe fg \?,
Using

ú � ² Ê �h� [ ²�� � ² + \ , wefindbymeansof Proposition6.2that � � ² Ê �3ç�� ² Ê �/�>)�



HiddedeJonget al.: Qualitative Simulation of GeneticRegulatory Networks 22[ \ . Giventhat 'Z� ² � ���Â�5���@U<g�¦ ^ g�� 2 and '«� ²�+ ���Â�����j�1� 2 , theparametervaluesimply���Pe�fg �PU<g�¦ ^ g . Applicationof Proposition6.3yields � � ² Ê �3ç�� ² Ê �§�!� [ �5���E�1�E\ , so
thatthequalitativestateassociatedwith ² Ê is ��� Ê ��� ² Ê � [ �����E�k�@\D� .
6.2. Computation of transitions between qualitative states

Let ��� and ��� 2 be qualitative statesassociatedwith domains² and ² 2 , suchthat² 2 � ù � ² � . In Section4.2, theconditionsfor a transition from ��� to ��� 2 to occur
werediscussed,consisting of theexistenceof a solution trajectorystartingin ² and
remainingin this domainon somefinite time-interval until reaching² 2 . Like in Sec-
tion 6.1,wewill approximatem � ² � by ç¡� ² � . In orderfor thisapproximation to make
sense,we would like to hold thecrucialpropertyof m � ² � , thatevery '%� m � ² � n ²
is anequilibrium pointof thesystem,to hold for ç�� ² � aswell. Thispresupposesthat
we also formulatea hyperrectangularapproximation for B��5
�� , thusredefiningthe
dynamicsof thesystemaccordingto (14).Morespecifically, wesetfor every 
µ� ² ,

B���
���� [ � � �ò� � 
!\?� if ² is a regulatorydomain, (30)

and

B���
���� è �¸F��Y� [ � �JI �ò� �JI 
 � ² 2 � ú � ² �@\4�+� if ² is aswitchingdomain. (31)

It now follows thatevery ó �òç¡� ² � n ² is anequilibriumpoint of thesystem.The
hyperrectangularapproximationsof m � ² � and B��5
�� underliethefollowing rulesfor
computing thepossibletransitionsfrom aqualitativestate.

PROPOSITION 6.4: Givendomains² and² 2 , let � � ² � ² 2 ��� [^ô \ bethesignvector
denotingtheir relative position. Furthermore,let ² 2Z� ù � ² � . Thereis a transition
from ��� �¡� ² � � � ² �3ç�� ² �/�6� to ��� 2 ��� ² 2 � � � ² 2 �3ç�� ² 2 �/� � , if f

1. � � ² �3ç�� ² �§�A)� [ \ , and

2. thereis someé � � � ² �3ç�� ² �/� , suchthat � �^õ!�ª�( for every �<� ,  °"%$�"%& , that
is aswitching variablein ² 2 , but not in ² .

Proof: Wefirst provesufficiency of theconditions1 and2 to yield a transition. Let � �
bea switchingvariablein ² 2 , but not in ² , which meansthat ² 2� � [ e � ©� \ , for some®F� ,  #"À®F�d"�±�� . Let õ!�ª�( . Theconditionsimply thatthereis someó ��ç�� ² � , such
that,for all � � ² � , � �~e � ©� ��ö�� . For õ��p���° , we obtain ö����	e � ©� � � . For every
 K � ² and ó �rç�� ² � , thereexist solutions � ���@�j
 K � � � � � � � in ² monotonically
converging towardsó (AppendixA). As a consequence,thesolutionswill reachone
or more hyperplanes�3�¿� e � ©� , where ��� is a switching variablein ² 2 , but not in² . We now choose
 K , suchthat the correspondingsolutions � ���§� passthroughthe
intersectionof the thresholdhyperplanes�ª�!� e � ©� . This impliesthat the trajectories
reach² 2 from ² . Because(24) holdsfor themodelsthatinterestus,theconditionat
theendof Section4.2is satisfiedfor ç�� ² � , andat leastsomesolutionsreach² 2 from² in finite time.This resultsin a transitionfrom ��� to ��� 2 .



HiddedeJonget al.: Qualitative Simulation of GeneticRegulatory Networks 23

Necessityis provenby contraposition, that is, by showing that, if theconditions1
and2 arenot satisfied,thenwe cannothave a transition. If condition1 is false,then
a transitionis certainlynot possible. Supposethat condition 2 is false.That is, for
some $ , suchthat �a� is a switchingvariablein ² 2 , but not in ² , � �^õ!�ð)�  for allé � � � ² �3ç�� ² �§� . We have ² 2� � [ e � ©� \ , for some ®k� ,  %" ®k�t"¯±<� . If õ!�¡�  ,
then öd��� e � ©� , whereasif õ��t� �È , then e � ©� �¿ö�� , for all ó �÷ç�� ² � . For all
solutions � ���@�j
 K � � � � � � � in ² , it holdsthat ø ���#�§� monotonically convergestowards
theprojectionof ç�� ² � on � � (AppendixA). As aconsequence,nosolutioncanreach
the thresholdhyperplane�a�H�ûe � ©� , andhencetheredoesnot exist a transition from��� to ��� 2 . Ñ
PROPOSITION 6.5: Givendomains² and² 2 , let � � ² � ² 2 ��� [^ô \ bethesignvector
denotingtheir relative position. Furthermore,let ² � ù � ² 2 � . Thereis a transition
from ��� �¡� ² � � � ² �3ç�� ² �/�6� to ��� 2 ��� ² 2 � � � ² 2 �3ç�� ² 2 �/� � , if f

1. � � ² 2 �3ç�� ² 2 �/�`)� [ \ , and

2. thereis someé � � � ² 2 �3ç�� ² 2 �§� , suchthat � �^õ!�ù)�>�È for every �<� ,  "À$�"À& ,
thatis aswitchingvariablein ² , but not in ² 2 .

Theproof is similar to thatof Proposition6.4andwill beomitted.
Usingqualitativestates� ² � � � ² �3ç�� ² �/�6� insteadof � ² � � � ² � m � ² �/� � hasthecon-

sequencethat,for all combinationsof parametervaluesconsistentwith theinequality
constraintsin thequalitative PL model,thesetof transitionsfrom a qualitative state
to otherqualitativestatesis unique.Again,this is notguaranteedfor qualitativestates� ² � � � ² � m � ² �/�6� .
LEMMA 6.2: For all quantitativePL modelssubsumedby aqualitativePL model,ev-
eryqualitativestate ��� ��� ² � � � ² �3ç�� ² �§� � hasauniquesetof outgoingtransitions[ � ��� � ��� 2 � � ��� 2 � �;  \ .
Proof: Lemma6.1 statesthatundertheconditionsof theproposition, every domain² is associatedwith a uniquequalitative state ��� �Û� ² � � � ² ��ç¡� ² �/�6� . As a conse-
quenceof Propositions6.4and6.5,thesetof transitionsfrom ��� is unique.

Ñ
Givena qualitative state ��� �ú� ² � � � ² �3ç�� ² �/� � obtainedfrom a qualitative PL

model,Propositions 6.4 and6.5 allow the transitions from this stateto becomputed
symbolically, bycheckingthetwoconditionsin therulethatapplies.In theworstcase,
a domainis in theboundaryof û 0 �À otherdomains(compare²vÿ in theexample).
Themaximum differencein thenumberof switchingvariablesbetweentwo domains
is & (compare² * and ²Nÿ in the example). The computation of transitionsfrom a
qualitativestateis thereforeexponential in thenumberof variables.

We will illustratethe transition rulesby meansof the two examplesin Figure11,
againderivedfrom thequalitativePL modelin Figure10.Considerthepossible tran-
sitionsfrom thequalitative state ��� � associatedwith regulatorydomain ² � to qual-
itative statesassociatedwith theboundarydomains

ù � ²�� �=� [ ² f-� ² Ê � ² ÿ � ² Ó � ²�À \
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in (a).Wehaveto verify whethertheconditions1 and2 of Proposition6.4areverified.� � ²�� �3ç�� ²�� �§� is calculatedto be
[ �����- B�@\ , while � � ²s� � ² Ê � equals

[ �5���- 
�E\ . With �ªg
aswitchingvariablein ² Ê , but not in ² � , wefind thatconditions1 and2 aresatisfied.
Consequently, a transition from ��� � to ��� Ê is generated.Transitions from ��� � to
the othercandidatesuccessorstatesareruled out, becausethey violate condition2.
Because² � is not in theboundaryof any domain, Proposition6.5cannotbeapplied.Ì Í

Ó ÌAÔ

Õ�Ö·× Í

Ø ÙÔ Ø§ÚÔ Õ�Ö�×.Ô
Î�Û Î<ÐÎ<Þ Â7Ã�È Â5Ã�Å

Â5Ã ÄÂ7Ã�É

Â5Ã·Ê Â5Ã ÆÎ ãÎ âØ§ÚÍ Î�ÏØ ÙÍ
(a)Ì Í

Ó ÌAÔ

ÕpÖ·× Í

Ø ÙÔ Ø ÚÔ Õ�Ö�×.Ô
Î<ÛÎ<ÜØEÙÍ

Â7Ã Ë
Â7Ã Æ

Â5Ã�È

Î�ãÎ�âØ/ÚÍ Â5Ã·Ê

(b)

Figure 11: Possibleandimpossible( ü ) transitions from thequalitativestates(a) ÎýÏ : and(b) ÎJÏ @ , as
determinedby thetransitionrulesin Propositions6.4and6.5.

In Figure11(b), thetransitionsfrom thequalitative state ��� Ê �£� ² Ê � [ �5���E�1�E\D� to
thestatesassociatedwith theboundarydomain

ù � ² Ê ��� [ ² À \ areinvestigated.The
transition to ��� À � � ² À � [ \D� is excluded,becausecondition2 of Proposition 6.4
is not satisfied.In addition,we considertransitions from ��� Ê to qualitative states
associatedwith domainsthathave ² Ê in their boundary. Proposition6.5 is valid for
thesecases.As canbe verified in the figure, ² Ê � ù � ²�� � and ² Ê � ù � ² + � . ²��
and ²�+ areregulatorydomains, socondition1 is trivially satisfied.However, with �dg
beinga switching variablein ² Ê , but not in ² � and ²�+ , condition2 is satisfiedin
neithercase.We thereforeconcludethatthereareno transitionsfrom ��� Ê .



HiddedeJonget al.: Qualitative Simulation of GeneticRegulatory Networks 25

6.3. Computation of state transition graph

Given a qualitative PL model,we cangeneratethe qualitative statesandtransitions
betweenqualitative statesby meansof the Propositions6.1 to 6.5. This resultsin a
statetransitiongraphwith thefollowing importantproperty.

THEOREM 6.1: Undertheapproximationof m � ² � by ç�� ² � , all quantitativePL mod-
elssubsumedby aqualitativePL modelhave thesamestatetransitiongraph.

The theorem,a direct consequenceof Lemmas6.1 and 6.2, implies that, under
the approximationof m � ² � by ç¡� ² � , the entiresetof quantitative PL modelssub-
sumedby thequalitativePL modelcanbeanalyzedin onestroke.Thestatetransition
graphgeneratedfrom thequalitative PL modelsummarizesthequalitative dynamics
of everyquantitativePL modelhaving parametervaluesconsistentwith theinequality
constraints. In thecaseof theexamplenetwork,usingthemodelin Figure10,thestate
transitiongraphin Figure8 is obtained.

Thenumberof qualitativestatesin astatetransition graphexponentiallygrowswith
thedimension & of thesystem.As aconsequence,thegraphmaybecomeforbiddingly
largefor geneticregulatorynetworkswith morethanafew genes.For many purposes,
it is not necessaryto generatethe completestatetransition graphthough.In fact, it
often is sufficient to know which qualitative statesarereachablefrom a given initial
qualitativestate,thatis,whichqualitativebehaviorsthesystemcanexhibit whenstart-
ing from theinitial qualitative state.Thegenerationof thereachablepartof thestate
transitiongraphwill becalledqualitativesimulation, by analogywith [39]. If nomis-
understanding is possible, we oftenrefer to this reachablepartof thestatetransition
graphasthestatetransitiongraph.

Thequalitativesimulationalgorithmcanbesummarizedasfollows.Given aninitial
domain ² K , thesimulation algorithmcomputestheinitial qualitative state ���

K
from

the qualitative PL model,andthendeterminesall possible transitionsfrom þ=ÿ
K

to
successorqualitativestatesby meansof therulesof theprevioussubsection. Thegen-
erationof successorstatesis repeatedin a recursivemanneruntil all qualitativestates
reachablefrom the initial qualitative statehave beenfound.A formal descriptionof
thesimulationalgorithmcanbefoundin [11]. An example of a statetransitiongraph
obtainedthroughqualitativesimulationis givenin Figure12,showing thequalitative
statesreachablefrom thequalitativestate ��� * .

Thesimulationmethodhasbeenimplementedin Java1.3,in aprogramcalledGNA
(GeneticNetworkAnalyzer)[10]. � Theprogramreadsandparsesinput files specify-
ing themodelof thesystem(stateequations,thresholdandequilibrium inequalities)
and the initial domain.From this information it producesa statetransitiongraph.
GNA is accessiblethrougha graphicaluser-interface,which allows the network of
interactionsbetweengenesto bedisplayed,aswell asthestatetransitiongraphresult-
ing from thesimulation. In addition, theusercananalyzethequalitative equilibrium�

GNA is available for non-profit academic research purposes at http://www-
helix.inrialpes.fr/gna.



HiddedeJonget al.: Qualitative Simulation of GeneticRegulatory Networks 26Ì Í

Â5Ã�Ç
Â5Ã É
Â5Ã�È
Â7Ã Ê

Â5Ã�Ì Â5Ã�Ç Ç Â7Ã�Ç Ì
Â5Ã¯Ä

Ó Ì.Ô

ÕpÖ·×.Í

Ø ÙÔ Ø ÚÔ Õ�Ö�×.ÔÎ Ñ
Î�Û Î Ý Î ÑáÝÎ�ÑÒÑ
Î âØ ÚÍ Î�ÐÎ�ÏØ ÙÍ

Figure 12: Phasespaceandstatetransitiongraph obtainedby qualitativesimulationusingthemodel in
Figure10.Thestatetransitiongraph containsthequalitativestatesreachable from theinitial qualitative
state ÎJÏ m .
statesandqualitativecycleswith theirattractionsets,andfocusonselectedqualitative
behaviors in orderto studythetemporalevolution of proteinconcentrationsin more
detail.

7. Properties of qualitative simulation
Given a qualitative PL modelandan initial regulatorydomain ² K , qualitative sim-
ulation generatesa statetransitiongraphwhich, underthe approximationof m � ² �
by ç�� ² � , describesthe qualitative dynamicsof the systemfor all quantitative PL
modelssubsumedby thequalitativePL model.In thissection,we investigatethecon-
sequencesof the useof this approximation, by comparingthe statetransitiongraph
obtainedthroughqualitative simulation, using ç�� ² � insteadof m � ² � , with thestate
transitiongraphsthatwouldbeobtainedusing m � ² � .
7.1. Qualitative simulation is sound

In ordertoclarify thediscussionbelow, wewill explicitly distinguishbetweentwosets
of statetransitiongraphs.Ontheonehand,wewill beinterestedin ��� , thesetof state
transitiongraphsobtainedfor quantitativePL modelssubsumedby thequalitativePL
model,using m � ² � . On theotherhand,we considerthesetof statetransition graphs
��� obtainedby meansof the approximation ç¡� ² � of m � ² � . From Theorem6.1 it
follows that this set hasa single element.More particularly, we will focus on �

K
�

and �
K
� , which containthe statetransitiongraphscomprisingall qualitative states

reachablefrom initial qualitative states ���
K
� � � ² K � � � ² K � m � ² K �/�6� and ���

K
� �� ² K � � � ² K ��ç¡� ² K �§� � , respectively. The following theoremallows us to evaluatethe

consequencesof using ç�� ² � ratherthan m � ² � .
THEOREM 7.1: Let Á

K
� � � �; �� � ¾ � �N� �

K
� be the statetransition graphobtained

throughqualitativesimulation.Every Á
K
� �å� �; �� � ¾ � �:� � K� is containedin Á

K
� , that

is,
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1. If ��� � � � ² � � � ² � m � ² �§� �«� �; �� , then ��� � � � ² � � � ² ��ç¡� ² �/�6�«� �� �� ,
and

2. If ¢�� �¡� ��� � � ��� 2 � �!� ¾ � , then ¢	� �å� ��� � � ��� 2 � �!� ¾ � .

Proof: The theoremis a consequenceof the redefinitionof B��5
�� , presupposedby
theapproximation of m � ² � by ç�� ² � (Section6.2).Every ��� � � �� �� is reachable
from ���

K
� throughoneor moretransitions,by definitionof Á

K
� . By comparing(16)

with (31),we seethatthesetof solutionsof theapproximatesystemincludestheset
of solutions of theoriginal system.It directly follows that thereis alsoa qualitative
behavior leadingfrom ���

K
� to ��� � , and hence ��� � � �; �� . If ¢�� � ¾ � , then¢�� � ¾ � , asa consequenceof 1 andtheobservation that thesetof solutionsof the

approximate systemincludesthesetof solutions of theoriginalsystem.
Ñ

The theoremexpressesthat theapproximationof m � ² � by ç�� ² � is conservative.
Formulated in a differentway, it meansthatqualitative simulationdoesnot missany
of the qualitative behaviors permittedby somequantitative PL modelsubsumedby
thequalitativePL model.Thismeansthatthepropositionsin Section4.3canbeused
to relatethestatetransitiongraphobtainedthroughqualitativesimulation to thesolu-
tionsof quantitativePL models.In particular, Proposition 4.3andTheorem7.1imply
thatfor all parametervaluessatisfyingtheinequality constraintsin thequalitativePL
model,the setof solutions passingthrougha finite sequenceof domainson a finite
time-interval is coveredby thestatetransition graph.By analogywith [39], thequal-
itativesimulationmethodis saidto besound.

7.2. Qualitative simulation is incomplete

Theconverseof Theorem7.1is nottrue:theremaybesomeÁ
K
� � � K� , suchthat Á

K
� �

�
K
� is notcontainedin Á

K
� . Thiswill beillustratedby meansof acounterexample.

Thenetwork in Figure13consistsof two genes,a andb, whichencodetheproteins
A andB, respectively. The proteinsform a heterodimerA 
 B repressingthe expres-
sion of both genes.The qualitative PL model is shown in Figure14. It is assumed
thattheheterodimerrepressesthetwo genesat thesamethresholdconcentration.The
phasespaceassociatedwith the modelconsistsof four regulatorydomainsandfive
switchingdomains(Figure15(a)).Whensimulatingthenetwork from theinitial qual-
itative stateassociatedwith the regulatorydomain ² * , in which both �ª` and �3g are
below their thresholdconcentration,we obtain the statetransition graphshown in
Figure15(b).

Theresultsthatwouldbeobtainedif m � ² � insteadof its approximation ç¡� ² � were
usedareshown in Figure16.In thiscase,thequantitativePL modelssubsumedby the
qualitativePL modelareassociatedwith oneof threedifferentstatetransitiongraphs,
dependingon the preciseparametervalueschosen.As canbe directly verified, the
statetransitiongraphobtainedthroughqualitative simulationcontainsall threestate
transition graphsin Figure16, aswasto be expectedon the basisof Theorem7.1.
However, it is containedin noneof thesegraphs.In this example,theapproximation
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a b

A B
A � B

Figure 13: Example of a geneticregulatory network of two genes(a andb) coding for a regulatory
protein (A andB). Theregulatoryproteinsform a heterodimerA �B.

Stateequationfor genea:
��a`H�	U<`h�� H�'b } �)�3`��Ee *` ��b } �D�3gE�Ee *g �/��� ^ `ª�3`

Thresholdinequalities: ����e *` �i�¡ -¢a`
Equilibrium inequalities: e *` � U<`^ ` �	�¡ -¢�`
Stateequationfor geneb:

��agh�iU�gª�� H��bB}h�D�3`4�je *` ��bB}h�D�3gj�Ee *g �§��� ^ g1�3g
Thresholdinequalities: ����e *g �i�¡ -¢ag
Equilibrium inequalities: e *g � U<g^ g �i�¡ -¢ag
Figure 14: Stateequations,thresholdinequalities,andequilibrium inequalities for theproteinsin the
network of Figure 13.
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Figure 15: (a) Phasespacebox for the geneticregulatory network described by the qualitative PL
model in Figure14. (b) Statetransitiongraph resultingfrom a qualitative simulationof the system
startingin ð m . (c) Determination of therelativepositionof ð�� and � ïìð�� ñ . Theshadedarearepresents������� ï � î�ï ð9: ñ�2 îpï ð�� ñ � ñ .
leadsto thefaulty predictionthat thesystemhasthreequalitative equilibriumstates,
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whereasin fact it hasonly one,whoseidentity varieswith theparametervaluescho-
sen.

In order to explain this result, considerthe computationof the qualitative state
associatedwith the switching domain ²{þ . ú � ²¿þ ��� [ ² � � ² À \ , while '«� ² � �µ���U<`A¦ ^ `
�@U<g�¦ ^ g·� 2 and '«� ² À ���>�5���E�1� 2 . Usingtheequilibrium inequalitiesin Figure14,
we find � � ²¿þ ��ç¡� ²¿þ �§��� [ �5���-�È 
�+�B�����E�k�@\ , where ç�� ²¿þ � is the intersectionof the
smallestrectangleincluding '«� ² � � and '«� ² À � , andthethresholdboundary��`#��e *`
(Figure15(c)). ��� þ is predictedto beaqualitativeequilibrium state,because�����j�1���� � ² þ �3ç�� ² þ �§� . However, �����-�° B�:� � � ² þ ��ç¡� ² þ �§� allows a transition to ��� + , asso-
ciatedwith ² + � ù � ² þ � , to occuraswell.

Figure16showsthat ç�� ²tþ � is actuallyanoverapproximationof m � ²vþ � . Thesmall-
estclosedconvex set FoG�� [ '«� ² � �@� '«� ² À �@\4� is not è �¸F��Y� [ 'Z� ² � �+�o'�� ² À �E\4� , but rather
thelinearsegmentconnectingthetwo targetequilibria.As aconsequence,m � ²{þ � is a
single point in � , locatedat theintersectionof thelinearsegmentconnecting'«� ² � �
and 'Z� ²�À � , andthethresholdboundary��`«�~e *` . Dependingon theexactpositionof'«� ² � � in ² À , the linearsegmentcrosses(a) ²Nþ , (b) ²�+ , or (c) ² Ê . Eachconfigura-
tion in Figure16(a)-(c)implies an additional constrainton the parametervalues.In
particular, wehave

(a)
^ `U<` U�g^ g X e *ge *` � (b)

^ `U<` U<g^ g � e *ge *` � and (c)
^ `U<` U�g^ g � e *ge *` ,

For (a) we have � � ²¡þ � m � ²¿þ �/�H� [ �����E�k�@\ , for (b) � � ²¿þ � m � ²¿þ �/��� [ �5���-�È 
�@\ , and
for (c) � � ²�þ � m � ²¿þ �§��� [ �����A�° 
�E\ . In (b) and(c) ��� þ is notaqualitativeequilibrium
state,while in (a) and(b) thereis no transitionto ��� + . (In (b), trajectoriesstartingin²�þ reach²ñ+ only in infinite time,sothereis notransitionfrom ��� þ to ��� + .) For each
of thethreecases,weobtainadifferentstatetransitiongraph,asshown in Figure16.

The exampleillustratesthat the approximation of m � ² � by ç�� ² � may be overly
conservative, in thesensethat theresultingstatetransitiongraphcontainsqualitative
behaviorsthatarenotpermittedby any of thequantitativePL modelssubsumedby the
qualitative PL model.Someof thequalitative behaviors in Figure15(b)do not occur
in any of thestatetransitiongraphsin Figure16(a)-(c),suchas � ��� * � ��� Ê � ��� ÿ � ��� Ó ���� + � ��� Ó � . This implies thatanabsolutelycontinuous functionpassingthroughthe
correspondingsequenceof domains on a finite time-interval is not a solution for
any parametervaluessatisfyingtheinequalityconstraints in thequalitativePL model
(Proposition 4.3).Qualitativesimulation is incomplete, in theterminologyof [39].

8. Discussion
We have presenteda methodfor thequalitative simulationof geneticregulatorynet-
works describedby a classof piecewise-linear(PL) differential equationsthat has
beenwell-studiedin mathematicalbiology. Themethodallowsthebehavior emerging
from largeandcomplex networksof geneticregulatoryinteractionsto bepredictedin
aqualitativemanner. In theaccompanying paper, wedescribeamodelof thenetwork
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Figure 16: (a)-(c)Statetransitiongraphsobtainedfor thequalitativePL model in Figure14,containing
qualitative statesreachablefrom ÎJÏ m . ��ïìð ñ insteadof its approximation � ï ð ñ hasbeenused.The
statetransitiongraphs correspondto thefollowing additional constraints on theparametervalues: (a)ï x u ó | u ñ ó ï x n@ó | n ñ���lAmu ó lAmn , (b) ï x u ó | u ñ ó ï x n+ó | n ñ o l-mu ó l-mn , and(c) ï x u ó | u ñ ó ï x n@ó | n ñ��7lAmu ó lAmn . (d)-
(f) Different constraints leadto different relative positionsof ð�� and ��ïìð�� ñ , andhenceto different
qualitative statesÎJÏ � .
underlyingtheinitiationof sporulation in B. subtilis, andwecomparepredictionsob-
tainedthroughsimulation with observationsof thebehavior of wild typeandmutant
bacteria[9]. The applicationof the qualitative simulation methodis supportedby a
computertool, calledGeneticNetwork Analyzer(GNA) [10].

ThePLmodelsemployedin thispaperarebasedonstepfunctionapproximationsof
theregulatoryinteractionsinvolvedin thesynthesisanddegradationof proteins.The
stepfunctionsprovideasuccinctdescription of theregulatorylogic,while abstracting
from thedetailsof molecularinteractions. Thebiologicalvalidity of thestepfunction
expressions derives from experimentalevidencethat the activation of a gene,as a
functionof theconcentrationof a regulatoryprotein,oftenfollows a steepsigmoidal
curve[56,71].Thatis,below acertainthresholdconcentrationof theprotein,thegene
will be hardly expressedat all, whereasabove this thresholdits expressionrapidly
saturates.Recentexperimental studieshaveshown thatsomeaspectsof thequalitative
dynamicsof geneticregulatorynetworkssynthesizedin vivocorrespondwell with the
predictionsobtainedfrom mathematicalmodelsbasedonswitch-likeapproximations
of regulatoryinteractions[5, 17,21].

Theuseof stepfunctionsgives riseto discontinuities in theright-handsideof the
differentialequations,which mayleadto nontrivial mathematical problems,asillus-
tratedin Figure4. Several ways to dealwith the stepfunction discontinuities have
beenproposedin the literature.The applicationof the PL modelscanbe restricted
to systemswithout autoregulation, which excludessituationsof the type described



HiddedeJonget al.: Qualitative Simulation of GeneticRegulatory Networks 31

in Figure 4(b) [25]. Alternatively, when a trajectoryarrivesat a switching domain
from which it cannotbe continued,it may simply be stipulatedto cometo a dead
stop [52]. Anothersolution, basedon an ideaof Plahteet al. [47, 52], consists of
avoiding thediscontinuitiesaltogether, by replacingthestepfunctions b } �)�L�
�EeE�A� by
so-calledlogoid functions � } �D�L���jeE�����4� that monotonically increasefrom 0 to 1 in a� -interval aroundthethresholde.� . The logoid functionsapproachtheir stepfunction
homologuesas �

M � .
Eachof the above solutions is unsatisfactory in someway. In the first place,au-

toregulation is anubiquitousfeaturein geneticregulatorynetworks [64]. ��� Ignoring
trajectoriesthatcannotbecontinuedin a switchingdomainwill causeimportantbe-
havioral propertiesof regulatorysystemsto be missed,like the equilibrium points
locatedin thresholdboundariesin the example.The useof logoid functionsinstead
of stepfunctionsis attractiveat first sight,but leadsto nonlineardifferentialequation
modelsthataredifficult to treatin a qualitative way. Here,we have adoptedanother
solution, basedonanapproachto dealwith differentialequationswith discontinuous
right-handsidesoriginally proposedby Filippov [19]. Thisapproach,recentlyapplied
to PL modelsof theform (2), hastheadvantageof puttingnorestrictionson theclass
of geneticregulatorynetworksthatcanbehandled,while explicitly definingthebe-
havior of thesystemin thethresholdhyperplanesby meansof simple-to-analyzePL
models[31].

Thequalitativedynamicsof geneticregulatorynetworksdescribedby thePL mod-
els(2) canbesummarizedby meansof a statetransitiongraph.Eachqualitativestate
in thegraphcorrespondsto adomainin thephasespacewherethesystembehavesin
a qualitatively distinct manner, while a transition betweentwo qualitative statescor-
respondsto solution trajectoriesthatstartin onedomainandreachtheother, without
passingthroughan intermediatedomain.Qualitative equilibrium statesandqualita-
tive cyclesin a statetransition graphpoint at equilibriumpointsandlimit cyclesof
thesystem, while a qualitative behavior representsthequalitative shapeof solutions.
The qualitative natureof the statetransitiongraphis well-adaptedto measurement
techniquesin genomics,which currentlyhave limitedquantitative precision,but are
ableto detectqualitativechangesin geneexpressionover time.

Insteadof precisenumericalvalues,we useinequality constraintson thevaluesof
thresholdandrateparameters.TheresultingqualitativePL modelcorrespondsto aset
of quantitative PL models. Whereasprecisenumericalvaluesfor theparametersare
usuallynotavailable,thechoiceof appropriatethresholdandequilibriuminequalities
canbe basedon biological data,or is at leaststronglyconstrainedby the latter. If
thechoiceof inequalityconstraints is notunambiguouslydeterminedby thedata,the
consequencesof optingfor onecombinationof constraintsratherthananothercanbe
exploredby simulating thesystemfor eachof thealternatives.

Theaim of qualitative simulationis to generatethepossible statetransitiongraphs
for thequantitative PL modelssubsumedby a qualitative PL model.Thestatetransi-_·_

In fact,thenetwork shown in Figure1 is asimplifiedversionof themolecularswitchdetermining
theresponseof E. coli to phage  infection[56].
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tion graphscontainall qualitative statesreachablefrom a given initial statethrough
oneor moretransitions. We have usedthehyperrectangularapproximation ç�� ² � ofm � ² � , which guaranteesthat in theregion of theparameterspacedefinedby the in-
equalitiesin thequalitativePL model,all quantitativePL modelsyield thesamestate
transition graph.This graphcanbe obtainedthroughsymboliccomputation instead
of numericalsimulation. Qualitative simulation hasbeenshown to besound,in that
to every solution of a quantitative PL modelsubsumedby the qualitative PL model
correspondsaqualitativebehavior in thestatetransitiongraph.Thesoundnessof qual-
itativesimulationmayhelpin checkingtherobustnessof simulation resultstochanges
in parametervalues[2, 3, 4, 49, 69]. If a certainbehavior is not coveredby thestate
transitiongraph,onecanbesurethatit will notoccurfor any of theparametervalues
consistent with the thresholdandequilibrium inequalities.Although the simulation
algorithmis sound,it is notcomplete.This impliesthatthetransition graphmaycon-
tain qualitative behaviors thatdo not correspondto any solutionof a quantitative PL
modelsatisfying theinequality constraintsin thequalitativePL model.

Thelack of quantitative informationon kinetic parametersandmolecularconcen-
trationshasstimulatedan interestin methodsfor modelingand simulation devel-
opedin the field of qualitative reasoning(QR), mostnotablyQSIM [39] andQPT
[20]. Methodssimilar in spirit have beenproposedin thehybrid systems community
[22, 23].QRmethodshavebeenappliedto theregulation of tryptophansynthesis[33]
and

�
phagegrowth [32] in E. coli, andto the regulation of the transcriptionfactor

familiesAP-1 andNF-U B in differentclassesof animals[68]. A majorproblemwith
existing QR methodsis their lack of upscalability, which causestheapplicabilityof
themethodsto belimitedto smallregulatorysystemsof modestcomplexity. As its ap-
plicationto thesporulationexamplein theaccompanying papershows,thequalitative
simulation methodpresentedhereis ableto dealwith large andcomplex networks.
Upscalingof themethodis achievedby theuseof PL modelsthatstronglyconstrain
the local dynamics of the system.Moreover, the representationof qualitative states
and the transitionrules are tailored to this classof models,in order to maximally
exploit their favorablemathematicalproperties.

Qualitative methodsfor the analysisof geneticregulatory systemshave beende-
velopedin mathematicalbiologyaswell, thebest-known examplebeingBooleannet-
works[34, 62]. Simulation of Booleannetworksrestson theassumption thata gene
is eitheractiveor inactive,andthatgeneschangetheiractivation statesynchronously.
For thepurposeof modelingactualgeneticregulatorynetworks,theseassumptionsare
usuallytoostrong.Thomasandcolleagues[66, 67] haveproposedageneralizedlogi-
calmethodthatpermitsmultivaluedactivation statesandasynchronictransitions.On
theformal level, themethodof Thomasandcolleaguesis relatedto theapproachpre-
sentedin this paper. In fact,Snoussihasdemonstratedthat the logical equationscan
beinterpretedasanabstractionof a specialcaseof (1), wherein theproduction term�B���5
��h�"!

Q�RAT U�� QAW � Q �5
�� it holdsthateither

W � Q �5
����Pb } �)�L�
�EeE�.� or

W � Q �5
����Pb c �)�L�B�EeE�.� ,
while in the degradationterm �1����
��t� !

QSR-T ^ � QAW � Q ��
�� it holds that

W � Q ��
��t�  . In
addition, no two genesareregulatedat thesamethreshold[60].

Althoughsomeideasof the generalizedlogical methodhave beenretainedin the
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methodpresentedhere,in particulartheinequalityconstraintsof Section5, whichare
relatedto the logical parametersin [66, 67], we have optedfor differentialequation
models. Webelievethatthelatterformalismis intuitively clearandof largegenerality.
In particular, it allowsfor atransparentdescriptionof thebehavior of thesystemin the
thresholdhyperplanes.Although for theclassof PL modelscoveredby thegeneral-
izedlogical method,certainpatternsof logical statescanbeinterpretedasindicating
singular steadystatesof thesystem[61], a generaldescriptionof thebehavior of the
systemin the thresholdhyperplanesis currentlymissing. The differentialequation
formalismhastheadditionaladvantageof facilitating the integration of quantitative
databecomingavailablethroughimprovementsof currentmeasurementtechniques.

Qualitative simulation resultsin predictionsof the possible qualitative behaviors
of a geneticregulatorynetwork. The interestof thesepredictionsis that they canbe
directly comparedwith geneexpressionprofilesobtainedby meansof quantitative
RT-PCRor DNA microarrays.Theuseof predictedqualitativebehaviors in combina-
tion with observedgeneexpression profilesallowshypothesizedmodelsof regulatory
networksto berapidlytested,evenwhenonly imprecisedatais available.Along these
lines,we arecurrentlyworking on extensionsof themethodto validateandidentify
modelsof geneticregulatorynetworksusinggeneexpression data.Incorporationof
theseextensions in thecomputertool mentionedin Section6.3wouldallow thesimu-
lationmethodto evolveintoamoregeneralapproachtowardsthecomputer-supported
analysisof geneticregulatorynetworks.
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A. Monotonicity properties of piecewise-linear models
Thisappendixdescribesmonotonicity propertiesof PL modelsof theform (2).

For regulatorydomains² , all solutions � �#�@�E
 K � � � � � � � in ² monotonically con-
verge towards m � ² � . This is not generallytrue for switchingdomains,althougha
weaker monotonicity propertycanbeshown to hold. Let m � ² �æ)� [ \ . Furthermore,
let � ���@�E
 K � � � � � � � bea solution in ² , andconsidersome$ ,  �"~$:"~& . It holdsthatø ���#�§� monotonically convergestowardstheprojectionof m � ² � on � � ,

# ��� m � ² �§��� [ & � � � � � '%� m � ² �E\?�
whereø �����§� is assumedto startoutsidetheprojection(i.e., ø ���5�1�`)� # ��� m � ² �§� ).

Let ø �·���§�7� £ñêkì
# ��� m � ² �§� , �7� � . From the definition of m � ² � in (18), it fol-

lows that ø ���#�§�µ� & ��� ² 2 �7� ��� I� ¦ �"� I� , for all ² 2 � ú � ² � . By (16), B�� � �#�§�/���[ ! � I
R°íáî

��ï%$ � I �L� � I �¼� � I � �#�§�/�E\ , with ! � I
R¸í�î

��ï&$ � I �û and $ � I �Â� . Because6� ���§�­� B�� � ���§�/� , �ø ���#�§� X � . As a consequence,ø ���#�§� monotonically convergesto-
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wards # ��� m � ² �/� while being in ² . A similar argumentcan be given for the caseø ���#�§� X�£¿¤
¥ # ��� m � ² �/� .
Althoughnot all solutionsin ² monotonically convergetowards m � ² � , somecan

be shown to do so.Let m � ² �h)� [ \ . For every 
 K � ² and ' � m � ² � , thereexist
solutions � �#�@�E
 K � � � � � � � in ² monotonicallyconverging towards ' .

By (18), 'P� ! � I
R¸í�î

��ï'$ � I '«� ² 2 � , with every $ � I ��� and ! � I
R¸í�î

��ï'$ � I �  .
Considertheabsolutelycontinuousfunction � �#�§� that,while beingin ² , satisfies

6� ���§�h� O
� I
R°íáî

��ï
$ � I �·� �JI � c *

! � I I
R°íáî

��ï&$ � I I �·� � I I � c * �·� � I ��� � I � �#�§�/� (32)� O
� I
R°íáî

��ï
$ � I! � I I

R°íáî
��ï&$ � I I �·� � I I � c * '«� ² 2 ���  

! � I I
R¸í�î

��ï&$ � I I �L� � I I � c * � ���§�+,
(33)

From(32) it followsthat � �#�§� is asolution,because
6� ���§�!��B�� � ���§�§� accordingto (14)

(the coefficients $ � I �·� �JI � c * ¦&! � I I
R°íáî

��ï&$ � I I �·� �JI I � c * arenon-negative andsumto
1). Moreover, (33) is a systemof linear anduncoupleddifferentialequationsof the
form (11),monotonically converging towards ! � I

R°íáî
��ï'$ � I '«� ² 2 ����' .

We statewithout proof that the above monotonicity propertiesalso hold for the
approximation ç�� ² � of m � ² � , given the correspondingredefinitionof B��5
�� (Sec-
tion 6.2).Thesemonotonicity propertiesareusedin theproofof Proposition6.4.
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