
Institut National

Polytechnique de Lorraine
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1
�������l�y�������<�����B���(���l������´���|���|�«��y�K~����µ���:����«��J�V���V�J�y|��Ñ�(���D���V�J�y½��l����|��`¡
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−
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�8|�~��/�A���V�h~(����|����8|��l���F�B¤3¸\���X���K~��1�J��|����X���?´��������"�l|��F�µ�����/�l~����V���F�J���?Ê

�
xba

i�
t

=
Qrec

Vr
· xrec

i +
Qin

Vr
· xin

i − Qin +Qrec

Vr
· xba

i + Ri

¬ , ¤=d ¯
|�� Vr �����l�y«����X���/��|���~����/�l�������l��|����(�����&� xba

i

�
xrec

i

�&�
xin

i

�����?��|��������F�J�l�V�J�y|����(~���|����8|����
i
�������

�y�D´����l�����)�°§©�����l�V�J�y|��°�(�������X���D�������h���e��«��?�&���������X�¾§±���(Ò�~����F�X�l���l�8���&�J�y���������F�B�¹Í�Î6ÏFÎ\Ê

xba =
[
Sba

I , S
ba
S , X

ba
I , X

ba
S , X

ba
B,H , X

ba
B,A, S

ba
NO, S

ba
NH , S

ba
ND, X

ba
ND, S

ba
O

]T

¸¦�:�l�y�����y�y®����V�J�y|����K~��°��|����l�y���J�?²��������K�l�y®����W���µ��|��y~����<�l�������l��|����(��� Vr ��~ ��|���~������l|��A���8��~���B���&�J��~(�<´���|���|�«��y�K~��
V ba ���µº�~����l�y®�����|����l�K~��:�y�*����«��y���¶�F���(�J��~��y���K~��:�(~u´����l�����u��§Ð���(�����l���F�J��²������~(�w�°§±~������B���&�J��~(��������¢b�V�y�J�������F�:��«��y�J�Ñ¬�
µ{�¥ ¯ ¤�¸\|��l�:�(���:�����K~����(�������°§©���l��É��*�����¾§©�����J�V�l��~�����y���ÂÒ�|h���/�(�l�������F�J�X���V���/���<���B���&�J��~��/���������F�J���K�µ�y���F�J�������K���(���D�h~(�°��|h����®��<���y|��l�w�e�*�������V���J���J�y|��

���*�e��´(��|������l���*�&�<�8��~(�D����«��������l���<~����*��|h���y®��B�V�l��|��)��~Å��|���~��������B���&�J�y|��������¾¤8Ç�|�~��J��¢£|������8�����
�l�J�B�V��~�Æ��(� � �1Æ����e�V���l�Å¬ ,21E1Y� ¯ |��K�:�����l�����:�°§±���J��´��y���¶�h~(�)�������&ÀÈ�&���l�����J���y�����y�J����½�����|����:�K~���y���¶�����l��|h�����*�°§©���l��É����°§±�&Æ���½������F�������

2
�(��~�������¬b�R�������(�����l�������*�(� �l�Nº�|�~������ �¨§©|������l���°§±~����

���y¿B���y��� ¯ �������K~��3�����w«��������l�����������K�U�y�µ�����U��|�~(�U�y���Y�8���J���J���U~(���y�l���Y¢£|������l��|��(�����F�U�����V�y�J���l���V�����V¤aÂ���U������~��y�J�V�J��º�~��`�J��®����F�Y��|��(�/�¾§±�K�h�8|��J�(½��l�X��~�
µ{�¥'�����8������|h���W�°§©�����J�V�l��|��°�1��|������W�����8������|h���
�°§©�����lÉ��µ���?�¨§Ð�����J�V�l��~���¤

¸\�X´��������:�l���e�V�l�y¢8²D�e�<��|��������F�J�l�V�J�y|�������|BÆ��h«�½����µ�������l|�~��Y��|������J�/~����J���l���/�l~��(�����������K�J�������
AO

�l���e�V�l�y¢}²��¾§©�����8|����X�È§©|BÆh�h«�½����¶�����/�y���/�J~(�l´��y�����?Ê
dSba

O

dt
=

Qrec

Vr
· Srec

O +
Qin

Vr
· Sin

O − Qin +Qrec

Vr
· Sba

O + RO + AO

¬ , ¤ × ¯
=�|�~��X�J��¢£|��l���D«����(���J�V�����(���<�J���l���D�°§©�����8|����X�°§±|BÆh��«�½�������§±�������y�¶Ê

AO = kLa
(
xba
)
·
(
Ssat

O − Sba
O

) ¬ , ¤ � ¯
|��

kLa
�l���(�l�������F�J� ������|h�������y���F�������l�J���(��¢£���`�*�È§©|BÆh�h«�½������������l|�~(�����V�����y�����y������~u���

Ssat
O

�}���
��|��������F�J�J�1�J��|�� ��� |RÆh�h«�½����Å���y�l�l|�~���²Õ�J�V�l~��J�V�l��|��È¤Y¸¦�������l����½&�J���

kLa
�����8���(�­���Ñ�¨§©�&�A�V����~

�����y����~*���w��� �������l����~(�������¹���X�e�?��|��������K�l�J�V�l��|������U���µ�e�D�����l�(���J�1�J��|����(���U´�|�~(���U�������U���X�l�������l��~���¤
¸ §±���(Ò�~(�����������������Â����~�Æ�¢b���&�J��~(�l�Â�È§©�����/�����8�������V�K�W�����U���e�V���l�������F�Â�&�A��´��y���X���Â�����°§±���`�/�����w�J�����
���"�l�l|�~(������������������~��y�J�V�J����|��F�J�J�V�����&�J|��y�l���*���������e�Å�y�y���J���l�V�J~(�l�u¬JÍ�Î6ÏFÎ � �V�l���¨� ,21E343 Ã � �1Æ����e���y�l���
,21E1Y� ¯ ¤�{�|�~��X�����X�J���y�l|����/�(�¶�����������y�����J���h���D�����J����½��l�l� kLa

�����������È�l~����8|����¶��|����`�A���F�B¤
¼���¢b��Ë�|�� «��������J���y��� ���"��|h��½��y���l���e�V�l�y¢���~ �l�B�V���J��~���´���|���|�«��y�K~�����§±�&Æ����������"�l|�~(�����Ñ¢£|��l���

�°§±~��)���h���l½������(�yÀ����l���F�J�����\� �����?���)�e����|����������(�:Ê
�
xba�
t

= f ba

(
xba,xrec,xin

)
+ uaer g

(
xba
) ¬ , ¤ � ¯

_�
����qd�aEr�����gPf����R
5�Y���q������

�����4�,
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��� �a�1%3� �
���4� � ���	
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¤3¥�~(�l�l�¨��~(����¢b��Ë�|��Ñ�(��~����������(�l���¶���*���������������F�J���

�y�D��|�����|����J�������F�X��~����B���&�J��~��X´���|��y|�«��y�h~(����|����l�y���J�¶²�����®������/����~�Æ)��|���½������W�����`�J�y�����l�¶Ê
�
xba�
t

= f
(1)
ba

(
xba,xrec,xin

) �y|��l�/�(~)¢£|��(���J�y|������������F�X���?�¾§©�����l�V�J��~���� ¬
1.6a ¯�

xba�
t

= f
(2)
ba

(
xba,xrec,xin

) �y|��l�/�(���X�����l�y|������X�°§Ð�V�l�lÉ&�B� ¬
1.6b ¯

|����y�����y�����J���F�J�����"��|����*~(�A�V�l��|��³���F�J���"��������|h�����
f

(1)
ba

���
f

(2)
ba

��~ ���h���l½�������|����l������|��������F�
��~hÆ �y�����J���F�J�U�°§©���l��É��W�&�Â�(�������l�X����� �V�l�A���µ�����¨§Ð�V���J�1�J��~(��¤h¸\����|��(½����X��~ �l�B�V���J��~��Â´(��|��y|�«����K~��
��§©�ÌÆ(�(�l�����<�V���������l|�~��Â�e�D¢£|��l���X�°§©~(�����h���l½���� � � �VMhK��hÍ��EKtO cNMJÍ�b��Oc Q R b KxRSUÅ¬�	W���`�J|������Â{-���F�l�����y�������,21E1Y� ¯ ¤p[����������l���l�����J��|���«��������J���y�"���"���"�N�h�8�)�(�)�`�h���J½���������������|������������V�������waÂ���V���y�l�l��d
¬�
5dh¤Fd�¤=d����È¤ ��F ¯ ¤
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� ���������������� �����!"�$# ( ����%'���-(^�� �*�#$%
	Â�y���u�K~��:�y���<�(�l|h�������l~��?���*����«��l�����V�l��|��Ñ���D���*�l�������J�V�l��|��Å�������K�<������~Ñ���V���D�����D|�~(�h�J��«����<����¢e¡
¢£���l���F�l���°�y�������?��� �������y�����*�l�������l���D����~(���(�h���������K~����<�l���l�8���&�J�y������¤�5N�-���`�?���:���*¢b���y��������|����A�V�K�
�°§©����|��(�J���<~��u��|���½����¶�K~��-��~(���l���:�l���������:��|����(�l�:���:�����<�y�K�l���l�����l��|�����¤�Ç}���(������|����(�J�������?���H¡
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�8�������&�X�°§©�y�F�J��«��l���?Ê
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«F�V�J���F�J���K~��?�e�*��|���~(�l��|�� �B���y��~��y���������l��®��D�¾§±���K~��1�J��|��"���D��|��F�l���K~��y�l��¬¨¼������(�È���$D����������l|��°� ,21E143 ¯ ¤?Ñ�V��«����:�����¶�y����|��K�������y���F�J���\���:��|h��½��y�:����Ç�� N O����?���¶�V�¾¤-¬ ,2141 , ¯ ���`�¶~(�J�y�������*���V���D���&�l�J���&�J~����V����V���/�e�:������~��l�D|��"�y��¢£|�~(�l�����W~����D�(���l���l�y�(�J�y|��"«����(���J�V���������F�X�l�V�J�y��¢b���y�J���F�J����~���|����8|����l�������F�
��~)�������l��®��B�1�J��~(�?¬ � �l�Sº��l�8�������(�X�������¨¤y� ,2141�� ¯ ¤¸\���¶�F���8|��l��½������:�V��|��(�l�����?�8|�~��D���"¢£|��l�:~����V�J�y|��Ñ�(~³��|��(½����*�������������F�A�V�l��|��Õ�l|��F�¶�����D�l~��P¡
�V���F�J����Ê

(i)
�y�D���������F�J��~��������µ���h�y�����������K~��¹Ã

(ii)
�y���X��|��������K�l�J�V�l��|��(�µ��|��F�µ��|���|�«�½��(���/�����(�X�l|�~(�l�¶�����&�J��|�����|��l��¿�|��F�A���y�¹Ã

(iii)
��� �h�y�J���l�����(���������y�����F�A�V�l��|��u�����?�������l����~������D���������8���(�ª�K~��������e����|��������F�J�l�V�J�y|��
��������|�����|������X�����`�J�y��~������������Â�������X�e���l�����l��|�����|����l�y��������� ¬£�J�(��|������D�����<�h���A� ¯ Ã

(iv)
�V~���~��(�����B���&�J��|��)�(�¶�(��«��l�����V�l��|��"�°§©��������~���~��l�����)��~��(���B�V�K�l��~��ÈÃ

(v)
�y���X��������|���½������X���?�����������l�l�y|��������XÒ�|h���X�l|��K�µ����«����y«��B�V´�������¤

=�|�~����������K�h�8|��J�(½��l�����¹�y��Ò�~�ÆÕ�J|��J���
Φ
������|����8|��l�������V���J�y��~������������D���V����~(��� �������l��|��³��|����(���

��~����������F�J��~����3�K~��¦�l���l~����J�¶���������l~��8������|����y�l��|�����~)Ò�~�Æ)���?���y�K~�������¬
Φl ¯ �&���(~Ñ�l�����������F�J�V�J�y|��¬

Φs ¯ �������µ���&®����\���V�¶Ê
Φ = Φl + Φs

¬ , ¤ C ¯
�B������Ê

Φl =

{
Xdec

t ul,h

���
z < za

Xdec
t ul,b

���
z > za

¬ , ¤ 3 ¯
Φs = Xdec

t us

(
Xdec

t

) ¬ , ¤ 1 ¯
|��
Xdec

t

�����l��«����Â������|��������K�l�J�V�l��|��*���:´8|�~����¹�������-�e�X�l���&�J�y|�����|��(�l���(���l�����
ul,h

�&�
ul,b

�������h�y�l���l�����
���������������F�J���<���������l�����������F�l���D��~������K~��y���D�����(���y�������B���F�l��~����

us

�e���h�y�l���l�����(�*�l�����������F�J�V�J�y|��
�&�
za

�e�����l|�¢£|�������~(�*�����¾§©�����y�����K�J�V�J�y|��u��~��(���B�V�K�l��~��"¬¨�1Æ��
z
|��l�y���F�J���������:����´���� ¯ ¤�¸\���*Ò�~hÆ���������������F�

ul,h

���µ�����l�����������F�
ul,b

���?���y�h~(�����<�������X���D�����B���F�l��~��µ��§±�����l�y�����F��Ê

ul,h =
Qin −Qpurg

Sdec

¬
1.10a ¯

ul,b =
Qrec +Qpurg

Sdec

¬
1.10b ¯

|��
Sdec �����W�e����~���¢b�V���<��~ ���������F�J��~(��¤�¼*§©��~(�l�l�<�����������¨§©�ÌÆ(�(�l�����l�y|������<���¶¢£|��(���J�y|�� �(���h�y�J���l���<����������y�����K�J�V�J�y|��

us

����¢£|����&�J�y|��"���?�e�:��|��������F�J�J�1�J��|��)������|����y�����/�����µ���&®������?���V�¶¬bÇ�� N O����X�������¨¤y�
,21E1 , ¯ Ê

us =
���1Æ {

0;
����� {

u′s,0 ; us,0

[
e−rh Xdec

t (1−fns) − e−rp Xdec
t (1−fns)

]}} ¬ , ¤ , , ¯
|��)�����/�����l����½&�J�����/���?�����B���F�A�1�J��|��

v0

�
v′0
�
rh

�
rp

�
fns

�&�
Xt

�l|��K�µ���&®����y�µ�������X���DÇ���´°¤ , ¤ � ¤
¸\�W�����B���F�J��~��¹����� ���y�l���l���l�����W���

Ncc

��|�~��A�(��� ��|�����¿�|��F�A���y����¤V¸ §©�&��|��y~(�J�y|��*�(�W�e�µ��|��������F�J�l�V�J�y|��
��������|�����|������/���V���J�y��~������������W�������X~����?��|�~��A���¶���F�J���l���������������

i
��|����(���?�������y®���Ê

�
Xdec,i

t�
t

=
1

e
∆Φi ¬ , ¤ , d ¯

d�d
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����� ^ , ¤ ��` {����J�V��½&�J�l���X��~���|h��½��y�<���?���������F�A�V�l��|��È¤

� �h�q���	���
��� �����������	� ��
����4� 

�*�	���|�(�|�h���1�)%l����� 

�*�	�����������qd�aEr�����gPf��
�����,����')
�������� � � �R=�=�� � �l�(�	� ? �����*� � � �:=�=�= �


8�����R


������ ? �	���*�	��������� � ������� ���

r� �2�	����
��
���
��� 
 us,0

� � �
−1 712 474


8�����R


��!��� ? �	���*�	���)s��R'"� ��5#�p���9
r�)v�2�	����
��
���
��� 
 u′

s,0

� � �
−1 340 250

� �h�q���	���
��� ��� 

�s�2�	�$��
��
��� �	�#

�%� �������R
 
��,
r����
$
A�	�#
,
 %&�N�������$��
��
'�� 
,'���
 �
�
���:


rh

�
3 � � −1 4.26 10−4 5.76 10−4

� �h�q���	���
��� ��� 

�s�2�	�$��
��
��� �	�#

�%� ���x���R
 
��,

�%��
,
 ��� 
,
t%l�N�}�,��������
��
'�� 
,'���
 �
�
���:


rp

�
3 � � −1 5.0 10−3 2.86 10−3

' �q��'�� �	�#
(
�� 
H�1�R'��#
 �q�*���	�$���:
w
)��v
� � ���R
���
$'�� ����
��4
 fns − 5.0 10−4 2.28 10−3

� �#
,'���
�� �q���
��� 
 � �	�0�����>���:
w
)��� � ���R
��
 
��,
r����
$
A�	�#
 Xmax
t

� � �
−3 3 000 3 000

|��
∆Φi �l�����l���l���F�l���e�<�(�yÀ����l�������/�(�XÒ�~�Æ������(�U��� ième ��|�~��A���*¬&* U%+�ÍNR b MsIER b − *�U%+ O Q M�b
IER b ¯ ���

e
�¾§±�����V���l����~�� �(�µ�������J�X��|�~(�A����¤h¸\��� ���A������«����w���F�J�l�X����~�Æ���|�~��A�����w���1ºl�V�����F�l���Y�l|��F�U´��������Y�l~(�U���

�l����|���������~ÑÒ�~�ÆÑ���y�����A���F��¬,aÂ|������saÂ�y��������«������ ,21 ,2F ¯ ¤ =����y|��Å���&�l�l�*�J����|��l�y���8~����*������~��:~����V�J�y|������´�|�~������l�Ñ�(�l|h��~��y�����V��� ~��(�Ñ��|�~��A���Å��|�����������|����l�K~����e�Á�B�����V���y�l���(���J�l�����`¢£����� ���Ñ�������J�
��|�~��A���������D�y�(¢£��������~(�l��² ���������¶���:������|�~��A�������y�J~(���*�y�������(�e�V�l�������F�µ�������l|�~���¤\¸\���<�ÌÆ����l���l�l�y|����
�����wÒ�~hÆ������������y�����F�A�V�l��|����l���l~����A���F�J���h�����������K~����������y���Y�����wÒ�~�Æ��(���y���K~����(���F�l|��K�w���������y�l�����Â��~��
����»-��«�¤ , ¤ � ¤

¼���~�Æ��&Æh�J�����l�y|����Â���e�����l�y�h~(���U�l|��F�Â�����8|����l�����w��~���|h��½��y�/���µ�l���(�������F�A�V�l��|���¬JÍ�Î6ÏFÎ'D����(���l��|��°�
,21E14F Ã�¼��y�����\�&�>D����������l|��°� ,21E143 Ã�¸\���(��´����l«�� ,B14143 ¯ ¤�aÂ���µ��|��(�l���(���J�1�J��|����X�l|��F�µ�����������J���y�l������|�~���8�������&�l�J���D���D��|�~�������«��D��~)��|h��½����<���?�����B���F�J�V�J�y|��Ñ�B�����¶���D��|���½����<�(~����B���&�J��~(�µ´(��|��y|�«����K~��V¤

• ¸ §±����|���~(�l��|��'�����������y�K~��Å���Á�A�����K~��Á��|����8|����Å�����`�J����~��e�V���l�
Xdec

I

�
Xdec

S

�
Xdec

B,H

�
Xdec

B,A

�
Xdec

ND

�����Y��|������������l���/�(�/� ���(��½����Â�y�������8���(�����F�J�V¤F¸ §©���h~(�y�V�����������/���F�J�l�/�y���¹��|��������F�J�l�V�J�y|����
���

DCO
�������

MES
��� �����:��|����8|������*�����*|�´(�J���K~��-,2KAIÅ�¾§±~(�J�y���y�J�V�l��|��u����¢b�����l��~����*���

��|��F�����l�l�y|����*¬ � ~1º����/�&�����¾¤�� ,21414� ¯ Ê

Xdec
t = 0.75

(
Xdec

I +Xdec
S

)
+ 0.9

(
Xdec

B,A +Xdec
B,H

) ¬ , ¤ ,B× ¯
]<���8��~��/�l��� �����K~����w�h~(�<�����W��|����8|��l���Â�����`�J�y��~������������U��¿�|V�J���

Xdec
ND

����®�«�~��l���F�/�����W�������
�������J�W�����e�1�J��|��°�s��~������K~°§©�y�����l|��F� �y�����y~��-���V���¹�����-��|����8|������¹���V���J�y��~������������}|��l«��������K~����

Xdec
S

¤
Ö � ����®��(���l�l���F�Ñ�y�u�����&�J��~��

pdec
X

������¢£�J���&�J�y|��������
Xdec

I

�
Xdec

S

�
Xdec

B,H

�
Xdec

B,A

���
Xdec

ND�������
Xdec

t

�µÍ�Î6ÏFÎ
Xdec

I = pdec
XI
Xdec

t

��|����8��~(���V��|�������|����l�y���������:�¨§©�&��|��y~(�J�y|��ª�����������y�K~��
�(�"�A������~(� ������������|����8|��l����¤ ¼<�V����~�������|�~��A�������F�J���l���������������

i
��|��������V� ����´(���e�V�����

���V�l��½����<��§±�����l����Ê
�
p

dec,i
X Xdec,i

t�
t

=
1

e

[
p

dec,i−1
X Φi−1 − p

dec,i
X Φi

] ¬ , ¤ ,g� ¯
• ¼����*��|������������J�V�l��|����?���������e�V���l���<�l|��K��~(�l�����y�l�����?��|�~��?�������l����������¢£�l�����l��|��Õ�l|���~�´��y����� �¨§©�&¢e¡

d ×



���������
	���
�������������������	������! ��"�#���%$��'&(��
) +* ���+	,�-�.�-/(��	������

���������	��

����
����

���
������� 1 ��� �������� !���"����#

���
�$����� 2

�%�
�$����� Na ��&�'  )(*��+�, & ,- !�
+.#

���
�$����� Na + 1

�%�
�$����� Ncc �  )+0/����� !���"����#

Φ1
l,h = Qin−Qpurg

Sdec Xdec,1
t

Φ2
l,h = Qin−Qpurg

Sdec Xdec,2
t

Φ3
l,h = Qin−Qpurg

Sdec Xdec,3
t

ΦNa

l,h = Qin−Qpurg

Sdec Xdec,Na

t

Qin+Qrec

Sdec Xba
t

ΦNa

l,b = Qrec+Qpurg

Sdec Xdec,Na

t

ΦNa+1
l,b = Qrec+Qpurg

Sdec Xdec,Na+1
t

ΦNcc−1
l,b = Qrec+Qpurg

Sdec Xdec,Ncc−1
t

ΦNcc

l,b = Qrec+Qpurg

Sdec Xdec,Ncc

t

�����1���32�45�6
�78�:9*;�<=;

?>@9

Φ1
s =

{
u1

s X
dec,1
t A�B Xdec,2

t < Xmax
t

min
(
u1

s X
dec,1
t , u2

s X
dec,2
t

)
A�BDCFE?C

Φ2
s =

{
u2

s X
dec,2
t A�B Xdec,3

t < Xmax
t

min
(
u2

s X
dec,2
t , u3

s X
dec,3
t

)
A�BDCFE?C

ΦNa−1
s =

{
uNa−1

s Xdec,Na−1
t A�B Xdec,Na

t < Xmax
t

min
(
uNa−1

s Xdec,Na−1
t , uNa

s Xdec,Na

t

)
A�B C�E?C

ΦNa
s = min

(
uNa

s Xdec,Na

t , uNa+1
s Xdec,Na+1

t

)

ΦNa+1
s = min

(
uNa+1

s Xdec,Na+1
t , uNa+2

s Xdec,Na+2
t

)

ΦNcc−1
s = min

(
uNcc−1

s Xdec,Ncc−1
t , uNcc

s Xdec,Ncc

t

)

Z\[�]_^ , ¤ � ` 	w���e�V���W���?���V�J�y½��l�D�������X�����/��|�~��A�(�����(~)���e�����y®����V�J��~��¶¬bÇ�� N O����µ�&�����¾¤�� ,21E1 , ¯ ¤

d �
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Ò�~����F�\Ã
Sdec

t

�l���8�������F�J���e�*¢£�l�����l��|��"��|���~�´(���<�J|V�A���y���

Sdec
t = Sdec

I + Sdec
S + Sdec

NO + Sdec
NH + Sdec

ND ,
¬ , ¤ ,2� ¯

�&�:�y���������l��~��
pdec

S

�8�������&�:��� �l~����������¾§±����|���~��J��|��³�����:����ÀÈ���l���F�l�:��|����8|��l���:�l|��y~�´��y������²
�¨§©�ÌÆ��������J��|��Å���:��� ��|��(�����F�l�J�V�l��|��Å���u|BÆ��h«�½��������y�l�l|�~��<�l���l�y��~����y�����l~����8|����������F�l��½����������F�
��|�����|��������µ�����(�Â���µ�������l��®��B�1�J��~(��¤��¹�A���F�W�(|��������h~(�<�����w��|����8|������Â��|���~(´������w�����l|��F�Â�����
��|�~���������~ÅÒ�~�ÆÅ���:�l�����������F�J�V�J�y|��°�8������´������������������<�y���<����ÀÈ���l���K�l���D��|�~��A�����¶��|��F�D�e�V�l«��Ì¡
�����F�X������������®�����¤

Ö �Á��|��:´(�������F�D�y���<���K~��V�J�y|����D����´(���e�V�Å�l���e�V�l�y�����D��~�ÆÅ��|����8|��l���D�������l����~��e���y�l�����&�?�l|��y~�´�������B�����������y�����/�K~��¦���������y�����F���¨§©�&��|��y~(�J�y|��"���?����~��l�X��|����8|��l���F�J�/�l���l�8���&�J�y¢£���3�����h�y���F�¶Ê
��� ]Fg�� � a ��� cedf_Xg�k&a
	 � d£_lk � _��

1 ≤ i ≤ Na − 1 
��

;
X

dec,i
t;
t

=
1

e

[(
X

dec,i+1
t − X

dec,i
t

)
ul,h − Φi

s + Φi−1
s

] �
1.16a �

;
p

dec,i
X;
t

=
1

e X
dec,i
t

[(
p

dec,i+1
X − p

dec,i
X

)
ul,h X

dec,i+1
t −

(
p

dec,i
X − p

dec,i−1
X

)
Φi−1

s

] �
1.16b �

;
S

dec,i
t;
t

=
1

e
ul,h

[
S

dec,i+1
t − S

dec,i
t

] �
1.16c �

;
p

dec,i
S;
t

=
1

e S
dec,i
t

(
p

dec,i+1
S − p

dec,i
S

)
ul,h S

dec,i+1
t

�
1.16d �

9��s,A>��
Φi

s =

{
ui

s X
dec,i
t

MN4
X

dec,i+1
t ≤ Xmax

t=D46L (
ui+1

s X
dec,i+1
t , ui

s X
dec,i
t

) MN46LK@BL
Φ0

s = 0

a�[Bk � � � ^`[Bk�^���_ ��� � �Ðd��¶_l]hc � cede[B]��
Na 
��

;
X

dec,Na

t;
t

=
1

e

[
(ul,b + ul,h)

(
Xba

t − X
dec,Na

t

)
− ΦNa

s + ΦNa−1
s

] �
1.16e �

;
p

dec,Na

X;
t

=
1

eX
dec,Na

t

[
(ul,b + ul,h)

(
pba

X − p
dec,Na

X

)
Xba

t −
(
p

dec,Na

X − p
dec,Na−1
X

)
ΦNa−1

s

]�
1.16f �

;
S

dec,Na

t;
t

=
1

e
(ul,b + ul,h)

(
Sba

t − S
dec,Na

t

) �
1.16g �

;
p

dec,Na

S;
t

=
1

e S
dec,Na

t

(ul,b + ul,h)
(
pba

S − p
dec,Na

S

)
Sba

t

�
1.16h �

9��s,A>��
ΦNa−1

s =

{
uNa−1

s X
dec,Na−1
t

MN4
X

dec,Na

t ≤ Xmax
t=D46L (

uNa
s X

dec,Na

t , uNa−1
s X

dec,Na−1
t

) MN46LK@BL
ΦNa

s =
=D46L (

uNa+1
s X

dec,Na+1
t , uNa

s X
dec,Na

t

)

d �
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��� ]Fg�� � a ��� cedf_µd�]���	 � d£_lk � _��
Na + 1 ≤ i ≤ Ncc 
��

;
X

dec,i
t;
t

=
1

e

[(
X

dec,i−1
t − X

dec,i
t

)
ul,b − Φi

s + Φi−1
s

] �
1.16i �

;
p

dec,i
X;
t

=
1

e X
dec,i
t

(
p

dec,i−1
X − p

dec,i
X

) [
ul,b X

dec,i−1
t + Φi−1

s

] �
1.16j �

;
S

dec,i
t;
t

=
1

e
ul,b

[
S

dec,i−1
t − S

dec,i
t

] �
1.16k �

;
p

dec,i
S;
t

=
1

e S
dec,i
t

(
p

dec,i−1
S − p

dec,i
S

)
ul,b S

dec,i−1
t

�
1.16l �

9��s,A> �
Φi

s =
=D46L (

ui+1
s X

dec,i+1
t , ui

sX
dec,i
t

)

ΦNcc
s = 0

� k����Ðd ��decb_�g �
xrej =

{
p

dec,1
X X

dec,1
t

p
dec,1
S S

dec,1
t

MH,J5P@BL�5P,/>Ì9BM �
1.16m �

xrec =

{
p

dec,Ncc

X X
dec,Ncc

t

p
dec,Ncc

S S
dec,Ncc

t

MH,J5P@BL�5P,µ>Ì9BM �
1.16n �

¥�~�®����V�¾���y�D��|h��½��y�<���?�����B���F�A�1�J��|��
�V�������l��®��B�1�J��|��"²���|�~��A�(���µ�l�¶���l���l���F�l����|�~��µ�e�*¢£|�������Ê
�
xdec�
t

= fdec

(
xdec,xba

) ¬ , ¤ ,2C ¯
|��

xdec,i =
[
Xdec,i

t ,pdec,i
X

T
, Sdec,i

t ,pdec,i
S

T
]T �l���(�l�������F�J�)�¾§±���J�V�����V�����e�

ième ��|�~��A�(�)�(�)�������P¡
�����F�A�1�J��|��°�(�&�

xdec =
[
xdec,1T

, . . . ,xdec,Ncc
T
]T ���¾§±���J�V�X��|������y���/�(~����e�����y®����V�J��~���¤

��������� ����������* .���� +-���u��* �	� #�!$�q '� ��*  �%����q �*�
 *�!  

¸\�<��|�~�������«����(���/��|���½������Â���<�(��«��l�����V�l��|���´(��|��y|�«����K~��X�&�/���D�����B���F�A�1�J��|��������l�����/�(��¢£|��l�*~������
~��)��|���½����D«��y|�´��������?�¾§±~������J�D���D�J�l���y�l�������F�B¤ aÂ���µ����~�Æ)��|h��½��y�����(�J�����8���y|����H¡N���V���l�?�����������F�J���K�
��|�~��X�e�:¢£|������:Ê
� X I c�bHÍNU�M �VK Q�
tQ ÏEKATVU3Í�Ê �

xba�
t

= f
(1)
ba

(
xba,xrec

) ��|����/��~)¢£|������l��|����(�������F�X���?�¾§©�����l�V�J��~��
�
xba�
t

= f
(2)
ba

(
xba,xrec

) ��|����/�����µ�����l�y|������/�°§©���l��É��
� 
 IEMhK �|c IYbHÍNU�M�Ê �

xdec�
t

= f dec

(
xdec,xba

)

¸¦�"�l���e�V�l��|�� ¬
1.16n ¯ �����l�����D�È§©�ÌÆ(�(�l�������D�¨§©�&�A�V� xrec �������D���������&�����e��«������u¢£|����&�J��|��u�����¾§±���J�V�

xdec,Ncc
���"���Å��|�~��A�(�"���(¢£���l����~��l� ��~ ���e�V�l�y®��B�V�l��~���¤�¥��������¾�-�y�w�������8|��l����´��y� �°§±�����l�����"������|h��½��y�

d F
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«��y|�´������l|�~(�����*¢£|��l���D«����(���l�y�K~���¬ , ¤ ,23 ¯ Ê�
x�
t

= f (1) (x)
��|��l�W��~�¢£|����&�J�y|������������K�X�(�¶�¨§Ð�V���J�1�J��~(��� ¬

1.18a ¯�
x�
t

= f (2) (x)
��~���|�~��l�X�������8������|h�����/�°§©�����lÉ���¤ ¬

1.18b ¯
|��

x =
[
xbaT

,xdecT
]T �����l�y«������¾§±���J�V�?��~ª�`�h���J½����V�¦���¶|��Õ�����?��|��(���

f (1) � f (2) �(~³�`���`�J½����
��|��F���������������J�����������K�����&®������X���V�

f (1) =
[
f

(1)
ba

T
,fT

dec

]T �&�
f (2) =

[
f

(2)
ba

T
,fT

dec

]T ¤
¸\�<��|���½����X«��y|�´����3�l���l~����A���F�Â�����W~������h�`�J½����D����ÀÈ���l���F�l�����3��|������l�y�l~��<���

(11 + 12Ncc)
���K~��1¡

�l��|��������yÀ��������F�J�y���y��������KbÎbÍ�Î
131

���K~��V�l��|����*��|�~(�
10

��|�~��A�(�������������B���F�J�V�J�y|��°�}������|����8|��`�J�
26���V�J����½��l�l���}��|��F�-�����}�V������~��l�}�����}����¢b�V~(�¹��|��F�¹���������y�l�����¹���V���-�y���}Ç-��´È¤ , ¤ � ¬£�°¤Yd � ¯ ��� , ¤ � ¬b�°¤=d × ¯ ¤

Ö ���J���y�l|��*���W�J���J�����y���V�R�¾§±~(�J�y�����l�V�J�y|��D��~���|��(½����U«��y|�´�����¬ , ¤ ,23 ¯ �8|�~��-�y�Â��������~����(��� ��|������y�l��|��(�|����J�������y���Y����¢£|������l��|����(�������F�W�����W�8���J���J���w~��(�y�J���W���µ�J�J�V�y�J�������F�Â�����W��~��l�����(�l��´��y�<������|������W�(���
����|�´��y½��������h��|��J���������K�Â�����l�������Â�����B���y��~��¨¤({}|�~��W�����l�l�<�J�V���l|��°�����¶¢£|����:~����V�J�y|����È§©~��"��|h��½��y�
���D�J�����y�����(��~��/������~����J�?���`�µ���l|��8|������?�������X�����������l���D�l~(�y�V���F�J�V¤

��������� ����������* ��� 
��-�����-� �$* � �A#$!��q �� ��*  �%'���Z �*�
 *�!  

¥µ®������D�l����~������D�e���J�����y���µ��~���|h��½����<«��y|�´����-¬ , ¤ ,23 ¯ �(�y�È�����X�8|��l����´��y�<�°§©����|��(�l���/~��(�D���������l�y�(�J�y|��������������®����<�(���X���l|h�����l��~������?�����B���F�J�V�J�y|��
�V���e�����y®����V�J�y|��°¤%aÂ�����J�¶���������l�y�(�J�y|����l~��(��|����?�h~(��Ê

¬
i ¯ �����¦��|��������F�J�J�1�J��|������(�������	��
��	
���
�
�������������
Y�����(���¨§©�&Ä�~(���F���l�J�����J� ��|��F�-�y���¦��É������

�h~(�¶�������X���D´��V�l�l�y���È§Ð�����J�V�l��|��È���B�����¶~��������e���y�
td
¬b���B���&�J��~��X�����`�J|�� ¯ ;<Ê

xrej
i (t+ td) = xba

i (t) , i = 1, 2, 7, 8, 9
¬
1.19a ¯

¬
ii ¯ ��������|��(�����F�l�J�V�l��|��������������	��
��	
���
�
���� �"!#�$�����%!��"�&
Á�������Å�¨§©�&Ä�~����F�Å�l�J�����J�Õ�l|��F�

��«F���y����² ~����¶¢£�J���&�J�y|�����|����`�A���F�J�
fns

���������y��������~Ñ´����l�����Å�È§Ð�����J�V�l��|���¬¨�B�����:��«������Ì¡
�����K�X~(�������e���y�

td ¯ Ê

xrej
i (t+ td) = fns x

ba
i (t) , i = 3, 4, 5, 6, 10

¬
1.19b ¯

¸\���µ���K~��V�l��|��(�/���?´��������"�l���e�V�l�y�����X��~)���e�V�l�y®��B�V�l��~��W��§©�������y�����F�:Ê
(Qin +Qrec) xba = (Qrec +Qpurg) xrec + (Qin −Qpurg) xrej ¬ , ¤Fd�� ¯

aÂ|����(�l���J���K~Å�������l�����V�J�y|�����¬
1.19a ¯ ����¬ 1.19b ¯ �8���\�����?���y|��l�µ�8|��l����´��y���°§±�&Æ������������µ��������|���������¡�l�J�V�l��|����

xrec �(���)��|�����|��l������|���~�´(�������&���������l����~(�e���y�l��� �������)���Á�l�����h������«��Á��� ¢£|����&�J��|�� �(���
��|��������F�J�J�1�J��|����

xba �������X���D´����l�����)�°§Ð�V���J�1�J��|��uÊ
xrec

i (t) = xba
i (t) , i = 1, 2, 7, 8, 9

¬
1.21a ¯

xrec
i (t) = ϑ xba

i (t) , i = 3, 4, 5, 6, 10
¬
1.21b ¯

_ � �#�$�$� ���#
,
����w'���
6��� �$�2�1�:������� �1�R'��#
 �q���
��� 
('B'�� �,' ���R
��$� � '��#
$'���
��
�
��� �	�#
-�
�R
A� �����:�}�	� ��
 � ? ������
 ���2�.


��#�,
�:
)�-
)�,���%� 
r� ��
 �
�}�s�����$��
��('��#
$
)� ���	���p���#
,
"�	��'a� �h�
� �$'s��������� �4i*)~d+)
S

rej
O = Srec

O = 0
�
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|��)�����A��~�Æ"���?��|������l���l����|��
ϑ
�����X´8|�~����µ�������X���D���e�����y®����V�J��~��/���`���(��®����¦���V�DÊ

ϑ =
Qrec +Qin (1 − fns) + fnsQpurg

Qrec +Qpurg

¬ , ¤FdYd ¯

7 �������l���Y�����w�l���e�V�l��|�����¬
1.21a ¯ �&�D¬ 1.21b ¯ �K�������&���y���F�X���y|��l�Y�8|��l����´��y�X�°§©�ÌÆ����l�y�����w�y����|��(½�������?�¨§©~��(�y�J�D�(�?�l�J�����J�������K�W�l|�~��X����¢£|��l���<«����(���l�y�K~�����~��y�V���F�l��Ê

�
x�
t

= f (1) (x)
��|��l�W��~�¢£|����&�J�y|������������K�X�(�¶�¨§Ð�V���J�1�J��~(��� ¬

1.23a ¯�
x�
t

= f (2) (x)
��~���|�~��l�X�������8������|h�����/�°§©�����lÉ���¤ ¬

1.23b ¯
|��

x = xba �(���l�y«������¾§±���J�V����~ ���h���l½�����¤w¸\�)��|h��½��y���l�y�����y�y®�� �l����~��y�J���F�Ñ¬ , ¤=d × ¯ ��|������J� 21���V�J����½��l�l���Å¬b�y���
20

�����l����½��J�����������(���J�y�K~������&���`���?�A����|����&�J�l�y�K~���������®��(�������V�������)Ç���´°¤ , ¤ �
¬£�°¤2d � ¯ ������~(�/���D�����l����½��J��� fns

���&®����¦�������X�¨§©���h~��V�J�y|��Õ¬
1.19b ¯ ���X�(|��F�����:�l�y«����y®��B�V�l��|��"�����µ�e���É����/�K~��X��|�~(� ���/��|���½����/²D��|�~��A��� ¯ �K� �V���¹���X��|����8|��`�J���������l�&���V���A�����K���y~��Y�K~�� 11

�V���l����´������
�°§±���J�V�B¤

��������� � ��!�(^��#$������!��

{}|�~��������:~(�����µ���¶��|����8|����l�������F�<�����������y�K~����(���<�8���l�y�J����~��(�y�J���������J�J�V�y�J�������F�<²�´�|�~(���D���&�J�P¡
�����������(��~�Æ���|���½������/������|��������ÌÆ(���J���µ�(�yÀ����l���F�J���µ�l|��K����|����l�y����������¤�¸\���µ���l|h�����l��~������¶����«��J�����1¡
�l��|��³´���|��y|�«��y�h~(���D�l|��K�:´����l�������������������¶����~�Æ��������}�l~(�*������|���½�����¥>=�?

1
�}�����l~����y�����l�&¢£���l�������

���V���<������|��������(����~��J�J�V�y�J�������F�<�����<�B��~hÆu² ´8|�~����D���&�J�y��������¤ Ö �u�����V�����A���V�°�����D��|h��½������µ����¢e¡¢£½��l���F�¶�����?����� ���(��½�������|��F�¶�����D�����B�����y�l�����D���������B���F�J�V�J�y|��
�V���e�����y®����V�J�y|�������|��F�¶�������l�y�l��¤¦¸\�
�������������U�y�F�J½�«��l�µ~�� ��|��(½����/�(���l�������l�V�J�y|�� ²?��|�~��A�����ÈÃ(���µ�l����|��(�°����|��y��� �����J�����y���V�����`�Â´��V�l����~��
���?�������������/´����������W���?���V�J�y½�����¤

aÂ���/��|h��½��y���U��|�����|����J���F�W���������������F�/�����`�A���y�����w�e����~�������¤�¸\���W���l�8���&�J�W�����e�1�J�y¢£�U��~��J�J�V����¢£�����
�°§±|BÆh��«�½����:���Ñ���������������*����´�|�~(���µ��|��A�V�������F�X�����l|��F�����l�y�µ���Ñ��|������J���3���Ñ�J�V���l|����X��������|���¡
´�����~�Æ������l~(�y�A�1�J�U��|��F�J�l�����y���J|����l���Y�h~(����~�´��l�y���l���F�W���V���Â���?�y�y���J���l�V�J~(�l�µ²¶������~1º�����¤(¸¦�?���������l�y�(�J�y|��
���)�¾§±�F�h���l|h�(�h���������K~��"��~ �l�������l��~���´��y|���|�«����K~����y|��l�����)�¾§©�����lÉ����(�����J~���´����������°§Ð�V���J�1�J��|�� ¬£�����
��|����l�y����������|������X~�� ���B���&�J��~��Â���V��¢b�����J�������F�w��«����J� ¯ �����Â��«F���y�������F�U�l~��������(�J�y´������°§©É&�J���<�������y��|V¡�������F�������F�J��«��J���F�Y���V�¹�&Æ��������y�/����� �(�l|h�������l~��U���/�����B���F�J�V�J�y|�������� Ò�|h��� �K~����8��~(�����F�U����«������������
~��(�*�l�������`�J�y�l��|������&�J���l|�«�½����:��������|����8|��������������l����~(�e���y�l����¤�¼*§©��~(�l�l�*���������8�y���µ�l�������F�l���?�������y��|V¡
�l�V�J�y|���� ���(��|��`�J�����U��~���|h��½����W¥-=�?

1
¬£��|h��½����W¥-=�?

3
� � ~sº���� ���U�V�¾¤�� ,214141 ¯ ���X�l|��F�Y���V�U�(�l�������������|����l�y�����l�V�J�y|����������X�����l�l�?���J~(����¤

¸ §©�&�J~��(�Â�°§±~����U~������J�Y���Y�J�J�V�y�J�������F�¦�&Æ����`�A���F�J�Â�µ�����8���������F�-�8�������y�}�(�U�����l��®����}�K~��U�����}����~�Æ
��|��(½������Y�l|��F�w��� ������~��l�µ���X��|��(�����U~������l���(�l�������F�A�1�J��|���®���½����X��~���|�����|����J�������F�w�����������y�K~��
���������&�J���J�����`�A�V�l��|��(�:�°§±����~��l�V�J�y|���²u´8|�~����:�����l�y��������¬(c���Î¹¥������&Æ��)¼*�¹�È¤ d ��1 ¯ �-�&���K~°§±�����*�l|��F����V����|����l���K~����F�<�l|�~(��²�¢b�����µ���(�l�����8������«����<����~��l�µ�e�V��~��������8²�É&�J����~(�l���y���l���/��|�~����¨§©|��(�J�y���y�J�V�l��|��
�(�h���V���y�h~(����~ ���l|h��������¤U¸¦�u¢£|��l�:~(�e�V�l��|�������� ����|�´��y½��������°§±|��(�J�y���y�J�V�l��|��³¢b���y���¨§©|�´Kº������������
��~��y�l�¶�(~)�A�������y�l�l�V¤
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 �"�8�K��|������l�y�l~����F�w�����U���H¡
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¬
i ¯ �e�����y���������l�V�J�y|��������µ�l�Nº����l���V¿�|��l���°Ã

¬
ii ¯ �e�����y���������l�V�J�y|������?�e����|����l|������V�J�y|������(���l«����J�y�K~��?��~��`�h���J½����V¤
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¸\���/���l���J½������/�&�X��|��F�J�l�����F�l���/���D�A���V�h~(�¶�(�l|�´��y½����<�l|��K�X�����l~(�y�J�D�(�l�����������X�������/�y���W�����J��«��J�����(���
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[�� ����|�®��W�°§©�����J�V�l��|�����|��l�����l�8|���� ²u~����"��~��������l����|�� �������h���y����� ��|�����|��l�����A������~�� �°§±~����
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[t0, tf ]
��|��(����� �y�

��§Ð��«��y�U��|����������(��®����y�w�y���(|��:´����
Nc

���µ���h���y���W�°§©�����J�V�l��|����°§±~��������������h�&�W���¶��~(�l���������w�����������
�°§©�����J�V�l��|������X�È§Ð�����lÉ&���(�¶�A�����K~����&�h�����?�°§©��~(�l�l�?�����`�B¤

[��(�/�l���K~��������X�°§©�����J�V�l��|��:����� �(���J���l���������W�������e���(|��������W���
2
�����J����½��l�l����¤�¼��W��|��:´(�l��~(�l���

��|��:´��y��������|����U���D�����l����½��J�����w�l|��F�/���K�h�y�J��«�����´��y���W�8|�~��W�������(¤�5N�����`�/��|��l�l�y´����V�������Â�ÌÆ(�����(���������
���������y®����U�����������l�������F�w�����U���(���A�V�K�l�w�(����|����*~(�A�V�l��|������µ�¾§©�����J�V�l��~���¬b�������X��� �������A�����&�W�V�l�lÉ&� ¯ ����*��~������D�����µ�(�yÀ����l���F�J���/�(�����l���/�°§©�����l�V�J�y|��"���/�È§Ð�����lÉ&�B��|�~"������|��l�D�e�¶¢£�J���&�J��|����°§©�����l�V�J�y|������X���
��~(�l���������A�����K~����&�������V¤+aÂ���*����ÀÈ���l���F�l���*��|��:´��y�����y�l|����?��|��F�*�����8�������V�K���J|�~��J�������K~������V�����F�l���
��~���|����F�U��~ �����l~(�y�A�1�Â���µ�¾§±|��(�l�������l�V�J�y|��°�1�������U�e�?�����l~�����| � ���������Â��|����l�y´����X���µ�������l���w�����¨§©~(���
²Á�¾§©��~(�l�l�"�������(���������������:�A������«��������F�J�����"���V�l�e�V´�������¬b����ÀÈ��|���|��l���(���l����� ¯ Ã¹�y�W��§©��«������������y~����|�~(�����F� �����A���V��«��������F�l�����"�V�����e��´��y� �y����������������¤-¸\�)��|�~����y�"���������l����½&�J����������|��(�J�������(�����
��~��y�l�¶�(�¶�¨§©�&�J~��(�D��������|������l�y�J~(��Ê

¬
i ¯ ���?�e����~������

ak �È§Ð�����J�V�l��|����V~���|�~��l�X��~ kème �&�h�����V�
¬
ii ¯ ���?�e����~������

`k
��~

kème ���h���y�¶�(�?¢£|������l��|����(�������F�B¤
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¸\���������`�A���F�l��������|����:~(�J�V�J�y|��
tkb
���
tkc
���F�J�l�*�����µ��|������

f (1) ��� f (2) ��~Å���h�`�J½����:����ÀÈ���l���K�l�������|��F���V��|����/��|��������X�&Æ������y�����J�������F�X���V�/�����X�����e�1�J��|����?¬
1.24a ¯ �&�*¬ 1.24b ¯ Ê

tkb =
k−1∑

i=1

`i + ak ¬
1.24a ¯

tkc =
k∑

i=1

`i
¬
1.24b ¯

¸\���w�����l����½&�J�����Â�È§©|����J�������l�V�J�y|��
Nc

�
ak �&� `k �(���y���l�3�K~��<�y���U�����`�A���F�l� tkb ��� tkc ������|����:~(�A�1�J��|����|��F���y���y~����l�l���Â�l~��X�e��»-�y«�¤ !�¤ � ¤
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t0 tk−1
c =

k−1∑

j=1

`j

tkb =
k−1∑

j=1

`j + ak

tkc =
k∑

j=1

`j tf

������� � k

Nc
������� ���

ak

`k
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NGL ¯ ¤

�� 
��"�&
 
 !���� ��� ��� ! �"! �"� ��� ��
 �"!�� !�
�� �"!����
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NGL
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�¨§©�&Ä�~(���F�W��~��w~(� ��|�����¿�|����(�µ�l�������

[t0, tf ]
��|��(����¤'?Ñ�V�l�������V�J�y�K~��������F�B�F�������������h�����K�Â²��(��®����y�

�y�D���l���J½��l�D�°§±|��(�l�������J�1�J��|��
J
�(~�����|�´��y½����<�����?Ê

J =
1

tf − t0

∫ tf

t0

FNGL (t)
�
t

¬ !�¤=d � ¯
× �
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|�� FNGL
��������«�������� ��|��(�����F�l�J�V�l��|��Á���³��¿�|��J�*�l|��A�V�¹�����¾§±��Ä�~����F�B¤ aÂ���?���Hº����l�D�l|��F�¶��|������l�y�J~(���

���)«��J�����(�D�������l���<�(�¶��|�����|������/��|���~�´(�����D¬b�����J�J�1�J���(������|��(�e���K~������µ��¿�|��J�D|���«F�����y�K~��<�l|���~�´��y� ¯ ��������¶��|��K�l�����������F����«F���y�������F�*�(���:��|����8|������:���V���J�y��~�������������¬¨�V¿�|��l� |���«F�����y�h~(� �����`�J�y��~��������������
¢£�l�����l��|����/�È§Ð��¿�|��J�?��|��F�J���K~��������V���X�e�:´��y|�� �V�l�l�D�&�µ�����/��|�����|������X�����`�J�y��~������������W�y�����`�J��� ¯ Ê

FNGL = Srej
NO + Srej

NH + Srej
ND +Xrej

ND + iNXI X
rej
I + iNBM

(
Xrej

B,H +Xrej
B,A

) ¬ !�¤Fd F ¯
=�����|����y�/��|h��½��y�W���V�J����� �1�J���K~��/~��J���y�����Â�8|�~��Y�l�����l���l���F�l���U�¾§±����|���~(�l��|����(�h���V���y�h~(�µ�(~�����|��������V�
J
��§±�&Æ������������V�������°�l|�~(�µ�¨§©~(���?�����X����~�Æ�¢£|��l�����/��~��y�V���F�l���?Ê
` � I|O �EU G Q ��L 
 Í�Ï 
tQ �PI 
 ¬ !�¤#! 3 ¯ Ê

J =
1

tf − t0

∫ tf

t0

{
Sdec,1

t (t)
[
pdec,1

SNO
(t) + pdec,1

SNH
(t) + pdec,1

SND
(t)
] ¬

1.27a ¯
+Xdec,1

t (t)

[
pdec,1

XND
(t) +

iNXI

0.75
pdec,1

XI
(t)

+
iNBM

0.9

(
pdec,1

XB,H
(t) + pdec,1

XB,A
(t)
)]} �

t

` � I|O �EU G Q ��L 
 Í-ONKxG�W 
 K �0X�¬ !�¤=d × ¯ Ê

J =
1

tf − t0

∫ tf

t0

{
Sba

NO (t) + Sba
NH (t) + Sba

ND (t)
¬
1.27b ¯

+fns

[
Xba

ND (t) + iNXI X
ba
I (t)

+iNBM

(
Xba

B,H (t) +Xba
B,A (t)

)]} �
t¼������Â�y�����������������¾§±~(�J�y�����l�V�J�y|��:��~ ��|h��½��y�X�l�������y�y®��V�F�e�?���y���������l�V�J�y|��*�����W�l�Nº����l�Â�°§©��¿�|V�J�

�l|��A�V�¹���`���(���l�����l�������F�?´����������l~��?�����D��|��(�����F�l�J�V�l��|����¶²"�e����|����l������~Õ´������l�y�Õ�È§Ð�����J�V�l��|��È�
�&�Â�(|���²¶�e�D�l|��`�J�y����~��������l��®��B�V�l��~���¤ aÂ�����������w��|����l�y´����µ�������U�e�?�����l~(�l�µ|�����~(��~������l|h�����`¡
��~��?���������e���(«����°§±�����¶�������D���³��|������J���������?�����l���(�l�������F�A�1�J��|��³������������®��*�&���8�������&�?���
��§Ð�1ÀÈ�l�����A���y�/��~��(���e�V���

td
���F�J���¶�����l|��`�J������~�´����l�����)�°§Ð�V���J�1�J��|��"���X���D���Hº��&�:¬fÒ�~�Æ��(�����l|�� ¯ ¤
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Ö �ª�(�J�V�l���K~����\�y�¹���`�*�(�������l�l���������������������������(���¶�����l~������¶�°§©�ÌÆ�����|����A�V�l��|��u�������¶�e�"«����`�J�y|��³�(���
�&�����������°§©�����J�V�l��|��°¤�¼������������y�l���w�l|��F�����������°���&®�����������~��*¬

i ¯ �y���X��~��������µ�������y� ���y� t � (1$%'( �&�µ� �1Æ��P¡�������
t �
(1 	�� ���?¢£|����&�J�y|������������K�:¬b�l���������F�J���l�l~(�(�J�y|�� ¯ �����µ�J~���´����(�����&��¬ ii ¯ �������(~��l�����������(���������

t ���1$%'( �&�X� �1Æ��y� ���y� t ���1 	�� �°§Ð�V�l�lÉ&�µ�����/�J~(�l´��y�����X���F�l�l�¶����~�Æ"�����l��|h�����µ�È§Ð�����J�V�l��|��"��~����������l�y������¤
• ¸\���*��~��������:���y���������y���<�°§©�����J�V�l��|��Õ���*�°§Ð�V�l�lÉ&�:|��F����|�~��*|�´Kº������l�y¢/�(� ���y�����J���<������|��:´(�l�
���1Æ������������ ����� �V�l�J�V«����?��|��l���������?��~³���h���l½���� �°§©�����l�V�J�y|��°�\�&�*�������w�V®��³���������l���(���������
�y��¢£|����&�J�y|������������K�W�����/���h~(���8�������F�J��¤�aÂ���X��~��������µ�(���8���������F��´(�����"���F�J���(��~��(~��N�h�8�D���
�l~��l´(�������Â~(�l�����y�l��¬�	w~����h���(«��B� ! 141 d ¯ ¤h¸\|��l���K~��<�����w¢£|��(���J�y|����U����´(�J�����J��«������Â�°§Ð�V���J�1�J��|�� ��~���B���&�J��~��������l|��F���������l�������l�����Ñ¬b�����K~��/�������J��½���¢£�l���K~����F� �8|�~����y�������&�J���J����~(���y�l�������
�l�J�����J�������K� ¯ ��������|������/~��(�¶�(~��l�����������y� �V���X�°§©�����l�V�J�y|����l~����J�V�K�l����������«F�V���������F�/�(�������`¡�l���������8|�~������l��~��l���������l�����y�l�¶���Å��~��l�8���(�l��|��u�����<´8|�~����������B���F�l�����D�(~��J���F�������������l�y|������
�È§Ð�����lÉ&�w�(�µ�¨§Ð�V���J�1�J��~(��¤F¼<�V���w�y�/�B���Y��|��F�J�J�V���l�V�����(�����Y�h�J�V���l���:´�����´����Â�h~È§©~��(����|�~��w�����l�V�J�y|��
�(����´�|�~(������|����(~����l���y���¹��� �h~(�����K~���� ��������������������~��y�������F�B�U²Á�������(�h��¢£|������l��|����(�������F�J�
�y���8|��`�A���F�J�Y��~����l|h��������¤ aÂ|������������l���w�����w��~��������Â���y�������������¹�°§©�����l�V�J�y|������W�È§Ð�����lÉ&�Â���

15�����K~(�l���/���V�J� &y�/~��)«F���l�(�&¡ ¢£|�~)�����(���:~�� �8|�~��/�&�����J���µ�����µ�����l��«����������F�J��¤

× !
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• ¸¦�)��~��l�������1Æ���������������¢£|����&�J��|������������F����� �¨§Ð�V���J�1�J��~(�¶�h����� ��«F�����������F�:²)���l���l���`���������
�`�h���J½����¶�°§©�����l�V�J�y|��°¤(¸}���V������~��/���(|��(�J���?�����������°���

120
���y�h~��J����¤

• ¼����Â�8������|h�����Y�°§©�����lÉ��U�J��|�� �y|���«�~(���Y���F�J�l� &e�(���F�Â���¶�(���B�V�K�J�V�J�y|����°§©�y���8|��`�A���F�J���Y�h~����F�J�y�l���
�(�W´�|�~����¹������� ���w�l�������l��~��¹�&� �8��~(�����F�U�������F�J~��������������F� É��l�l�/²<�¨§©|�����«��y���Y�°§±~����������J��«��/�(���
´8|�~����U�����l�y�������Y������|��������J��|����¹�°§©���������l|�´(��|����������µ�K~����È§©�����U���h���(���������K�¹�����Y�l|�~(�����y�J��´��y�
�8|�~�� �y�/���l|h��������¤K¥µ®����(�µ�y�����y�l���-�����U��������|���½��������K~����X��~������µ� �sÆ(�y� �V���U�°§Ð�V�l�lÉ&�U���

120�����K~(�l���/�����µ�l�8�����y®�����¤
¸\������~�������� �������y�l�����V��|��(�l��������� �¾§±�&Æ����l���l����|�� ��������|��F�J�l�����F�J����������~��y�J���F�J����®�«�~������F��������� �y�
Ç���´°¤�!�¤ F ¤ aÂ���¶��|��K�l�J���y�F�J���¶���&®��������l���K�*�����¶´8|��l��������~��¶�����?���V�J����½��l�l���?�°§±|��(�l�������l�V�J�y|��

ak ���
`k
¤

����� ^ !�¤ F�` aÂ|��K�l�J���y�F�J���X|��8���l�V�J|����l���/��~)���h���l½�����¤
���|�
����� �	�0����� � ? �����:
4
A�	�#
������ �w'��#
�� �q�h�	
����

t ������
�

= 15
�$


ak − t ������
�
≥ 0

�
k = 1 . . .Nc

t �
�
���
�

= 15
�$


`k − ak − t �
�
���
�
≥ 0

�
k = 1 . . .Nc

t �����	�
 = 120
�$


ak − t �����	�
 ≤ 0
�
k = 1 . . .Nc

t �
�
��	�
 = 120

�$

`k − ak − t �

�
��	�
 ≤ 0

�
k = 1 . . .Nc

{}|�~����J���l�����������-~(������|��F�J�l�����F�l�)��~������y�������F�A�V���l�"���������&®������)�V®�� �K~������Á��|��������(�������h���y���
�°§©�����J�V�l��|����l|��y�/��«F�����?²��¨§©��|��l��¿�|��"�°§±|��(�l�������J�1�J��|��

[t0, tf ]
��|��(�l���(���l��Ê

Nc∑

k=1

`k = tf − t0
¬ !�¤Fd 3 ¯

|��
Nc

�l�������l���K�l���y�D��|��:´(�l�?���?���h���y���X�°§©�����l�V�J�y|����l~��X�¨§©��|��l��¿�|��
[t0, tf ]

¤

� � � � ����� �"!���� ��� 
��"� � � !&� �

¼<�V���"�����B���"�y�Ñ���y~���«��������l���¾�U�����l�������y���������ª�8|������J���K~��)�°§©�����l�V�J�y|�� �K~������y�����������)�y�������Hº��&�J�
�°§©��¿�|��J�D�J|V�A���°��|����������l�¶²�������|�~��������y�D���l|�´(��½����D�°§±|��(�l�������J�1�J��|�� �l|�~��X��|��F�J�l�����F�l���X�l~����V���F��Ê

min
Nc,a1,`1,...,aNc ,`Nc

J =
1

tf − t0

∫ tf

t0

FNGL (x)
�
t

��|�~������X²"Ê
ẋ = f (1) (x)

���
tk−1
c ≤ t < tkb

ẋ = f (2) (x)
���

tkb ≤ t < tkc

t �
(1$%'( ≤ ak ≤ t �

(1 	��
t ���1$%'( ≤ `k − ak ≤ t ���1 	��





k = 1 . . .Nc

tf = t0 +

Nc∑

k=1

`k

¬ !�¤Fd 1 ¯

× d
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|��������Y�����`�A���F�J�Y���µ��|����:~��A�V�l��|��
tkb
���
tkc
���F�l�l�µ�����Y��|��(���

f (1) ��� f (2) ��~����h���l½���������ÀÈ���l���K�l�������|��F�?�&Æ������y�����J�������F������®��(���<���V�<�����<�l���e�V�l��|����:¬
1.24a ¯ �&��¬ 1.24b ¯ ¤ Ö �Á�J���y�l|��Å�(���e� ���1�J~����:��~�`���`�J½����D����ÀÈ���l���K�l�����¹¬£���h���l½����<�F��´(�l���(� ¯ �&�/���<�����������l�������D�È§©~��(�<���V�l�e�V´����X���F�l��½����F¬ Nc ¯ ��|���������������(��²?�l���l|�~��(�l��~(�����l|�´���½����/�°§±|��(�l�������l�V�J�y|����(�h���������K~������ ��� ! � �:��� � !  � �3¤F¸\���w���l�8���&�J�

�����e�1�J�y¢£�W²������l����|���~��J��|��"���D�J���y�/���h���l½��������l|��F����´8|��l�����X�������X���"aÂ�������y�l�l�"d�¤

���
����� ����!�� 
 ������ �����! ��* ��� (^��!$��� 
 
 �� �����! ��!�*{%'.��^ ���/0#$* ��* � � ���{%'�� '*�# %

¸\�µ���l|�´(��½����X�°§±|��(�J�y���y�J�V�l��|��:¢£|��l�:~��y�X�������U�e�?�����`�J���X���������������K�l�<���`�W���������y®��h~(�������F�W´��V�l����~��
�y����������¢£|���� ���(��������~­�(�l|h�����(��¬b��� �l���l���)���Ñ�K~����y�y�l�)�È§©�&Ä�~(���F� ¯ �Â�����°§±���F�J½�«��l�)�������¾§©���l�8���&�����|���|����y�h~(�µ�(~��J�l���y�l�������F�B¤4[��������y�l�������V�J�����X�8|�~��U���������y|��l���¹���&�l�l�µ¢£|����:~����V�J�y|�����|��(�l���`�J�V�h�����
�ÌÆ(�����(������²*�l�sº�|�~(�l���Â�(���W��|��F�J�J�V���F�J���W����|���|������K~����W��~"����|�´��y½����:¬ !�¤Fd 1 ¯ �K���<�������y½�����²*���<�K~���y���X���l|V®����/�°§©�����J�V�l��|����B�V����~(�����X�������y���y�l���K�Â�����µ���Hº��&�J�X�°§©��¿�|��l�¶�l|��A�V�¾�(�������X�e�����y�����J���°§©~(����|�·(�
���D¢£|��(���J�y|������������F�X� �1Æ��y� ���8��|��(����¤

¥�®����°§Ð�V��������|��l���\�(��~���������|��l�w������������¢£|���� �V�����U��~:����|��������V��~��(�W��~(�l�l�Â���y�l���l���V�J�����U��|��������`�J�
²*�����(�������l��� ���µ��|�·��W��~��l�J�����J�������F�w����¢b�VË�|�������������®��K~���¤�¸ §±|�´hº������J��¢¦�����K~��V���y�l���(~��J�J�V�y�J�������F�
�����Â����|����Y���F�J��«��l�µ�l|�~(�w���?¢£|������X���µ��|��K�l�J���y�F�J���U���µ�l�Nº����B¤�a�§±�����Â�e�<¢£|����:~��e�1�J��|������������(�l|�´��y½����
�K~��\�����������È���l|��8|�������¤

�� 
��"�&
 
 !���� ��� ��� ! �"! �"� ��� ��
 �"!�� !�
�� �"!����

¸\�Å��|�·(�"�°§±�&Æ����y|��y�J�V�J�y|�� �È§©~��(�u~����y�l�Å���Ñ�l�J�����J�������K� �l����|����u���'«��l�������Ñ�������l�����l~��"�y��¢£|����Ì¡
�l��|����(�������F�<�����¾§©�����l�V�J��~����(~u�l�B�V���J��~��<´��y|���|�«����K~��V���l�}´������Å�K~�������®����������?¢£|������l��|��(���������F�<�y�
���y~��W����|���|����y�h~(���8|��l����´��y�<�l�&���y���F�X²:�������y���y�l��� �e�*��|����l|������V�J�y|�� ��������«����l���K~��

E
��~"�`���`�J½����

�°§©�����J�V�l��|��ÁÊ
E =

∫ tf

t0

P (t)
�
t

¬ !�¤ × � ¯
{}|�~�� �����¹���J�V�J�y|����¹�(�/���&�J�y�l���-�J�����y���������y~��¹���������y®��h~(�������F�B�F�¨§Ð�����J�V�l��|������`�Y«��������J���y�������F�Y�����l~������
���V�W�����/�l~��l´��y�����/�y���F�J�������(|��F�X�e�*�h�y�l���l���D���D�l|V�A�V�l��|��������µ��|������J���F�J��¤�¸}����~(���l�l�������D�������l���8���

P���V���W���µ�l�������l��~��Â´���|��y|�«��y�h~(�/�����8����� I�W)MhK Q MNK-�����W�����J�V���J���l�y���J�y�K~����W�(���W´8|�~������h���/��|V�A���������F����w����~����h������|����y�l��¤sÇ�|�~(�J�&¢£|������V���V���-�y���-��|��������J�y|����¦���Â¢£|��(���J�y|������������F�-�����¹���J�V�J�y|����}�°§±����~��l�V�J�y|��
¬
1
«\�V¸ ≤ MES ≤ 5

«\�V¸ ¯ ���*��|�~���~(����«����A�V�l��~��?�����l~��`¢b�����Å¬
1
� ≤ d ≤ 4

� ���
30

�����
≤ N ≤ 60

�l�(� ¯ �F|�����|��F�J�l�µ�K~����y�µÒ�~���������§±����|�~�������������«��y���/�l~��l´�~(�����F�Â�������w���µ�l�B�V���J��~��D¬ c���Î¥������&Æ��¶¥ ¯ ¤�¼<�����µ�����X��|����(�y�J�y|������(�e�:�(~������J���������(���l�����8���D�8��~(�µÉ&�J�l�D��|������������l���¶���(�����8���������F�J����?���*���y�l��|��l���J�?��~)���y������~ÑÊ
P = k µN3 d5 ¬ !�¤ × ! ¯

|��
k
������~����"��|������J���F�J�ª¬b��|��:´��l� ������~������J���(��� ¯ � µ �¹���Ñ� �V�l�l�"��|���~������K~�� ��~�Ò�~����(���

N
� �e�

�h�y�l�����l�¶�����¨§Ð�V«��y�J�V�J��~��W���
d
���y�D���e����½��l�l�D���¶�e�:�l~��l´��y����¤�¥��������¾��������|�����|���� �V�l��|��"��������«����l���K~��

��~Ñ���h���l½����:�°§©�����l�V�J�y|��������������������l�������F�<�(�l|��8|����l��|��(�����y���?²�������~(�l�����°§©�����l�V�J�y|����l|��A���y��¤3{}|�~��
~����(|��:´����

Nc

��|��(���W���/�&���������¹���W¢£|����&�J�y|������������K���V������|����l|������V�J�y|��*��������«����l���K~��W��§©�ÌÆ(�(�l�����
��|�~��X�e�:¢£|������<��~��y�V���F�l��Ê

E = P

Nc∑

k=1

ak ¬ !�¤ × d ¯
×�×
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¸\� �����y�l½��l� �È§©|����J�������l�V�J�y|��
J
�����J���K~��8|�~��\�������y���y�l�������Â��|��(�l|���� �1�J��|��<�������l«��&�J�y�h~(�U�(~¶�`�h���J½����

�°§©�����J�V�l��|�����|����l������|�����²�������~��������l|��A�V���µ�°§Ð�V���J�1�J��|��°�K��|��l�����µ�����w�e�¶��~��l�����J|V�A���y�������W���h��������Ê

J =

Nc∑

k=1

ak

/ Nc∑

k=1

`k
¬ !�¤ ×�× ¯

aÂ�¶�����y�J½��l�?���`�<�V��������������|��(�����°�&����|��l��������|��(�Ñ��~)�A��~hÆ�«���|�´����°�°§©�����J�V�l��|����l~(���¨§©��|��l��¿�|��
[t0, tf ]�°§±|��(�l�������l�V�J�y|��DÃ��(��~��D�y���J��~�ÆÁ�È§Ð�����J�V�l��|��u�����¶¢b����´(����������~(�D�e�"��|��(�l|���� �1�J��|��Å�������l«��&�J�y�h~(�������

������~����J�V¤
5N�������Y�y���8|����J���F�-�(�/��|��J��� �K~��/�������A�V�����Y�����������l� ���/�l|��F�Y���V� ���l�y�¹������|����(�l�W�����(� �¾§±�&Æ����l���l����|��
��~Õ�����y�l½��l���°§±|��(�l�������l�V�J�y|��°¤ Ö �³�����`�J����~����y�����È�e����~��l�(~������J������� �y|��l�D��~³�����������J��«����(~³�`���`�J½����
�°§©�����J�V�l��|����È§©�����X�����Â�l���(�l�������F�J����¤
5N�È�È§©�����X�����w�J���K~���|����(�l�<��|��"�(��~��w�����W�V�����e�V�l��|����U��~"��|�·(�
�����¾§±�������l«��y������¢£|����&�J��|��ª�����*������������~�Æ���|��J�V���l����¬JÍ�Î6ÏFÎ�����~��l���:������~��������-����~����������y���y����� ¯ ¤ aÂ��������������F�l�µ�8��~������F���B��|��y�/~����&ÀÈ�&�µ��|��)����«��y��«�����´��y���l~(�µ�y���X�8|������J���K~����W|��(�l�����������Â�°§©�����J�V�l��|��°¤

� ���	� �"�%!��	� �&
 ��� 
��"� � � !&� �

5N���(�W��§©��«����¹���������l|�~�� ���l�&�J�ÌÆ��l�X���/�l����~������W�����¹��|�·(�J� ���w¢£|������l��|��(���������F�B�V���/����«����y«������e���K~����y�y�l�
�����D�l�Nº����J��¤¦¸\���D��|��������<�������Hº����l�D���l�&�h~����¶² �J���l���:�����D����� KxMJÍ(c�bAK ,�Í�� U�M Q WSXAÍNRSRÈÍ �EU���� GJIEK
�	�	�	���1���V�l�����F� �l����|����¾§±�����8|����J�������U����� �l�Hº��&�J�Y���Y�����l�����l�y´����y�y�l�Â��~��������y��~��l�������(�l��~���¤\[����/�l�����y���
�`���F�l��½����/��������|��l�����}���¶�h��«�~���~��}��|�~(���y���}~����y�l���}���w�l�J�����J�������K�}���U�8���J���J���}�J�����y�����\�����-���l|��8|������
����¥������&Æ�� 	�¤

• {}|�~��¹�y����� �V�l��½��l���}������~��l�8���(�l��|��)¬
MES ¯ ��� �y���-���V�l��½������}|BÆ��h���V´������X¬ DCO � DBO5 ¯ ���������«��y�������F�A�1�J��|��"������|����?�����X����������~�Æ)���¶�l�Nº��������l�����������µ�������µ���?Ç���´°¤ !�¤ C ¤2aÂ���µ�&Æ��y«����������

�(��®����y�l�����F�Y~����W��|��������F�J�l�V�J�y|��:���y�����J� ���1Æ������������$�/~(���l���(���������F� �������y� �V���°§±����~��l�V�J�y|��
¬£�K~��\�����h�y���F�µ��|��F�J�l����«������F�X��|����l�K~��?�¾§±��Ä�~����F������������~���|��������F�J��� ¯ ¤

����� ^�!�¤ C|` { �����l���l�y�(�J�y|����}���y�������������°�8|�~��}�����}�l�Nº����l�-�����(�-����������~�Æ����w�l~��`¢b�����w��������|��y�����&�J�������J���
��|��K�µ���*�A���y���������`����|������l�y�l�D���F�l�l�
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DBO5
#�2 �	� � 


−1 7 >
%

DCO
�h#�2 �w� � 


−1 7 2
%

MES
+ 2 �	� � 


−1 =�>
%

• {}|�~��<�y���<��~�´��`�A������������¿�|V�J�������°�(���D���y�����A�V�l��|��(�W�l~��D�y�����l�Hº��&�J�D���³�V¿�|��l� �wº������������A;W���?�����
���Hº��&�J�D���Õ��¿�|��J�:�l|��A�V�/¬

NGL ¯ ��|��F�?��«F�V���������F������®��(������¤¦{ ��~�������~(�l�<����������~�Æu�(���l���������y�J���|��F�/���y���J�y��«�~�����¤(¸¦���W�l��~����y�W«��������l�����������K�Â�����h��«�~���~��Â��|�~(�W�����Â���J�V�J�y|����W�È§©����~��J�1�J��|������
�J�����y�����l~��8��������~(�l��²

2 000 Ö ¤ @¶¤��l|��F����� 10
|�~
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��«��¶¤Ð¸

−1 ���l���y|��)�¾§±|�´hº����&�J��¢��(���K~����y�y�l��(~������y����~*�l�������(�J��~��°ÃF�8|�~�� �����¹~������J��� ���W�A���y���y�w�y�(¢£��������~(�l�?¬£���F�J���
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2 000 Ö ¤ @�¤ ¯ �l��~��~(�����������������F���È§©�������������V�J�y|�� ��~������l�y��~��µ²

60%
���`�������K~�����¤

• {}|�~��<�y���<��~�´��`�A���������?����|��l����|��l�����D���(®��°�°�������ÌÆ(�y«����(�����D����«��y�������F�A�V���l������|��������l�����F������¡
��|��l�Â����~����������&�J���J���-~����y�l�������Â�J�l���y�l�������F�B�1���¹��|����l�K~��W�V§©����� �y�Â�B�V����~��*�l���(���������F�Y��|s�����
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)� �$��� ���R
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,'���
�� �q��� �	�#
$
 ��
-��8��#��� �N�4� �#
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�(� 3 �
%
�È§©�������������V�J�y|��Ñ�����¶«����(���J�V���������F�D�(��®����¨¤¦¸ §©�������������V�J�y|����(~Õ�(��|��l�(��|��l����|����?���&¡

�8���(�����F����~ �������������������l�l�����J~(�����&���°§©��������|��������V���(�l��������� ��|����(�J�"�������e�Å�l~(�y�J�V¤

¸\���U�V������~��l�U���y�����J���-�l���l���K~����W�������w���&�l�J�����l~�������|��������l�(���F�/�����w���Hº��&�J�Â���
NGL

�
DCO

�
DBO5�&�

MES
¤V¸\���¹���Hº��&�J�¹���

NTK
���Â��|��F� �����-��|��F�J�l�����F�l�-���Â¢b�VË�|��:����������®��K~��¹Ã��V§©����� ������|��������K�l�J�1¡

�l��|���� �1Æ��y� ���y� ���
NGL

�K~���¢b�V�y�}��«F�V���������F�-| �����Â�(�W���y�����J� �l~(�����l����~��l�Â��|�~(�-�e�µ��|��(�����F�l�J�V�l��|��
���

NTK
¤3¼*§©��~(�J���D�����`�B��´��y�����K~��?�e�:����«��y�������F�A�V�l��|�� ������|������K~��?�����/��|��������/���D�l�Nº����µ�l|��y���F�

�����l�8���&�J�����)��� ��|R���������Á��~��"���������A�����F�J�y����|���� ���
2
�(��~��������l��~����������K���W��������|��������F�J�l�V�J�y|����

���1Æ������������ ��|��F���y�������F�J��«��l�����)��~ ���l|�´���½����u�°§±|��(�l�������l�V�J�y|�� ��|�~����e�ª¢£|������Ñ���Á��|��F�J�l�����F�l���
�y�����J���F�A����������¤�¸\���µ�ÌÆ����l���l�l�y|����µ���?��������|��F�J�J�V���F�J���µ��|��F�µ��|����������µ�������X�y�DÇ-��´È¤ !�¤ 3 ¤

������^ !�¤ 3�` Ö Æ����l���l�l�y|����������X��|��K�l�J���y�F�J���X����«��y�������F�A���y�l����¤

� �#
$'���
��
�
��� �	�#
B� �	������� � ? �����:
4
A�	�#
-����� �w'��#
�� �q�h�	
����

NGL ��	�
 = 10
�	� � 


−1 FNGL (t) − NGL ��	�
 ≤ 0
�
∀t ∈ [t0, tf ]

DCO ��	�
 = 125
�	� � 


−1 FDCO (t) − DCO ��	�
 ≤ 0
�
∀t ∈ [t0, tf ]

DBO5 ��	�
 = 25
�	� � 


−1 FDBO5
(t) − DBO5 ��	�
 ≤ 0

�
∀t ∈ [t0, tf ]

MES ��	�
 = 35
�	� � 


−1 FMES (t) − MES ��	�
 ≤ 0
�
∀t ∈ [t0, tf ]

¸\���X�ÌÆ(�(�l�����l�y|������(���X�l�Nº����J�X���
NGL

�
DCO

�
DBO5

�&�
MES

�l|��F�µ��|����(�����µ�����DÊ
` � I|O �EU G Q ��L 
 Í�c Q G�W 
 Í�b<¬ !�¤�! 3 ¯ Ê

FNGL = S
dec,1
t (t)

[
p

dec,1
SNO

(t) + p
dec,1
SNH

(t) + p
dec,1
SND

(t)
] �

1.34a �
+X

dec,1
t (t)

[
p

dec,1
XND

(t) +
iNXI

0.75
p

dec,1
XI

(t) +
iNBM

0.9

(
p

dec,1
XB,H

(t) + p
dec,1
XB,A

(t)
)]

FDCO = S
dec,1
t (t)

[
p

dec,1
SI

(t) + p
dec,1
SS

(t)
] �

1.34b �
+X

dec,1
t (t)

[
1

0.75

(
p

dec,1
XI

(t) + p
dec,1
XS

(t)
)

+
1

0.9

(
p

dec,1
XB,H

(t) + p
dec,1
XB,A

(t)
)]

FDBO5
= 0.25

{
S

dec,1
t (t) p

dec,1
SS

(t)
�
1.34c �

+X
dec,1
t (t)

[
1

0.75
p

dec,1
XS

(t) +
1 − frXI

0.9

(
p

dec,1
XB,H

(t) + p
dec,1
XB,A

(t)
)]}

FMES = X
dec,1
t (t)

�
1.34d �

×��
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` � I|O �EU G Q ��L 
 Í-ONKxG�W 
 K �0X�¬ !�¤=d × ¯ Ê
FNGL = Sba

NO (t) + Sba
NH (t) + Sba

ND (t)
�
1.35a �

+fns

[
iNXI Xba

I (t) + iNBM

(
Xba

B,H (t) + Xba
B,A (t)

)
+ Xba

ND (t)
]

FDCO = Sba
I (t) + Sba

S (t)
�
1.35b �

+fns

[
Xba

I (t) + Xba
S (t) + Xba

B,H (t) + Xba
B,A (t)

]

FDBO5
= 0.25

{
Sba

S (t) + fns

[
Xba

S (t) + (1 − frXI)
(
Xba

B,H (t) + Xba
B,A (t)

)]} �
1.35c �

FMES = fns

[
0.75

(
Xba

I (t) + Xba
S (t)

)
+ 0.9

(
Xba

B,H (t) + Xba
B,A (t)

)] �
1.35d �

{}|�~��<�y�*��|��(½������l�y�����y�y®��V��|��u�8��~(�D���������l�K~����<�����<��|��K�l�J���y�F�J�����l|��F�¶² ��|�~(������~Á´����l�����
��~��X�����/��|��������F�J�l�V�J�y|����X���)�l|����J�y�D���¶´����l�������°§©�����l�V�J�y|��°¤

¼����������y½�����²­«F���l���F�J�y�Ñ�e� ¢b�V���J�V´����y�y�J�u�(���e� �8|������J�y�h~(�ª|��(�l���������Á�°§©�����J�V�l��|�����������~����������(���
��|��F�J�J�V���F�J���/|������J�V�l|��������W��|��F�µ��«F���y�������F�/�y���8|��l������¤ aÂ���X��|��F�J�J�V���F�J���µ��|��F�X´����������F�J������~)�l������¡
�����������X²������y�����/����®��(�����µ�8|�~��X���?����|�´���½�����¬ !�¤=d 1 ¯ �l���e�V�l�y¢�²��e�����y���������l�V�J�y|��������µ�l�Nº����J�µ�°§©��¿�|V�J��l|��A���W¬bÇ���´°¤ !�¤ F ���°¤ × d ¯ ¤°¸¦�"��|��K�l�J���y�F�J��¬ !�¤Fd 3 ¯ ���`�?��«F�V���������F�D��|������������l�����V®��u�h~(����� �l|�������������&�h�������X�°§Ð�V���J�1�J��|��)��|��y�W��«F���y�?²��¨§©�(|��l�y¿�|��

(tf − t0)
�°§±|��(�l�������l�V�J�y|��°¤

� � � � ����� �"!���� ��� 
��"� � � !&� �

¼<�V���*�y�������:�������y~��*«��������J���¨�}�(���J���l�������������)�8|��y�y�J�y�K~����°§Ð�V���J�1�J��|��³�K~��w���y�����������:�e����|��(�l|���¡
���V�J�y|�� ��������«����l���K~��?��~����h�`�J½����D�°§©�����l�V�J�y|��"��|����l�y���J�?²:������|�~������D���<����|�´��y½����<�°§±|��(�J�y���y�J�V�l��|��
�F�h´��l�y���?���µ����Æh�J�D��|�~��X��|��F�l�J���y�K�l����¬ !�¤ ×4F ¯ Ê

min
Nc,a1,`1,...,aNc ,`Nc

J =
Nc∑

k=1

ak

/ Nc∑

k=1

`k

��|�~������X²"Ê
ẋ = f (1) (x)

���
tk−1
c ≤ t < tkb

ẋ = f (2) (x)
���

tkb ≤ t < tkc

t �
(1$%'( ≤ ak ≤ t �

(1 	��
t ���1$%'( ≤ `k − ak ≤ t ���1 	��





k = 1 . . .Nc

0 ≤ NGL 1 	�� −FNGL (x)

0 ≤ DCO 1 	�� − FDCO (x)

0 ≤ DBO5
1 	�� −FDBO5

(x)

0 ≤ MES 1 	�� −FMES (x)





t ∈ [t0, tf ]

tf = t0 +
Nc∑

k=1

`k

¬ !�¤ ×EF ¯

|��������Y�����`�A���F�J�Y���µ��|����:~��A�V�l��|��
tkb
���
tkc
���F�l�l�µ�����Y��|��(���

f (1) ��� f (2) ��~����h���l½���������ÀÈ���l���K�l�������|��F���ÌÆ������y���y�l�������F�X���&®������X���V�/�����/�������V�J�y|����?¬
1.24a ¯ �&�*¬ 1.24b ¯ ¤
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¸¦�*¢£|����:~��e�1�J��|����(���/����|�´���½������W�°§±|��(�l�������J�1�J��|��������������y�K~��D��¢b�����W�¨§©|�´Kº����W�(�<���D�A���V���y�l�l��¤(¸\���
��|��(½�������~��J���y�������¦��|�~������������������F�J��� ���U��|�����|����J�������F�-�(�h���V���y�h~(�w��~*���l|h�������Â��|��F�¹´��������¹��~��-�y�
��|��(½�����¥>=�?

1
���D�¨§ 5N¥�7:9���� �V���Â�(�yÀ�½��l���F�X�������/���*�������������(�l��|��"��~����e�����y®����V�J��~���¤(¸¦�����l�����y���

�y�K�l½�«����"~�� ��|h��½����"²u��|�~��A�������Y������|��(���)���������W~����"�(���l���l�y�(�J�y|�� �����J�����y����������������|��������l~������
�����B���F�J�V�J�y|��
�V���e�����y®����V�J��~��°Ã¹��� ��|��F�J�l�������`�J���V� �e�Å�A�V�����y� ��~ ��|h��½����������l~(�y�A�V�K�����`��������|��`�A���F�l�
¬£~����¶�����F�J�������¶���?�V���l����´������/�°§±���A�1� ¯ ¤8¸ §©��~(�J�����3���?�A���y���y�<����~(�µ������~(�y�J�V�3������´������*��~����(���������������´��y�e���(�W���?� �1�J��½��l�D���V���X���D�������l��®��B�1�J��~(��¤

¼���~�Æ �N�h��������������|�´��y½������:�°§±|��(�l�������l�V�J�y|����(�h���������K~��"��|��F����|������������l�����8|�~����V��������|��l���
�y�?¢£|������l��|����(�������F���(�����8���l�y�l���X���J�V�J�y|����µ�°§©����~��l�V�J�y|��Ñ²�´�|�~����������l�y��������¤�¸ §©���������y|��J�1�J��|������*���
�K~����y�y�l����~��l�J�����J�������F�Â�����W�°§Ð�V´�|����"���F�h���l��«����V�����(�����8���������������F�Â���<�¾§©�����������/����|���|����y�h~(����~
����|��������V�K��� ´����J���F�U���X����|�´��y½����/�l~��U�e�D�������y���y�J�V�l��|��¶�����U�l�Nº����l�w�°§©��¿�|��J�V¤h¥µ®����°§©�y�F�J��«��l���U�¾§©���H¡
�8���&�/®��������������Â��~"�J�l���y�l�������F�B�h�����l����|����)����|�´���½��������`�/�l�8�����y®��K~��������K�µ´��V�l�<��~��/�e�*������~(���J�y|��
���D���*��|����l|������V�J�y|�� ��������«����l���K~��?��~"���h�`�J½����?�°§©�����l�V�J�y|��Á¬£�l~��l´(������� ¯ �(���X�¾§±|�´hº������l�y¢¦���D�K~����y�y�l������¹�(�l�������:��|����(�J�U�l|�~(�¹�e�/¢£|��l���U���Â��|��F�J�J�V���F�J����¤V¼<�����¹�y���}����~hÆ:�������1�����-����|�´���½�������������~��y�J���F�J�
��|��F���������(�l|�´��y½������/�°§±|��(�l�������l�V�J�y|����(�h���������K~��?�F�h´��l�y�����µ���µ����Æh�J����¤3¸\���X�����l��|��(���µ~(�J�y�����������
�8|�~��/�y���X�l���l|�~��(�l�?�l|��F�����l���l���K�l�����������(�µ�y�D�A���������J���D�l~������V�K��¤
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mZnpoFqRr9sjt�sju9v5rwsxoFy{z[|~}�oFy[�lr9sjoFy[y[��t���y�r.z[�Nu<q[��o����Nz[��u��Nu�r�|Ry[��v���rwsj�>sjrw��z[�����N�E�[���w�E�[�Jq��N�wt�v�y[��y6r9�zBv5y[u��x��u�z[s������w��y�rwu�z[oFt�v�sjy[�Nu�z[|����Ny[sj��z[��u��Z�wo>�N�NzR�NuN��mAnpoFqRrwsxt{sxuwv5r9sjoFy��>|[v��xs��B���xv�z[��t�v����E�[���|[s��No�y[uwsju�r9�!�{v�t����xsjoF�w����|[y[�Jq��N��}�o��wt�v�y[�N�� ��l¡�q[�wsjt����Jv�|"t{o£¢F��y¤z�np|[y¦¥l§�¨ª©C«l§9¬e­�®BqBv����9v�qRq¯oF�\r�
|[y°��r9v5r�z[���w�l}��N�w��y[�N�5®^uwoF|[u��±n²v��lr9sjoFy~z�np|[y"o�|°qR�x|[u�sx�N|R�wu�qBv��wv�t�³lr9���NuJ ´o�|¶µX·�§�¨´·6¸N¹x¬Eº!»½¼¿¾EÀ�©´¨ªÁ
¨ªÂºN·�©´¨Ã¾XÄ�­��
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�����@v�u�®Éz[�~z[�lr9�N��t�sjy[�N�
�j�NuTq[v��9v�t{³�rw�w��u
�>|Rs�v�t����xsjoF�w��y�r�xv'q��N��}�o��wt�v�y[�N�"z[|�q[��o����Nz[�Ðq[v��Ê|[y��Nv��x��|[��u��N�joFyÕz[��u~�w³NÒ��x�Nu�q[�w���Nsjuw�Nu¶ �·�¹pÖ>¾X§�¨ª©�×>Á�¬£­l� Å ��r�r9��Nv5r9��ÒFoF�wsj�.�w��q[�w��uw��y�rw���j��r9��³NuZ�5v�u�rw�Ø��y[uw��tTÇ[�j�<z[�NuAt{��r9�Ro�z[��uAz�nÍo�qRr9sjt�sju9v5rwsxoFy��XÙ���|�¡
rC¢>q��NuÑz�nÍo�q�Èrwsxt{sxu9vXr9sxo�y�q��N|R���Ny6r�Ælr9�w��z[sju�rwsxy[ÒF|R�N�Nu<u��N�joFy"�xvTyBv5rw|[�w��z[��u��5v���sÚv�ÇR�x�Nu�z[|"qR�woFÇ[�j³Nt{���
• mÛoF��uw��|[�T�j����oFt�q�oF�\r9�Nt{�Ny6r�z[|Ðq[��o����Nz[�T��u�r�zR�N�N��sjr�qBv���z[��u��w���Úv5rwsxoFyRu�v��jÒF�NÇR�wsx��|[��u���y�rw�w��j�Nu<�5v��wsxv�Ç[�j�Nu�z�np��rEvXr��lr��j�Nu�qBv��wv�t�³lr9���NuØz[|¤u\¢�u\r9³�t��5®¯oFy°qBv����x��z�npoFqRrwsxt{sxu9vXr9sxo�y¤ºl©Ü·�©´¨´ÝNÞ^¬Éß����rC¢�q��Jz�nÍo�qRr9sjt�sju9v5rwsxoFy��Nu�rØ�j��q[�x|[u.}����N��|[��t�t{�Ny6rØ�w��y[�NoFy6rw�w�J�Ny¤����y[sx��z[��u��Z��o����Nz[��uN�
• mÛoF��uw��|�nÍv�|��NoFy6rw�9v�sj�w���j��q[��o����Nz[��qR�w�Nu��Ny6r9��|[yR�����Fo��x|RrwsxoFy�rw�Nt{q¯o��w�N�j�x�5®�¨´à´¬NàR�joF�wu���|[���Ãnp����o5È�j|Rr9sjoFy¤z�¢�y[v�t�sj��|[��z[|�u\¢�u\r9³�t��
��u�r�z[���N��sjr9��qBv���zR�Nu��w���Úv5rwsxoFyRu�z�np��r9v5r�z[s������w��y�rwsx���x�x��uN®�oFyq[v��w�j�Ðz�npoFqRr9sjt�sju9v5rwsxoFyá»�âXÄ�·�Á
¨´ÝNÞ^¬Éß��x��uÊq[���Nt{sx³N���Nu�v�qRq[�xsj�@v5rwsxoFy[u{q[�wv5r9sj�>|R�Nu~z[�g���ÐrC¢�q��z�nÍoFq�r9sxt{sxuwv5r9sjoFy�®Bq[�j|[u���oFt�qR�x�l¡��5®�oFy6r���oFy[�N���wy[���j���@v5�x�N|R�ãz[��u�r9�9v£ä��N��rwoFsx���Nu�o�qRr9sjt�v��j�NuØz[�t{sxu����Ny°oF�wÇRsjr9��z[�NuØu9v5rw�N�j�xsjrw�Nu<�
�xv
�[y°zR�Nu�v�y[y[���Nu

1950
�

åFæ



���������
	���
���������	�������
����! ���!	"�$#%�$����	�����&'�)(�&��*#+��,�-�


�½oF|[���±n²v5t����xsxo��9v5rwsxoFy'z[�Nu�q¯����}�oF��t�v�yR�N��z[�Nu�q¯�lr9s�r9�Nu{u�r9v5r9sjoFy[u{z�np�Nq[|[�wv5r9sjoFy �'Ç�oF|[�Nu�v��lr9sj���N��uN®�5nÍ��u�r��N��uw���NoFy[z°rC¢>q¯��z�npoFqRrwsxt{sxu9vXr9sxo�y���|[s��Nu\r���y6��sju9v�Ò����
.0/21 3547698�:;8�4=< >'? @BA�4DC'E�FHG I

mZnpoFÇ>ä��N�lr9s�}�z[��u�t{��r9�Ro�z[��u�z�nÍoFq�r9sxt{sxuwv5r9sjoFyËzR¢>yBv5t�sj�>|R�°��u�r�z[�"zR��r9���wt{sxy[�����x��q[�wo5�B��z[�"��oFt
Èt�v�y[z[�
u (t)

�lrKJ5o�|¦�j�NuTq[v��9v�t{³�rw�w��u
z[�~�NoFt{t�v�y[z[�
p
��|[s.t{sxyRsxt{sxuw��y6r~ �oF| t�vX¡�sjt�sjuw�Ny6rE­�|[y���wsjrw³N���

J
z[oFy[y[�5®�r9o�|RrZ�Ny
���Nu�q¯����rEv5y�rÑz[��uZ�NoFy6rw�9v�sjy�rw�NuZu�q¯���Nsj�[�N�Nu��6m�v��NoFt{t�v�y[z[�,oFqRr9sjt�v5�x�,v�sxy[u�sz[�lr9���wt{sxy[����}´v5sjr�uw|Rsj�>�w�!�{�±nÍ�lrEv5r

x (t)
z[|°u�¢>u�rw³Nt{��|[yR�Jrw�9veä�����r9o�sx�w�

x? (t)
��|[s�z[oFsjrØv5q[qBv��\r9�NyRsx��
�Ãnp�NyRuw�Nt�Ç[�x��z[��u�rw�9veä�����rwoFsx���NuØv�z[t{sxu�uwsxÇR�x�Nu��
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mZnÍv�q[q[�jsx�@vXr9sxo�y¶zR�Nu�t{��rw�[o>z[�NuJz�npoFqRr9sjt�sju9v5rwsxoFygz�¢�y[v�t�sj��|[��yR�N�N��uwu�sjr9��z[��zRsxuwq�oFu��N��zR��t{o�zR³N�x��ut�v5r9�R�Nt�v5r9sj�>|R�Nu<uw|a`�uwv�t{t���y�rØ���Nq[���Nuw��y6rEv5rwsj}�u�z[|°�NoFt{q¯o���r9��t���y6r�z[�NuØq[�wo>�N��z[�NuØ��rw|[z[sj�NuN®Bt�v�sjuv�|RuwuwsÔz�np|[y[�
�No�t�q[�j�l¡�sjrw�!�wv�sxu�oFy[yBv5Ç[�x�JqBv����9v�q[q�oF�\r����xv�z[sb`���|[�jrw��z[�!�Úv����Nu�oF�x|RrwsxoFy"t�vXr9�[��t�vXÈrwsx��|[���lr.y�|[t{�N��sx��|[�Øz[|Êq[��oFÇ[�x³�t��5� Å �Úv�u�uwsx��|[��t���y6r@®>�x�Ø�NoFt{q¯o���r9��t���y6r�z[��u.q[��o����Nz[��u��Nu\r<z[���N�ws�rv�|°t{oe¢��Ny°z[��u�¢>u�rw³Nt{�NuØz[sj�¯�N���Ny6r9sj�N�ju<�NoFy6r9sjy�|[u�z[���Úv�}�oF��t��{ 
2.1a

­�c
ẋ (t) = f (x (t) ,u (t) ,p, t) , t0 ≤ t ≤ tf

 
2.1a

­
oed

x ∈ R
n ���Nq[���Nuw��y6r9�{�x�����N��rw�N|[��z�np��r9v5r�z[|gu\¢�u\r9³�t��5®

u ∈ R
m �x�!�F�N�lr9��|[��z[�
�NoFt{t�v�y[z[�!��r

p ∈ R
` �j���F����r9��|[�Øz[�NuØqBv��wv�t�³lr9���NuN®R��rØz[oFy6rØ�x��u n ��oFy[z[s�r9sjoFy[u<sxyRsjr9sxv��x��u,u�oFy6rØz[oFy[y[���NuDc

x (t0) = x0

 
2.1b

­
mÛ���E�[oFs8¡�z[|Î ´oF|°z[�Nu9­.�N�ws�r9³��w�6 �uE­.z�npoFqRrwsxt{sxu9vXr9sxo�yÊ�NoFyRu�r9s�r9|[���xv
q[�w��t�sj³N�w���lrEv�q���z�np|[y"qR�woFÇ[�j³Nt{�z�npoFqRrwsxt{sxuwv5r9sjoFy��ÉmÛ�"q[�x|[u{uwo�|R�F��y�rN®.�x�����wsjrw³N���¤uNnp�l¡�q[��sxt{�"u�oF|[u��Úv¶}�o��wt{�°Ò��Ny[���9v��j�Ë "f��gf�­l®Az[sjrw�}�oF��t���zR�7h,oF�jiNvkc

J (u (t) ,p) =

lnmpobqsrst$u v
︷ ︸︸ ︷
G (x (tf ) ,p, tf) +

w l"xyqsz|{ w u}{eqsz!~��p���$q
︷ ︸︸ ︷∫ tf

t0

L (x (t) ,x (t) ,p, t)
z
t

 �f>�gfF­
oed°�ÚvT}�oFyR��r9sjoFy[y[���x�j� G : R

n × R
` × R → R

�w�NqR�w�Nu��Ny6r9�!�Úv
�No�y�rw�wsjÇ[|Rr9sjoFy�z[�NuØ�No�y[z[sjrwsxoFyRu.r9�N��t�s8ÈyBv5�x�Nu�®5r9v�y[z[sjuÉ��|[���Úv�}�oFyR��r9sjoFy[y[���x�j� L : R
n×R

m×R
`×R → R

�No��w�w��uwq�oFy[z���|[y[�<��oFy6r9�wsjÇ[|RrwsxoFyz�nÍv����N|[tT|R�Úv5rwsxoFyÊrw�Nt{q¯oF���N�j�x���
m�v"}�oF��tT|[�xv5r9sjoFy��Úv¤q[�j|[u����x��t���y�r9v�sx����z�nÍ|[y�qR�woFÇ[�j³Nt{��z�npoFqRrwsxt{sxuwv5r9sjoFy�zR¢>yBv�t{sx��|[��u��Ê�w��uw|[t{�v�sjy[uws�qBv����Úv�}�oF��t���Ò��Ny[���9v��j��uw|[s���v5y�rw�0c

min
u(t),p

J = G (x (tf ) ,p, tf) +

∫ tf

t0

L (x (t) ,u (t) ,p, t)
z
t

 
2.3a

­
u�oF|[t{sxu��Bc

ẋ = f (x (t) ,u (t) ,p, t)
 
2.3b

­
x (t0) = x0

 
2.3c

­
mÛ�Ðu\¢�u\r9³�t��  "f�� å ­{��oF�w���Nuwq�oFy[z y[�Nv�y[t{oFsxyRu��Î|Ry�u�¢>u�rw³Nt{�guwoF|[u��NoFy6r9�wv�sxy6rw�Nu� �z[sj�¯�N���Ny6r9sj�N�x�j�Nu9­q[|Rsxuw��|[���±nÍ���>|[v5r9sjoFy�z�nÍ�lrEv5r� 

2.3b
­��Nu\rØsxy[z[sjuwu�o���sÚv�Ç[�j��z[|°�N��sjrw³N�w��z�npoFqRrwsxt{sxuwv5r9sjoFy��
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• �j���Z�wsxyR�Nsxq���z[�Dh����x�xt�v�y� �h��N�j�xt�v�y�®�
 æ
��� ­¯ß
• �j���Z�wsxyR�Nsxq��
z[|��¤vX¡�sxt�|[t  ±�½oFy6r9�\¢6v�ÒFsjy'�lr!v��Ã��®�
 æ�� � ­���rJ�j�Nu�t��lr9�[o>z[��u���v5�wsÚvXr9sxo�y[y[�N�j�x��u ���t{sjr9��®�
 æ
� � ß�h��\¢�u�oFy°��r���o[®�
 æ
��� ­��
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®^z[���x�Nu�v�q�Èq[�jsx��|[���~��z[�Nu~u\¢�u\r9³�t���u"z[�g��oFt{q[�x��¡Rs�r9�Ð�lr�z�npsxy6r9���wÆ�r�sjy[z[|[u\r9��sx�N��u9v�yRu°���Nu�uw���N��oFsxu�u9v�y6r9u���mÛ�Nu���Nuw|R�jrEvXr9u�zR�Nu<t{��r9�Ro�z[��u,�5v���sÚv5rwsxoFy[yR�N�x�j�NuZ�lr<�N��|�¡~z[|Ê�A��sxy[��sxq���z[|��¤vX¡�sxtT|Rt ���Nq�oFuw��y6r�uw|[�.zR�NuÇBv5uw�Nu,r9�[��oF�wsj�>|R�Nu�u�sxt{sx�xv�sx���NuN��mÛ���Z�wsjy[�Nsjq¯�Øz[� h,�N�x�jt�v5y{q�oFu�uw³NzR��®R��yÊ�w�l�5v�y[�E�[�5®Rz[��u�}�oFy[z[��t���y6r9urw�[�NoF��sx��|[��uZuw�NyRuwsxÇR�x�Nt{�Ny6rZzRsj�¯�N�w��y6r9uN�5ÓC�[�Nu\rZÇ[sj�Ny
�Ny6rw�Ny[z[|{q�oFuwu�sxÇ[�j��z[�.q[v�uwu��N�Zz[�<�±nÍ|[yR�.���ÃnÍv�|Rrw�w�5�mÛ���E�[o�s�¡�z[���Ãnp|[y[��o�|~�ÃnÍv�|Rr9����z[��q¯��y[z��x��q[�x|[u�uwoF|R���Ny6rØz[����oFy[uwsjz[�N�wv5r9sjoFy[u�rw�N�E�[yRsx��|[�Nu! �t�o£¢F��y[uz[���Nv��x��|[�ª­,�lr�r9�[��oF�wsj�>|R�Nu! ´yBvXr9|[���J�lrØz[sxt{�Ny[u�sxoFy~zR|"q[��oFÇ[�j³Nt{��®[y[o�y�ÈC�jsxy[�Nv��ws�r9�Nu�®���oFy6r9�wv�sxy6r9��uE­��
ÓC�.��u�r{sxt{q�oF��r9v�y6rTz[�~q[���N��sxuw�����>|R�°���Nu
r9��oFsxu�t��lr9�[o>z[�Nu
yR�°zRoFy[y[��y�r{��|[��z[��u{��oFy[z[s�r9sjoFy[uTy[��È���Nuwuwv�sx���NuØz�npoFqRr9sjt�v5�xsjrw������|Ruwuws±®B�xoF��uw��|[���j��q[�woFÇR�x³Nt{��z�npoFqRrwsxt{sxuwv5r9sjoFy���u�rØy[oFy�ÈÜ�NoFy6���l¡���®�sx��y�nÍ��u�rqBv5u
Ò6v��9v5y�rws�z�nÍv5r�r9�Nsjy[z[���~�ÃnpoFqRr9sjtT|[t ÒF�joFÇBv��±®Ñ¨´à´¬NàÉ�j�Êt�sjy[oF�wv�y6r° ´oF|�t�veä�oF�wv�y6r�­!zR�~�Ãnp�Ny[u��NtTÇ[�j�z[��u.oFqRrwsxt�v��xo>�@v�|�¡{zR|Êq[�wo�Ç[�x³�t��5��m�vJq[�x|[q[v���r,z[�Nu�t��lr9�[o>z[�NuÑq��N�wt{��r�rEv�y6r�z[��z[�lr9���wt{sxy[���,�±nÍoFq>ÈrwsxtT|[t�Ò��xoFÇBv5�½z�nÍ|[y¤q[�woFÇR�x³Nt{�Jz�nÍo�qRr9sjt�sju9v5rwsxoFy�zR¢>yBv�t{sx��|[�!y[oFyÐ��oFy6�F��¡R��u�oFy6r�z[��u��l¡>r9��y[uwsjoFy[uz[�"t��lr9�[o>z[��u�sjy[sjrwsÚv��j�Nt{�Ny6rTz[�l�F���xoFq[q��N��uÊq�oF|[�{�x�Nu{q[��oFÇ[�x³�t���u�z�nÍo�qRr9sjt�sju9v5rwsxoFy�u\rEv5rwsx��|[�Nu����ZyqBv5��r9sj�N|[�jsx���N®Ro�y°q��N|�r���sjrw�N��c

• �j�NuJt��lr9�[o>z[��u�z�npoFqRrwsxt{sxu9vXr9sxo�ygu�r9o>�E�Bv�u\r9sj�>|R�NuN®�¬Nà2Ö6àãv��jÒFoF�ws�r9�[t{�Nu�Ò��Ny[�lr9sx��|[��u~ ±��oF�jz[Ç��N�wÒR®

 æ��Fæ ­�®Ø���N��|[sjr¤uwsxt�|[�x�Õ � �sx�"!>q[v5r9��sx�#!���rgv��Ã��®$
 æ��Få ­~��r&%lÄB©C¬ÃÖ�§w·�©C¬w»(',¾XÄB©´§E¾X¹ª¹x¬w»*).·�Ä�»>¾XÁ
+ ¬w·�§9¥E×-,>Ó Å/. ��,� "h.v�yRÒ6vÎ��r Å v�u9v����Nu�®0
 æ��
� ­�®,u�sxt{q[�x��u�z�np|Rrwsx�xsju9v5rwsxoFy¦��rÊz[oFy6r~�Úv'q¯oFqR|�È�xv��ws�r9��y[�J�N��uwu���z�nÍv�|[ÒFt{�Ny6rw�N�N®^Ç[sj�Ny°��|[���xv���oFy6�F���wÒF��y[�N�����N��u��ÃnpoFqRrwsxtT|Rt ÒF�joFÇBv���u�oFsjrN®^v�|t{sx��|�¡¯®Bv�u\¢�t{qRrwo�r9sj�>|R�Éß
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min
u(t),p

J = G (x (tf) ,p) +

∫ tf

t0

L (x (t) ,u (t) ,p)
z
t

 
2.5a

­
uwo�|[t�sju<�'c

ẋ = f (x (t) ,u (t) ,p)
 
2.5b

­
x (t0) = x0

 
2.5c

­
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f : R
n × R

m × R
` → R

n ��r��x��u�}�oFy[�lr9sxo�y[y[�N�j�x��u G : R
n × R

` → R

�e�
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�lr L : R
n × R

m × R
` → R
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u (t)
��r��x�Nu�qBv��9v5t�³lr9�w��u

p
z[|gu\¢�u\r9³�t��{���±nÍoFq�r9sxt�|[t"� � yg��oFy[uwsjz[³N���Tq�oF|[�����N�Úv��x��Bv5t�sj�jr9o�y[sx��y H zR|"u\¢�u\r9³�t��Jz[���[y[sÛqBv�� c

H (x,λ,u,p) = L (x,u,p) + λT f (x,u,p)
 �f�� � ­

oed
λ ∈ R

n z[�Nu�sxÒFy[��y6r<�x��u��5v��wsxv�Ç[�x��u.v�zeä�oFsxy6r9��u.z[|~q[��oFÇ[�j³Nt{��� �Zy~|Rrwsx�jsxu9v5y�r,�N�lrwrw��}�oFy[��rwsxoFyRy[�N�j�x��®sj���Nu\r�q�oFu�uwsxÇR�x��z[���w���N���wsx�����x���N��sjrw³N�w�{ 
2.5a

­�u�oF|[u��ÚvT}�oF��t��=c
J = G (x (tf ) ,p) +

∫ tf

t0

[
H (x,λ,u,p) − λT ẋ

] z
t

 "f�� � ­
Ù���uT��v5�wsÚvXr9sxo�y[u

δu (t)
z[|'�F�N�lr9��|[�
z[�Ê��oFt�t�v�y[zR���lr

δp
z[|Î�F����rw�N|[�
z[��u
qBv��wv�t�³lr9���Nu�sjy�Èz[|Rsxuw��y6r�zR�Nu���v5�wsÚvXr9sxo�y[u

δJ
zR|"���wsjrw³N����z[oFy[y[���NuØqBv����Dc

δJ =

[
∂G
∂xT

δx

]

tf

+
∂G
∂pT

δp
 �f�� � ­

+

∫ tf

t0

(
∂H
∂xT

δx +
∂H
∂λT

δλ +
∂H
∂uT

δu +
∂H
∂pT

δp

) z
t

+

∫ tf

t0

(
−δλT ẋ − λT δẋ

) z
t

�Zy°�w�Nt�v����>|[v�y6r���|[�
δẋ = δf

��rØ�Ny°�w�Nv��w�wv�y[ÒF�Nv�y6r��j�Nu.rw�N�wt{�Nu�®½ �f�� � ­�q��N|RrØu�nÍ���N�wsj�w�0c
δJ =

[
∂G
∂xT

δx

]

tf

+
∂G
∂pT

δp
 �f�� æ ­

+

∫ tf

t0

(
∂H
∂xT

δx − λT δẋ

) z
t+

∫ tf

t0

δλT

(
∂H
∂λT

− f

) z
t

+

∫ tf

t0

∂H
∂uT

δu
z
t +

∫ tf

t0

∂H
∂pT

δp
z
t

�Zy sxy6r9��ÒF�9v�y6r°v��joF�wu�qBv���qBv��\r9sx��u~�x�Ðrw�N�wt{� ∫ tf

t0

λT δẋ
z
t =

[
λT δx

]tf
t0
−
∫ tf

t0

λ̇
T
δx

z
t
��r°�Ny

q�oFu9v5y�r
λ̇

T
= − ∂H

∂xT

®BoFy�oFÇRrwsx��y�rØv5�xoF��u�c
δJ =

[(
∂G
∂xT

− λT

)
δx

]

tf

+
[
λT δx

]
t0

+
∂G
∂pT

δp
 "f�� 
 � ­

+

∫ tf

t0

∂H
∂uT

δu
z
t+

∫ tf

t0

∂H
∂pT

δp
z
t
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 ��
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ẋ =

f (x, t)
/0
,#����,�+2�
�� #%����$5$&
 #���
 /� 32+�+��
)��� #�� ����� ���,$&
  �#��+������$&
)��
 /�!�#�����2  3����
 ����$5
6���+�����

˙̃x = f̃ (x̃) �
 ���
6�

x̃ = (x, t)

,�

f̃ (x̃) = (f (x, t) , 1)
�

�6� � ����� �  3�-��!��� 3!
tf

��
)!"� ��/��+��$5�4�� �+����� 
6�.�"�4��� �+#�/�/0���+1#!%$�1��
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��s¯�ÃnpoFy���oFy[u�sxz[³��w��®�z[��q[�j|[uN®���|[���x��u���oFy[z[s�r9sxo�y[u�sjy[sjrwsÚv��j�NuZuwo�y�r��R¡��N�NuJ 
δx0 = 0

­�®��j�Nu��5v���sÚv5rwsxoFyRuz[|°�N��sjrw³N�w��u�nÍ���N��sj�F��y6r��ByBv5�x�Nt{�Ny6r c
δJ =

[(
∂G
∂xT

− λT

)
δx

]

tf

+
∂G
∂pT

δp
 "f�� 
�
e­

+

∫ tf

t0

∂H
∂uT

δu
z
t +

∫ tf

t0

∂H
∂pT

δp
z
t

mÛ�NuA��oFy[z[s�r9sxo�y[uÉy[���N�Nu�u9v�sj�w��u,z[|{q[���Nt{sx�N�Zo��wz[���<q¯oF|R�Z�>|R�Ø�xv��NoFt{t�v5y[z[�
u (t)

��rA�j�NuAqBv��wv�t�³lr9���Nu
p
u�oFsx��y�r�oFqRrwsxt�v�|�¡�u�oFy6r<z[��rw�N��t�sjy[�N��u�z[��u�oF��rw����|[���j�NuÑ��v5�wsÚvXr9sxo�y[u

δJ
zR|Ê�N��sjr9³��w��uwoFsj�Ny6r.y�|[�j�x�Nu�®��|[���x�x��u���|[��u�oFsx��y6r��x�Nu��5v���sÚv5rwsxoFy[u

δu (t)
��r
δp
� Å ��uJ��oFy[z[s�r9sjoFy[u�uwo�y�rJ��¡RqR�xsx��sjrw�Nt{�Ny6r�z[oFyRy[�N��uqBv5�<�x��z[�l�F�N�joFq[q��Nt{�Ny6r�q[�w���N�NzR�Ny6r=c

• �xvT�NoFyRz[sjrwsxoFy~z�npoFqRrwsxt�v��xs�r9��z[���ÚvT�No�t�t�v�y[z[� c
0 =

∂H
∂uT

, ∀t ∈ [t0, tf ]
 
2.12a

­
• �xvT�NoFyRz[sjrwsxoFy~z�npoFqRrwsxt�v��xs�r9��z[�Nu�qBv��wv�t{³�r9���Nu c

0 =
∂G
∂pT

+

∫ tf

t0

∂H
∂pT

z
t

 
2.12b

­
• �xvTz[���[y[sjrwsxoFy�z[��u��5v���sÚv�ÇR�x�Nu.v�zXä�oFsjy�rw�Nu c

λ̇
T

= − ∂H
∂xT

, ∀t ∈ [t0, tf ]
 
2.12c

­
• �j�Nu<��oFy[z[s�r9sxo�y[u.r9���wt{sxyBv��j�Nu<v5zXä�oFsxy6rw�Nu�c

λT (tf) =
∂G
∂xT

∣∣∣∣
tf

 
2.12d

­
mÛ�Nu���oFy[z[s�r9sxo�y[u�y[���N��uwu9v5sx�w��u"z�nÍoFq�r9sxt�v��jsjr9�' "f���
 fF­��No�y[u�rwsjr9|R�Ny6r°|[y q[�woFÇR�x³Nt{�Ðv5|�¡ �No�y[z[sjrwsxoFyRu�jsxt{sjr9��u�qBv���r9v�ÒF���Nu� �����¾ ��¾X¨ªÄB©���¾XÞ>Ä�»6·�§�â��B·�¹2Þ^¬ ��§9¾�¸N¹x¬lÁ
®E7�� h 2��Ñ­Ôz[��z[sxt{�Ny[u�sxoFy

2n+m+`
�Å ��u�¢>u\r9³Nt{���Nu\r��NoFt{q¯o�uw�
z[�

n
���>|[v5r9sjoFy[u�z�np��r9v5r� 

2.5b
­���r���oFy[z[s�r9sxo�y[u�sxyRsjr9sxv��x��u! 

2.5c
­l®�zR�

n���>|[v5r9sjoFy[uZz[s������w�Ny6rwsx�N�j�x��uZv�zXä�oFsjy6r9�NuØ 
2.12c

­ã��rÑ�No�y[z[sjrwsxoFyRuãr9���wt{sxyBv��j�Nu. 
2.12d

­l®Fz[�
m
�N��|BvXr9sxo�y[uv��jÒF�NÇR�wsx��|[��uÑ 

2.12a
­���|[s6�@v5�9v��lr9�N��sxu��Ny6r½�Úv.�No�t�t�v�y[z[�ãoFqRr9sjt�v5�x�

u
�lr½z[�

`
���>|[v5r9sjoFy[u½v��xÒ��NÇ[��sx��|[�Nu 

2.12b
­����N�xv5r9s��F�Nu�v5|�¡�qBv��wv�t{³�r9���Nu�oFqRrwsxt�v�|�¡

p
�

��������� ���������
��� �"!$#&%�'(�*)+�,!$�*-/.102',03��%4�5',%7�<!$�56489)3��!$)�: �50+)"� 6489)3�5'(09!$)3���

mÛ�NuÛ��oFy[z[s�r9sjoFy[u�z�npoFqRrwsxt�v��xs�r9�½z�np|[y[�Z�N�xv�uwu��ZqBv��\r9sx��|[�xsj³N���ãz[�Zu\¢�u\r9³�t���uÔ�6¢>Ç[�wsjz[�Nu�z[sjuw���w��rwu�J5��oFy6r9sjy>|Ruu�oFy6r�sj�Ns�zR���F���xoFqRq¯���NuN�¯mÛ�Nu�q[�[��y[oFt{³Ny[��u��6¢>Ç[��sxz[��uØq��N|��F�Ny6r�Æ�r9�����N�Úv5uwuw��u��Ny°z[�N|�¡°�Nv5r9��ÒFoF��sx�Nu��
� Y&
%_���� ��W9M P�M�N��RQ�

	���
����������"}�oFy6rã����}����w�NyR�N�.��|[y!�E�Bv�y[ÒF��t���y6rÉz[sjuw�N����r½z[�,�Úv.}�oF�wt{�Az[|�u\¢>u\Èrw³Nt{��zR¢>yBv�t{sx��|[�� ´t{o�zR�£­l®Ruw|[s�r9�J�
|[y"�l�F��y[�Nt{�Ny6r���|[s�u��!q[��o�zR|[sjr<�joF�wu���|�nÍ|Ry[�!��oFy[z[s�r9sjoFyzRoFy[y[���
�Nu�r����N��sj�B������mÛ�Nu�z[s������w��y�rw�Nu�}�oF��t���u���|[�
q��N|Rr�q[���Ny[zR�w�
�x��u�¢>u�rw³Nt{�{z�¢�y[v�t�sj��|[�u�oFy6r"v�q[q��N�x���Nu��x��u�Á�¾N»>¬Eº¶z[|Ìu\¢>u�r9³�t��5�Øm���u�sxy[u\rEv�y6r9u�z[����oFt�t�|RrEv5rwsxoFy q¯��|R�F��y�r¤Æ�rw�w�
� �
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��oFy[y�|[u¤·�À�§�¨Ã¾X§�¨Ê :©±¨ªÁ�¬"¬lµ�¬lÄB©�ºe­�oF| ÇRsx�Ny z[�l�By[sju{sjt�qR�xsx��sjrw�Nt{�Ny6r~ Üºl©Ü·�©C¬Ð¬lµ�¬lÄB©ªºX­�qBv5�{�xvzRoFy[y[���Jz�nÍ|[yR�!���N�ÚvXr9sxo�yÊ}´v�sxuwv�y6r<sxy6r9�������Ny[sj�Ø�±nÍ�lrEv5r�zR|°u\¢>u�r9³�t��5®^qBv����l¡��Nt{q[�j� c
ẋ = f (1) (x (t) ,u (t) ,p, t)

uws
s (x (t) ,u (t) ,p, t) < 0

 
2.13a

­
ẋ = f (2) (x (t) ,u (t) ,p, t)

uws
s (x (t) ,u (t) ,p, t) ≥ 0

 
2.13b

­
o)d

f (1)  ��w�Nu�q�� f (2) ­Ôz[���N��sjrÉ�±nÍ�l�FoF�j|Rr9sjoFy�z�¢�y[v�t�sj��|[�.z[|
u\¢�u\r9³�t��<�joF�wu��>|R� s (x,u,p, t) < 0 ��w��uwq��
s (x,u,p, t) ≥ 0

­l�^mÛ�Nu�sjy[u�r9v�y6r9u�z[���NoFt{tT|Rr9v5r9sjoFy
ti
u�oFy6r�v��xoF��u<z[���[y[sxu�qBv���c

ti = {t ∈ [t0, tf ] , s (x,u,p, t) = 0}  �f�� 
 � ­
ÓC�ã�Nu�r�sjt�q�oF�\rEv�y6r�z[�
y[o�rw�N����|[���xo��wuw��|[���x�Nu��l�F��y[�Nt{�Ny6r9uJuwo�y�r�zR���By[sju�qBv���zR�Nu��w���Úv5rwsxoFyRu �z�np��rEvXr�­�sxt{q[�jsx�Ns�r9��uN®Ñy[s��ÃnpoF�wzR�w�Ðz�npo>�N�N|R�w�w��y[�N�'z[�Nu�sjy[u�r9v�y6r9u�z[���NoFt{tT|Rr9v5r9sjoFyÕy[s��j�N|[��uyRoFtTÇ[���Nu�y[�JuwoFy6r@®B��y¤ÒF��y[�N�wv��Ã®R�NoFy[y�|[uØz�nÍv@��v5y[�N�5����|[uwu�sÃ®^�N��rC¢>q��!z[��u\¢�u\r9³�t��Jz[oFy[yR�!ÒF��ÈyR�N�9v5�x�Nt{�Ny6r!�xsj�N|Ë�°z[�Nu�q[�woFÇR�x³Nt{�Nu!z�npoFqRr9sjt�sju9v5rwsxoFygyRoFyË�w��ÒF|[�jsx�N��uN®�z[sb`���sx�j�Nu!�"�w��uwoF|Rz[�w�q[v����x��u�t{��r9�Ro�z[��u�z[�lr9�N��t�sjy[sxu\r9��u��N�xv�uwu�sx��|[�Nu{ �h.v��\r9oFyg�lr�v��Ã��®9f �e�e� ­���Ù�v5y[u��N�
�Nv�uN®��±nÍ|�r9s�È�jsxuwv5r9sjoFy'zR��t{��r9�Ro�z[��uTz�npoFqRrwsxt{sxu9vXr9sxo�y¶u\r9o>�E�Bv�u\r9sx��|[��uT�No�y[u�rwsjr9|R�Ê�Ãnp|[y[sj�>|R��v���r9���wyBv5rwsj���Ê��±nÍ�R�N|[���!v5��r9|R�N�x�j���

� Y&
 
2P�W;M"
 	 ������� � �"}�oFy6rA�w�l}��N���Ny[�������xv�z[sxu��NoFy6rwsxy�|[sjrw�.z[�<�±nÍ�lrEv5rZzR|{u\¢>u�r9³�t���zR¢>yBv5t�sj�>|R�.�xoF��uz�nÍ�l�F�NyR�Nt{�Ny6r9u{uw�~q[��o�zR|[sxuwv�y6r��Ð|[y sxy[u\rEv�y6r
zRoFy[y[�5� Å oFt{t��ÊqR�w�N���Nz[��t�t{�Ny6r����Nu�u9v�|�r9uq��N|��F�Ny6r�Æ�rw�w��z[���[y[sxu��l¡�q[�jsx��sjr9��t���y6r�oF|�sxt{q[�xsj�Nsjrw�Nt{�Ny6r@®�qBv5�Ø��¡��Nt{q[�x� c
∀ti ∈ [t0, tf ] , s

(
x
(
t−i
)
,u
(
t−i
)
,p, ti

)
= 0 ,

 "f�� 
 � ­
j
(
x
(
t−i
)
, ẋ
(
t−i
)
,u
(
t−i
)
,x
(
t+i
)
, ẋ
(
t+i
)
,u
(
t+i
)
,p, ti

)
= 0o)d

s
��r
j
z[�Nu�sxÒFy[��y6r��w��uwq��N�lr9sj���Nt{�Ny6r��Úv��No�y[z[sjrwsxoFy°z[�T��oFt{tT|RrEvXr9sxo�yÎ ������Ny[��t���y�rE­���r��Úv��oFy[z[s�r9sjoFy~z[��r9�wv�y[uws�r9sjoFy¶ ´z[sjuw��oFy6r9sxy�|[s�r9�@­l�

Ù�v�yRu����"qBv5�9v�ÒF�wv�q[�[�5®Z�x��z[�l�F�N�joFq[q��Nt{�Ny6r�z[�Nu{�NoFyRz[sjrwsxoFy[u
z�nÍoFq�r9sxt�v��jsjr9�{�Nu\r��jsxt{sjrw�Ê��|[y[����Úv�u�uw��qBv��\r9sx��|[�xsj³N����z[��u�¢>u�rw³Nt{�NuØ�6¢�ÇR�wsxzR�Nu�}�oFy[��rwsxoFyRyBv�y6r��Ny°�NoFt{tT|Rr9v5r9sjoFy �Hc
• �j��q[�wo�Ç[�x³�t���z�npoFqRrwsxt{sxuwv5r9sjoFy���oFy[uwsju�rw�!�
t{sxy[sjt�sjuw���,�xv
}�o�y[��rwsxoFy[yR�N�x�j�

J
z[���ByRsx��qBv�� c

min
u(t),p

J = G
(
x
(
t−1
)
, . . . ,x

(
t−ns

)
,p
)

+

∫ tf

t0

L (x (t) ,u (t) ,p)
z
t

 
2.16a

­
• �j��u�¢>u�rw³Nt{�!z�¢�y[v�t�sj��|[��z[sxu��NoFy6rwsxy�|"��u�rØz[oFyRy[��qBv���c

ẋ = f (i) (x (t) ,u (t) ,p) , ∀t ∈
[
t+i−1, t

−
i

]  
2.16b

­
x
(
t+0
)

= x0

 
2.16c

­
x
(
t+i
)

= x
(
t−i
)
, i = 1 . . . ns

 
2.16d

­
• �j�Nu

ns

sjy[u�r9v�y6r9u.zR���NoFt{tT|Rr9v5r9sjoFy
t1, t2, . . . , tns

= tf
uwoFy6r<o��wz[oFyRy[�Nu.�lr.z[�l�By[sju.�l¡�q[�jsx�Ns�r9��Èt{�Ny6r�qBv5�Ø�j�Nu<���N�ÚvXr9sxo�y[u.uw|Rsj�5v�y6r9��u7c

si

(
p, t−i

)
= 0 , ti ∈ [t0, tf ] , i = 1 . . . ns

 
2.16e
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oed��j�Nu��E�Bv5t�q[uÛzR�A���N�lr9�N|R�wu
f (i) : R

n×R
m×R

` → R
n ��r��x��u�}�oFy[�lr9sjoFy[y[���x�x��u G :

ns
v lnu}{

︷ ︸︸ ︷
R

n × · · · × R
n ×R

` →
R
® L : R

n × R
m × R

` → R
�lr
si : R

` × R → R
uwoFy6r�zR���N�xv�uwu�� C1 qBv��Ø�9v�q[q�oF�\r��{�Ãnp�Ny[u��NtTÇ[�j�z[��uØ�5v���sÚv�ÇR�x�Nu�z[|"qR�woFÇ[�j³Nt{���

Å oFt{t���zBv�y[u��x���Nv�uTz[��uTu�¢>u\r9³Nt{�Nu
��oFy6r9sjy>|RuN®ã�±nÍ|�r9sx�jsxuwv5r9sjoFy�z[�NuT�[v�t�sj�jrwoFy[sx��y[u H(i)  "f���
 � ­q��N��t��lr�z[���w�N���N��sx�w���j���N�ws�r9³��w�
J
uwoF|[uØ�Úv�}�o��wt{�{ �f�� 
 � ­ c

H(i) (x,λ,u,p) = L (x,u,p) + λT f (i) (x,u,p)
 "f�� 
 � ­

J = G
(
x
(
t−1
)
, . . . ,x

(
t−ns

)
,p
)  "f���
 � ­

+

ns∑

i=1

∫ t−i

t+i−1

[
H(i) (x,λ,u,p) − λT f (i) (x,u,p)

] z
t

mÛ�NuA�5v��wsxv5r9sjoFy[u
δJ

�Ny[ÒF��y[z[���N�Nu,qBv��Zz[��uÑ�5v���sÚv5rwsxoFyRu
δu (t)

��r
δp

z[�NuZ�F����rw�N|[��u�z[���No�t�t�v�y[z[��lr�zR�Nu�qBv��wv�t�³lr9���Nu�uNnp�N���wsj���Ny6r7c
δJ =

ns∑

i=1

∂G
∂xT

∣∣∣∣
ti

δxt−i
+

∂G
∂pT

δp
 "f�� 
 æ ­

+

ns∑

i=1

(
H(i) − λT f (i)

)
t−i

δti −
ns∑

i=1

(
H(i) − λT f (i)

)
t+i−1

δti−1

+
ns∑

i=1

∫ t−i

t+i−1

(
∂H(i)

∂xT
δx +

∂H(i)

∂λT
δλ +

∂H(i)

∂uT
δu +

∂H(i)

∂pT
δp

) z
t

−
ns∑

i=1

∫ t−i

t+i−1

(
δλT f (i) + λT δf (i)

) z
t

�Zy |�r9sx�jsxuwv�y6r
�x�~}´v�s�r
��|[�
δẋ = δf (i) , ∀t ∈

[
t+i−1, t

−
i

] ��r{��|[�
δti = −σT

i δp
v@�F���

σi =[(
∂si

∂t

∣∣
t−i

)−1
∂si

∂pT

]T ®½ �f�� 
 æ ­�zR���>sx��y�rDc

δJ =

ns∑

i=1

∂G
∂xT

∣∣∣∣
t−i

δxt−i
+

∂G
∂pT

δp
 "f�� f � ­

+

ns−1∑

i=1

[
−
(
H(i) − λT ẋ

)
t−i

+
(
H(i+1) − λT ẋ

)
t+i

]
σT

i δp −
(
H(ns) − λT ẋ

)
t−ns

σT
ns
δp

+ λT
∣∣
t+
0

δx
(
t+0
)

+
ns∑

i=1

[
− λT

∣∣
t−i
δx
(
t−i
)

+ λT
∣∣
t+i
δx
(
t+i
)]

− λT
∣∣
t−ns

δx
(
t−ns

)

+

ns∑

i=1

∫ t−i

t+
i−1

(
∂H(i)

∂λT
− f (i)T

)
δλ

z
t+

ns∑

i=1

∫ t−i

t+
i−1

(
∂H(i)

∂xT
+ λ̇

T
)
δx

z
t

+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂uT
δu

z
t+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT
δp

z
t

� �
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Å oFt{t{��z[��q[�x|[u�®
δxt0 = 0

 
2.21a

­
δxt+i

= δxt−i

 
2.21b

­
δxt±i

= δx
(
t±i
)

+ ẋ
(
t±i
)
δti = δx

(
t±i
)
− ẋ

(
t±i
)
σT

i δp
 
2.21c

­
�lr�u�sÛ�ÃnpoFy�q¯o�uw�

λ̇
T

= −∂H
(i)

∂xT
, ∀t ∈

[
t+i−1, t

−
i

] ®B�j�Nu.�5v��wsxv5r9sjoFy[u
δJ

uNnp�N�N��sj���Ny6r=c
δJ =

ns−1∑

i=1

(
∂G
∂xT

∣∣∣∣
t−
i

+ λT
∣∣
t+i

− λT
∣∣
t−i

)
δxt−i

+

(
∂G
∂xT

∣∣∣∣
t−ns

− λT
∣∣
t−ns

)
δxtns

 "f��gf)fF­
+

[
∂G
∂pT

−
ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
σT

i −H(ns)

t−ns

σT
ns

]
δp

+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂uT
δu

z
t+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT
δp

z
t

Å oFt{t��!q[�w���N��z[�Nt{t���y6r@®��j�Nu���oFy[z[s�r9sjoFy[uØy[�N���Nuwuwv�sx���Nu�z�npoFqRrwsxt�v��xs�r9��z[|gq[���Nt{sx����oF��z[�w��uwoFy6r��¡RqR�xsx��sjrw�Nt{�Ny6r<z[oFyRy[�N��u�qBv5�Ø�j��z[�����N�joFq[q��Nt{�Ny6r� �f�� fefF­�c
• �xvT�NoFyRz[sjrwsxoFy~z�npoFqRrwsxt�v��xs�r9��z[���ÚvT�No�t�t�v�y[z[� c

0 =
∂H(i)

∂uT
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns

 
2.23a

­
• �xvT�NoFyRz[sjrwsxoFy~z�npoFqRrwsxt�v��xs�r9��z[�Nu�qBv��wv�t{³�r9���Nu c

0 =
∂G
∂pT

−
ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
σT

i −H(ns)

t−ns

σT
ns

+
ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT

z
t

 
2.23b

­
• �xvTz[���[y[sjrwsxoFy�z[��u��5v���sÚv�ÇR�x�Nu.v�zXä�oFsjy�rw�Nu c

λ̇
T

= −∂H
(i)

∂xT
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns

 
2.23c

­
• �j�Nu<��oFy[z[s�r9sxo�y[u.r9���wt{sxyBv��j�Nu<v5zXä�oFsxy6rw�Nu�c

λT (tns
) =

∂G
∂xT

∣∣∣∣
t−ns

 
2.23d

­
• �j�Nu<��oFy[z[s�r9sxo�y[u<z[���NoFy6rwsxy�|[sjrw��v�zXä�oFsjy6r9�Nu�c

λT
(
t−i
)

= λT
(
t+i
)

+
∂G
∂xT

∣∣∣∣
t−i

, i = 1 . . . ns − 1
 
2.23e

­
Å �Nu��NoFy[zRsjr9sjoFy[u�z[�l�By[sxu�uw��y�r�|Ry 7�� h 2�� �No�t�q�oFuw�Jz[�

n
�N��|BvXr9sxo�y[u�z�np��r9v5r@®^��oFy[z[s�r9sxo�y[u�sjy[s�ÈrwsÚv��j�Nuã�lrZ�No�y[z[sjrwsxoFyRuãz[�<��oFy6r9sxy�|[s�r9�5®�z[�

n
�N��|Bv5rwsxoFy[uAv5zXä�oFsxy6rw�NuN®5�NoFyRz[sjrwsxoFy[u½r9���wt{sxyBv��j�Nu½��rA��oFy[z[s8ÈrwsxoFy[u�z[�T��oFy6r9sxy�|[s�r9�5®�z[�

m
���>|[v5r9sjoFy[u�v��jÒF�NÇR�wsx��|[��u���|[sÉ�Nv��9v5��r9���wsjuw�Ny6r��xv���oFt�t�v�y[zR��oFqRrwsxt�v��x�

u (t)
��rØz[�

`
���N�xv5r9sjoFy[u<v��jÒF�NÇR�wsx��|[��u��w�N�xv5r9s��F��u�v�|�¡�qBv5�9v�t{³�rw�w�Nu<o�qRr9sjt�v�|>¡

p
�

ÓC�>�Nu�rÔsxt{q�oF��r9v�y6r�z[��y[o5r9�N�½��|[��u�s��x�Ar9�N��t�� G z[|!�N��sjr9³��w�Ñz�npoFqRr9sjt�sju9v5rwsxoFy�zR�Nq��Ny[zTzR�,�±nÍ�lrEv5r½z[|u\¢�u\r9³�t��{v�|�¡¤sxyRu�rEv5y�rwu�z[�T��oFt�t�|RrEv5rwsxoFy
t1, . . . , tns

®�v5�xoF��u��x��u��5v��wsxv�Ç[�j�Nu�v5zXä�oFsxy6rw�Nu�q[���Nu��Ny6r9��y�rz[��u�z[sxu��NoFy6rwsxy�|[sjrw�Nu{ 
2.23e

­l� � ygq��N|Rr����N��sj�B����z�n²v5|Rr9���
qBv���rN®���|�np�Ny¶uw|[qRq[�wsjt�v�y6r��xv�q�oFuwu�sxÇ[sj�xsjrw�z[����oFt�t�|RrEv5rwsxoFy��Ny6r9�����x�Nu<zRsj�¯�N�w��y6r9u�t�o>z[��u<z[��}�oFy[�lr9sxo�y[y[�Nt{�Ny6r
f (i) ®[o�y°����rw�woF|R���!�j�Nu<��oFy[z[s8ÈrwsxoFy[u�z�nÍoFq�r9sxt�v��jsjr9�� �f>��
�f�­l®���|[sZoFy6r��lr9����r9v�Ç[�xsj�Nu�q�oF|[���j�Nu�u�¢>u\r9³Nt{�NuJzR¢>yBv�t{sx��|[��u�qBv��9v5t��lr9�w��u��oFy6r9sxy�|[u��

� æ
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mÛ�Nu
��oFy[z[s�r9sjoFy[u�z�nÍoFq�r9sxt�v��jsjr9�
o�ÇRr9��y>|R�Nu�zBv�y[u
�j��qBv5�9v�ÒF�wv�q[�[��q[�w���N�NzR�Ny6r{uwoFy6r
���N�ÚvXr9sj���Nu
�ÐzR�Nuq[��oFÇ[�j³Nt{�Nu�z�npoFqRrwsxt{sxu9vXr9sxo�yÐu9v�yRu!��oFy6r9�9v5sxy6r9�5� ���@v5y[t�o�sxy[u�®��N��rC¢>q¯��z[�{q[�wo�Ç[�x³�t���u��Nu�r!ÒF��y[�N�wvXÈ�j�Nt{�Ny6r~v�u�uwo>�Nsj�g�Îz[��uÊ�NoFy6rw�9v�sjy�rw�NuÊzR�Ðz[sj�¯�N���Ny6r9uÊrC¢>q��Nu~u�|[�Ê�Ãnp��r9v5r���rKJXoF|�uw|[���Úv'��oFt{t�v�yRz[���|�npsx�½�Nu\r�z[oFy[�!y[�N���Nu�u9v�sj�w�
z[�!q¯oF|��FoFsj��q[���Ny[zR�w�
�Ny¤�NoFt{qRr9�5� � yÐq��N|�r�z[sju�r9sjy[ÒF|[����u�s�¡°rC¢>q¯��u�z[���oFy6r9�9v5sxy6r9��u� ±��o��°�lr=7Ô��o[®;
 æ���� ß Å �[��y¤��r�� 4.v�yRÒ[®;
 æFæ � ­ c
 
i
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��zR�JzRsxt{�Ny[u�sxoFy~sjyR�By[sj� c

φ (x,u,p, t) = 0 , t ∈ [τ1, τ2] , t0 ≤ τ1 < τ2 ≤ tf
 
2.24a

­
 
ii
­ Å oFy6r9�wv�sxy6rw�Jz�nÍsjy[�NÒ6v5�xsjrw��z[��z[sjt���y[uwsjoFy~sxy��By[sx� c

φ (x,u,p, t) ≥ 0 , t ∈ [τ1, τ2] , t0 ≤ τ1 < τ2 ≤ tf
 
2.24b

­
 
iii
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��sjy6r9�N��sx��|[�w� c

φ (x,u,p, τ) = 0 , τ ∈ [t0, tf ]
 
2.24c

­
 
iv
­ Å oFy6rw�9v�sjy�rw��z�nÍsjy[�NÒFv��xs�r9��sjy6r9�N��sx��|[�w� c

φ (x,u,p, τ) ≥ 0 , τ ∈ [t0, tf ]
 
2.24d

­
 
v
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��rw�N��t�sjyBv��x�7c

φ (x,u,p, tf) = 0
 
2.24e

­
 
vi
­ Å oFy6rw�9v�sjy�rw��z�nÍsjy[�NÒFv��xs�r9��rw�N��t�sjyBv��x�=c

φ (x,u,p, tf) ≥ 0
 
2.24f

­
7½oF|Rr9��u����Nu{�NoFy6rw�9v�sjy�rw�Nu
q��N|R���Ny6rÊÆlr9���°���Nq[���Nu��Ny6r9���NuÊu�oF|[u�|[y[�~}�oF��t��~�Nv�y[oFy[sj��|[��®Z��|[s<��u�rsjz[�Ny6r9sj��|[�{�"�ÚvÊ}�oF��t��
Ò��Ny[���9v��j�{zR|Î�N��sjrw³N�w��z�npoFqRrwsxt{sxuwv5r9sjoFy  

2.16a
­�q�oF|[���x���>|R�N�AoFy¶�w�Nu��N�\�F�N�wv�±nÍsjy[z[sx���

j = 0
c

Jj = Gj (x (t1) , . . . ,x (tns
) ,p) +

∫ tns

t0

Lj (x (t) ,u (t) ,p)
z
t

 �f�� f � ­
mÛ�Nu!z[sj�¯�N���Ny6r9u�rC¢>q¯��uTz[�{�NoFy6rw�9v�sjy�rw�Nu�®Ô�j�N|[��uJ}�oF��t���u��@v�y[o�y[sx��|[��u���r!�Úv��No�y[z[sjrwsxoFyRu!�°u9v5rwsxu\}´v�sx���u�oFy6r�qR�w�Nu��Ny6r9���Nu�z[v�y[u��x�����N�@v5q[sjrw|[�Úv5rwsj}�u�|[sj�5v�y6r c
 
i
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��zR�JzRsxt{�Ny[u�sxoFy~sjyR�By[sj� c

Gj = 0 Lj = ω [φ (x,u,p, t)]2 Jj = 0
 
2.26a

­
oed

ω
��u�rØ|[y�}´v���rw�N|[�<zR�Jq�oFy[zR�N�9vXr9sxo�y°q�oFu�sjr9s�}½��rØveä�|[u\rEv�ÇR�x���

 
ii
­ Å oFy6r9�wv�sxy6rw�Jz�nÍsjy[�NÒ6v5�xsjrw��z[��z[sjt���y[uwsjoFy~sxy��By[sx� c

Gj = 0 Lj = ωmin [0, φ (x,u,p, t)] Jj = 0
 
2.26b

­
� �
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m�v"}�oFy[�lr9sjoFy #+�j& sxy6rw�wo>z[|[sjrw��y�nÍ��u�rTq[v�u�z[���ws���v5Ç[�x�5�Ô�½oF|[�!���>sjrw�N�����NuTqR�woFÇ[�j³Nt{�Nu�®½sj��Nu\r�q[����}����9v�Ç[�j�!z�nÍ|Rrwsx�jsxuw���<|[y[�J}�oFy[��rwsxoFy #+�j& v£���N�T|Ry¤�l¡�q�oFu9v5y�r�uw|[q��N��sx��|[���
1
®BqBv���l¡���t�q[�j�� 	2Ñv�u�uwsx�jsÚv�zRsxu��lrØv��Ã��®A
 æ�æ � ­�c

Lj = ωmin [0, φ (x,u,p, t)]2ξ , ξ ≥ 1

 
iii
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��sjy6r9�N��sx��|[�w� c

Gj = φ (x,u,p, τ) Lj = 0 Jj = 0
 
2.26c

­
 
iv
­ Å oFy6rw�9v�sjy�rw��z�nÍsjy[�NÒFv��xs�r9��sjy6r9�N��sx��|[�w� c

Gj = φ (x,u,p, τ) Lj = 0 Jj ≥ 0
 
2.26d

­
 
v
­ Å oFy6r9�wv�sxy6rw�Jz�nÍ��Ò6v��xs�r9��rw�N��t�sjyBv��x�7c

Gj = φ (x,u,p, tf ) Lj = 0 Jj = 0
 
2.26e

­
 
vi
­ Å oFy6rw�9v�sjy�rw��z�nÍsjy[�NÒFv��xs�r9��rw�N��t�sjyBv��x�=c

Gj = φ (x,u,p, tf) Lj = 0 Jj ≥ 0
 
2.26f

­
�ZyÐ|Rrwsx�jsxu9v5y�r����NuØ}�oF�wt{�Nu��@v5y[oFy[sj�>|R�NuN®�oFy"q¯��|Rr�v5uwuwo>�Nsj�N�����E�Bv5�>|R���No�y�rw�9v�sjy6r9�J|[yÐ�Bv�t{sx��r9oFyRsx�Ny
Hj

��rØ|[y��F�N�lr9��|[��v5zXä�oFsxy6r
λj

c

• �½oF|[���x��u.rC¢>q¯��u�z[����oFy6r9�9v5sxy6r9��u� 
i
­.��r� 

ii
­ c

Hj (x,λ,u,p) = Lj (x,u,p) + λT
j f (x,u,p)

 
2.27a

­
λ̇

T

j = −∂Hj

∂xT

 
2.27b

­
λj (tf ) = 0

 
2.27c

­ 
2.27d

­
• �½oF|[���x��u.rC¢>q¯��u�z[����oFy6r9�9v5sxy6r9��u� 

iii
­<��r! 

iv
­ c

Hj (x,λ,u,p) = λT
j f (x,u,p)

 
2.28a

­
λ̇

T

j = −∂Hj

∂xT

 
2.28b

­
λT

j (tf ) = 0T  
2.28c

­
λT

j

(
τ−
)

= λT
j

(
τ+
)

+
∂Gj

∂xT

∣∣∣∣
τ

 
2.28d

­
• �½oF|[���x��u.rC¢>q¯��u�z[����oFy6r9�9v5sxy6r9��u� 

v
­���r� 

vi
­�c

Hj (x,λ,u,p) = λT
j f (x,u,p)

 
2.29a

­
λ̇

T

j = −∂Hj

∂xT

 
2.29b

­
λT

j (tf) =
∂Gj

∂xT

∣∣∣∣
tf

 
2.29c

­
� 
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J = J0 +

r∑

j=1

νjJj

 "f�� å � ­
oed
r
z[��uwsxÒ�y[�A�x�Ay[oFtTÇR�w�Az[�Ñ�NoFy6r9�wv�sxy6rw�Nu���r

ν ∈ R
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�Zy�zR���By[sjuwuwv�y6rÉ�x�Z���N��rw�N|[�ãv�zXä�oFsjy6r½v�|[ÒFt{�Ny6r9�
λ
��rÔ�x��u½}�o�y[��rwsxoFy[yR�N�x�j�Nu�v�|RÒFt���y6r9�N��u H ��r G qBv5� c

λ = λ0 +
r∑

j=1

νjλj ,
 
2.31a

­
H = H0 +

r∑

j=1

νjHj ,
 
2.31b

­
G = G0 +

r∑

j=1

νjGj ,
 
2.31c

­
�j��z[�����N�xo�q[q¯��t���y6r�v5|"q[���Nt{sx���<oF�wz[����z[�Nu��5v��wsxv5r9sjoFy[u,z[�

J
��u�r�v��xoF��u.uwsjt�sj�Úv�sj�w�5®>��y°rwoF|[u�q�oFsxy6r9u�®�
�N���x|[sÛzR�Nu<�5v��wsxv5r9sjoFy[u.z[�

J
 �f�� fefF­�z[v�y[u��x���Nv�u�y[oFy��NoFy6rw�9v�sjy�rDc

δJ =

ns−1∑

i=1

(
∂G
∂xT

∣∣∣∣
ti

+ λ
T
∣∣∣
t+i

− λ
T
∣∣∣
t−i

)
δxti +

(
∂G
∂xT

∣∣∣∣
tns

− λ
T
∣∣∣
t−ns

)
δxtns
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+

[
∂G
∂pT

−
ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
σT

i −H(ns)

t−ns
σT

ns

]
δp

+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂uT
δu

z
t+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT
δp

z
t

v@���N�+c
λ̇

T

= −∂H
(i)

∂xT
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns

 "f�� å�å ­
��sxy[u�sÃ®@�j�NuÛ�No�y[z[sjrwsxoFyRuÛz�nÍo�qRr9sjt�v��jsjrw�Ôz[|Jq[��oFÇ[�x³�t��Zz�nÍoFq�r9sxt{sxuwv5r9sjoFy�u�oF|[u��No�y�rw�9v�sjy6r9�Nu½uwo�y�r½z[�l�By[sj�NuqBv5�<�x�07�� h 2��Õu�|[sj�5v�y6rDc

0 =
∂H(i)

∂uT
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns

 
2.34a

­
0 =

∂G
∂pT

−
ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
σT

i −H(ns)

t−ns
σT

ns
+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT

z
t

 
2.34b

­

ẋ =

(
∂H(i)

j

∂λ
T

)T

, ∀t ∈
[
t+i−1, t

−
i

]
, i = 1 . . . ns

 
2.34c

­
x
(
t+0
)

= x0

 
2.34d

­
x
(
t+i
)

= x
(
t−i
)
, i = 1 . . . ns − 1

 
2.34e

­
� f
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λ̇
T

j = −∂H
(i)
j

∂xT
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns , j = 0 . . . r

 
2.34f

­
λT

j (tns
) =

∂Gj

∂xT

∣∣∣∣
t−ns

, j = 0 . . . r
 
2.34g

­
λT

j

(
t−i
)

= λT
j

(
t+i
)

+
∂Gj

∂xT

∣∣∣∣
t−i

, i = 1 . . . ns − 1 , j = 0 . . . r
 
2.34h

­
0 = νjJj , j = 0 . . . r

 
2.34i

­
0 ≤ νj

u�s
j ∈ Iineg

 
2.34j

­
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2.34i
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2.34j
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λ
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ν
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ẋ = f (x,p) + uT · g (x,p)
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Ù�v5y[u��j�~�@v�zR�w�°z[���Ãnp��r9|Rz[��z[�Nu{q¯�lr9s�r9�Nu�u\rEv5rwsxoFy[u
z�nÍ��q[|[�9vXr9sxo�y�®Zsx�.��u�r{r9oF|�r9��}�o�sxu
y[���N�Nu�u9v�sj�w�°z[�u�nÍsjy�rw�N���Nuwu��N���{|Ry[��}�oF�wt{��q[�x|Ru<ÒF�Ny[���9v��j��z[��u�¢>u�rw³Nt{�Nu�z[sj�¯�N���Ny6r9sj�N�xu� �f�� å�� ­�c
ẋ = f (x,u,p)
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z[��u�u�¢>u�rw³Nt{�Nu�z[s������w��y�rwsx���xu�sjt�qR�xsx��|[��uN®B�j�N|[��v�q[q[�jsx�@vXr9sxo�yy[��Ò6v5�9v�y6r9s�r<�Ny"v�|[��|[y[�Jt�v5y[sx³��w��z�nÍv5r�r9�Nsjy[z[���J�±nÍo�qRr9sjtT|[t ÒF�xo�ÇBv���z[��u�q[�woFÇR�x³Nt{�Nu<�lr9|[zRsx�Nu��
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mÛ�Nu�t��lr9�[o>z[��u�sjy[z[sx���N�lr9�Nu���oFy[uwsju�rw�Ny6r��
r9��oF|R�F����z[��u�u�oF�x|RrwsxoFyRu�v5|�¡ 7�� h 2��Zu�sjuwu�|[u�z[��u���oFy[z[s8ÈrwsxoFy[u�z�npoFqRrwsxt�v��xs�r9�5���Zy z�n²v�|�r9�w��u{rw�N��t���uN®Zsx�<u�n²v5ÒFsjr�z�npsxzR�Ny6r9s��B�N��|[y[�°uwo��x|RrwsxoFy ��|[s<�F���wsj�[�°���Nu��oFy[z[s�r9sxo�y[uN®^�N�!��|[sã�����>sx��y�r����w��uwoF|Rz[�w�!sxy[z[sj�w����r9��t���y6r��x�Jq[��oFÇ[�x³�t��Jz�npoFqRrwsxt{sxu9vXr9sxo�y��[Ù���y[oFt
ÈÇ[���N|[u��Nu��5v��wsxv�y6r9�Nu��l¡�sxu\r9�Ny6r��lr�uwoFy6r��x��q[�x|[u<u�oF|R���Ny6rØz[�Nu�t{��r9�Ro�z[��u<sjrw�N�9vXr9sj���Nu�� Å �Nu<rw�N�E�[y[sj��|[�Nuz[���w�Nu�oF�x|�r9sxo�yÎy�npoFy6r
qBv�u!��rw�Ê|Rr9sj�xsjuw�N��u�zBv5y[uT�N�lrwrw�Ê��rw|[z[���C��|[u�uws±®ãuw��|[��|Ry��9v�q[sjz[�Êv5q¯��� � |�zR�Nuq[��sxy[��sxqBv5�x�Nu�t��lr9�[o>z[�Nu�sjy[z[sx���N�lr9�Nu<��u�r�sx��s�z[oFy[yR�� 9¬Nà2Ö6àRh,��¢>uwoFy°��r��Øo[®A
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u (t)
�lr<�x��u�qBv��wv�t{³�r9���Nu

p
u�oFy6r<�@v5�x�N|R�x�Nu,�Ny~���Nuwo��j�5v�y6r@®����E�Bv���|[�sjy[u�r9v�y6r@®Z�j�Nu��NoFyRz[sjrwsxoFy[u
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u (t)
�lr

p
®�¬Nà2Ö6à 
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2.23b
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u (t)

�lr��x��u��5vXÈ�j�N|[��uAz[�NuÑqBv��wv�t�³lr9���Nu
p
u�oFy6r���oF�w��sxÒF��uAv�|��B�Bz[�NuÑsjrw�N�wv5r9sjoFy[uZz[�<r9���x�j�<uwoF�\r9����|�nÍsj�xuZ�F���ws��B�Ny6r�j�Nu<��oFy[z[s�r9sxo�y[u<z�npoFqRr9sjt�v5�xsjrw��zR|"�Bv5t�sj�jr9o�y[sx��y H q[v��<�9v�qRq¯oF�\rØ�

u (t)
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mZnpoFÇ>ä��N�lr9s�}^z[�NuÉt{��rw�[o>z[�NuÉzRsx�w����rw�NuÉ��u�rZz[�,r9�9v5y[u�}�oF��t����Ô�j��q[��oFÇ[�j³Nt{��z�npoFqRrwsxt{sxu9vXr9sxo�yJz�¢�y[v�t�sj��|[�z[�Øz[sjt���y[uwsjoFy�sxyR�ByRsx�<�Ny�|[y�qR�woFÇ[�j³Nt{��z�nÍo�qRr9sjt�sju9v5rwsxoFyTzR��z[sjt���y[uwsjoFy
�By[sj��®�v5�By�z[�Ø�x�<�w��uwoF|Rz[�w�qBv5���x��u�t{��rw�[o�zR�Nu�ÇRsx�Ny"�NoFyRy>|R�Nu�z[�!q[�woFÒ��9v�t{t�vXr9sxo�y°yRoFy�ÈC�jsxy[�Nv�sx�����BÙ��N|�¡¤rC¢�q��Nu�z[��t{��rw�[o�zR�Nuz[sj�w����r9��u�uw�Jz[sxu\r9sxyRÒF|[�Ny6rN®[�ÃnÍv�q[q[��o��E�R��uw�N��|[��y6r9sx���x�j�J�lrØ�ÃnÍv�q[q[��o��E�[��u�sxtT|R�jrEv5y[�N�5�
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�lr 7½�NoR® 
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�5v���sÚv�Ç[�j�Nu.zR�J��oFt{t�v�yRz[�
u (t)

q[v��<z[�Nu�}�oFy[�lr9sjoFy[u<z[���Úv�}�o��wt{� c
u = u (ũ, t) , k = 1 . . .m

 �f>� å
� ­
oed

ũ
�Nu\r�|Ry{���N��rw�N|[�,z[��qBv��wv�t�³lr9���NuN���Zy{�9v�sjuwoFy�z[�����NuÑuwsxt{q[�jsj�B�Nv5r9sjoFy[uN®X�x��uAuwoF�j|Rr9sjoFy[uZ�@v5�x�N|R�x�N��uqBv5�Ñ�xv�t��lr9�[o>z[� Å 2��ËuwoFy6rÑsxy[�l�>sjrEv5Ç[�x��t���y�rÉuwoF|[u:ÈCoFq�r9sxt�v��j�NuN®5qBv��A�9v5q[q¯o���rÑ���N���x�x��uA�>|R�Ø�±nÍo�y{o�Ç�Èrwsx�NyRz[�9v�s�r��NyÐ���Nu�oF�j�5v�y6r�v�yBv���¢�r9sx��|[��t���y6r��j�Nu��NoFyRz[sjrwsxoFy[u�z�npoFqRrwsxt�v��xs�r9�� 	7�� h 2��Ñ­l�¯m�v�q[�wv5r9sj��|[�t{oFy6r9�����N��q¯��y[zBv�y6r���|[�Êt{ÆNt{���j�NuJ}�oF�wt{�Nu�v�q[q[��o£¡�sjt�v5rwsj���NuJ�x�Nu!q[�x|RuTuwsjt�q[�j�NuJ�NoFyRz[|[sxu��Ny6r@®Ô�NyÒF��y[�N�wv��Ã®���z[��u��5v��x��|[�wu,oFqRrwsxt�v��x��uÑzR|~�N�ws�r9³��w����|[s¯uwoFy6r<qR�wo>�E�[�Nu.zR���N���x�x��u�oFÇ�r9�Ny�|[��u<qBv��,�x�Nu,t���Èrw�[o�zR�Nu�z[���w��uwoF�j|Rr9sjoFy~�l¡Rv��lr9��uN���ãv��<��¡��Nt{q[�x�5®[�ÃnÍv�q[q[��o@¡Rsjt�vXr9sxo�y

uN

zR|����N�lr9�N|R��z[����oFt{t�v�yRz[�qBv5�ã|[yTq�oF��¢�y�)Ft��Ñz[�<m�v�Ò��9v�y[Ò��,z�npoF��z[�w�
N
®5uw|[�Ô|[y
sxy6r9�����5v��j�x�Az[���xvØ}�oF��t�� [

t+i−1, t
−
i

] �Nu\rZz[oFy[yR�N�qBv5��c
u (t) =

N∑

j=0

ũij · φ(N)
j

(
τ (i)
)
, ∀t ∈

[
t+i−1, t

−
i

]
, i = 1 . . . ns

 
2.38a

­

v@�F���%c
φ

(N)
j

(
τ (i)
)

=





1
u�s
N = 0

N∏

l=0
l 6=j

τ (i) − τk
τj − τk

u�s
N > 0

 
2.38b

­

τ (i) =
t− ti−1

ti − ti−1

 
2.38c

­
0 = τ0 < τ1 < · · · < τN < 1

 
2.38d

­
ÏØy�z[��u,q[��sxy[��sxqBv5|�¡{v@�5v�y6rEv�ÒF��uA�>|R��q[��o���|[�w���Ãnp|Rrwsx�xsju9v5rwsxoFy!z[�Øq¯oF��¢>y*)Ft{�NuAz[��m½v5ÒF�9v�yRÒF�<�Nu\r���|[�Dc

u (t) = ũij

uws
τ (i) = τj , j = 0 . . .N

 �f�� åFæ ­
mÛ��}´v�sjr.z[�!Ç�oF��y[�N���x��u<qBv��wv�t�³lr9���Nu

ũij
q¯���wt{��rØz[oFy[��z[��Ç�oF�wyR�N���x��uØqR�wo��B�ju<z[���NoFt{t�v�y[z[��v�|>¡sjy[u�r9v�y6r9u

τj
®¯��r�t{ÆNt{����y�rw�w�
���Nu�sxyRu�rEv5y�rwu�uws

N = 0
oF|

N = 1
��ÓC�É�Nu\r��NÒ6v5�x�Nt{�Ny6r�q�oFu�uwsxÇR�x��zR�Ç�oF�wyR�N�Ø�N�Nu�q[�wo��[�xu�q¯o�|[��zR�Nu�q�oF��¢�y�)Ft���u�zR��m�v�ÒF�wv�y[ÒF�Jz�npoF�wzR�w��u�|[q��N�wsj�N|[�� 

N > 1
­l®^t�v�sxu����N�Úvy[���N��uwuws�r9�Jz�npsxt{q¯oFu��N�<z[��u��NoFy6r9�wv�sxy6rw�Nu�q[�x|RuØ��oFt{q[�xsj�>|R�N�Nu<u�|[���x��u<qBv��9v5t�³lr9�w��u

ũij

�
mÛ�Nu{q�oFsxy6r9u

τk
®
k = 1 . . .N

®Aq¯��|R�F��y�rÊÆ�r9���"�E�RoFsxu�sxu{uwsxt{q[�j�Nt{�Ny6r��Ny q[�w��yBv�y6r�zR�Nu�sjy6r9�N�\�5v��x�j�Nu���>|Rsxz[sju�rEv5y�rwu�oF|'t{sx��|�¡¯®��Ny¶�No�y[uwsjz[�N�wv�y6r�z[��u�q¯oFsjy6r9u�z[���NoF�j�xo>�@v5rwsxoFy���Ù�v5y[u��N�{z[�N��y[sx���J�Nv�uN®Û�j��E�[o�s�¡°z[��u
N

q�oFsxy6r9u�z[�J�No��x�xo>�@vXr9sxo�yÊ�Nu\r���oFy[y�|Ðq�oF|[���NoF���w��uwq�oFy[z[���Tv�|�¡BiN�N��oFu�z�nÍ|[y"q¯o��j¢>y*)Ft{�oF�\r9�[o�ÒFoFyBv�� P(α,β)
N

 �q¯oF��¢>y*)Ft{��z[���Fv��No�Ç[sÛz[��z[�NÒ��w�
N
­.��|[s����N�ws��B�0c

∫ 1

0

τβ (1 − τ)α τj P(α,β)
N

z
τ = 0 , j = 0 . . .N − 1

 �f>� ��� ­
� y�q[v��w�j��v5�xoF��uZz[����oF�x�jo��Nv5r9sjoFyToF�\r9�[oFÒ�oFyBv��j���6�½oF|[�.v5t����xsxo��w�N�ã�x�NuAq��N�\}�oF�wt�v�y[���NuÑz[���xvJt{��rw�[o>z[�Å 2��Ô®Fsj�>��u�rAq�oFuwu�sxÇ[�j��z�nx·��¦Ä�¬l§��j��q[��o��B��z[�.�No�t�t�v�y[z[�Ñ�Ny�u�|[Ç¯zRsj�>sxuwv�y6rÉ�x��uÉsxy6rw�N���5v��j�x��u [

t+i−1, t
−
i

]sjy[sjrwsÚv�|�¡¯®>�N�J��|[sÛ�Ny°�NoFy6rw�w�Nq[v���rwsx��v�|[Ò�t���y�rw���x��y[oFt�Ç[�w��z[�JqBv��wv�t{³�r9���Nu<z�npoFqRrwsxt{sxuwv5r9sjoFy��
�½oF|[��|[y&u�¢>u�rw³Nt{� qBv5�9v�t{��rw�w��z[sjuw�No�y�rwsxy�|&u9v�y[u���oFy6r9�9v5sxy6r9�Ì �f>��
 � ­¤qBv��g�l¡���t�q[�j��®��xv }�oF�wt{���oFy6r9sxy�|[�#,>qBv��wv�t{��r9���N��z[|°q[�wo�Ç[�x³�t���u�nÍ���N��sjrØuwoF|RuØ�xvT}�oF�wt{� c

min
ũ,p

J = G (x (t1) , . . . ,x (tns
) ,p) +

∫ tns

t0

L (x (t) ,uN (t) ,p)
z
t

 
2.41a

­
ẋ = f (i) (x (t) ,uN (t) ,p) , ∀t ∈ [ti−1, ti] , i = 1 . . . ns

 
2.41b

­
x (t0) = x0

 
2.41c

­
x
(
t+i
)

= x
(
t−i
)
, i = 1 . . . ns − 1

 
2.41d

­
���
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m�v�qBv5�9v�t{��rw�wsxuwv5r9sjoFy�z[�Nu�qR�woFÇ[�j³Nt{�NuØuwoF|Ru��NoFy6rw�9v�sjy�rw�Nu���u�r���y¤r9o�|[u�q�oFsxy6r9u�uwsjt�sj�Úv�sj�w��� � yÐq¯��|Rr��y����¯��r,uw�Ø�9v5t���y[�N�Ñ�!zR�NuÑ�l¡�q[�w��uwu�sxoFy[u,qBv��wv�t��lr9���N�NuÑ�N��|[s��5v��x��y�rw�Nu,�� 
2.41a

­l®6�Ny��l¡�q[��sxt�v�y6r,�j�Nu��oFy6r9�9v5sxy6r9��uØu�oF|[u��ÚvT}�oF��t����@v�y[o�y[sx��|[�� E¥ � à���f�� f�� å ®[q�� � � ­��
mZnÍv��xÒFo��wsjrw�[t{��z[���w��uwoF�j|Rr9sjoFy~uw��z[���NoFt{q�oFuw���Ny°z[��|�¡°uwoF|Ru\ÈCqR�woFÇ[�j³Nt{�Nu�c

• �j�
uwoF|Ru\ÈCqR�woFÇ[�j³Nt{�
�w���Úv5rwsj}Ñv�|��@v5�x�N|R�Zz[�Nu��5v��x��|[�wu�zR|'���wsjrw³N���
��rJz[�NuJ�No�y�rw�9v�sjy6r9�Nu�zR|'q[��o5ÈÇR�x³Nt{��q[v��9v�t{��rw�w�� �sxy6r9��ÒF�9vXr9sxo�yËz[|�u�¢>u\r9³Nt{��z�np��rEvXr�­l®ã��r
�l�F�Ny6rw|[�N�j�x�Nt{�Ny6r�z[�~�j�N|[��u
ÒF�9veÈzRsx�Ny6rwu�ß
• �j��uwoF|Ru\ÈCqR�woFÇ[�j³Nt{�{ ´t�v��xrw�w�@­,�w���Úv5rwsj}��ÚvT���Nu�oF�x|RrwsxoFy�z[|°q[��oFÇ[�x³�t���y[oFy�ÈÜ�xsxyR�@v�sj�w�����Nu�|[�jr9v�y6r@�

m�v����Nuwo��x|RrwsxoFy"z[|Ðq[��oFÇ[�x³�t��!y[oFy�ÈÜ�xsjy[�@v�sj�w�{ "f�� � 
e­�q��N|�r�Æ�rw�w�T��y��>sju9v�ÒF���Tuwo�sjr�qBv���zR�Nu�t{��rw�[o�zR�Nuz[�JÒF�wv�z[sx��y6r����Úv�u�uwsx��|[��uN®É¬Nà2Ö6à¯q[��oFÒF�wv�t�t�v5rwsxoFyÊ��|Bv5z[�9v5rwsx��|[�Juw|[���N��uwuws��F�°  + Þ^¥E¥E¬EºEºl¨ªµ�¬��.ÞR·6»�§�·�©±¨Ã¥
�,§9¾wÖ�§�·�Á
Á
¨ªÄ>Ö�®

SQP
­�®Éuwo�sjr
qBv5�Tz[�Nu�t{��rw�[o�zR�Nu
z[�~���N�E�[���w�E�[�"z[sx���N��rw�Nu
oF| u\r9o>�E�Bv�u�rwsx��|[��uN®Zy[�y[���N��uwuws�rEv�y6r<q[v�u��j�Ø�Nv��x��|[��z[�Nu,ÒF�9v�zRsx�Ny6rwu�z[|��N�ws�r9³��w���lr�zR�Nu.��oFy6r9�9v5sxy6r9��uN��Ù�v�y[u,�N��r�r9����r9|Rz[��®�|[y[�t{��rw�[o�zR��z[�TrC¢>q��

SQP
�Nu\r�|Rr9sj�xsjuw�N�5� Å ��rwrw�
t��lr9�[o>z[�!�Nu�r�q��N�\}�oF�wt�v�y6r9�!��r���oFÇ[|[u\r9�kc¯q¯o�|[��|[y�E�[o�s�¡¶v�zR�N��|Bv5r!z[�{�ÚvÊ}�oFy[�lr9sxo�y¶zR��t{�N��sjr9�5®Û�Úv~uw����|[�Ny[���Êz[��q�oFsxy6r9u�ÒF��y[�N���N��u�qBv����±n²v��jÒFoF��sjr9�Rt����oFy6�F�N��ÒF���F�N��u�|Ry"q�oFsxy6r�z[�  $ 07  �h.v)iNv��w�wv��lr�v��Ã��®A
 æFæ�å ­l�

m�vgt��lr9�[o>z[�
SQP

vÐ�lr9��t�sjuw�~v5|¦q�oFsjy�rTzBv�y[u
�j�Nu�v�y[yR�N�Nu
1970

qBv5�?��v�yÌ 5
 æ
��� ­���r��Ôo 4,�N�x�  
 æ
��� ­<uw|R���Úv{ÇBv�u��Tz[�Nu�r9�9v@�5v�|�¡"z[� � sx�juwoFyË 5
 æ���å ­l�<��oFy¤q[�wsjy[�Nsjq¯�J�Nu\r�z[�lrEv�sj�x�x����y ��y[y[��¡�� Å �
�Z�x�j���NoFy[u�sxu\r9����v�q[q[��o£¡�sjt����Ñ�j��qR�woFÇ[�j³Nt{��z�nÍoFq�r9sxt{sxuwv5r9sjoFy
y[oFy>ÈC�xsjy[�@v5sx�w�<u�oF|[u,�NoFy6r9�wv�sxy6rw��qBv��Ñ|[yq[��oFÇ[�j³Nt{��z�npoFqRrwsxt{sxu9vXr9sxo�y'��|Bv�zR�9v5rwsx��|[�~uwo�|[u
�NoFy6rw�9v�sjy�rw�Nu
�jsxy[�Nv�sx���NuN�Ôm�vÐ�w��uwoF�j|Rr9sjoFyÎ��u�r�ÇBv�u��N�u�|[���±nÍ��u�r9sjt�vXr9sxo�ygz[|Ë�[��uwuwsj�NyËzR���Úv~}�oFy[�lr9sjoFy'�xv�ÒF�wv�y[ÒFsj�Ny[y[��z[|'q[�wo�Ç[�x³�t��{y[oFy�ÈÜ�xsjy[�@v�sj�w�5� Å ��r�r9���u�r9sjt�vXr9sxo�yT�Nu\rA�N�x�j�lÈÜt�Æ�t��,�NoFy[u\r9��|[sjrw����qBv���rwsx�ÉzR�NuAÒF�9v5z[sx��y�rwuZz[|��N��sjr9³��w�.�lrÑz[�NuZ��oFy6r9�9v5sxy6r9��uÑq[v���wv�q[q�oF��r!v�|�¡¶q[v��9v�t{³�rw�w��uJz�nÍoFq�r9sxt{sxuwv5r9sjoFy���m½v�q[���N�NsjuwsjoFyÎv@���N���xv���|[�N�j�x�
�j�NuJÒF�9v�zRsx�Ny6rwuJzR|Îq[��o5ÈÇ[�j³Nt{��uwo�y�rØ�Nv��x��|[�x��u<�NoFy[zRsjr9sjoFy[y[��v�sxy[u�sÃ®�zBv�y[u<|[yR�J�xv��wÒ���t���uw|[����®B�xvTq[�w���Nsxu�sxoFy~zR�J�xvTt��lr9�[o>z[�5�
7½�woFsju�t{��r9�Ro�z[��u�q¯��|R�F��y6r�Ælr9�w�
|�r9sx�jsxu��N�Nu�q¯oF|R���x�T�Nv��x��|[�Éz[��u�ÒF�9v�zRsx�Ny6rwu�z[|��N��sjr9³��w�
�lr�z[�Nu��No�y�Èrw�9v�sjyRr9��u�c
��� ��� � �����
	��
	��
� ��� � � 	 � � 	���� � ��	 � �Nu\r��Úv�q[�j|[u�u�sxt{q[�x���Êt��lrwr9���T�Ny ��|R�>���
t�v�sju�z[o�y[y[�zR�Nu~�w��uw|[��rEv5rwuÊuwo�|R�F��y�r°q��N| q[���N�NsjuN�/���F����z[�Nu~z[s������w��y[�N��u~�N�Ny6rw�w�N��u�qBv��~�l¡���t�q[�j��®,|[y[���u�rwsxt�v5r9sjoFy"zR|gÒF�9v�zRsx�Ny6r�z[�T�Úv�}�oFy[�lr9sxo�y[y[�N�j�x�

J
qBv����9v�q[q�oF�\r�v�|¤���N�lr9�N|R�JzR�TqBv��wv�t�³lr9���Nu

p
�Nu\r�zRoFy[y[���Jq[v���c

∇p J ≈ J (p + δp) − J (p − δp)

2 δp

 "f�� � fF­
��� ��� � �����
	��
	�� ��	�� ����� ��� ��� � �¦�NoFyRuwsxu\r9���"sxy6rw�NÒF���N�J�x�NuJ�N��|BvXr9sxo�y[u!zR��uw��y[uwsjÇ[sx�jsjrw�{zR���±nÍ�lrEv5rN�Å ��uT�N��|BvXr9sxo�y[u�u�oFy6rToFÇRrw�Ny�|[��uT�NyËzRsj�¯�N�w��y6r9sÚv5y�r!�x��u����>|[v5r9sjoFy[u�z�nÍ�lrEv5r�qBv��J�9v�q[q�oF�\rTv�|>¡q[v��9v�t{³�rw�w��u<z�nÍo�qRr9sjt�sju9v5rwsxoFy c

˙� ũij
(t) =

zz
t

(
∂x

∂ũT
ij

)
=

∂f (i)

∂uT
· φ(N)

j

(
τ (i)
)

+
∂f (i)

∂xT
· � ũij

 
2.43a

­
˙� p (t) =

zz
t

(
∂x

∂pT

)
=

∂f (i)

∂pT
+
∂f (i)

∂xT
· � p

 
2.43b

­
��|�¡�sjy[u�r9v�y6r9uZz[���No�t�tT|�rEv5rwsxoFy

ti
®F�x��uZuw��y[uwsjÇ[sx�jsjr9��uÉq��N|R���Ny6r.v5z[t��lrwrw�w�<z[��uÑzRsxuw��oFy6r9sjy>|Rsjr9��u��|[sR�w�Nu�|[�jrw�Ny6rÑz[�<�Úv�zRsj�¯�N�w��y[�N�<zR�Øq��Ny6rw�Ø��y6r9�w�<�j�NuZt{o�zR³N�x��u

f (i) �lr f (i+1) � Å �NuA�No�y[z[sjrwsxoFyRuu�oFy6r�oFÇRrw�Ny�|[��uJq[v����xv�z[sj�¯�N���Ny6r9sxv5r9sjoFy¤zRsx�w����rw�Tz[�Nu��NoFy[zRsjr9sjoFy[u�z[�T�No�y�rwsxy�|[s�r9�Tz[���Ãnp��rEvXr��
���
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���NuØsxy[u\rEv�y6rwuN�mÛoF��uw��|[�!�x�NuØuw��y[uwsjÇ[sx�jsjrw�Nu � (t) uwo�y�r�z[�lr9�N��t�sjy[�N��uN®��x�J�@v��j�N|[��z[��u�ÒF�wv�z[sj�Ny6r9uØ�Nu\r�sxt{t{�Nz[sxv5r@®¬Nà2Ö6àBq�oF|[�<�x�����ws�r9³N����z�npoFqRr9sjt�sju9v5rwsxoFyg 
2.41a

­ c
∇ũij

J =

∫ tns

t0

(
∂L
∂uT

· φ(N)
j

(
τ (i)
)

+
∂L
∂xT

· � ũij

) z
t

 "f�� �)� ­
∇p J =

∂G
∂pT

+
ns∑

i=1

∂G
∂xT

· � p
∣∣∣∣
t−i

+

∫ tns

t0

(
∂L
∂pT

+
∂L
∂xT

· � p
) z

t
 "f�� � � ­

��� ��� � �����
	��
	
��� � � � � ��� �g�l¡�q[�xo�sjr9���j�NuJ�NoFy[zRsjr9sjoFy[u�z�npoFqRrwsxt�v��xs�r9��zRoFy[y[���Nu�q[v��!�j�{�A��sxy[��sxq��zR| �"vX¡�sxtT|[t°�ÉmÛ��u��5v���sÚv5rwsxoFyRu��@v5�x�N|R�x�N��u
q¯��|R�F��y6r���y¦�l���lr{Æ�r9�����w�N�jsx���Nu
v�|>¡ ÒF�9v5z[sx��y�rwu��oF�w���Nu�q¯oFyRzBv�y6rØqBv����ÚvT���N�ÚvXr9sxo�y c

∇p J =
δJ

δpT

 "f�� � � ­
�½oF|[�"�x�Nu°u�¢>u\r9³Nt{�Nu¤zR¢>yBv�t{sx��|[�Nu"qBv��wv�t��lr9���Nu°z[sxu��NoFy6r9sjy�|[uN®Ø�x�¶ÒF�9v5z[sx��y�r°z[|á�N�ws�r9³��w�¶��rzR�Nu���oFy6r9�9v5sxy6r9��u
 ´u�oF|[u��x�N|R�wu�}�o��wt{�NuØ�@v�y[o�y[sx��|[��uE­Øu��Tz[��z[|[sjr�z[sj�w�N�lr9��t���y�r�z[���xv{���N�xv5r9sjoFy "f�� fefF­�c
∇ũij

J =

∫ t−i

t+i−1

∂H(i)

∂uT
· φ(N)

j

(
τ (i)
) z

t
 
2.47a

­
∇pJ =

∂G
∂p

+

ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
· σT

i + H(ns)

t−ns

· σT
ns

+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT

z
t
 
2.47b

­
v@�F���%c

σT
i =

(
∂si

∂t

∣∣∣∣
t−i

)−1
∂si

∂pT

o)dT�x��uÔ�5v��wsxv�Ç[�j�Nu½v�zXä�oFsjy6r9�Nu
λ
u�oFy6rÉz[�lr9���wt{sxy[���Nuãq[v��ã�±nÍsjy�rw�NÒF�wv5r9sjoFy�z[|
u�¢>u\r9³Nt{�.z[s������w��y�rwsx��� 

2.23c
­��TqBv��\r9sj�.z[�Nu<��oFy[z[s�r9sjoFy[u�rw�N�wt{sxy[v��x��u� 

2.23d
­,�lr��Ny��w��uwq��N��r9v�y6rØ�x�Nu��NoFy[zRsjr9sjoFy[u.zR�zRsxuw��oFy6r9sjy>|Rsjr9�° 

2.23e
­�v�|�¡¶sxyRu�rEv5y�rwu�z[����oFt{tT|RrEvXr9sxo�y�� � y'q¯��|RrJ�NÒ6v��j�Nt{�Ny6r��w��t�v5�w��|[�N���|[��zBv�y[u!�x�{�@v�u!z[���xv"��oFt�t�v�y[zR�{q[v��9v�t{��rw�w����®½�Ãnpsxy��B|R�Ny[����z�np|[yËzR�NuT���x�Nt{�Ny6rwu

ũk
ij

z[|���N�lr9�N|R�
ũk u�|[���j�!���wsjrw³N���

J
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F� f æ ­<��r�~�ÚvÊt{sxyRsxt{sxu9vXr9sxo�y"z[���xvÊ�NoFy[u�oFt{t�v5rwsxoFy¤�Ny[���wÒF�lr9sx��|[��z[|¶u�¢>u\r9³Nt{�{z�n²v5�N�9vXr9sxo�y¦ 5
F� å�� ­�o�y�rJ�lr9���¡RqR�xsx��sjrw�Nu
zBv�yRu{�j�~q[�w��t�sj�N�T�E�[v�q[sjrw�w�~z[�����°t�v�y�|[u��N�ws�r@� Å ��u�zR�N|�¡¦q[��oFÇ[�j³Nt{�Nu
uwo�y�r{�wv�q[q��N�x��u��s�ÈCzR�Nuwu�oF|[u��
���
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, �¤¨ªÄB¨ªÁ
¨xºN·�©´¨Ã¾XÄ�»>¬Eº�§9¬��@¬l©�º�»½¼ · 
X¾X©C¬�©C¾X©Ü·�¹.  � . ­�c
min

Nc,a1,`1,...,aNc ,`Nc

J =
1

tf − t0

∫ tf

t0

FNGL (x)
z
t

uwo�|[t�sju<�'c
ẋ = f (1) (x)

uws
tk−1
c ≤ t < tkb

ẋ = f (2) (x)
uws

tkb ≤ t < tkc

t
lnzw u}z ≤ ak ≤ t

lnzw����
t
l	�w u}z ≤ `k − ak ≤ t

l	�w����





k = 1 . . . Nc

tf = t0 +

Nc∑

k=1

`k

, �¤¨ªÄB¨ªÁ
¨xºN·�©´¨Ã¾XÄ�»>¬�¹�·°¥E¾XÄRº£¾XÁ
Á{·�©´¨Ã¾XÄ �lÄ�¬l§±Ö �l©±¨´ÝNÞB¬!»>¬�¹w¼ · �l§�·�©C¬lÞ�§~  � Å �Ñ­�c

min
Nc,a1,`1,...,aNc ,`Nc

J =
Nc∑

k=1

ak

/ Nc∑

k=1

`k

uwo�|[t�sju<�'c
ẋ = f (1) (x)

uws
tk−1
c ≤ t < tkb

ẋ = f (2) (x)
uws

tkb ≤ t < tkc

t
lnzw u}z ≤ ak ≤ t

lnzw����
t
l	�w u}z ≤ `k − ak ≤ t

l	�w����





k = 1 . . . Nc

0 ≤ NGL w���� − FNGL (x)

0 ≤ DCO w���� − FDCO (x)

0 ≤ DBO5 w���� − FDBO5
(x)

0 ≤ MES w���� − FMES (x)





t ∈ [t0, tf ]

tf = t0 +
Nc∑

k=1

`k

oed��j�Nu�}�oFy[�lr9sjoFy[y[���x�x��u FNGL

® FDCO

® FDBO5

��r FMES

uwo�y�rJz[�l�By[sj�Nu�qBv����j�Nu����N�ÚvXr9sxo�y[u
  
F� å � ­oF|Î 5
�� å
� ­,uw���xoFy°�x��rC¢>q��JzR�Jt{o>z[³N�j��|Rr9sj�xsjuw���
�Ôo�|[�É�x��uãz[��|�¡�q[�woFÇR�x³Nt{�NuÔz�npoFqRr9sjt�sju9v5rwsxoFy�®@�x�Ñ�NoFt{q�oF��rw�Nt{�Ny6rãzR|
q[�wo>�N��z[�.�Nu\rÉ���Nq[���Nuw��y6r9�Øv�|t{o£¢F�Ny�z�nÍ|Ry�u�¢>u\r9³Nt{��z[s������w��y�rwsx���Bz[��rC¢>q����6¢>Ç[�wsjz[��zRsxuw���w�lrKJ5��oFy6r9sxy�|ÊzRoFy6r��j�NuÑz[�N|�¡�t{o�zR�Nu

f (1)�lr
f (2) }�oFy6rØ�w��uwq��N��rwsj���Nt{�Ny6r�����}��N���Ny[���
v�|�¡°u��N��|[��y[�N��u�z[|[�9v5y�r��x��uw��|[���x�x��u��x���w�Nv���rw�N|[���Nu�r�v����w�oF|
yRoFy����¤vXr9�[��t�v5rwsx��|[��t���y�rN®����NuAt�o>z[s��B�@v5rwsxoFyRuÔu���rw�9v�zR|[sxu��Ny6rZqBv��Z�xv�q[��sxuw�<��y��NoFt{qRr9��oF|
y[oFyz[|~rw�N�wt{� AO

z�nÍv�q[q�oF��r�z�npo@¡>¢�Ò�³Ny[�JzBv�y[u��±nÍ���>|[v5r9sjoFy¶ 5
F� å ­� �q��A
 æ ­��w�N�xv5r9s��F���
�xvT�NoFy[���Ny6r9�wv5r9sjoFy��y�o@¡>¢�Ò�³Ny[�Øz[sxu�uwoF|Ru
SO

�>mÛ���E�Bv�t{q�zR�����N�lr9�N|R�wu.z[|{u�¢>u\r9³Nt{�Øq[�w��uw�Ny6rw��v�sjy[uwsBz[��u,zRsxuw��oFy6r9sjy>|Rsjr9��uv�|>¡�sxy[u\rEv�y6rwuØzR�J��oFt{tT|RrEvXr9sxo�y�®���oFy6r9�wv�sx���Nt{�Ny6rØv�|�¡~�5v���sÚv�ÇR�x�Nu�z�nÍ�lrEv5rØ��|[sÛ���Nu�rw�Ny6r��NoFy6r9sjy�|[�Nu��
�Ôo�|[�<|[y�y[oFtTÇR�w�

Nc
z[o�y[y[��z[����¢>���x�Nu<zR��}�oFy[��rwsxoFyRy[�Nt{�Ny6r@®��x��yRoFtTÇ[����z[��uw���>|R�Ny[���Nu�z�n²v���È�wv5r9sjoFy��lrZz�nÍv��w��Æ�rZ��u�r

2Nc

��mÛ�NuZsxyRu�rEv5y�rwuÉz[�.��oFt{tT|RrEvXr9sxo�y
tk
®
k = 1 . . . 2Nc−1

®F�Ny6rw�w�<�x��uãz[��|�¡t{o�zR�NuØz[|¤u\¢�u\r9³�t��Tu�oFy6r�zR���By[sju�qBv5��z[��u���oFy[z[s�r9sxo�y[u�z[����oFt�t�|RrEv5rwsxoFy~��¡�q[�xsj�Nsjrw�NuØz[���xvT}�oF�wt{�
s(k) (p, t) = 0

� �����xoFy¦�x�~rC¢>q¯�"z[�°�NoFt{tT|Rr9v5r9sjoFy  
f (1) yf (2) o�| f (2) yf (1) ­�®Z�N��u��w���Úv5rwsxoFyRu

�
�
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u�nÍ���N�ws��F��y�r7c




s(1) (p, t) = a1 − t = 0

s(2k−1) (p, t) =

k−1∑

i=1

`i + ak − t = 0 , k = 2 . . .Nc

s(2k) (p, t) =

k∑

i=1

`i − t = 0 , k = 1 . . .Nc − 1

  å � 
e­

mÛ�Nu{sxyRu�rEv5y�rwu�z[�"��oFt{tT|RrEvXr9sxo�y
tkb

�lr
tkc
®Z�w��uwq��N�lr9sj���Nt{�Ny6r��w�N�xv5r9s�}�u�v�|�¡ ��oFy[z[s�r9sjoFy[u

s(2k−1) ��r
s(2k) ®RuwoFy6r�z[oFy[y[��u�qBv�� c

t0 < t1b < t1c < · · · < tNc

b < tNc

c

 
3.2a

­
v@���N�+c

tkb =
k−1∑

i=1

`i + ak , k = 1 . . .Nc

 
3.2b

­
tkc =

k∑

i=1

`i , k = 1 . . .Nc
 
3.2c

­
� y �9v�qRq¯���x�x�¤�>|R�¶�j�NuÊq[v��9v�t{³�rw�w��u~z�nÍo�qRr9sjt�sju9v5rwsxoFy

Nc
®
ak ��r

`k
®�v�sxyRuws���|[���j�Nu~sxyRu�rEv5y�rwu~z[���oFt�t�|RrEv5rwsxoFy

tbk
�lr
tkc
®Bu�oFy6r�sj�x�j|[u�rw�w�Nu�uw|[���Úv?1ãsjÒ[��
�� �  ´q�� å � ­l�
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F�gf æ ­���r� 5
�� å�� ­�uwoFy6r�z[�Nu�q[��oFÇ[�x³�t���u�z�nÍo�qRr9sjt�sju9v5rwsxoFy�zR¢>yBvXÈt{sx��|[�Jt�s8¡>r9�Nu�®Bq¯o�|[���j�Nu��>|R�N�xu�sx�Ûy�np�l¡�sju�r9�!qBv�u�®��{�Ãnp�[�N|[����v5��r9|R�N�x�j��®Bz[�!t��lr9�[o>z[��u�z[�!�w��uwoF�j|Rr9sjoFyÒF��y[�N�wv��x��uN���Ø�By�z�np���>sjrw�N�A�N��uÑzRs$`{�N|[��r9��uN®��xv��w��uwoF�j|Rr9sjoFy
z[�<�N��uAq[�woFÇR�x³Nt{�Nuã�Nu�rÑsj�NsR��y6��sju9v�Ò��N��q¯o�|[�|[ygyRoFtTÇ[���!�R¡��Tz[����¢>�N�j�Nu�z�nÍv����9v5rwsxoFy�®��x��u��5v��j�N|[��u�oFqRrwsxt�v��x��u�z[�
Nc

�lrEv�y6r�v5�xoF��u�z[�lr9���wt{sxy[���NuqBv5�<z[��uwsxt{q[�j�Nu<�Ny�|[t{�N�wv5r9sjoFy[u��
�Ôo�|[�Ê|[yÕyRoFtTÇ[���"z[o�y[y[�Ðz[�"��¢>�N�j�Nu�®��x�°y[oFt�Ç[�w�"��rÊ�±nÍo��wz[���"z�npo>�N�N|R�w�w��y[�N�gzR�Nu���oFt{tT|RrEveÈrwsxoFy[uAu�oFy6r��R¡��Nu��RÙ�v�y[u����Nu,�NoFy[zRsjr9sjoFy[u�®6�x�NuÑq[��oFÇ[�x³�t���uAz�nÍo�qRr9sjt�sju9v5rwsxoFy
�6¢>Ç[�wsjz[�����Nu�|[�jr9v�y6r9uÑuwoFy6r§��ÃÖ�Þ>¹2¨Ã¬l§Eºg E¥ � à9� f�� 
e­���r�q¯��|R�F��y6r
Æ�rw�w�{�w�Nu�oF�x|Ru�qBv��J�x��u!t{��rw�[o>z[�NuJz�npoFqRr9sjt�sju9v5rwsxoFygz�¢�y[v�t�sj��|[�rw�9v�z[s�r9sjoFy[y[���x�x��u�z[���N�ws�r9��uÔzBv5y[uÔ�j� Å �Bv�q[s�r9�w� f�� �Zy!qBv���rwsx��|[�xsj�N�N®N�x�Nu�t{��rw�[o�zR�Nu½z[sx���N��rw�Nu�®XÇ[v�uw���Nuãu�|[��xv�qBv��9v5t��lr9�wsju9v5rwsxoFy�z[|�qR�wo��B�Rz[���NoFt{t�v5y[z[�<��r�J5oF|�z�np��r9v5rÑz[|�u\¢>u�r9³�t��5®��w�@v5�xsxu��Ny6rAv��lr9|[���x�j�Nt{�Ny6r�j�.t���sx�j�x�N|R�½��oFt{q[�woFt{sxuÔ�Ny6r9���<�Úv�qR�w�N��sxu�sxoFy
z[��uZuwoF�j|Rr9sjoFy[uÔ��rZ�j��r9��t�q[uZzR�.�@v��j�N|[��y[�N���Nu�u9v�sj�w��q¯o�|[��l������r9|R�N���ÚvT���Nuwo��x|RrwsxoFy�®���rØq��N�wt{��r�r9��y�r�zR�JÒ��N�w���<��`{�@v5�N�Nt{�Ny6rØ�x��u<�NoFy6rw�9v�sjy�rw�Nu�z[��uØqR�woFÇ[�j³Nt{�Nu��
Ù�v�yRuJ�j���Nv�z[�w�
zR�
�ÃnpoFqRr9sjt�sju9v5rwsxoFy�z[��u�q¯�lr9s�r9�Nu�u�rEvXr9sxo�y[u�z�np�Nq[|R�9v5rwsxoFy�®¯�Ãnp|Rr9sj�xsju9v5rwsxoFy�z[�
�±n²v�q>Èq[��o��E�R�JzRsx�w����rw�Ju�sxtT|R�jrEv5y[�N��u��J������³N�x��rwoF|Rr9�l}�oFsxu<sjyBv�zBv5qRr9����� Å oFt{t{���x��u�¢>u\r9³Nt{��}�oFy[��rwsxoFyRy[���Ny��oFt�t�|RrEv5rwsxoFy�®Bsx�Û�Nu\r��Ny¤���¯��r�yR�N�N��uwuwv�sx���Tz�nÍv�q[q[��o£¡�sjt������±nÍ�lrEv5r�qBv��T ±v�|"t�oFsjy[uE­�v�|Rr9v�y6r�zR��q�o5È��¢�y�)Ft���u
��|�nÍsj��¢ vgz[�~q[�[v�uw��u�z[�~}�oFyR��r9sjoFy[y[��t���y6r@®.¨´à´¬Nà

2Nc

q�oF�j¢>y*)�t���u
q¯oF|R�
Nc

��¢>�N�j�Nu�z[�}�oFyR��r9sjoFy[y[��t���y6r@®��lr�q�oF|[���E�Bv5�>|R�{q�oF��¢�y�)Ft��5®¯|Rygy[oFtTÇ[���Tuw|a`�uwv�y6rJz[�Tq�oFsxy6r9u�z[�
�NoF�j�xo>�@v5rwsxoFyz[o�sjrJÆ�rw�w����oFy[u�sxz[���w��q�oF|[�JoFÇRrw�Ny[sj�!|Ry[�Êv�qRq[�wo@¡�sxt�v5r9sjoFy�u9v5rwsxu\}´v�sxuwv�y6r9�{z[���±nÍ�lrEv5rN�ÔmÛ�{q[�x|Ru�uwo�|�È���Ny6r@®[�xv!rEv5sx�x�j��z[| ��m�� �w�Nu�|[�jr9v�y6r<�Nu\r<z[sjuwuw|[v�uws��F���[Ù�n²v5|Rr9����qBv��\r@®R���N�\rEv�sjy[�Nu��5v���sÚv�ÇR�x�NuÑz�np��r9v5r<z[|u\¢�u\r9³�t���q[���Nuw��y6r9�Ny6r�z[��}�oF�\r9�Nu.�5v���sÚv5rwsxoFyRu.v�|~t{oFt{�Ny6r<z[���xv�t�sjuw����y�t�v����E�[��oF|~z[���±n²v����wÆlr.z[|u\¢�u\r9³�t��
z�nÍv����9v5rwsxoFy¦ 9¬Nà2Ö6à��Úv���oFy[�N��y6r9�9vXr9sxo�yg�Ny�o@¡�¢>ÒF³�y[��z[sxu�uwoF|Ru�zBv�y[u��j�T�w�Nv���rw�N|[�9­l�Û�½oF|[�����Nu�5v���sÚv�Ç[�j�Nu�®>�j�NuÑq¯����}�oF��t�v5y[�N��u�z[���Úv!��oF�x�jo��Nv5r9sjoFy
oF�\r9�[oFÒ�oFyBv��j��u�oFy6r.t{�Nz[sjo����w�NuÑ�xo��wuw��|[��z[�Nu�q¯oF��¢6Èy*)�t���u�z�npsxy6r9���wq�oF�ÚvXr9sxo�y{u�oFy6r<|Rrwsx�xsjuw��uN®6t{ÆNt{��q�oF|[�,|[yÊÒF�wv�y[zÊy[o�tTÇ[�w��z[��q�oFsjy�rwu,zR���NoF�j�xo>�@v5rwsxoFy
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zR�Ê}´v � oFy sjt�q�oF�\Èr9v�y6r9�~�x�{r9��t�q[u
zR�Ê�@v��j�N|[�,��r�y�np�Nu\r�ÒF�NyR�N�9v5�x�Nt{�Ny6r
q[v�uTuw|a`�uwv�t{t���y�r�qR�w�N��sxu
q�oF|[��v�uwu�|[�w���{�xv��oFy6�F�N��ÒF�NyR�N��z[���xv"u��N��|[�NyR�N��z[�Nu�uwoF|[u:ÈCq[��oFÇ[�j³Nt{�NuJ�>|[v�z[�9vXr9sx��|[��u��F���wu
|[yÎq¯oFsjy6r�u\rEv5rwsxoFy[y[v�sx���z[|�q[�wo�Ç[�x³�t���y[oFy>ÈC�xsjy[�@v5sx�w�� ´�No�y[z[sjrwsxoFyRuZz[�  $ 07Ø­l�>mÛ�NuÑt{��r9�Ro�z[��u,zR���±n²v�zeä�oFsxy6rA��r,z[��u,u��Ny[u�sxÇ[sj�xs�Èrw�NuÉ���Nuw|R�jr9��y6rÉz[�,z[�����N�xo�q[q¯��t���y6r9uAv�yBv5�j¢�r9sj�>|R�Nu½��rÉq��N��t��lrwrw�Ny6rÉz�np�Nu\r9sjt����ã�x��uãÒF�wv�z[sj�Ny6r9u½z[��}´v � oFyÇ��@v�|R�NoF|[q'q[�x|RuJqR�w�N��sxu����ÔmAnp�l¡�q[���Nu�uwsxo�yÎÒF��y[�N�wv��x��z[|'ÒF�9v�zRsx�Ny6rJz�np|[y[��}�oFy[�lr9sxo�y[y[�N�j�x�
z[��rC¢>q¯�
JiqBv5���9v5q[q¯o���r<v5|�¡�qBv��9v5t�³lr9�w��u

p
z�npoFqRrwsxt{sxuwv5r9sjoFy{v���rw��q[�w���Nsjuw�N��q¯oF|R���x��u�u\¢�u\r9³�t���u<qBv��9v5t��lr9�w��uz[sjuw��oFy6r9sxy�|[u�zBv5y[u��x� Å �Bv�qRsjr9���Df" 
� f�� å �gf>®Bq�� ��� ­��

�Ôo�|[�<�x��u\¢>u�r9³�t����lr9|[z[sj��®��x�Nu�qBv��9v5t�³lr9�w��u<z�npoFqRr9sjt�sju9v5rwsxoFy{uwo�y�r
pT =

[
a1, `1, . . . , aNc, `Nc

]�lr�v�|[��|[y[���5v��wsxv�Ç[�j��z[����oFt{t�v�yRz[����oFy6r9sxy�|[�
u (t)

y�nÍ��u�rØq[�wsjuw����y~�NoFt{qRrw���[mÛoF��uw��|[���j��y[oFtTÇR�w�z[�<�l¢>�N�x��uAz�n²v5�N�9vXr9sxo�y
�Nu�rA���x�l�F��®6�xv�z[sxt{�NyRuwsxo�yTz[|�q[�wo�Ç[�x³�t��.��u�rAsjt�q�oF��r9v�y6r9�5®�v@�F���ØrC¢>q[sj��|[�Nt{�Ny6rq[�j|[uwsj�N|[��u�z[sjiNv�sxy[��u�z[�"q[v��9v�t{³�rw�w��u{z�nÍoFq�r9sxt{sxuwv5r9sjoFy�� ��|[u�uws±®Ñ�j�Nu�ÒF�wv�z[sx��y6r9u{z[�Nu�}�oFy[�lr9sxo�y[y[�N�j�x��u
Ji

uwo�y�r��@v5�x�N|R�x�Nu
q[v��
�Úvgt{��r9�Ro�z[�~zR�°�±n²v5zXä�oFsxy6r
��|[s<��u�r�qBv��\r9sx��|[�xsj³N���Nt{�Ny6r
Ç[sj�Ny¦v�zBv�q�r9�N�°v�|>¡q[��oFÇ[�j³Nt{�NuJz[�ÊÒF�wv�y[z[��u�z[sjt���y[uwsjoFy[u� ±m�v5r9s��Ë�lr
v��±�j®3
 æFæ�� ­¯ß��x�{Ò6v�sjyÎz[�{r9�Nt{q[u!�Nu�rT�NoFy[u��N��|[��y�r�>sxu:È:�XÈÃ�>sxuÑz[���xv!t{��r9�Ro�z[��z[�Nu�uw�NyRuwsxÇRsx�xs�r9��u,��|[s�y[�N���Nu�uwsjrw��z�npsxy6r9��ÒF�w�����x��u����>|[v5r9sjoFy[u�zR��uw��y[uwsjÇ[sx�jsjrw�
�Fæ
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∇ak J = H(1)

J

(
tkb

−
)
−H(2)

J

(
tkb

+
)
, k = 1 . . . Nc

 
3.3a

­
∇`k J =

Nc∑

j=k+1

[
H(1)

J

(
tjb

−
)
−H(2)

J

(
tjb

+
)]  

3.3b
­

−
Nc−1∑

j=k

[
H(1)

J

(
tjc

+
)
−H(2)

J

(
tjc

−
)]

+ H(2)
J

(
tNc

c

−
)
, k = 1 . . . Nc

oed°�x��u<�Bv�t{sx��r9oFy[sj�Ny[u H(1)
J

�lr H(2)
J

u�oFy6r�zR���By[sj�Nu�qBv���c
H(1)

J
(x,λ) = FNGL (x) + λT f (1) (x)

 
3.4a

­
H(2)

J (x,λ) = FNGL (x) + λT f (2) (x)
 
3.4b

­
�lr�o)d°�j�Nu<�5v��wsxv�Ç[�j�Nu<v�zeä�oFsxy6r9��u<uwoFy6rØuwo��x|RrwsxoFy[u<zR|"u\¢�u\r9³�t���z[s������w�Ny6rwsx�N�Ûu�|[sj�5v�y6r c

λ̇
T

= −∂H
(1)
J

∂xT

uws
t ∈
[
tk−1
c

+
, tkb

−
]
, k = 1 . . . Nc

 
3.5a

­
λ̇

T
= −∂H

(2)
J

∂xT

uws
t ∈
[
tkb

+
, tkc

−
]
, k = 1 . . .Nc

 
3.5b

­

v£���N�J�Úv
�No�y[z[sjrwsxoFyÊrw�N��t�sjyBv��x�7c
λ
(
tNc

c

−
)

= 0
 
3.5c

­
��rØ�x��u<�NoFyRz[sjrwsxoFy[u<zR�J��oFy6r9sjy>|Rsjr9� c

λ
(
tkc

+
)

= λ
(
tkc

−
)
, k = 1 . . .Nc − 1

 
3.5d

­
λ
(
tkb

+
)

= λ
(
tkb

−
)
, k = 1 . . .Nc

 
3.5e

­
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qBv5�<z[sj�¯�N���Ny6r9sxv5r9sjoFy~z[sx���N�lr9��®ã¬Nà2Ö6àBzBv�yRuØ�j���@v�u�z[|°�N��sjrw³N�w��z�nÍoFq�r9sxt{sxuwv5r9sjoFy[c

∇ak J =
1

Nc∑

j=1

`k

∇`k J =

−
Nc∑

j=1

ak

(
Nc∑

j=1

`k

)2

  å � � ­

mÛ���@v��j�N|[�Rz[�NuÑÒF�9v5z[sx��y�rwuZz[�NuÑ�No�y�rw�9v�sjy6r9�NuAz�np��r9v5rA�Nu\r�qR�x|[uZq[��oFÇ[�j�Nt�v5r9sj�>|R��� Å ��u,��oFy6r9�wv�sxy6r9��uAuwoFy6r��¡RqR�wsxt{�N��u�u�oF|[u.|[yR��}�oF��t��Ø�@v�yRoFy[sx��|[�T E¥ � à � f�� f�� å ®�q�� � � ­�®�¬Nà2Ö6à�q¯o�|[���xvJ��oFy6r9�9v5sxy6r9��uw|[�,�ÃnÍv)iNo�rw�ÒF�joFÇBv�� c
gNGL =

Nc∑

k=1

[∫ tk
b

−

tk−1
c

+
LNGL (x)

z
t+

∫ tkc
−

tk
b

+

LNGL (x)
z
t

]
= 0

 
3.7a

­
v@�F���%c LNGL (x) = max (0,FNGL (x) −NGL w���� )2  

3.7b
­

mÛ�NuØv�|�r9�w��u��NoFy6r9�wv�sxy6rw�Nu�z�np��rEvXrT 
gDCO

®
gDBO5

��r
gMES

­.uwoFy6r�r9�wv�sjrw�N�Nu<zR��}´v � oFy°uwsjt�sj�Úv�sj�w���ÓC�¯�Nu�r.sxy6r9���w�Nu�u9v�y6r�z[���w�Nt�v����>|R�N�.��|[�����Nu.��oFy6r9�9v5sxy6r9��u.z�np�NÒ6v��jsjrw��sxy6rw�NÒF�wv��x��u,q��N|R���Ny6rØÆ�rw�w��z[sjuwu�o5È��sx�N��u��Nyg��oFy6r9�wv�sxy6r9��u�z�npsxy[��Ò6v��jsjr9��sjy[z[�Nq��NyRzBv�y6r9��uN®,¬Nà2Ö6à
gNGL ≥ 0

��r
gNGL ≤ 0

��Ù�|Ð}´v�s�r�z[���Úvq�oFuws�r9s���s�r9��z[�J�Ãnpsxy6rw�NÒF�wv�y6r LNGL (x)
®^�Úv
��oFy6r9�9v5sxy6r9�

gNGL ≥ 0
��u�r�u�¢>u�rw�Nt�v5r9sj��|[�Nt{�Ny6rØ�F�N��sj�B�����m�v
uw��|[�x���No�y�rw�9v�sjy6r9�J�
u9v5rwsxu�}´v5sx�w���Nu�rØz[o�y[�

gNGL ≤ 0
�

mÛ�Nu���|Bv5r9���!��oFy6r9�wv�sxy6r9��u�z�npsxyR�NÒ6v��jsjrw���w�Nu�|[�jr9v�y6r9��u�uwo�y�r��w���ÚvX¡����NuN®�z[�!t�v�yRsx³N���J�{���Ny[z[����q�oFuwu�sxÇ[�j�|[yTrw�w³�uã}´v�sxÇR�x�Az[�Nq[v�uwu��Nt{�Ny6rAz[�.�xv��xsjt�s�rEv5rwsxoFy�sjt�q�oFu��N���X�½oF|[�É�xv��No�y�rw�9v�sjy6r9�
gNGL

qBv��Ô�l¡��Nt{q[�x� c
gNGL =

Nc∑

k=1

[∫ tk
b

−

tk−1
c

+
LNGL (x)

z
t +

∫ tkc
−

tk
b

+

LNGL (x)
z
t

]
− εNGL ≤ 0
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εNGL = εDCO = εBDO5
= εMES = 10−4 ®�������|[s��w�l��sj�Ny6r��!v�|Rr9o��wsxu��N�Ñ|[yÊz[��qBv�u�uw�Nt{�Ny6rz[�

0, 01
t{Ò[�²m

−1 z[���xvÊy[oF��t���q��Ny[zBv5y�r 1
uJv�|��No�|[�wuJz�np|[y[��ä�oF|[�wyR�N��®Û�lrJy[��t�o>z[sj�[�
z[oFy[���Ny��sx�Ny��j���w�Nu�|[�jr9v5r�z[���ÃnpoFqRrwsxt{sxuwv5r9sjoFy��

�½oF|[�°�Úv��NoFy6rw�9v�sjy�rw��z[�'���:ä��lr
gNGL

� y[oF|R���@v�|�®Ø�j��ÒF�9v�zRsx�Ny6r�qBv5�°�wv�q[q�oF��r"v�|>¡ qBv��9v5t�³lr9�w��uz�npoFqRrwsxt{sxuwv5r9sjoFy�u�nÍ���N�ws�rDc
∇ak gNGL = H(1)

NGL

(
tkb

−
)
−H(2)

NGL

(
tkb

+
)
, k = 1 . . .Nc

 
3.9a

­
∇`k gNGL =

Nc∑

j=k+1

[
H(1)

NGL

(
tjb

−
)
−H(2)

NGL

(
tjb

+
)]  

3.9b
­

−
Nc−1∑

j=k

[
H(1)

NGL

(
tjc

+
)
−H(2)

NGL

(
tjc

−
)]

+ H(2)
NGL

(
tNc

c

−
)
, k = 1 . . . Nc

oed°�x��u.}�oFy[�lr9sxo�y[y[�N�j�x��u H(1)
NGL

�lr H(2)
NGL

u�oFy6r�zR���By[sj�Nu�qBv���c
H(1)

NGL (x,λ) = LNGL (x) + λT f (1) (x)
 
3.10a

­
H(2)

NGL (x,λ) = LNGL (x) + λT f (2) (x)
 
3.10b

­
� 
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λ̇

T
= −∂H

(1)
NGL

∂xT

u�s
t ∈
[
tk−1
c

+
, tkb

−
]
, k = 1 . . .Nc

 
3.11a

­
λ̇

T
= −∂H

(2)
NGL

∂xT

u�s
t ∈
[
tkb

+
, tkc

−
]
, k = 1 . . . Nc

 
3.11b

­

v£���N�J�Úv
�No�y[z[sjrwsxoFyÊrw�N��t�sjyBv��x�7c
λ
(
tNc

c

−
)
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t
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t+ ∆t

®R�±nÍ�lrEv5r,z[|Êu\¢>u�r9³�t���q��N|�r.Æ�rw�w�sxy6rw�N�wq�oF�j��v�|~t{oe¢��Ny�z[��q�oF�j¢>y*)�t���uN�[�½oF|[�<|[yR��sxy6r9���wq�oF�Úv5rwsxoFy{z�npoF�wzR�w�
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qBv5�.�l¡��Nt{q[�j��®�x��q�oF��¢�y�)Ft�� P ��u�rØ�No�y[u�rw�w|[s�r�z[��r9�N�j�x��u�oF��rw�J��|[�0c

P (t) = x (t) P (t+ ∆t) = x (t+ ∆t)

Ṗ (t) = ẋ (t) Ṗ (t+ ∆t) = ẋ (t+ ∆t)
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ÓC�Û�w��uw|[��r9�0c
P (τ) = a τ 3 + b τ 2 + c τ + d , τ ∈ [t, t+ ∆t]v@�F���%c

a = ẋ(t+∆t)−ẋ(t)

(∆t)2
− 2 x(t+∆t)−x(t)

(∆t)3

b = (ẋ(t+∆t)−ẋ(t))
2 ∆t

− 3 a∆t

c = ẋ (t+ ∆t) − 3 a t2 − 2 b t

d = x (t) − a t3 − b t2 − c t�Z�x|[uØ�ÃnpoF��z[�w��z�npsxy6r9���wq�oF�ÚvXr9sxo�y~�Nu�r��N�j������®�q[�x|[u��±nÍ��u�r9sjt�vXr9sxo�y~z[�NuØÒF�9v5z[sx��y�rwu���u�r�Ç[sx��y¤��y�Èr9��y[z[|�q[���N�Nsjuw�5� Å �N��sÛ�Nu�r�sj�x�j|[u�rw�w�Øuw|[�<�xv 1ãsxÒR� å � � zBv5y[u<�x���@v�z[����z[���Úv!t�sjy[sxt{sxuwv5r9sjoFy
z[��ÚvØ�NoFyRuwoFt{t�vXr9sxo�y!��y[�N��ÒF��rwsx��|[��®Xq�oF|[�
Nc = 12

��¢>�N�j�NuÉz[�Ñ}�oFy[�lr9sxo�y[y[�Nt{�Ny6rN��mÛ��qR�wsxyR�Nsxq��z[������r�r9�����Nq[���Nuw��y6rEv5rwsxoFy~��u�r�v�y[v��xoFÒ�|[���!�N�N�j|[s�v5z[oFqRrw��q�oF|[���xv 1ãsjÒ[� å � � �RÙ��Nu.���Nuw|R�jrEvXr9uuwsjt�sj�Úv�sj�w��u<uwoFy6r�oFÇ�r9�Ny�|[u�q¯oF|R���x��u�ÒF�wv�z[sj�Ny6r9u�z[|g�N��sjr9³��w�!z�nÍo�qRr9sjt�sju9v5rwsxoFy�z[|ÐqR�woFÇ[�j³Nt{�  � . ­���ÓC�Ôv�q[q[v��9v��jr���|[���±nÍ|Rrwsx�jsxu9vXr9sxo�yÊz[�Jq¯oF��¢>y*)Ft{�Nu�z�npsxy6r9���wq�oF�Úv5rwsxoFy�z�npoF��z[�w�
3
zRoFy[y[�z[��u��Nu\r9sxt�v5rwsxoFy[u.rw�w³�u�q[���N�Nsjuw��u���r�q��N�wt{��r�v�sjy[uws�z[�!�NoFt{q¯��y[uw���N®^�Ny¤qBv���rwsx�5®B�x�NuØ�N���w��|[�wu�xsj�N��u��{�±nÍ|Rrwsx�jsxu9vXr9sxo�y�z�np|[y°t�v5sx�x�xv�ÒF�Ø�w��ÒF|[�xsj�N���

��������������� ����� ��� ��!#"#� $�!#�
�������%������� �&��� ���'� � �#()��� �*�
+ ���
�
� �����%�*�,��� �&��� ���

102

10

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−9

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12

`1
`2
`3
`4
`5
`6
`7
`8
`9
`10
`11

� ���	��#������8���;��� � � �	��#:���	���	����


	 ��
- 0�
C
 -.
,D 3
�
,D + B
C -∣ ∣

� g N
G

L

� ak
∣ ∣

∣∣ gNGL

`k

∣∣

�������%������� �&��� ���'�%!#"#� $�!#�
�������%�*�,��� �&��� ���'� � �#()��� �*�
+ ���
�
� �����%�*�,��� �&��� ���

102

10

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−9

a1

a2

a3

a4

a5

a6

a7

a8

a9

a10

a11

a12

`1 `2 `3 `4 `5 `6 `7 `8 `9 `10 `11� ���8��#������ �����
� � � �	� # ���	���	� ��


∣∣ gNGL

ak

∣∣
	 ��
- 0�
C
 -.
,D 3
�
,D + B
C -∣ ∣

� g N
G

L

� `k
∣ ∣

$&%('*) å � � ,�ÓC�x�j|[u�rw�9v5rwsxoFy�z[���Ãnpsxy��B|[�NyR�N��z[|�t{o�zR��z�npsxy6r9���wq�oF�ÚvXr9sxo�y�uw|R�<�Úv�q[���N��sxuwsjoFy~z[|~ÒF�wv�z[sj�Ny6rz[�!�Úv��NoFy6rw�9v�sjy�rw��z[�!�w�Cä���r
gNGL

z[|¤q[�woFÇR�x³Nt{��  � Å �Ñ­Øq[v����wv�q[q�oF��r�v�|�¡"qBv5�9v�t{³�rw�w�Nu
ak   1ãsxÒ[�Ò6v5|[�E�[�£­.�lr

`k
  1ãsxÒ[��z[�wo�sjr9�@­l®Bv@���N�

∆t = 5
uN�

� �



��� ����� ����� �
-�	�����&B&R-)#B������,�-�
 ��
�� ���K����� �|#'
|���! ���!	"�$#%�$����	�����&

�Ôv���v5sx�x�j�N|[��uN®Bq�oF|[�Ø|[yÐqBv5u�z[�!z[sxu��N�w�lr9sju9v5rwsxoFy°��r�|[yÐoF��z[�w�!z�nÍsjy6r9�N��q¯o��Úv5rwsxoFy�z[oFyRy[�Nu�®��Ãnp�Nu:Èrwsxt�v5r9sjoFy{z[�Nu<ÒF�wv�z[sj�Ny6r9u<qBv5�.�9v�qRq¯oF�\r<v�|>¡~qBv��wv�t{³�r9���Nu
ak ��u�r�u��Ny[u�sxÇ[�j�Nt{�Ny6r�q[�x|Ru.q[�w���Nsjuw���|[��q�oF|[���x�Nu<q[v��9v�t{³�rw�w��u

`k
 �1ãsjÒ[� å � � �lr å � � ­l� Å �N��s�r9�wo�|R�F��|[yR�,ä�|[u�rwsj�B�Nv5r9sjoFyÊzBv�yRu<�Ãnp�l¡�ÈqR�w�Nu�uwsjoFy't�v5rw�[�Nt�v5r9sj��|[�Tz[��uJÒ��9v�z[sj�Ny6r9u cÛ�j�Nu���oFt�q�oFuwv�y6r9�Nu����N�ÚvXr9sj���Nu��

ak  E¬Nà2Ö6àÑ 
3.9b

­w­��oF�w���Nu�q¯oFyRz[�Ny6r��J�Úv!zRsj�¯�N�w��y[�N���Ny6r9����z[��|�¡{r9�N��t���u� ��Bv�t{sx�jrwoFy[sj�Ny[u9­ãuw�N|R�x�Nt{�Ny6rN®Rv��joF�wuÑ��|[��j�Nu��No�t�q�oFu9v5y�rw�Nu��w���Úv5rwsj���NuØ�
`k

 9¬Nà2Ö6àÔ 
3.9b

­w­.���Nuw|R�jr9��y6r�zR�!�xvTuwoFt{t��{ �oF|°�Úv
z[sj�¯�N���Ny[���£­zR�<y[oFtTÇ[���N|�¡!r9���wt{�Nu�®F�N�<��|[sBv�q¯oF|R�É���¯��rAz[�<��|[tT|[�j�N�Ô�x�Nuã�N�w���N|[��uN��Ù��<t�v�y[sj³N����ÒF��y[�N�wv��x�5®���N��s��l¡�q[�jsx��|[�Ê��Ò6v��j�Nt{�Ny6r�q�oF|[����|[oFs��j�Nu!�NoFt{q¯o�u9v�y6r9��uTqBv��!�9v�qRq¯oF�\rTv5|�¡Ëq[v��9v�t{³�rw�w��u
`kÒFv�ÒFy[��y�r.�Ny~q[���N�NsjuwsjoFy~�xoF��uw��|[�

k
v�|[ÒFt{�Ny6r9�5®�¨´à´¬NàR�joF�wu��>|R���x��y[oFtTÇ[����z[��rw�N�wt{�Nu�z[sxt{sxy�|[�5�

mÛoF��uJzR���xv����Nu�oF�x|RrwsxoFy¶z[|¶q[�wo�Ç[�x³�t���y[oFy>ÈC�xsjy[�@v5sx�w�5®�sj�Zv�q[qBv5�9v��jr��>|R��q[�j|[uJ�x�
y[oFt�Ç[�w�{z[��qBv��wvXÈt{³�rw�w�NuÑz�npoFqRrwsxt{sxu9vXr9sxo�y
�Nu�r�sxt{q¯o���rEv5y�rN®Fq[�j|[u,�j��yRoFtTÇ[����z�npsjrw�N�wv5r9sjoFy[uZz[���ÃnÍv��xÒFo��wsjrw�[t{�
SQP

��u�r���x��������mÛ��y[o�tTÇ[�w�Øz�npsjrw�N�9vXr9sxo�y[uZÒF�NyR�N�9v5�x�Nt{�Ny6r,y[�N���Nu�u9v�sj�w��q�oF|[�Ñ�@v5�x�N|R�x�N�A�j�ØqR�wo��B�^oFq�r9sxt�v��[z�n²v���È�wv5r9sjoFyÐ�Nu\rJz[�
�ÃnpoF�wzR�w�Tz[�
10

}�oFsxu��x�TyRoFtTÇ[���
z[�
qBv��wv�t�³lr9���Nu�z�npoFqRrwsxt{sxuwv5r9sjoFy�®�v�|[u�uwsÉÇ[sj�Ny�q�oF|[��xv�t{sxyRsxt{sxu9vXr9sxo�y�z[��u����:ä��lr9uØ�>|R�!q�oF|[���ÚvTt{sxyRsxt{sxu9vXr9sxo�y�z[���Úv
��oFy[uwo�t�t�v5r9sjoFy~�NyR�N�wÒ���r9sj��|[��� Å �y[o�tTÇ[�w��z�nÍs�r9�N�wv5r9sjoFy[u,�Nu�r����x�l�F��q¯o�|[�.|[y[��t{��rw�[o>z[��z[��rC¢>q��
SQP

®R��|[s���oFy6�F�N��ÒF��rC¢�qRsx��|[�Nt{�Ny6r��y���|[���x��|[�NuÑz[s$i@v�sjy[�NuZz�npsjrw�N�wv5r9sjoFy[uÉu��N|[�j�Nt{�Ny6r@��mÛ�NuA�wv�sxu�oFy[uZz[���N��q[�R�Ny[oFt{³NyR�Øy�nÍoFy6rÑ�N��q¯��y[zBv�y6rqBv5u�q[| Æ�rw�w�°sxz[��y�rwsj�B����q[�w���Nsxu��Nt{�Ny6r cZsj�<y[�°uw�Nt�Ç[�x�°qBv�u{��|[�"�j�~r9�9v5sjr9��t���y6r�zR�Nu{�NoFy6r9�wv�sxy6rw�Nuz�np��r9v5r���y¶u�oFsjr����ÃnpoF�wsjÒFsxyR��®^zBv�y[u��xv�t{�Nuw|R�w�Toed��j��t{ÆNt{���No�t�q�oF��rw�Nt{�Ny6r���u�r�oFÇRrw�Ny�|�q¯o�|[���x��uz[��|�¡�q[��oFÇ[�j³Nt{�Nu� �� . ­ã�lr�  � Å �Ñ­¯ß6z�n²v�|�r9�w�<q[v���rN®F�Úv�qR�w�N��sxu�sxoFy�v@�F�����xv���|[�N�j�x�,�x�NuãÒF�9v�zRsx�Ny6rwuZuwoFy6r�Nv��x��|[�x��uÑy�n²v�qRqBv��9v��xrAqBv�uÑy[oFy�q[�x|RuÑ��y�Ælr9�w�Ø�Úv��Nv�|[uw�Øq[|[sjuw��|[�5®� 
i
­É�Ãnp|Rr9sj�xsju9v5rwsxoFy!z�nÍ|Ry�t�v�sx�j�Úv�ÒF�,sx�:È���NÒF|[�jsx���Éy[��q¯���wt{��rAqBv5uZz[���w�NzR|[sx���Ø�j�.y[oFt�Ç[�w��z�npsjrw�N�9vXr9sxo�y[uÉ��rN®^ 
ii
­É�Ãnp|Rrwsx�xsju9v5rwsxoFyJz[���Úv�t{��rw�[o>z[�z[��u�u��Ny[u�sxÇ[sj�xs�r9�Nu�z[oFy[y[��z[��u��w�Nu�|[�jr9v5r9u�u�sxt{sx�Úv5sx�w��uN�

mÛ�����wsjrw³N����z�nÍv��w��Æ�r��� ´�N��sjrw³N�w��z[�0 $ 07Ø­Ñz[���Úv!t{��rw�[o>z[�
SQP

��u�r.��¡R���
10−7 q�oF|[���j��qR�woFÇ[�j³Nt{� �� . ­<��r

10−11 q¯o�|[���j��q[�woFÇR�x³Nt{��  � Å �Ñ­����½oF|[�Øz[�NuØ��v5�x�N|R�wuØq[�x|[u�}´v�sjÇ[�x��u<z[|Ð�N��sjrw³N�w��z�nÍv����wÆ�rN®�xvTq[�w���Nsxu�sxoFy�z[��u�ÒF�9v�zRsx�Ny6rwu�v�q[qBv��wv��xr��Ny°���¯��rØsxyRuw|�`{u9v5y�rw��q¯oF|R��v�uwu�|[�w���Øu\¢>u�r9��t�vXr9sx��|[��t���y6r��xvrw�N�wt{sxy[v�sxu�oFy�z[���xvØt{��rw�[o�zR�
SQP

zBv�y[u½z[��Ç�oFy[yR�Nuã��oFy[z[s�r9sjoFy[uN®£t{ÆNt{�Ñ�NyT|Rrwsx�jsxu9v5y�r�|Ry�t�v�sx�j�Úv�ÒF�sj�w�w��ÒF|[�jsx�N��z[���Ãnp��rEvXr@�¯Ù��
t�v5y[sx³��w�JÒF�Ny[���9v��j��®¯�x�����ws�r9³N����z�npoFqRrwsxt{sxuwv5r9sjoFy�z[�N���wo0�jr��9v�qRsxz[��t���y�r�v�|��oF|[�wu�z[��u
50

�
100

qR�w�Nt{sx³��w��u<sjr9���9v5rwsxoFyRuN®R�lrØ�Ãnp�N�@v5��r<qBv5�<�9v�q[q�oF�\rØ���xv��5v��x��|[�.oFqRrwsxt�v��x���Nu\r�zR��±nÍoF��z[�w�<zR�
1%

ß�v5|���oF|[�wuAz[��u,s�r9���9v5rwsxoFy[uãuw|[s���v5y�rw�Nu�®>�j�NuZq[��o��B�juZz�n²v5�N�9vXr9sxo�y{��oFy6r9sjy>|R�Ny6r.���l�FoF�j|[�N�z[�.}´v � oFy�sxt{q�oF��r9v�y6r9��®5Ç[sx��y
��|[���Úv��5v��x��|[�Éz[|����wsjrw³N���.��v5�wsx��q¯��|�� Å �.rC¢>q¯��z[���No�t�q�oF��rw�Nt{�Ny6rZ��u�r�Nv��9v��lr9���wsxu\r9sj�>|R�JzR�Nu�u\¢>u�r9³�t���u�z[��ÒF�NyR�N�w��uw���Ny6r9u�®É¨´à´¬Nà�q�oF|[�Ø�x��uw��|[�N�ju�|Ry[�!t{o>z[sj�B�Nv5r9sjoFy~z[|°q[�wo5�B�z[����oFt�t�v�y[zR��y�nÍ��y6r9�9v��Úy[����|[��z[��}´v�sxÇR�x�Nu,��v5�wsÚvXr9sxo�y[u.z[|°�N��sjr9³��w��z�npoFqRrwsxt{sxuwv5r9sjoFy��
m�v��NoFy6�F���wÒF��y[�N��z[���xv�t{��rw�[o>z[��q¯oF|R�!�j�{qR�woFÇ[�j³Nt{�°  � Å �Ñ­��Nu�r!sx�j�x|[u\r9���N�
uw|R�!�xv�1ãsjÒ[� å � � ��mÛ����wsjrw³N���Jz�nÍoFq�r9sxt{sxuwv5r9sjoFy�  1ãsxÒ[� å � � Ò6v�|R�E�[�£­<y[��z[sxt{sxy�|[��q[v�u����NÒF|R�xsx³��w��t���y�rØv@���N���j�Nu�sjrw�N�wv5r9sjoFy[uN®t�v�sxuØ�No�y[yBv��jr�v�|Ð��oFy6r9�wv�sx����z[��u�qBv��x�jsx���wu�uw|[���N��uwuws�}�uN� Å ��rC¢>q��Tz[�T��oFt{q¯oF�\r9��t���y�r��Nu\r��N�xv�uwu�sx��|[�q�oF|[�!�x�Nu�q[�woFÇR�x³Nt{�Nu!uwoF|RuT�NoFy6rw�9v�sjy�rw�Nu�ßÔ�x���N�ws�r9³��w�Êz[sjt�sjy�|[���j�Ny6r9��t���y6r
�xoF��uw��|[���x�Nu�q¯oFsjz[u�zR�NutT|R�jr9sjq[�xsj�@v5rw�N|[��uã���N�ÚvXr9sj}�uAv5|�¡��No�y�rw�9v�sjy6r9�NuÑuwo�y�r,ÒF�wv�y[z[uA��r,sxy6���N�wu��Nt{�Ny6r@�>mÛ�NuA}�oF�\r9�Nu-�B|[�lr9|BvXr9sxo�y[uz[|¦�N��sjrw³N�w�~zR�   07  �1ãsjÒ[� å � � z[��oFsjrw�£­!��y¦}�oFyR��r9sjoFy�z[��u{s�r9���9v5rwsxoFy[u!uwoFy6r{�NÒFv��x��t���y�r��Nv��9v5��r9��È��sxu�rwsx��|[��uÊz[�Nu~qR�woFÇ[�j³Nt{�Nu�z�nÍo�qRr9sjt�sju9v5rwsxoFy¦uwoF|Ru~�NoFy6r9�wv�sxy6rw�Nu�ß<v5|Õ�ByBv��±®,oFy�q��N|�rÊ�F���wsj�[�N�~��|[��±n²v��jÒFoF��sjr9�Rt��,uw��r9�N��t�sjy[�<q�oF|[�A|[y[���5v��x��|[�Az[|����ws�r9³N����z[�  $ 07 sjyR}��N��sx��|[�w�

10−7 ®6�NoFyR}�o��wt{�Nt{�Ny6r�
�Úv
q[���N��sxuwsjoFy�z[���[y[sx��zBv5y[u��j���No>z[��z[���@v5�x�N|R�Ã�
�Zy zR�N�wyRsx�N���jsx�N|�®Ésx�.��u�r�sxt{q¯o���rEv5y�rTz[���9v�q[q��N�j�N����|[�°�ÃnÍv�q[q[�jsx�@vXr9sxo�yÎz[�°�Úvgt{��r9�Ro�z[�

SQP
y[�q��N��t��lr�z[�{z[�lr9�N��t�sjy[�N�J��|[��zR�Nu�o�qRr9sjtT|[t{u &�.9_eP�W �Z®��lrEv�y6r!z[oFy[y[����|[���j�NuJq[�woFÇR�x³Nt{�Nu���oFy[uws8Èz[���w��u�u�oFy6r�yRoFy�ÈC��oFy6�F��¡R��uN��m½v
z[�lr9���wt{sxyBv5rwsxoFy~zR|"q[��o��B�Ûz�npoFqRrwsxt{sxuwv5r9sjoFyÊz[oFyRyBv�y6rØ�x��t{sxy[sjtT|[t


��	
'��2������,2�
'���  32�2��,��
�� �"��1 !����	/� 32�!4 �  �2+�4 
�!�
������ �� 3����!�
 ������
'��
 �6 3!4��#�!��������
� �

���



���������
	���
 ��������& ��	�����&�&�
�#B
�&R	 ���!	��j# ���Z��-7���K� ���2���

0.25

0.3

0.35

0.4

0.45

0.5

0 100 200 300 400 500 600

� ��� "#�*����� � ��(����&��� ���
�

� �	 

� ��

� �
�
	 �
	 ��

	 �
����
� 103

10

10-1

10-3

10-5

10-7

0 100 200 300 400 500 600

� ��� "#������� � ��(%���&��� ���
�

� �	 

� ��

 �
���

$&%('*) å � � ,°ÓC�j�x|[u\r9�wv5r9sjoFy¤z[���Úv���oFy6�F���wÒF��y[�N�{z[�T�xv�t{��r9�Ro�z[� ����� q�oF|[���x��qR�woFÇ[�j³Nt{�~ �� Å �Ñ­7c�l�FoF�j|Rr9sjoFyÊz[|Ê���ws�r9³N����z�npoFqRrwsxt{sxu9vXr9sxo�y¤  1ãsxÒR�>ÒFv�|[�E�[�@­,��r<zR|~�N�ws�r9³��w��z�nÍoFq�r9sxt�v��jsjr9��z[�   07&  1ãsxÒ[�z[��oFsjrw�£­���y°}�oFyR��r9sjoFy~z[��u�s�r9�N�wv5r9sjoFy[u��
� &-.�@ZP &�z[���w�Cä���r.z�n²v)i�o�r9��oF|�zR���No�y[uwoFt{t�v5r9sjoFy���y[�N��ÒF��rwsx��|[��y�nÍ��u�r�z[oFy[��sx�Ns^y�|[�j�x�Nt{�Ny6r,Ò6v��wv�y6r9sÃ®�lr����N�NsÑÇ[sj�Ny¶�>|R���ÃnÍv��jÒFoF�ws�r9�[t{��z�nÍoFq�r9sxt{sxuwv5r9sjoFy�®�sxy[s�r9sxv��xsjuw�Tv@���N��zR�Nu�qR�wo��B�ju�z�n²v5�N�9vXr9sxo�y'�E�[o�sxuwsjuv��j�@v5rwoFsx���Nt{�Ny6r@®Ûu��NtTÇR�x�{�NoFy6�F���wÒF���
z[��}´v � oFy'u�¢>u�rw�Nt�v5r9sj�>|R���F���wuT�j��t{ÆNt{��qR�wo��B�±�½m½v°t�sjuw�{�Ny
��|R�>�w��z[�Nu�t��lr9�[o>z[�Nu,z�npoFqRr9sjt�sju9v5rwsxoFy
Ò��xoFÇBv5�x��q¯o�|[�,�j���Nv��x��|[��z[�Nu,q[�wo��[�xuÑoFqRr9sjt�v5|�¡{z�nÍv��N�wv5r9sjoFy��u�rØz[sxu��N|Rrw�N�JzBv�y[u��j��qBv��9v5ÒF�9v�qR�[� å � � �
�%/�� � 4=< � :;8�47< <BIHG IH< : 4D@B:;82G 	 E >'? @BA�4 � �H>��

mZnpoFÇ>ä��N�lr9s�}¯zR�Ø����r�r9�<qBv��\r9sj�.�Nu\r,zR�<q[�w��uw�Ny6rw�N�Ñ�x�Nuã�NoFy[zRsjr9sjoFy[uÉo�q¯���9v5rwoFsx���NuÉoFq�r9sxt�v��j�NuãzR�.}�oFy[��rwsxoFy>Èy[��t���y6r�zR�!�±nÍ|[yRsjr9��zR��rw�9v�s�r9��t���y�r�zR�N�N��sjrw�Jz[v�y[u��x��qBv��wv�ÒF�wv�q[�[� � å � 
F®^v�|°�NoF|R�wu�z�np|[y[�.ä�oF|[�wyR�N�z[��}�oFyR��r9sjoFy[y[��t���y6r@� Å �NuØ�No�y[z[sjrwsxoFyRu<oFqRr9sjt�v5�x�Nu,uwoFy6r�z[��rw�N��t�sjy[�N��uØq�oF|[���j��t�o>z[³N�j��t�vXr9�[��t�vXÈrwsx��|[��Ò��xoFÇBv5�½ E¥ � à � 
F��
�� å ­�®��NyÊ|Rrwsx�jsxu9v5y�rA�j�Nu,qBv��9v5t�³lr9�w��u,�lr.�j�Nu���oFy[z[s�r9sjoFy[uAsxy[s�r9sxv��x��uZ�Nu�rwsxt{�NuÑ�xoF��uz[�J�ÃnpsxzR�Ny6r9s��B�@v5rwsxoFy�qBv5�9v�t{��rw�wsx��|[�5®B��r��NyÐ��oFy[u�sxz[���9v�y6r��x�NuØq��N��rw|[�wÇ[v5r9sjoFy[u�sxy[��sxz[��y6r9�Nu��w���N�x�j�Nu�z[|q[��o����Nz[�� 9¥ � à:��y[y[�l¡���Ù�­l�
mÛ�Nu����Nu�|[�jr9v5r9u��w�N�xv5r9s�}�u����Úv�t{sxyRsxt{sxu9vXr9sxo�yÊz[�Nu��w�:ä��lr9u�z�n²v)i�o�r9�!r9o�r9v���uwoFy6r�q[���Nu��Ny6r9��u�zBv�y[u��j�qBv5�9v�ÒF�wv�q[�[� å � å � 
Zß>�xvJt{sxyRsxt{sxu9vXr9sxo�yTz[�Ø�Úv!��oFy[u�oFt�t�v5rwsxoFy��NyR�N�wÒ���r9sj��|[��z[���ÃnÍv��N�wv5r9��|[�Z}´v�sjrÑ�±nÍoFÇ>Èä��lr�z[|"qBv��wv�ÒF�9v5q[�[� å � å �gf��6�Ø�ByÐz�np���5v��j|[�N�ØzBv�yRu���|[���x�x�Jt{�Nuw|R�w�J�x�NuØq��N��}�o��wt�v�y[�N��u�v5��r9|R�N�x�j�Nu�z[|q[��o����Nz[��q��N|��F�Ny6rØÆ�rw�w��v�t{�N�jsxoF���N��uN®�|[y[����oFt�q[v��9v�sjuwoFy��Nu\r�q[�woFq�oFu��N��zBv�yRu<�x��q[v��9v�Ò��9v�q[�R� å � å � å �

����� ��� � !$)<!���!$��0 ��!$8+) �<�*� ',��� �4�,�=��� 0 �48 ��� ��8 ��09-

mZnÍv��jrw�N�wy[v�y[�N�"z[�Nu~qR�Bv�uw��uÊz[�¤}�o�y[��rwsxoFy[yR�Nt{�Ny6rÊ�lr~z�nÍv��w��Æ�rÊzR�NuÊr9|R�wÇ[sjy[�Nu��Nu�rÊy[�N���Nuwuwv�sx���gq¯o�|[�oFÇ�r9�NyRsx�N®£rwoF|[�Ô��r9oF|R�N®e�Úv�z[�NÒ��9v�zBvXr9sxo�y�z[�,�ÃnÍv�t�t{oFy[sxv���|[�Z��rÔz[��uÉy[sjrw�9v5rw�NuÔv�q[q�oF��rw�NuÔqBv��½�Ãnpsxy��B|R�Ny6roF|J}�oF�wt{�Nu�zBv5y[uÔ�j�A�w�@v5��r9��|[�ãÇRsxoF�joFÒFsx��|[�5� Å np�Nu\rÉ�N�lrã����|[sx�jsxÇ[���Ñu�|[ÇRrwsx�6�Ny6rw�w���j�Nu½q[�Bv�u��NuÔz�n²v5�N�wo�Ç[sxoFu���lr<z�nÍv�y[o@¡�sx��z[|~���@v��lr9��|[�.��|[s���u�r<sj�Ns��w�N�E�R�N�w�E�R��®^z[��t�v�y[sj³N�w���Tt{sxy[sjt�sjuw�N�Z�xv��No�y[�N��y�rw�9v5rwsxoFy~zR�Nu���:ä���rwu�z�n²v*iNo�rw��rwo�rEv5�Ã�
Ù��
t�v�y[sj³N�w�JÒF��y[�N�wv��x�5®¯�j���@v5�x�N|R�Ôz[��u�q[�wo5�B�xu�oFqRr9sjt�v5|�¡°z�nÍv��N�wv5r9sjoFy¤��u�r���oFt�qR�x�l¡��TqR|[sxu��>|�nÍsj�u�n²v�Ò�sjr�z[�Ðz[�lr9�N��t�sjy[�N�{�No�yXä�oFsxy6rw�Nt{�Ny6rÊ�j�¤y[oFt�Ç[�w�"��rÊ�xv'z[|R�w�N�¤z[�NuÊu��N��|[��y[�N��u°zR�Ðt�v5�w�E�[�"��rz�nÍv����wÆ�rÑz[���±n²v����9v5rw�N|[��� Å �NuÑv�u�q¯����rwu,oFy6rÑ��rw��z[sxu��N|Rrw�NuAzBv�y[uA�j�<qBv��9v5ÒF�9v�qR�[� å �gf>�gf�ßF�±nÍo�qRr9sjt�sju9v5rwsxoFy

���



��� � ������& ��	"�s��&�&�
|#'
|&R	 ���!	"�$#k�E�Z�R-D����� �2�����

y�np�Nu\r�sj�NsÛ�Ny6�>sxuwv�ÒF���!��|[�!q¯oF|R�Ø|Ry¤y[oFt�Ç[�w���R¡��!zR�!�l¢����x��u�z�nÍv��N�wv5r9sjoFy�®Bz[o�y�r��ÚvT�5v��j�N|[��oFqRrwsxt�v��x���u�rØz[��rw�N��t�sjy[��qBv���uwsjt�qR�x����y>|Rt����9v5rwsxoFy' �1ÔsxÒ[� å � � ­l�

5.3

5.35

5.4

5.45

5.5

5.55

5.6

5.65

5.7

5.75

5.8

24 26 28 30 32 34 36 38 40 42���������
	���	�
���
���	��������
���� �
 �!
"# $
%�� &
� '(�
� $
) J
* &
+-,. −

1

/ 0 �8� � ���8�J�
� � � �	� # ���	���	� ��
214345�6;��#87 �8�J�����:9��������

$&%('*) å � � ,�ÓCy��B|[��y[�N�<zR|Ty[oFtTÇR�w��zR�.��¢>�N�j�NuÉu�|[�ã�xv���oFy[�N��y6r9�9vXr9sxo�yTt�o£¢��Ny[y[��t�sjy[sxt�v��x�ãz[�NuÉ���:ä��lr9uz�nÍv)i�o�r9��r9o5rEv��±�
mÛ�~rEv�|�¡�oFqRr9sjt�v5��z�nÍv��N�wv5r9sjoFy z[sxt{sxy�|[���x�Ny6rw�Nt{�Ny6r@®ZzBv5y[u�|[y qR�w�Nt{sx���Tr9��t�q[u�®Av@�F�N�°�ÃnÍv�|[ÒXÈt{�Ny6rEvXr9sxo�yÊz[|�y[oFtTÇR�w��z[���l¢����x��uN� ��|Bv��jsjrEvXr9sj���Nt{�Ny6r@®����J��oFt{q¯oF�\r9��t���y�r.��rEv5sjr.qR�w���>sjuwsxÇR�x���lrEv�y6rz[o�y[y[�~��|[�~�ÃnÍveä�oF|�rTz[�Ê�l¢>�N�x��u
uw|[qRq[�x��t���y�r9v�sx���Nu
v5t����xsxo��w�{�Úv �B��¡�sxÇ[sj�xsjrw��zR�Ê�Úv¤q�oF�jsjr9sj��|[��z�n²v���È�wv5r9sjoFy�� �Zy��ÃnÍv�Ç[uw��y[�N�~zR�ÊÇ¯o��wy[��uTuw|[���x�Nu!qBv��wv�t�³lr9���Nu� 

t
lnzw u}z = t

l	�w u}z = 0
­l®½oFyËq��N|RrTz�n²v5sx�x�j�N|[��uz[��t�o�y�rw�w���ãuwsjt�qR�x�Nt{�Ny6rN®£qBv��ã���N��|[�w���Ny[����®F��|[�.����r�r9��zRsxt{sxy�|Rr9sjoFy�uw�.q�oF|[��uw|[s��>�9v�s�rÔsjy[z[�l�By[sxt{�Ny6r c

∀Nc ≥ 1 , min{
(ak,`k)

1≤k≤Nc

} J = min{
(ak ,`k)

1≤k≤Nc
,aNc+1=0,`Nc+1=0

} J

≤ min{
(ak ,`k)

1≤k≤Nc+1

} J
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min
x0,Nc,a1,...,aNc

J =
1

tf − t0

∫ tf

t0

FNGL (x)
/
t
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ẋ = f (1) (x)

>94
tk−1
c ≤ t < tkb

ẋ = f (2) (x)
>94

tkb ≤ t < tkc

t 5768:9 6 ≤ ak ≤ t 5768����
t 5>=8:9 6 ≤ tf−t0

Nc
− ak ≤ t 5>=8����





k = 1 . . . Nc

x (tf) = x0
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min
Nc,a1,...,aNc

J =
1

tf − t0

∫ tf

t0

FNGL (x)
/
t

>TGKE?674�> £ �
ẋ = f (1) (x)

>94
t
(j−1)Nc+k−1
c ≤ t < t

(j−1)Nc+k
b

ẋ = f (2) (x)
>94
t
(j−1)Nc+k
b ≤ t < t

(j−1)Nc+k
c





k = 1 . . . Nc ,

j = 1 . . . Nj

t 5768:9 6 ≤ ak ≤ t 5768����
t 5>=8:9 6 ≤ tf−t0

Nc
− ak ≤ t 5>=8����

}
k = 1 . . .Nc

t¬�2_5� �hz

G���351;> 4�-2>T8vBQ-J89> /?1iA;GK676~E28PBQ8P45GK-¥>9GD-J8,/?O(+.-?45>,=?BD:��

t
(j−1)Nc+k
b = t0 + [(j − 1)Nc + (k − 1)]

tf−t0
Nc

+ ak

t
(j−1)Nc+k
c = t0 + [(j − 1)Nc + k]

tf−t0
Nc

}
k = 1 . . .Nc ,

j = 1 . . .Nj
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P5ACBED�FHGJI�KCL�K�B3L,A%MNFNOQPRMNA�STA�UVMEL�ACBEAWOQXJYZD[O\F ]
G^X�A�B�O\I�M_P V K�ACBEB_G\U`M�ICO\FNO\IaMNK�F_PbBHKCBED[O\F L,ACBEKCIdc�A�ebeRACB
L�A%M_ACSfD�B g`X�P5L�P ]ih F_ACUVMEL�AjD,ebX�BHPbACX,F_B G^FHL�F_A�B L�Alk^FNO\U,L�ACX�F�m \ K�D[O\F_A�F ebAjSfGJL h ebA3k^KCU,KCFNOQe�n \ S

1A�UoSfGJL h ebA�B%D�eRX�BjB_PRSTD�eRACB�p�O\L[OQD,MNK�B � L,ACBlKCIdc�A�ebeRACBjL�AqMNA�STD,BjL�G^U�U�K�ACB�prO\D�D[O\F_OQsbM%ICG^SfSTAtX�U�A
O\D,D�F_G�Idc�AqebG\k^Pbg`X�AqOQXuD�F_G�ICA�B_B_X,BvL�AqFHKCL�X,I�MNPRG^U�mrw%UxM_F_G^X V AyL[O\U�BjebOzebPRMHMNK�FNOQM_X�F_AvL�AqU�G^S{],F_ACX�Y
A|Y,A�STD,ebACB}L,A<STG�L h ebACB�F_KCL,X�PRM_BCp\PRB_BHX�B}L�XySTG�L h ebA~n \ S

1
AaM/G^],MNA�U`X�B � D[O\F�MNPbF�L�A ICG\U�B_PRL�KCF_OQMNPRG^U�B

c�A�X�F_PRBHM_Pbg`X�ACB�m � e5B_AlD
G^B_A�O\eRG^F_B eRAjD�F_G^],e h SfA%L�AjM_F_G^X V ACFEX�U�A � X�B�MNPR��IWOQM_PbG^U�STOQMNc,KCSTOQMNPRg�X,ACB O\X�Y
BHPbSfD�ebP��[IWOQM_PbG^U,B8A ] A�I�MNX,KCACB�m

PrOTMNc,KCG^FHPbA�L�ACB%D
ACF�MNX�FH][OQM_PbG^U�B�B_PRU�k^X�eRP h F_ACB @ G^X�FHU�PRM3L�A�B%STKaMNc�G�L�A�B�D
ACF_SfA�MHMdO\UVM3L�AtFHKCL�X,PbF_AQp
L�A @ O � G^U�BH��BHM_KCSTOQMNPRg�X,AoAaM�L�O\U�B�X�U?ICO\L�FHAoSTOQMNc,KCSTOQMNPRg�X,AxF_PRk^G^X�FHACXJY�p ebA�BZBH��BHM h SfACB�L,��U[O��
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SfPbg`X�A�BtL�AfM(�JD
A � C^�b�����
��
�����C p ��D�C&D eRACBvBH��BHM h SfACBqIWOQFNO\IaMNKCFHPbBHKCB{D[OQFvL�A�B{KCIdc,ACebeRACB{L,A MNA�STD�Bvg`X�P
L�P ] K�F_A�U`M~L�A%D�eRX�B_PRACX�FHB~G^FHL�F_A�B<L�A%k\FNO\U�L,ACX�FHBCm � U�A%L�A�B<D�FHPbU�I�PbD[O\eRACB�L�P ¢ I�X�eRM_KCB~L�� O\D,D�ebPRIWOQM_PbG^UfL�A
I�ACBlMNACIdc,U�Pbg`X�A�B{D�F_G V PbA�UVMvI�ACD
ACU�L�O\UVM{L�Afe O�U�K�ICACBHB_P�MNK L�� PRL�ACUVMNP��[ACFleRAqD[O\FNOQS h MNF_AyL�AfD
ACFHM_X�F_]�O��
M_PbG^U

ε � T X�Idc c U,A3AaM W G\X�Idc�G^U�p ^�KLK a Q pQL,A S O\U,P h FHA � A|Y,D,F_PbSfACF�ebA<B��JB�M h STA L�P ] K�F_A�U`M_PbA�e,D
ACFHM_X�F_]
K
ẋ = v (x, ε) � G�� 0 < ε� 1

Q B_G\X�B3ebO @ G^F_SfAjB_X,P V O\UVMNAQp[L�PRM_A 
Z���
	�CJ�	���
	6��� C���C
�3�����b���	����e

ẋs = ε vs (xs, xf , ε) � 4.1a
Q

ẋf = vf (xs, xf , ε) � 4.1b
Q

G��
xs

AaM
xf

L,KCB_PRk^U�A�U`MfFHACB_D
ACIaMNP V ACSfACUVMfebA�B V O\F_PbO\]�ebA�BtL�� K�MNOQMyebA�UVMNACBqAaMyFNO\D,PbL�A�BqL�X6BH��BHM h SfA\m
�}ebX,B_PbA�X�F_B�K�M_X�L�A�B~F_A�e OQM_P V ACB � ebO�FHKCL�X,I�MNPRG^UfL�A3SfG�L h eRACB/D�G\X�F/ebACB�]�PRG^D�F_G�ICK�L�KCB�G^UVM�K�M_K�D�X�],ebPbK�ACB�m
w%UzD
ACX,M8U�G\MNO\SfSTA�U`M8ICP�MNA�F8eRACB/MNFNO V O\XJYTL�A V O\U a FHACX�BHACk^A�S AaM a O\B�MNPRU � ^ZKLK[^ p ^�KLK � p ^�KLK �AQ p`g`X�P
M_FNO\P�MNACUVM3L�A{e�� O\D,D�ebPRIWOQM_PbG^U�L�Ate OTSfK�M_c�G�L�AvL,ACB%D
ACF�MNX�FH][OQMNPRG^U�B3B_PbU,k^X�ebP h FHACB � L�A�B � ]�PRG Q D,F_G�ICKCL,KCB
� C&DFEGDP@ ACFHSTA�U`MNOQMNPRG^UoO V ACITebA V X�FHACB�p�F_KCO\I�M_PbG^U ACU � ��S O�MNPbg`X�AQp C^�j�&D$Q L�KCI�F_PRM_BtD[OQFvL�A�BtSfKCICO\U�PbBHSTA�BFHKWO\IaMNPbG\U�U�ACeRB L�Ale O @ G^FHSTA e

n∑

i=1

γi,j Xi −→
n∑

i=1

δi,j Xi , j = 1, . . . , m � � m �AQ

G��
X1, . . . , Xn

L�KCBHPbk^U�A�UVM8eRACB
n
D,F_G�L�X�PRM_B�A�M ] G^XyF_KCO\I�M_P @ B�p^A�M/eRACB�FHKCACeRB}D�G\B_PRM_P @ B�G^XyU�X,ebB

γi,j

A�M
δi,jeRACBlICG�A ¢ ICPRACUVMNBvBHM���Idc,PbG^SfK�M_F_Pbg`X�A�BlL�ACB

m
F_KCO\I�M_PbG^U,BCm \ G^X,Bve�� cV��D�GQMNc h B_Afg�X,ATL�A�BtFHKWO\IaMNPbG\U�BlB_A

D�FHGJL,X�PbBHACUVMl]�ACO\X�I�G^X�D D�ebX,B%FNO\D,PbL�A�STA�U`M%g�X,AqL�� OQX,MNFHACBCp5X,UuIdc[O\U�k^A�STA�UVMvL,A V OQF_P OQ]�ebA�B�ebPRU�KWOQPbF_A
D
ACFHSTAaM_MdOQU`M�L�� AaYJD�FHPbSfACF/ebAEB��JB�M h STA3G^F_PRk^PbU[OQe,B_G\X�B8ebO @ G^F_SfA U�G^FHS O\eRA � � m ^ Q ACB�M~D,F_G^D
G^B_KED[OQF�I�ACBO\XJMNACX,F_BCm

P5AyD�ebX�B�B_G^X V ACUVMWpre�� O\D,D�ebPRIWOQM_PbG^U�L�Aqe OzSfK�M_c�GJL,AqL�ACBlD
ACFHM_X�F_]�OQMNPRG^U�B%BHPbU�k^X,ebP h F_A�B%ICG^U,B_PbB�MNA �
BHPbSfD�ebP��[ACF}eRACB~LJ�JU�O\STPRg`X�ACB8FNO\D�PRL�ACB8L�� X�UzBH��B�M h SfA\pJL�A�STO\U�P h FHA � U�A�I�G^U�B_A�F V ACF g`X�A%eRACB�D�F_G�ICA�B��
BHX�B����������\m
w%F3eRACB3L,��U[O\SfPbg`X�ACB�ebA�UVMNACB3L�ACB�D�F_G�ICK�L�KCB3L�AvM_FNO\P�MNACSfACUVM � ]
G^X�A�B%O\IaMNP V KCA�B�G^UVM%L,ACB
I�G^U�BHMNO\UVMNA�B{L�ATM_ACSfD�B�L�A e�� G^FHL�F_AyL�ATD�ebX,B_PbA�X�F_B � G^X�FHBCp V G\PbF_AfD�eRX�B_PRACX�FHBtB_A�S OQPbU�A�BCmrn�X�BHB_P p I � A�BHM
e�� O\D,D�F_G�Idc�AZPbU V A�F_BHA�g`X�� Pbe ACB�M PRICP<PRUVMNKCFHACBHBNO\UVMzL,A�SfA�MHMNFHA�A�U!�lX V F_AQp/I"� ACBHM�� � � L�PbFHAZO\D�D�FHGWY,PRSTA�F
eRACB�LJ�JU�O\STPRg`X�ACB3ebACUVM_ACB%L�X�BH��BHM h SfAqOQ�[UxL�� A�UuAaY�MNF_O\PbFHAtX�UxBHG^X�B&�(SfGJL h ebAvO\L[O\DJMNK � e OTL,ACB_I�F_PRDJ�
M_PbG^UxL,X D,F_G�ICKCL,KqB_X�F%X,U c,G^F_P � G^UxL,Aqg�X,ACebg`X�A�Blc�ACX�FHACB�m � U I�AqB_A�U�BCp5PRe�B#� O\k\PRM%L,G^U�IqICG\U�B_PRL�KCFHACF
e�� O\D,D�F_GWYJPbSTOQMNPRG^U BHX�P V O\UVM_A e

ẋs = 0 � 4.3a
Q

ẋf = vf (xs, xf , 0) � 4.3b
Q

� eEACB�MzU�K�ICA�B_BNOQPbF_AQp~D
G^X�FfICA�e O,p}L�A�IWO\F_O\I�M_KCFHPbB_A�FTL�O\U�B X,U D�FHACSfPbACFqM_ACSfD�B eRACBfL,��U[O\SfPbg`X�ACBfL�X
B��JB�M h STAQp[ACUZebA�B ICe OQB_BNOQU`MEBHX�F X�U�Aj]�O\B_AjL�A%M_ACSfD�BCp,L�AjS OQU�P h F_A � A�U�A|Y�MNFNOQPbF_AjebOtD[O\F�MNPRA%FNO\D,PbL�AQm
n��[U L�� K�MdOQ]�ebPRFtX�U�A ICe OQB_B_P��[IWO�MNPbG\U L�ACBqLJ�JU�O\STPRg`X�ACB{L,X STG�L h eRA n \ S

1
p�e$� K�MNX,L�AzL�A�B V OQebACX,F_B

D�FHG^D�FHACB%L�Ate OyS OQM_F_PRICA�L�XuBH��BHM h SfA{ebPRU�KWOQF_PbBHKjMdO\U�k\ACUVMjACB�MjPbI�PrACU V PbBNOQk^KCAQm � ACB V O\eRACX�FHB�D�FHG^D�FHACB
L�G\U�U�ACUVM~U�G\MdOQSTSfACUVM/L�A�B~PbU,L�PbICOQMNPRG^U�B}B_X,F8eRACB/KCIdc�A�ebeRACB�L�A�M_ACSfD�B�IWO\F_O\I�M_KCF_PRBHM_Pbg`X�ACB�L�XTBH��BHM h SfA\m
� U�AjL�ACB D,F_PbU,ICPbD�O\ebA�B~L�P ¢ I�X�eRM_KCB<L,AjICA�MHMNAlO\D,D�F_G�Idc�AjICG\U�B_PRBHMNAjI�ACD
ACU�L�O\UVM � O\B_BHGJI�PbACF eRACB V O\eRACX�FHB
D�FHG^D�FHACBEO\PRU�B_P�IWO\eRICX�eRKCACB<O\XJY V O\FHP O\],ebACB8L�� K�MdO�M L�XZSTG�L h ebA � T X�Idc c U�AlA�M W G^X�Idc�G\U�p ^�KLK:a Q m \ MNA @ �
@ A�U�B A�M�O\e m � ^�KLKGR Q G^UVMED�F_G\D�G^BHKje$� X,MNPRebPRBNOQM_PbG^UyL�� X�U�AlSfK�MNc,GJL�A�L�� c,G^STGQMNG^D�PRA � C&DFEGD W G^]
ACF�MNB_G\U�A�M� O\SfACFHG^U�p ^�K�KGR O,p ] Q mAPrAED�FHPbU�I�PbD
A L�AEICAaM_MNA�SfK�MNc,GJL�AEFHKCB_PRL�AEL[O\U�B/eRA�Idc,G^P�YyL�� X�UfBH��B�M h SfA�L,��U[O��
SfPbg`X�AjD�eRX�BEB_PRSTD�eRAjL�G^UVM�ebA�B�KaMdOQM_BED�A�X V A�U`M c M_F_A�F_ACeRPbK�BCp�B_O\U�B�KCg`X�P V GJg`X�AQpiOQXJY V O\ebA�X�F_BED�FHG^D�FHACB
L�X B���BHM h STA�eRPbU�KCO\F_PRB_KqMdOQU�k^ACUVMqI�G^F_FHACBHD�G^U,L[O\UVM � C&DFEGD X,U BH��BHM h SfA�L�KCI�G^X�D�eRK Q N ICAzB��JB�M h STA�A�BHMA�U�B_X�P�MNA%M_FNO\U�B @ G^F_SfK�D,F_G^k^FHACBHB_P V ACSfACUVMEL�AjSTO\U�P h F_A � F_AaMNF_G\X V A�F ebA%B��JB�M h STAjL,��U[OQSTPRg�X,A%K�M_X�L�PbKQp

^A^�K
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M_G^X,M�ACUTB_X�P V OQU`M�eRACB V O\ebA�X�F_B�D�F_G\D�F_A�B8L�A�B8B���BHM h STA�B~PRU`M_ACFHSTK�L�P O\PRF_A�BCm � U D,FNOQM_Pbg`X�A\pVX,U�A @ O � G^UfL�A
@ O\PRF_A%I�G^U�BHPbBHM_A � O\D,D�ebPRg�X,ACF e OtM_FNO\U,B @ G^FHS OQM_PbG^U B_X�P V OQU`M_A e

H (r) = (1 − r)

[ L,P O\k ( ∂f

∂xT

)]
+ r

[
∂f

∂xT

]
, 0 ≤ r ≤ 1 � � m �+Q

G��
H
L�K�B_Pbk\U�Ale O{STOQMNFHPbICA3L�� c�G^SfG\MNG^D,PbA\p [ ∂f

∂xT

] e O{STOQMNFHPbICA � O\ICG\]�PbA�U�U�AjL�X�Idc[O\SfD�B L�A V A�I�M_ACX�F
f
p [ L,P O\k ( ∂f

∂xT

)] e O STOQMNFHPbI�AuICG^UVMNA�U[O\UVM�X�U�Pbg`X�A�STA�UVM�eRACB�MNA�F_SfACB�L�P OQk^G^U[O\X�Y L�A e O STOQMNFHPbI�A
� O\I�G^]�PRACU�U�A/D�FHKCI�KCL�A�U`M_A\p�A�M

r ∈ [0, 1]
ebA}D�O\FNO\S h M_F_A}L�� c�G^SfG\M_G^D�PbAQm � FNO\I�ACF ebA�B V OQebACX,F_BrD�F_G\D�F_A�B L,X

B��JB�M h STA�ebPRU�KWO\FHPbBHK�MdO\U,k^ACUVM L�A
H
A�U @ G\U�I�M_PbG^UlL�A

r
pWD
ACF_SfA�M�O\PRU�B_P\L�� KaMdO\],ebPbFiL�ACB ICG^FHF_A�B_D
G^U�L[O\U,ICACB

O V A�I%ebA�B V O\FHP O\]�eRACB/L�� K�MNOQM<L�X STG�L h eRA\m+P � O\D�D�eRPbIWO�MNPbG\UfL,A�ICAaM_M_A%STKaMNc�G�L�A3O\XzSfGJL h ebAEn \ S
1
A�BHM

L�K�ICFHPRMNAlL[OQU�BEebAjD[O\F_O\k^F_O\D�c�AjBHX�P V O\UVMWm
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S
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Xba
S
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687'9;: � m ^=< W K�B_X�e�MdOQM_BZL�A e O STKaMNc�G�L�A L�� c�G^SfG\MNG\D�PbAuD
G^X�FZebAuSfG�L h eRAun \ S
1
p O\X�Y D�G^PRUVMNB

L�� KCg`X�PRebPR]�F_AqcV��D�A�F_]
G^ebPRg`X�ACB�p A�U FHKCk^PRSTAqD
ACFHS O\U,ACUVM{O V ACITO\KCF_OQMNPRG^U ICG^UVMNPRU`X�A ��> Pbk,m�kVO\X�Idc,A Q A�MB_O\U�B�O\KCF_OQMNPRG^U �?> PRk�m,L,F_G^P�MNA Q m
PrOxSfK�MNc,GJL�A L�� c,G^STGQMNG^D�PRA A�BHMfO\D�D,ebPbg`X�K�A\p�L[O\U�BqX�U6D�FHACSfPbA�FvMNA�STD,BCp}O\X�Y D
G^PbUVMNBtL�� K�g`X�PbeRPb]�FHA
O\B���STD,M_G\MNPRg`X�ACSfACUVM/BHMNO\]�eRA�L,XTB��JB�M h STAEL�P ] K�F_ACUVM_PbACe � ^ m �:�&Q m � UfICG\U�L�PRM_PbG^U,B�L�� O\KCFHG^]�PbG\B_AEICG^SfSfA
A�U{ICG^U,L�PRM_PbG^U�B L�� O\U�GWYJPbAQpQeRA8SfGJL h ebA�n \QS

1
U�� O\L�SfA�M�g`X�� X�UqX�U�PRg�X,A<D�G\PbUVM L�� K�g`X�PbeRPb]�FHA~O\B���STD,M_GQ�

M_Pbg`X�ACSfACUVM}B�MdO\],ebA N eRACB}OQX,MNFHACB}D
G^PbUVMNB�cV�JD
ACFH]�G\ebPbg`X�A�B}B_G^UVM}M_G^X�B�PRU�BHMNO\]�ebA�B � OQXqSTG^PRU�B�X,U�A V O\ebA�X�FD�FHG^D�FHA � D[OQFHMNPRA�FHKCACeRebA�BHM_F_PbIaMNA�STA�U`M~D�G\B_PRM_P V A Q m�P5ACB<FHKCBHX�eRMNOQMNB8L�A�ebOvSfK�MNc,GJL�A3L�� c�G^SfG\MNG^D,PbA�B_G^UVM
PRebebX,BHMNFHKCB3B_X�Fle O > Pbk�m � m ^ m T OQU�BlebACB�L�ACXJYuIWO\B�p5ebACB�L,��U[O\SfPbg`X�ACBlL�A�B V O\F_PbO\]�ebA�B%L�� K�MNOQMlF_A�e OQM_P V A�B
O\X�Y ICG\U�ICA�U`M_FNOQM_PbG^U,BqACU ICG^SfD�G\B_KCBqG\F_kVO\U,Pbg`X�ACBtD[O\FHM_PbI�X�e O\PRF_A�BtPbU,ACFHM_ACB � Xba

I

Q A�MyACU ]�PRG^S OQB_B_A�B
^ �£`



���������	��

������������������������� �!��"#
%$&�����'�

O\XJMNG\M_F_G^D�c,A � Xba
B,A

Q A�Mvc�K�M_KCFHG\MNFHG^D�c�A � Xba
B,H

Q BHG^UVMvICO\FNOQI�MNK�F_PRB_KCA�BtD[OQF�L,ACB V OQebACX,F_BlD�F_G\D�F_A�B
λi@ O\PR]�ebA�BCp ��D�C&D G^UVMlL�ACBjI�G^U�B�MdO\UVMNA�BjL�A{MNA�STD,B

τi = λ−1
i

KCebA V K�ACB � L�Aqe�� G\F_L�FHAtL�A{D,ebX�BHPbACX,F_B � G^X,F_B Q m
� A%I�G^SfD�G^F�MNA�STA�U`M~ICG^UJ�[F_SfA�e�� PRL�KCA3F_A � X�A\p �A� X�BHM_A�MNP�MNFHA\p�g�X,A%ebA�B<ICG^U,ICACUVM_FNOQM_PbG^U�B~ACU�]�PRG^S OQB_B_A�B
AaM3A�U�I�G^SfD�G^BHKCBEPbU,ACFHM_ACB BHG^UVM�L�A�B V OQF_P OQ]�ebA�B<L�� K�MdO�M3eRACUVMNA�BEL�X�SfG�L h eRA%n \ S

1
m

n��[UTL,A�I�G^U,�[FHSTA�F/ICA�ICG^U�B�MdOQMCpVe$� K V G^ebX,M_PbG^UqL,ACB V O\ebA�X�F_B/D�FHG^D�F_A�B/L�XTSfG�L h eRA n \ S
1
ACBHM�KaMNX�L�PRKCA

O\X ICG\X�F_ByL�� X�U�A�B_K�g�X,ACU�I�AxL�A @ G^U�IaMNPbG\U�U�ACSfACUVMfL�A
2
c�ACX,F_ACB � 1 c�A�X�F_AZL�� O\KCF_OQMNPRG^U ]

1
c�A�X�F_A

L�� O\FHF c M Q mWP5ACBZFHKCB_X,eRMdO�MNB�G^],M_ACU`X�B�B_G^UVM�L�G^U,U�KCBZB_X,F�ebO > Pbk,m � m � m<n3X V G^PbBHPbU[OQk^AuL�ACBZPRU�BHMNO\UVMNB
L�AtICG^SfS{X,MNOQMNPRG^U�p�ebA�B V O\ebA�X�F_B�D�F_G^D,F_ACB V OQF_PbA�UVM @ G^F�MNACSfACUVMjAaMjL�A�B%]�P @ X,F_IWO�MNPbG\U�B�BHA{D�F_G�L�X�PRB_A�U`MCp
FHACU�L[OQU`MlL,P ¢ ICPRebA{e�� O\BHB_G�ICPbOQMNPRG^UxO V A�IyebACB V OQF_P OQ]�ebA�B%L�� K�MdO�MlL�X BH��BHM h SfA\m � AqICG\STD
G^FHM_ACSfACUVMjA�BHM
M_G^X,MNA @ G^PbB<M_ACSfD�G\FNO\PRF_A � ACU V PbF_G\U 10

STPRU�m Q p�A�MEe�� OQB_B_G�ICPbOQMNPRG^UzL�A V PbACUVM3ACU�BHX�PRM_AlD�G^BHB_PR]�ebAQm
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687'9;: � m � <�� V G^ebX,M_PbG^UTL�ACB V O\eRACX�FHB~D�FHG^D�FHACB<L�X�SfG�L h eRA3n \ S
1
eRG^F_B8L�� X,U�I���ICeRA%L�A @ G\U�I�M_PbG^U�U,Aa�

SfACUVMWp[I�G^SfD�F_A�U[O\UVM ^ c,ACX�FHA�L�� O\K�FNOQM_PbG^U ��> Pbk�mJkVO\X�Idc,A��<A�M ^ c�ACX,F_A�L�� OQF_F c M �?> PRk�m,L,F_G^P�MNA��|m
� G^U @ G^F_SfKCSfACUVMfO\XJY F_KCBHX�eRMNOQMNByG^]JMNACU`X�BTO\XJY D�G^PRUVMNBqL�� KCg`X�PRebPb],F_A�cV��D�A�F_]
G^ebPRg�X,ACByL�X BH��BHM h SfA\p
eRACB V OQebACX,F_BED�F_G\D�F_A�B�O\BHB_G�ICPRKCACB�O\XJY V O\FHP O\]�eRACB L�� K�MNOQM

Xba
I

p
Xba

B,H

A�M
Xba

B,A

BHG^UVM�PRU @ KCFHPbACX,F_ACB�O\X�Y
O\XJMNF_A�B V O\eRACX�FHB8D,F_G^D�FHACB8L�� A�U V PRF_G^UTX�U G\F_L�FHA3L�A3k^FNOQU�L�ACX,FCp`A�M8ICA�ICP
L�X�FNOQU`M8e$� ACU,B_ACSt]�ebA�L�X Ia��ICebAQm
w%UqD
ACX,M/U�GQMNACF�L�� OQX,MNFHA D[O\FHM�g�X,A�eRACB�I�G^U�B�MdO\UVMNA�B/L�A~MNA�STD,B}F_ACebOQMNP V A�B � ICA�B}L,��U[O\SfPbg`X�ACB}BHG^UVM/L�A
e�� G^FHL�F_A8L�A

10
� G^X�FHB � I�G^STD,F_PbBHACB�ACUVMNFHA 5

A�M
20

� G\X�F_B��am � eJB_A�S{]�ebA8D[O\F�I�G^U�BHKCg`X�ACUVM�D
G^B_BHPb]�eRA\pQO\X V X
L�A�ICA�B�FHKCB_X,eRMdO�MNBCp�L�AvICG^U,B_PbL,KCF_A�F3g`X�AvebA�B3I�G^U�ICA�UVMNFNO�MNPbG\U�B

Xba
I

p
Xba

B,H

AaM
Xba

B,A

B_G\U`M�ICG^U,BHMdOQU`M_ACB
BHX�FEL�ACB�c�G^FHP � G\U�B L�Alg`X�ACeRg�X,ACB�c�ACX�FHACB�m

� �?� � ����� �	� �
����� 
 � � 
! ��� � �#"%$ � � ��� � ��� �
� U�O\D�D�eRPbg`X[O\UVM eRACB B_PRSTD,ebPR��IWOQM_PbG^U�B�D�FHKCICK�L�ACUVM_ACB�AaMEACUZG^SfA�MHMdO\UVMEe O{L,ACB_I�F_PRD,MNPRG^U�L�ACBEI�G^STD
G^BHKCB
BHG^ebX�],ebACBqPRU�ACF�MNA�B

Sba
I

L�G^UVMfe OxL,��U[O\SfPbg`X�A�A�BHMfL�K�ICG^X�D,ebKCAZL�AZI�ACebeRACBqL�A�BfO\X,MNFHACByICG\STD
G^B_K�BCp�eRA

&(')&
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B��JB�M h STA�L�P ] KCFHACUVMNPRACe�F_O\D�PRL�AjF_K�B_X�e�MdO\UVM�B � KCI�F_PRM e

Ṡba
S = Din

(
Sin

S − Sba
S

)
− 1

YH

(ρ1 + ρ2) + ρ7 � 4.5a
�

Ẋba
S = DinX in

S −
(
Din +Drec

) Dpurg

Drec +Dpurg
Xba

S � 4.5b
�

+ (1 − frXI) (ρ4 + ρ5) − ρ7

Ṡba
NO = Din

(
Sin

NO − Sba
NO

)
− 1 − YH

2.86YH
ρ2 +

1

YA
ρ3 � 4.5c

�

Ṡba
NH = Din

(
Sin

NH − Sba
NH

)
− iNBM (ρ1 + ρ2) −

(
iNBM +

1

YA

)
ρ3 + ρ6 � 4.5d

�

Ṡba
ND = Din

(
Sin

ND − Sba
ND

)
− ρ6 + ρ8 � 4.5e

�

Ẋba
ND = DinX in

ND −
(
Din +Drec

) Dpurg

Drec +Dpurg
Xba

ND � 4.5f
�

+ (iNBM − frXI iNXI) (ρ4 + ρ5) − ρ8

ṠO = Din
(
Sin

O − Sba
O

)
− 1 − YH

YH
ρ1 −

4.57 − YA

YA
ρ3 + kLa

(
Ssat

O − Sba
O

) � 4.5g
�

G�� eRACB%I�PbU�KaMNPbg`X�A�BjF_KCO\I�M_PbG^U�U,ACebeRACB
ρi (i = 1, . . . , 8)

BHG^UVMlL�K���U�PbA�B�L�O\U�BjebA � O\]im & m ' � D�m &Z[ �3A�M
Din = Qin

V ba

p
Drec = Qrec

V ba

A�M
Dpurg = Qpurg

V ba

L�K�B_Pbk\U�ACUVM{FHACBHD�A�I�MNP��^A�STA�U`M{ebACBlMdOQXJY L�A L,PbebXJMNPbG\U
FHACe O�MNP @ B%O\XJYuL,KC]�P�MNBjPbU,ICPbL,ACUVMWp�L,AfFHACIa�JI�e O\k\AqA�MlL�� AaY�MNF_O\I�M_PbG^U L�A�Bl]�G^X,ACBCm3�}FHKCICPRB_G^U,B�K�kVO\eRACSfACUVM
g`X�AEebA B���BHM h STA ��� m M ��ICG^U�BHPbL h F_AEg`X�AEebA<I�e O\FHPR�[ICOQMNA�X�F�BHA�I�G^SfD�G^F�MNA<I�G^SfSTA X�UyBHKCD[O\F_OQMNA�X�F/PbL�KCO\e p��D�C&D

fns = 0
A�M
ϑ = Qin+Qrec

Qrec+Qpurg

m
n��[U�L�A��QO\ebPRL�ACF I�ACB3B_PbSfD�eRPR�[ICOQMNPRG^U�BCp�X�U�AvICG^SfD[O\F_O\PbBHG^UZACUVMNFHAveRAlSTG�L h eRAln \ S

1
AaM�eRAlSTG�L h eRA

FHKCL�X�P�M �	� m M ��A�BHMlU�K�ICA�B_BNOQPbF_AQm�
~A�MHMNAyICG^SfD[O\F_O\PbBHG^UuACB�MlPbI�P�K�MNO\]�eRPbA{D
G^X�F%ebOzBHMNOQMNPRG^UuL�� KCD�X�F_OQMNPRG^UA|Y,PRBHMNO\UVMNA{BHX�F%X�U�AtD�K�F_PbG�L�A�L�A
4 � G^X�F_B�p�A�UuICG^U,B_PbL,KCFNOQU`M%X�U�A{PRSTD
G^FHMNO\UVMNAlB_X,F_Idc[O\FHk^AqebA�B_A�ICG^U,L

� G^X,F ��> Pbk,m � m�
��am��5ACB�D[O\F_O\S h MNFHACB�L�X�SfGJL h ebAln \ S 1
B_G\U`M�ICA�XJY�PbL�A�U`M_PR�[K�B3D,F_KWOQe O\]�eRACSfACUVM � ��
;Dn3U�U�AaYJA�� �EAaM�eRACB�ICG^U,L�PRM_PbG^U�BEPRU�PRM_P O\eRACB~I�G^F_FHACBHD�G^U,L�ACUVM � X�U @ G\U�I�M_PbG^U�U,ACSfACUVM�BHMdO�MNPbG\U�U[O\PRF_AjL�X

D�FHGJI�KCL�KQm
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6 7'9;: � m�
 < U OQF_P O�MNPbG\U�B~L�X�L�K�]�PRMEAaM3L,ACB�ICG^U�I�ACUVMNF_OQMNPRG^U�BEPbU,ICPbL,ACUVMNBEO\X�ICG\X�F_BEL�Ale O{BHX�F_Idc�O\F_k^AQm

� � K��^G\ebX,M_PbG^UzL,ACB<I�G^U�ICA�UVMNFNO�MNPbG\U�B
Xba

I

p
Xba

B,H

AaM
Xba

B,A

A�BHMEL�G^U,U�KCA%BHX�F<ebO > PRk�m � m � m�� � A ] AaM L�A%ebOD
ACF�MNX�FH][OQMNPRG^UZB_X�FEeRACBEICG^U,ICACUVM_FNOQM_PbG^U�BEA�U�ICG\STD
G^B_K�BED[O\FHM_PbI�X�e O\PRF_A�B~PbU,ACFHM_ACB
Xba

I

AaM3A�U�],PbG^STO\B_BHA
O\XJMNG\M_F_G^D�c,A

Xba
B,A

O\D,D[O\FNO�sbM�eRPbSfPRMNKQp~O��\ACI L�ACBZKCICO\FHM_BZPbU @ K�F_PbA�X�F_B � ±2%
BHX�F

24
c�ACX,F_ACB�m�� O

I�G^U�ICA�UVMNFNO�MNPbG\U A�U6]�PbG^STO\BHB_A c,K�MNK�F_G\M_F_G^D,c�A
Xba

B,H

A�BHMCp�ACU6F_A �QO\U�Idc�AQp}]�ACO\X�ICG\X�D6D�ebX�BtB_ACU,B_Pb],ebA

&(' '
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O\X�Y{D
ACF�MNX�FH][OQMNPRG^U�B�PbU�I�PbL�A�U`M_ACB�p\A�M�D�A�X,M �QO\FHPbACF�L�A<D�eRX�B�L,A ±25%
O\XqICG\X�F_B�L�� X�U,A<B_A�X�ebA � G\X�F_U�K�A\m
~AaM_MNA8L�P ] KCFHACU�I�A8L,A8I�G^STD
G^F�MNACSfACUVM ACUVM_F_A~eRACBr]�PRG^S OQB_B_A�B�c,K�MNK�F_G\M_F_G^D,c�A8AaM�OQX,MNG\M_F_G^D,c�A8U�� A�BHM�D[O\B

BHX�F_D�FHACU[OQU`M_AvD,X�PbBHg�X,A�eRA%MdO\X�YZL�AlICFHG^PbBHBNO\U�I�AlL�ACBE][O\IaMNK�F_PbA�BEc�K�M_KCF_GQMNF_G\D�c�ACB � ICPbU,K�MNPRg`X�A ρ1 + ρ2

�
A�BHM�U�A�MHMNA�STA�U`M/D,ebX�B}F_O\D�PbL,A<g`X�AEICACeRX�P�L�A�B/][O\I�M_KCFHPbACB/OQX,MNG\M_F_G^D,c�ACB � ICPbU,K�MNPRg`X�A ρ3

�ap^L�� O\XJMdO\UVM/D�eRX�B
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~G^SfD[O\F_O\PbBHG^UZL�ACB�ICPRU�K�M_Pbg`X�ACBEL�A�ICFHG^PbBHBNO\U,ICAl][O\IaMNKCFHPbA�U�U�A�F_ACebOQMNP��^A�BEO\XJY�]�PRG^S OQB_B_A�B
c�KaMNK�F_G\M_F_G^D�c,A ��> Pbk,m,kVO\X,Idc�A�� A�M�O\XJMNG\M_F_G^D�c,A ��> Pbk,m,L�FHG^PRM_A��am

S OQebk^FHK ebA�B��QO\F_PbOQMNPRG^U�B�L�A�e O�ICG^U�I�ACUVMNF_OQMNPRG^U ACU6]�PRG^STO\B_BHA c�KaMNKCFHG\MNFHG^D�c�AQp�ebA�B{D�FHKCL�PRI�MNPRG^U�B{L,ACB
L�A�XJYySfGJL h ebA�B}F_A�BHMNA�UVM~I�G^c�KCFHACUVMNA�B ��> Pbk,m � m a �am 
~A�BHG^UVM�ebACB �QO\FHP O\],ebACB�L�� KaMdOQM/BHG^ebX,]�ebA L�XyB��JB�M h STAg`X�P�B � KCICO\FHM_ACUVM<eRAED�ebX�B/F_O\D�PbL,ACSfACUVM�L�ACB/MNF_O � ACIaMNG^PRF_ACB�L�AEF_K @ KCFHACU�I�A�L�XTSTG�L h eRA n \ S 1 � C&DFEGD Sba
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p
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Sba
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�|m�
~ACB<K�IWO\F�MNB8O\D�D[O\F_O\PbBHB_A�U`M~X�eRM_KCFHPbACX,F_ACSfACUVM�D
G^X�F�ebACB�ICG\STD
G^B_K�B8D�O\FHM_PbICX,e O\PRF_A � Xba
SAaM

Xba
ND

�ap�STO\PRB%B_G^UVM�ACU F_A �QO\U�Idc�AyD�eRX�BlD�A�F_B_PRBHMNO\UVMNBCm$%jebG\][O\ebA�STA�UVMWp
ebACBjD,F_KCL,PbI�M_PbG^U,BjL�ACBlL�A�XJY
SfGJL h ebA�B~B#� K�IWO\F�MNACUVMEA�B_B_A�UVMNPbA�ebeRACSfACUVM O\X�I�G^X�FHB<L�X

3ème � G^X�F�p,B_G\PRM 24
c�A�X�F_A�BEO\D�F h B<ebA3L�KC],X,M L�A

ebO{D�A�FHMNX,F_][OQM_PbG^Uim 
~A�B�FHKCBHX�eRMNOQMNB �QO\eRPbL�A�U`M<ICe OQPbF_A�STA�UVM<e OvB_PbSfD�eRPR�[ICOQMNPRG^UTL,ACBEL,��U[O\SfPbg`X�A�B ebACUVM_ACB
L�X�SfGJL h ebA%n \ S
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�rO BHPbSfD�ebP��[IWOQM_PbG^UZL�A�B%L,��U[O\SfPbg`X�A�B%ebA�UVMNACB�L�XuSTG�L h ebA�n \ S
1
D�A�F_SfA�M%L,A{F_K�L�X�PbFHA{ebAvU�G^S{],F_A

L�A �QO\F_PbO\]�eRACB}L�� K�MNOQM�L�A
11

�
7
BNO\U,B8k^F_O\U�L�A�PbU,ICPbL,ACU�I�A�BHX�F�ebACB/D�FHG^D�FHPbK�M_KCB/L�A�D�F_K�L�PbIaMNPRG^U � I�G^X�FHM

M_ACF_SfAzL�X6SfGJL h ebAQm � e8ACBHMyU,KWO\U�SfG^PRU�B{U�K�ICACBHBNO\PRF_AZL�A�FHACICG\X�F_PRF � L�ACByBHPbSfD�ebP��[IWOQM_PbG^U,B�I�G^SfD�ebK|�
SfACUVMdOQPbF_A�BCp�OQ��U�L�A�L�PbSfPbU`X�A�F D�ebX,B�A�U�ICG\F_A�e OyL�PbSfACU�BHPbG^UZL�X�BH��BHM h SfA\p�A�M3ICA�ICP L�A�S O\U,P h FHA � eRA
FHACU�L�FHATI�G^SfD[OQMNPR]�ebAtO��^ACIfX�U�AfX,M_PbebPRBNOQM_PbG^U�ACU ebPRk^U�A{L[OQU�BlX�UoBHIdc�KCSTOZL�AyICG^SfS OQU�L�AqG^D,M_PbSTO\ebA
A�U ]
G^X�I�ebA @ A�F_SfKCAQm � � G^] � ACI�M_P @ ACB�MyL�A�B_PRSTD,ebPR��ACF�ebAzSfGJL h ebATL�A�B_G\FHMNA�g`X�� Pbe8U�A�ICG\STD
G^FHM_Azg`X�A
4
G^X

5
�QO\F_PbO\]�eRACBtL�� KaMdOQMCm 
~A�BqB_PbSfD�eRPR�[ICOQMNPRG^U�BjMNPRACU�U�A�UVMqICG^SfD,M_A L�A�BqB_D
KCICP��[ICP�MNK�B{L�X D�FHGJI�KCL�K

KaMNX�L�PRKvAaM�BHG^UVM%D[OQF�I�G^U�BHKCg`X�ACUVMlL�A�U[OQM_X�F_A�ACBHB_A�U`M_PbA�ebebA�STA�UVM�c�A�X�F_PRBHM_Pbg`X�A\m �rOTBHPbSfD�ebP��[IWO�MNPbG\UzL�A
ebO�L�ACBHICFHPbD,M_PbG^UqL�A�B}ICG^SfD
G^B_K�B}G^F_kVOQU�Pbg`X�A�B�A�M}L,ACB/ICG^SfD
G^B_K�B}O � GQMNKCB}A�BHM/KaMNX�L�PRKCA BHX�ICI�ACB_BHP �\ACSfACUVMWm

� � � 
 � � �	��� � ���-� � ���
	 � ��� "%$ � �
�5A<SfGJL h ebA�n \QS

1
K�MNO\]�eRPRM�X�U�A<L�PRBHM_PbU�IaMNPbG\UvA�U`M_F_A eRACB�I�G^SfD�G^BHKCB�],PbG�L�KCk^F_O\L[O\],ebACB B_G\ebX�]�eRACB � Sba

S

�|p
BHX�D�D
G^B_K�B L�PRF_ACIaMNA�STA�U`MTO\BHB_PRSTPRe O\]�eRACBvD[O\FyebA�BfSfPbI�F_GQ� G^F_k^O\U�PbBHSTA�BCp A�MfD[O\F�MNPRICX�ebO\PbFHACB � Xba

S

�|p}g`X�P
L�G\P �^A�UVM c M_F_A{D�FHKWO\ebO\]�eRACSfACUVM%cV��L�F_G\eR��B_K�BjACUuICG\STD
G^B_K�B%B_G\ebX�]�eRACB3D�G^X,F�D
G^X �^G\PbF c MNFHAqO\B_BHPbSfPbeRKCBCm

~A�BjICG^SfD�G\B_KCB � G^X�A�U`M%X�UuF��^eRAvPRSTD
G^F�MdO\UVM3L[O\U�B%eRAtD�FHGJI�ACBHB_X�BjL�AtL�KCk^F_O\L[OQM_PbG^U�L�A{e�� O � G\MNA � L�K|�U�P�MNFHPR�[ICOQMNPRG^U �aprAaMqL�G^P��^ACUVMyD[OQF{ICG^U,B_KCg`X�A�UVM @ OQPbF_ATe$� G^] � AaMqL�� X�U�AZOQMHMNACUVM_PbG^U D[OQFHMNPRICX�eRP h F_A\m � F_G^PRBO\D,D�F_G�Idc�ACB~B_G^UVM<A�U �JPRBNO\k\AWO\]�eRACB8D�G^X,F8BHPbSfD�ebP��[ACF}ebO�L�A�B_I�F_PbDJMNPbG\U L�G^U,U�KCA3D[O\F�ebA�STG�L h eRAEn \ S

1
e

• L,KCICG\X�D�ebA�FjebA�BjL,��U[O\SfPbg`X�ACB � 4.5a
��AaM � 4.5b

��L�ACBlICG\STD
G^B_K�B
Sba

S

AaM
Xba

S

L�A�BvOQX,MNFHACBjL,�V�
U�O\STPRg`X�ACByL�X BH��BHM h SfA �	� m M �|p/ACU OQD�D�G\FHMdOQU`MfL�A�B BHPbSfD�ebP��[IWOQM_PbG^U,B{O\XJY A|YJD�F_A�B_B_PRG^U�BzL,ACBI�PbU�KaMNPRg�X,ACB

ρ1

p
ρ2

A�M
ρ8

p C&DFEGD3e

α = µH
Sba

S

KS + Sba
S

Xba
B,H

A�M
β = κh

Xba
ND/X

ba
B,H

KX +Xba
S /X

ba
B,H

Xba
B,H ;

• L,KCICG\X�D�ebA�Fre O L,��U[O\SfPbg`X�A � 4.5b
��F_ACebOQMNP��^A/O\XvICG^SfD
G^B_K

Xba
S

L�A�ICA�ebebA�B5L�ACB�O\X,M_F_ACBrI�G^STD
G^BHKCB
L,X�B��JB�M h STA �	� m M �|p�ACU�B_PRSTD�eRPR��OQU`M~e O{I�PbU�KaMNPbg`X�AlL�� cV��L�F_G^e���B_A ρ7

p C&DFEGD3e

γ = κh

Xba
S /X

ba
B,H

KX +Xba
S /X

ba
B,H

Xba
B,H ;

• I�G^U�BHPbL�K�F_ACF�X�UuICG^SfD
G^B_K{G\F_kVO\U,Pbg`X�AtX,U�Pbg`X�AQp C&DFEGD
Xba

DCO = Sba
S + Xba

S

piACU OQB_B_G�ICPbO\UVMjebA�B
LJ�JU�O\STPRg`X�ACB � 4.5a

�~A�M � 4.5b
�<L�A�B�I�G^SfD�G^BHKCB

Sba
S

AaM
Xba

S

m
� � PbSfD�ebK�STA�U`MNOQMNPRG^UzU`X�SfKCFHPbg`X�AlL�A�ICACB�B_PRSTD,ebPR��IWOQM_PbG^U�B8STG\U`M_F_Alg`X�A�ebACBESfGJL h ebA�BEB_PbSfD�eRPR�[K�B<g`X�P
FHKCB_X,eRMNA�UVM8L,ACB/L�ACX�YfD�F_A�STP h F_A�B/O\D�D�FHGJIdc,ACB/G^UVM/L�ACB�c�G^FHP � G^U�B}L�A D�FHKCL�PRI�M_PbG^UyL�A g`X�A�ebg`X�ACB�c�A�X�F_A�BCp
M_G^X,M�OQX D�ebX,BCm ��O\U�BzI�ACBzL�A�XJY ICO\BCp8ebA�B U�G^X��^AWOQXJY D[OQFNO\S h M_F_ACBTg`X�P�BHG^UVM�PbUVMNFHGJL,X�PRM_BTD[OQF ebA�B
BHPbSfD�ebP��[IWOQM_PbG^U,B B_G^UVMjA�UuA ] A�M @ G^F�MNA�STA�U`M�B_A�U�B_PR]�ebA�BjO\XJY�D�A�FHM_X�F_][O�MNPbG\U�B�PRU�ICPRL�ACUVMNA�B%A�M%O\XJY�STG��
L�P��[IWO�MNPbG\U�B<L�Ale OqD
G^ebP�MNPRg�X,A�L�� O\KCF_OQMNPRG^UZL�XZD�F_G�ICK�L�K\m 
~G^SfSfA%ebAjSfKCICO\U�PbBHSTAjL,A�L,KCU�P�MNF_P��[IWO�MNPbG\U
A�BHM%ebO\F_k\ACSfACUVM�PbU��[X,ACU�I�KtD[O\F�e OfICG^U,ICACUVM_FNOQM_PbG^U�ACUxI�G^STD
G^BHKCB�G^F_kVOQU�Pbg`X�A�B3BHG^ebX�],ebACB�L[O\U,B�ebA�F_K|�
O\IaMNA�X�FCp}X�U,A�L�ACBHICF_PRD,MNPRG^U6PbU[OQL[O\D,M_KCAzL�AZe�� K �^G^eRX,MNPRG^U L�AZICA�ByICG^SfD�G\B_KCBqPRU�L�X�P�MqFNOQD�PbL�A�STA�UVMqL�A
ebO\F_k^A�B ACFHF_ACX,F_B�B_X�FEe O{I�G^U�I�ACUVMNF_OQMNPRG^U�A�U�U,PRMNF_OQMNAQm
�rO MNF_G\PbB_P h SfA O\D�D�FHGJIdc,AoBHAoBHG^ebL�AQp ACU?F_A��QO\U,Idc�A\p�D[O\FZX�U�A ]�PRACU STA�PbebeRACX�FHAxD�FHKCL�PRI�MNPR]�PbeRPRM_K�L�X
SfGJL h ebA�F_KCL,X�PRMCm � eRebA%I�G^U�BHPbBHM_A � L�Ka�[U�PRF�X,U�A �\OQF_P OQ]�ebA%L�� KaMdOQM�X�U�PRg`X�A

Xba
DCO = Sba

S +Xba
S
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L�K�ICFHPbF_A3e$� ACU�BHACS{],ebA�L�ACB<I�G^SfD�G^BHKCB8G^F_kVOQU�Pbg`X�A�B8]�PRGJL,KCk^F_O\L[O\]�eRACB�m��rO�L,��U[O\SfPbg`X�A�L,A�ICA3U�G^X �\AWO\X
I�G^STD
G^BHKjB � G^],MNPRACUVM�ACU�B_G^SfSTO\UVMEebACB LJ�JU�O\STPRg`X�ACB � 4.5a

�~A�M � 4.5b
� e

Ẋba
DCO = DinX in

DCO −Din Sba
S −

(
Din +Drec

) Dpurg

Drec +Dpurg
Xba

S ��� m a �

− 1

YH
(ρ1 + ρ2) + (1 − frXI) (ρ4 + ρ5)

� e5U�� ACB�M�ACU�A ] AaM�D�ebX�B U,KCICA�B_B_O\PbFHA\p�L[O\U�BEI�AvICO\BCp[L�AlL�K�ICFHPbF_AleRAjSTK�IWO\U�PRB_SfA%L�� cV�JL,F_G^e��JBHAvL,X�BHX�]J�
B�MNFNO�M G^F_k^O\U�Pbg`X�A�D[O\FHM_PbI�X�e O\PRF_A N O\X�BHB_P p,ebA3MNACFHSTA�ICPbU,K�MNPRg`X�A

ρ7

U�� OQD�D[O\F_OQsbM~D[O\B L[O\U,B e$� AaYJD�F_A�B_BHPbG^U
��� m a �am � U�F_ACSTO\FHg�X�O\UVM3g`X�AleRA%MdO\XJY�L�AlD�X�F_k\A τ purg = Dpurg

Drec+Dpurg

ACBHM @ O\PR]�ebA � τ purg � 1
�~A�M�ACU

L�Ka�[U�PRB_BNOQU`M3e O @ F_O\I�M_PbG^U�BHG^ebX,]�ebAjL�A�BEICG^SfD�G\B_KCBEG^FHkVO\U�PRg`X�ACBED[O\F
f ba

SS =
Sba

S

Xba
DCO

p ��� m a �8L�A���PRACUVM e

Ẋba
DCO = Din

(
X in

DCO − f ba
SS X

ba
DCO

)
− 1

YH

(ρ1 + ρ2) + (1 − frXI) (ρ4 + ρ5) ��� m R �
�5ACB�ICPRU�K�M_Pbg`X�A�B�L,A I�F_G^PRB_B_O\U�ICA�B�OQKCF_G\]�PbA � ρ1

��AaM�O\U�GWYJPbA � ρ2
� L�A e O ]�PRG^STO\B_BHAuc�K�M_KCF_GQMNF_G\D�c�A

B#� K�ICF_P��^A�U`MCp5ACU @ G^U�IaMNPRG^UxL�A�BjB_ACX,ebACB �QO\FHP O\],ebACB3L�� K�MdO�MjFNO\D,PbL�A�B%L�XuBH��B�M h SfA � L�G\U`M Xba
DCO

�|piBHG^X�B
ebO @ G^F_SfA e

ρ1 = θ1
Xba

DCO

KDCO +Xba
DCO

Sba
O

KO,H + Sba
O

��� m [ �

ρ2 = θ1 ηNO,g
Xba

DCO

KDCO +Xba
DCO

KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

��� m K �
G���ebA�B D[O\F_O\S h MNFHACB

θ1
AaM
KDCO

B_G^UVM�L�K���U�PbBED[O\F e

θ1 = µH X
ba
B,H ��� m & ` �

KDCO = KS
Xba

DCO

SS
ba

=
KS

f ba
SS

��� m & & �

� � O\X,M_F_AfD[O\F�MWprebA�B�I�PbU�KaMNPRg�X,ACB�L�ATSfG^F�MdO\eRPRMNKtL�ACB�]�PbG\S O\BHB_A�B�c,K�MNK�F_G\M_F_G^D,c�A � ρ4

�lAaM{OQX,MNG\M_F_G^D,c�A
� ρ5

�~B_G^UVM�PbI�P�D�F_PRB_A�B�A�U�I�G^SfD,MNAlD[O\F eRAj]�P OQPbB<L�� X�U�D[O\F_O\S h MNFHAjB_X�D�D,ebKCSfACUVMNO\PbFHA e
θ2 = (1 − frXI)

(
bH Xba

B,H + bAX
ba
B,A

) ��� m &�' �
n��[UxL�A �\OQebPbL,ACFEICA�B%B_PRSTD�eRPR�[ICOQMNPRG^U�B�p,PberB#� O\k\PRM3L�A �\KCF_P��[ACF3g`X�AteRACB�D�O\FNO\S h M_F_A�B

θ1
p
θ2
A�M
KDCOD�FHKCBHACUVMNA�U`M�L�A @ O\Pb],ebACB �\OQF_P O�MNPbG\U�B~MNA�STD
G^FHACebeRACB�m

• �5A�B3D[OQFNO\S h M_F_ACB
θ1 ��� m & ` �<A�M θ2 ��� m &(' �<U�AlL�KCD
ACU,L�ACUVM%g`X�AvL�ACB �QO\F_PbO\]�eRACB ebA�UVMNACBEL�X�STG��

L h ebA n \ S
1
m^n�X,B_B_P pVL�A @ O � G\UyM_G^X,M � @ O\PRM�D�F_K �JPRB_PR]�ebAQp^ICA�B8D[OQFNO\S h M_F_ACB �QO\FHPbA�U`M/eRACUVMNA�STA�UVMWp

S c SfAqB_X,PRMNA � L�A @ G^FHM_ACBlD
ACFHM_X�F_]�OQMNPRG^U�BlPbU�I�PbL�A�UVMNACB ��> Pbk�m � m R kVOQX�Idc�A��|m�wjU D
ACX,M�KCk^O\ebA|�SfACUVM �^KCFHPR�[A�F~g`X�A3e$� O\D�D�eRPbIWO�MNPbG\UfL,A�L�P ] K�F_ACUVM_ACB~D
G^eRPRMNPRg`X�ACB/L�� O\KCF_OQMNPRG^U L,G^U�U�A3L�ACB �QO\eRACX�FHB
BHPbSfPbebO\PbFHACB �?> PRk�m � m R L�F_G\PRMNA �am

• �5A�B �QO\F_PbOQMNPRG^U�BjL�XoD[O\F_O\S h MNFHA
KDCO �	� m &�& �%BHG^UVMtA�U F_A �\OQU�Idc�A D,ebX�B�ICG^U,B_KCg`X�A�UVMNACB�p�L�X@ OQPRMjL�Aqe�� K �^G^eRX,MNPRG^UuFNOQD�PbL�AtL�Aye O �QO\F_PbO\]�eRAtL�� K�MNOQM

Sba
S

L[O\U�BleRAqF_KWOQI�MNA�X�F � D,F_G�ICKCL,K @ OQPb]�eRAIdc�O\F_k^A �am a PbA�U g`X�A�ebA�B �QO\FHP OQM_PbG^U�BqL,A
KDCO

D�F_K�B_A�U`M_ACUVM�L�A @ G^FHM_ACBTO\SfD�ebP�MNX�L�A�B � ACUVM_F_AD,c[O\B_A�B L�� O\K�F_G^]�PRA�AaM L�� O\U,G YJPRA�U�GQMdO\SfSTA�UVM �ap}I�A�L�A�F_U�PRACFfICG^U,B_ACF �^AQp~c�G^FHSTPRBqL�X�F_O\UVMzebA�B
D
KCFHPbG�L�ACB�L�A @ G^FHM_ACB�D�A�FHMNX,F_][OQM_PbG^U,BCp`X�U�A��\OQebACX,F�SfG �^A�U�U�A%FHACe O�MNP �\ACSfACUVM�BHMNO\]�ebA �?> Pbk�m � m [ �|m
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687'9;: � m R < U O\F_PbOQMNPRG^U�B~L,ACBED[O\F_O\S h MNFHACB
θ1
A�M
θ2
ebG^FHB<L�� X�U�A @ G^FHM_AjD�A�FHM_X�F_][O�MNPbG\U�PbU�I�PbL�A�U`M_A � �[k,mkVOQX�Idc�A��<AaM3D
G^X�F L,P ] KCF_A�UVMNACB�D
G^ebP�MNPbg`X�A�B<L�� O\KCF_OQMNPRG^U$# � �[k�m[L,F_G^P�MNA��|m
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687'9;: � m [ < U OQF_P O�MNPbG\U�BtL�X D[O\F_O\S h MNFHA
KDCO

ebG\F_BqL�� X�U�A @ G^F�MNA�D
ACFHM_X�F_]�OQMNPRG^U PbU�I�PbL�A�UVMNA � �[k,mkVOQX�Idc�A��<AaM3D
G^X�F L,P ] KCF_A�UVMNACB�D
G^ebP�MNPbg`X�A�B<L�� O\KCF_OQMNPRG^U � ��k�m[L�F_G\PRMNA �am

&('LR



��� ���	� ��
^"J����� �����Q��
Y������������� ��������� �Y� "¤
^$&�~��� � � "��'���
	���� ��� � "!��"!���

� � � 
 � � �	��� � ���-� � ���2� � ���

�5AlSTG�L h ebA%n \ S
1
L,PbBHM_PbU�k\X�A

4
@ FNO\IaMNPRG^U�BEO � G\MNK�ACB

Sba
NO

p
Sba

NH

p
Sba

ND

AaM
Xba

ND

m��%OQU�BEe O{SfACB_X,F_A
G��6eRACB{I�G^U�ICA�UVMNFNO�MNPbG\U�BqACU O � G\MNAZO\SfSfG^U�P OQIWO\e

Sba
NH

A�MyA�U U,PRMNF_OQMNA��QU�P�MNF_P�MNA�B
Sba

NO

I�G^U�BHM_PRM_X�ACUVM
e�� A�B_B_A�UVMNPbA�e L�ACByFHA � A�M_ByL�� O � G\M_AZM_G\MdOQe<A�MyBHG^UVMTSfACBHX�FNOQ]�ebA�BfA�U6ebPbk\U�A � ��
;D�� � m ' m ' D�O\k^A & 
 � �|p�PReU�� O\D�D�O\FNOQsRM D[O\B I�G^U�I�A��QO\]�eRAjL�AjB_X�D,D�F_PRSTA�F<ICA�B�I�G^SfD�G^BHKCB L�XZSfGJL h ebA�F_KCL,X�PRMCm � UZF_A��QO\U,Idc�A\p�ebA�B
L�A�XJY @ FNO\IaMNPRG^U�ByL�� O � G\M_A�G^FHkVO\U�PRg`X�AZB_G^eRX�]�ebA

Sba
ND

A�MTD[O\F�MNPRICX�ebO\PbFHA
Xba

ND

p/L�G^UVMTebAZF��^eRAZACBHM L�A
L�K�ICFHPbF_A�e O @ G^FHS O�MNPbG\UqPbUVMNA�F_U�A�L�A

Sba
NH

D[O\F/eRACB�D�F_G�ICA�B_B_X,B~L�� cV�JL,F_G^e��JBHA�AaM~L�� O\SfSTG\U�PR�[ICOQMNPRG^U�p�U�A
I�G^U�BHM_PRM_X�ACUVM�g�X�� X�U,A @ O\PR]�ebA}D[OQFHMNPRA/L�ACB F_A � A�MNB L�� O � GQMNA�A�M�D�A�X �^A�U`M c M_F_A�B_PbSfD�eRPR�[K�ACB5D[O\F L�P ] K�F_ACUVM_ACBO\D,D�F_G�Idc�ACB e

• L,KCICG\X�D�ebA�FEebACBEL,��U[OQSTPRg�X,ACB � 4.5d
�~AaM � 4.5e

�<L�A�B3I�G^SfD�G^BHKCB
Sba

NH

A�M
Sba

ND

ACU�B_PRSTD�eRPR��OQU`M
ebOvI�PbU�KaMNPbg`X�A�L�� OQSTSfG^U�P��[IWOQM_PbG^U

ρ6

pJL�A%B_G\FHMNA�g�X�� PRe�U�AjBHG^PRM8D�eRX�B<U�K�ICACBHBNO\PRF_AjL�A�L�KCI�F_PbFHA%ebA�B
SfKCICO\U�PRB_SfACB L�A @ G^FHS OQM_PbG^U PbUVMNA�F_U�AlL�� O\SfSTG^U,P O\g`X�AQp C&DFEGD e

δ = κa S
ba
ND X

ba
B,H ;

• OQB_B_G�ICPRACF�ebA�B�LJ�JU�O\STPRg`X�ACB8L�ACB�ICG^SfD
G^B_K�B<O � G\MNK�B8G^FHkVO\U�PRg`X�ACB
Sba

ND

AaM
Xba

ND

D[O\F/L�A�B~I�G^U�B_P �
L,KCFNO�MNPbG\U�B�B_PRSTPRe O\PRF_ACB � ICA�ebebA�B�X,MNPRebPRB_KCA�B�D�G\X�F�B_PRSTD�eRPR�[A�F ebO L�ACBHICF_PRD,MNPRG^U�L�ACBZI�G^STD
G^BHKCB
G\F_kVO\U,Pbg`X�ACB

Xba
DCO

N
• L,KCICG\X�D�ebA�F%ebA�B%L,��U[O\SfPbg`X�A�B � 4.5e

�3AaM � 4.5f
��A�U O\L�G^DJMdO\UVMjX�U,A{L�ACBHICFHPbD,M_PbG^UuBHPbSfD�ebP��[KlL�X

D,F_G�ICACBHB_X�B�L�� cV�JL,F_G^e��JBHAvL,A�e�� O � G\M_AjG^F_kVOQU�Pbg`X�AjD[OQFHMNPRICX�ebO\PbFHA � ICPbU,K�MNPRg`X�A ρ8

�am
�rOyD�F_A�STP h F_AlOQD�D�F_G�Idc�A�ACB�M�O�M_MNF_O\I�M_P �\A�D,X�PbBHg�X�� A�ebebAlD
ACFHSTAaMEL�� K�ebPRSTPRU�ACF<eRACBEL�A�XJY @ FNO\IaMNPRG^U�BEO � GQ�
M_KCACBZG^FHkVO\U�PRg`X�ACB�BHPbS{X�e�MdO\U,KCSfACUVMWm 
~G^STDJMNAuMNA�U�X L�A�B�BHPbSfD�ebP��[IWO�MNPbG\U�BTD,F_KWOQe O\]�eRACB�p~ebAuSfG�L h eRA
FHKCL�X�P�MyF_K�B_X�e�MdO\UVMfU�AZICG^SfD
G^FHM_ACFNOQPRMqOQebG^FHBqg�X,A

4
�QO\FHP O\],ebACBtL�� KaMdOQM

Xba
DCO

p
Sba

NO

p
Sba

NH

A�M
Sba

O

m
� U�A3M_ACebeRA�O\D�D�FHGJIdc�A�B_X�D�D
G^BHA�ICA�D�A�U�L[O\UVM g`X�A�ebA�D�F_G�ICA�B_B_X,B

ρ6

L�� O\SfSTG^U,PR�[ICOQMNPRG^UqACB�M ICG^U,BHMdOQU`MCp
AaMqPbU�L,X�PRM{O\PbU�BHP8L,A�e O\FHk^ACBvACF_FHACX�FHBqB_X�Fte O�I�G^U�ICA�UVMNFNO�MNPbG\U ACU6O\SfSTG\U�P O\g`X�A

Sba
NH

p�U�GQMdO\SfSTA�UVM
eRG^F_BHg�X,A%ebA�B~D
KCF_PRGJL,ACB~L�� O\U,G YJPRA�B_G\U`M<ebG^U�k\X�ACB�m ��X,FNO\UVMEICA�B<D
KCF_PRGJL,ACBCp�e O�ICG^U,ICACUVM_FNOQM_PbG^U�A�U�O � GQMNA
G^FHkVO\U�PRg`X�AzB_G\ebX�]�eRA

Sba
ND

�JPRACUVM � B#� O\U,U�X,ebACF�p�A�M{ebA D,F_G�ICACBHB_X�ByL�� O\SfSTG\U�PR�[ICOQMNPRG^U ACBHMfOQebG^FHBtPbU��
M_ACF_FHG^SfD�X�m \ X�D�D
G^B_A�FfI�A�D�F_G�ICA�B_BHX�ByICG^U�B�MdO\UVMfACUVM_FNOQsbU�A�O\PRU�B_P8X�U�A�B_X,F_ACB�MNPRS OQM_PbG^U L�X MdO\XJY L�A
@ G^FHS O�MNPbG\UuPbUVMNA�F_U�AyL�� O\SfSTG^U,P O\g`X�AQp�A�MvebPRSTP�MNA @ G\FHMNA�STA�UVMve�� c,G^F_P � G^UuL�AfD�FHKCL�PRI�MNPRG^U L�X SfG�L h eRA
FHKCL�X�P�M � X�U�A � L,ACXJYzc�ACX�FHACB��am � e�O\D�D[OQFNOQsRM~L�G\U�I%U�K�ICACBHBNO\PRF_AjL�A�L�KCI�F_PbFHA%D�eRX�B8�[U,ACSfACUVM ebA�B~SfKCICO��U�PRB_SfACB L�A @ G^FHS O�MNPbG\UzPbUVMNA�F_U�AlL�� O\SfSTG\U�P O\g`X�A�L[O\U�BEebAjSfG�L h eRA%F_K�L�X�PRMCm
�rO�D�FHPbBHA~ACUtICG^SfD,MNA8L�� X�U�A �QO\FHP O\]�eRA/L�� KaMdOQM�B_X�D,D�ebK�STA�U`MNO\PbFHA

Xba
Norg

= Sba
ND+Xba

ND

pQFHKCB_X,eRMdOQU`M�L�A
e�� O\BHB_G�ICPbOQMNPRG^U�L�A�B @ G^F_SfACB%O � G\M_KCA�BjG^F_kVOQU�Pbg`X�A�B%B_G^eRX�]�eRA{A�MjD�O\FHM_PbICX,e O\PRF_A\p�D
ACFHSTAaMjL�� G^],MNA�U�PbF�X�U�A
L�A�B_I�F_PbDJMNPbG\U�D�ebX�B~D�A�FHMNPRU�ACUVM_A%L�XZD�F_G�ICA�B_BHX�BEL�� OQSTSfG^U�P��[IWOQM_PbG^Uim � UZI�G^UVMNF_A�D[O\F�MNPbAQp,I�A�M_M_AjB_PRSTD�eRP��
�[ICOQMNPRG^U PRUVMNF_G�L�X�P�M�L�A�U�G\X �^ACO\XJY D[O\FNOQS h MNF_A�B8g`X�P
B_G\U`M @ G^FHM_ACSfACUVM~BHACU�BHPb]�eRACB~O\XJYTD�A�FHM_X�F_][O�MNPbG\U�B
PRU�ICPRL�ACUVMNA�B�AaM}O\XJYvIdc[OQU�k^ACSfACUVM_B�L�A~D
G^eRPRMNPRg`X�A/L�� OQKCFNO�MNPbG\UtL�X{FHKWO\IaMNA�X�FCm � � c�G\F_P � G^UtL,A<D�F_K�L�PbIaMNPRG^U
L�X�SfG�L h eRA�O\PRU�B_P
G^],M_ACU`X�p�],PbACU g�X,AjD�ebX�B8K�M_ACU�L�XZg`X�A%D,F_KCI�KCL�A�STSfACUVM � g�X,ACebg`X�A�B c�ACX,F_ACB��ap�FHACB�MNASTO\ebk\F_K�M_G^X,MEPbU,B_X ¢ BNOQU`MCm
�rOxMNFHG^PbBHP h SfA�O\D,D�F_G�Idc�AZD�A�F_SfA�MyL�AzM_ACU�PRFqICG^SfD,M_A�L�AZe OxICG\U�ICA�U`M_FNOQM_PbG^U ACU O � G\MNA�G^FHkVO\U�PRg`X�A
BHG^ebX�],ebA

Sba
ND

AaMyO\D�D
G^FHM_A X�U,AzO\SfKCeRPbG^F_OQMNPRG^UuB_A�U�B_PR]�ebAzL,A e$� c�G^FHP � G^U L�ATD�F_K�L�PbIaMNPRG^U L�X SfG�L h eRA
FHKCL�X�P�MlD[O\F%F_O\D�D
G^FHM�OQXJYuL�A�XJY O\D,D�F_G�Idc�ACBlD�FHKCI�KCL�A�U`M_ACB�m � U F_ACSTO\FHg�X�O\UVMlg�X,A

iNBM � 1
YA

A�M

&('£[
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YA � 4.57
p�eRACB L,��U[O\SfPbg`X�A�BEL�ACB�ICG^SfD
G^B_K�B

Sba
NO

p
Sba

NH

p
Sba

ND

A�M
Sba

O

B � KCI�F_P��^ACUVM e

Ṡba
NO = Din

(
Sin

NO − Sba
NO

)
− 1 − YH

2.86YH
ρ2 +

1

YA
ρ3 � 4.13a

�

Ṡba
NH = Din

(
Sin

NH − Sba
NH

)
− iNBM (ρ1 + ρ2) −

1

YA

ρ3 + ρ6 � 4.13b
�

Ṡba
ND = Din

(
Sin

ND − Sba
ND

)
− ρ6 + ρ8 � 4.13c

�

Ṡba
O = Din

(
Sin

O − Sba
O

)
− 1 − YH

YH
ρ1 −

4.57

YA
ρ3 + kLa

(
Ssat

O − Sba
O

) � 4.13d
�

G���ebACB�ICPRU�K�M_Pbg`X�A�B�L�AvL�KCk^F_O\L[OQM_PbG^U
ρ1 �	� m [ � A�M ρ2 �	� m K � G^UVM�L,K � � KaMNKtD,F_KCI�PbBHKCACB�p�ebA�B3I�PbU�KaMNPRg�X,ACBL�� O\SfSTG\U�PR�[ICOQMNPRG^U

ρ6
A�MEL�A�U�P�MNF_P��[IWO�MNPbG\U 1

YA
ρ3
B#� K�ICF_P��^A�U`M3B_G\X�BEe O @ G^F_SfA%BHPbSfD�ebP��[KCA%BHX�P �QO\UVM_A e

1

YA
ρ3 = θ3

Sba
NH

KNH,A + Sba
NH

Sba
O

KO,A + Sba
O

��� m & � �

ρ6 = θ4 S
ba
ND ��� m &�M �

O��\ACI e
θ3 =

µA

YA

Xba
B,A ��� m &,a �

θ4 = κa X
ba
B,H ��� m &�R �

AaM�ebA�B�LJ�JU�O\STPRg`X�ACB � 4.5e
�rAaM � 4.5f

��L�A�B�I�G^STD
G^BHKCB
Sba

ND

A�M
Xba

ND

BHG^UVM�L�K�ICG^X�D,ebKCA�B�A�U{B_PRSTD�eRPR��OQU`M
eRAjD�F_G�ICA�B_B_X,B

ρ8
L�� cV��L�FHG^eR��B_A�L�Ale$� O � G\MNA%G\F_kVO\U,Pbg`X�AjD[O\F�MNPRICX�ebO\PbFHA e

ρ8 = θ5
Xba

DCO

KND +Xba
DCO

(
Sba

O

KO,H + Sba
O

+ ηNO,h
KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

)
��� m &Z[ �

O��^ACI e
θ5 = κh

Xba
ND

Xba
S

Xba
B,H ��� m &ZK �

KND = KX
Xba

DCO

XS
ba
Xba

B,H ��� m ' ` �

� U�G^X �\AWO\X�pQPbe`B � O\k^P�M�L�A �QO\ebPRL�ACFrICA�B}B_PRSTD�eRPR�[ICOQMNPRG^U�B�A�U �^K�F_PR�[O\UVM�g`X�A<eRACB �QO\FHP OQM_PbG^U,BrM_ACSfD�G\F_ACeRebA�B
L�A�B3U,G^X �^ACO\XJY�D[OQFNO\S h M_F_ACB

θ3
p
θ4
p
θ5
A�M
KND

B_G^UVM�ebA�UVMNACB�m

• �5A�B�D[O\F_O\S h MNFHACB
θ3 ��� m & a � AaM

θ4 ��� m &�R �rU,A~L�K�D�A�U�L�ACUVMCp^ICG^SfSfA θ1 AaM θ2 p�g�X,A<L�ACB �\OQF_P OQ]�ebA�BL�� KaMdOQM~ebACUVM_ACB<AaM<L�A�B~D[O\F_O\S h MNFHACB8L�XzSfGJL h ebA�n \ S
1
m �rA�B �QO\F_PbOQMNPRG^U�B}MNA�STD
G^FHACebeRACB/L�A3ICACB

D�O\FNO\S h M_F_A�B~B_G\U`M~L�G^U�I @ O\Pb],ebACB �?> Pbk�m � m K kVOQX�Idc�A��|m � eRB~BHG^UVM<KCk^O\ebA�STA�U`M8D
ACX�B_A�U�B_PR]�ebA�B<O\X�YIdc�O\U�k^A�STA�U`M_B3L,A�ebO{D�G\ebPRM_Pbg`X�A%L�� O\K�FNOQM_PbG^U ��> Pbk,m � m K L�F_G^P�MNA �am
• �5A�B D[O\FNOQS h MNF_A�B

θ5 �	� m &�K �/A�M KND ��� m ' ` ��L�K�D�A�U�L�A�U`M3O\X�I�G^UVMNF_O\PbFHA�L�A�B �\OQF_P OQ]�ebA�B8L�� K�MNOQM
F_O\D�PRL�ACBqL�X6SfGJL h ebA n \ S

1
p�F_ACBHD�A�I�M_P �^A�STA�UVM D[OQFqebAz]�PbO\PbBtL�ACBqMNA�F_SfACB Xba

ND

Xba
S

AaM Xba
DCO

XS
ba

m

~A�B L�ACX�Y�FNOQD�D�G\FHMNB8B_G^UVMEI�ACD
ACU�L[OQU`MED
ACX �QO\FHP O\],ebACB8L[O\U�B~ebA3M_ACSfD�B � ��
;D > Pbk�m � m a � e L�� X�U�AD�O\FHMCp�ebO @ FNO\IaMNPRG^U O � G\MNK�AzL�A�BqICG^SfD�G\B_KCA�B{G^FHkVO\U�PRg�X,ACBtD�O\FHM_PbICX,e O\PRF_ACB�F_A�BHM_A�BHMdOQ]�ebAQp�KaMdO\UVM
L,G^U�U�K3g�X,A

Xba
S

A�M
Xba

ND

@ G^UVM<e�� G^] � A�M8L�XzS c SfA3D�FHGJI�ACBHB_X�B L�A3L�KCk\FNO\L[O�MNPbG\U � cV��L�FHG^eR��B_A � NL�� O\XJMNF_A�D[O\F�MWp/ebA�BTI�G^SfD�G^BHKCBfG^F_k^O\U�Pbg`X�A�ByB_G^UVMzA�U k^F_O\U�L�A�D[O\F�MNPRA�D�O\FHM_PbICX,e O\PRF_ACB�p�ICA�g`X�P
@ OQPRM�g`X�A%e O @ FNO\IaMNPRG^U G^FHkVO\U�PRg`X�A3D�O\FHM_PbICX,e O\PRF_AEACB�M ICG^SfD�FHPbB_A�ACUVM_F_A

0.9
AaM

1
m �5ACB �\OQF_P O�MNPbG\U�B

M_ACSfD�G\F_ACeRebA�B{L�ACByL�A�XJY D[O\F_O\S h MNFHACBqBHG^UVMTD�O\FqICG^U,B_KCg`X�A�UVMzebPRSTP�MNK�ACB ��> Pbk,m � m & ` kVO\X�Idc,A��AaM eRACX�FHBTBHACU�BHPb]�PRebP�MNKCB ��PRB�� � � ��PbByL�A�e O D�G\ebPRM_Pbg`X�A�L�� O\K�FNOQM_PbG^U6B_G\U`M F_A�BHMNFHACPRU`M_ACB �?> PRk�m � m & `L,F_G^P�MNA��|m

&('�K
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687'9;: � m K < U O\F_PbOQMNPRG^U�B~L,ACBED[O\F_O\S h MNFHACB
θ3
A�M
θ4
ebG^FHB<L�� X�U�A @ G^FHM_AjD�A�FHM_X�F_][O�MNPbG\U�PbU�I�PbL�A�U`M_A � �[k,mkVOQX�Idc�A��<AaM3D
G^X�F L,P ] KCF_A�UVMNACB�D
G^ebP�MNPbg`X�A�B<L�� O\KCF_OQMNPRG^U � ��k�m[L�F_G\PRMNA �am
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687'9;: � m & ` < U O\F_PbOQMNPRG^U�B L�A�B�D[O\F_O\S h MNFHACB
θ5
A�M
KND

eRG^F_BEL�� X�U�A @ G^FHM_AvD
ACF�MNX�FH][OQMNPRG^U�PbU�I�PbL�A�U`M_A
� �[k�m[kVO\X,Idc�A��<A�M�D
G^X�F L�P ] K�F_A�U`M_ACBED
G^ebP�MNPbg`X�A�B<L�� O\KCF_OQMNPRG^U � �[k,m�L�F_G\PRMNA �am
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� � O\D�D�eRPbIWO�MNPbG\UuL�A e�� A�U�B_A�S{]�ebAfL�A�BtB_PRSTD,ebPR��IWOQM_PbG^U�B�D�F_K�ICKCL,ACUVMNA�B �JPRB�� � � ��PbBjL,ACB{I�G^STD
G^BHKCB�G^F_kVO �
U�PRg`X�ACB{],PbG�L�KCk^F_O\L[O\],ebACB�A�M{O � GQMNKCBvD�A�F_SfA�MtL�� A|YJD�F_PRSTA�FtebAfB_G\X�B�� BH��BHM h SfA�FNO\D�PRL�A �	� m M ��BHG^X�B{ebO@ G^FHSTAjBHX�P �QO\UVM_A e

Ẋba
DCO = Din

(
X in

DCO − KS

KDCO
Xba

DCO

)
− 1

YH
θ1

Xba
DCO

KDCO +Xba
DCO

(
Sba

O

KO,H + Sba
O

� 4.21a
�

+ηNO,g
KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

)
+ θ2

Ṡba
NO = −Din Sba

NO − 1 − YH

2.86YH

θ1 ηNO,g
Xba

DCO

KDCO +Xba
DCO

KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

� 4.21b
�

+θ3
Sba

NH

KNH,A + Sba
NH

Sba
O

KO,A + Sba
O

Ṡba
NH = Din

(
Sin

NH − Sba
NH

)
− iNBM θ1

Xba
DCO

KDCO +Xba
DCO

(
Sba

O

KO,H + Sba
O

� 4.21c
�

+ηNO,g
KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

)
− θ3

Sba
NH

KNH,A + Sba
NH

Sba
O

KO,A + Sba
O

+ θ4 S
ba
ND

Ṡba
ND = Din

(
Sin

ND − Sba
ND

)
− θ4 S

ba
ND + θ5

Xba
DCO

KND +Xba
DCO

(
Sba

O

KO,H + Sba
O

� 4.21d
�

+ηNO,h
KO,H

KO,H + Sba
O

Sba
NO

KNO + Sba
NO

)

Ṡba
O = −Din Sba

O − 1 − YH

YH
θ1

Xba
DCO

KDCO +Xba
DCO

Sba
O

KO,H + Sba
O

� 4.21e
�

−4.57 θ3
Sba

NH

KNH,A + Sba
NH

Sba
O

KO,A + Sba
O

+ kLa
(
Ssat

O − Sba
O

)

�5AzSfGJL h ebAyF_K�L�X�P�M{L�Ka�[U�PRM
16

D�O\FNO\S h M_F_A�BCp�O\PbU�BHP/g�X,AzebATL�KC]�P�M
Qin AaM{eRACBtI�G^U�I�ACUVMNF_OQMNPRG^U�B

X in
DCO

p
Sin

NH

AaM
Sin

ND

PbU,ICPbL,ACUVMNB�m �5A�B3D[OQFNO\S h M_F_ACB�BHM��lIdc�PbG^SfK�M_F_PRg�X,ACBEA�M3ICPRU�K�M_Pbg`X�ACB
YH

p
iNBM

p
KS

p
KO,H

p
KO,A

p
KNH,A

p
KNO

p
ηNO,h

A�M
ηNO,g

B_G^UVM�PbL�A�UVMNPbg`X�A�B � ICACX�Y L�K��[U,PbB�L[O\U,B�eRA
SfGJL h ebAun \ S

1 � ��
;DE� OQ]�m & m � p D�m ' ` �am � U?F_A��QO\U,Idc�A\p�ebA�B�D[OQFNO\S h M_F_ACBZBHX�D�D�eRKCSfACUVMdO\PRF_A�B θi

(i = 1, . . . , 5)
p
KDCO

A�M
KND

B_G^UVM�PbBHB_X�BEL�A�B3BHPbSfD�ebP��[IWO�MNPbG\U�BCm�
~ACF�MdO\PRU�BEG^UVMES OQebk^FHK�MNG^XJMEX�U�A
PRU`M_ACFHD�F_KaMdOQM_PbG^U�D�cV��B_Pbg`X�AQm �5ACB3D[O\F_O\S h MNFHACB

KDCO
AaM
KND

A�U�D[O\F�MNPRICX�eRPbACF I�G^F_FHACBHD�G^U,L�ACUVMlO\X�Y
I�G^U�BHMNO\UVMNA�BqL�� O ¢ U,PRMNK �JPRB�� � � ��PbB�L�X I�G^STD
G^BHK

Xba
DCO

D�G^X,FtebA�B{D�FHGJI�ACB_BHX�BqL�AzL,KCk^F_O\L[OQM_PbG^U L,ACB
I�G^STD
G^BHKCB/G^F_k^O\U�Pbg`X�A�B}A�M/L�� cV��L�F_G^e���B_A�L�AEe$� O � G\M_A<G^FHkVO\U�PRg�X,A F_ACBHD�A�I�M_P �^A�STA�UVMWm � � O\X,MNFHAED[O\FHMCp^ebA�B
D[OQFNO\S h M_F_ACB

θ1
AaM
θ2
D
ACX �\ACUVM c M_F_AfPbUVMNA�F_D�FHK�M_KCB�ICG^SfSTAqeRACBjMdOQXJY S O Y,PRS OQXJYuL�AfL�K�k^FNO\L�OQMNPRG^U

L�A�B3I�G^SfD�G^BHKCB G^FHkVO\U�PRg`X�ACBEA�M�L�Ale�� O � G\MNAlOQSTSfG^U�PbO\IWO\e m
�5A{SfGJL h ebAlF_K�L�X�P�M%K�MNO\UVM @ G^FHS{X�eRK\p�PberB � O\k^P�M�L�� A�UuK�MNX,L�PbA�F�ebA�B�D�FHG^D�FHPbK�M_KCB3L�� G\]�B_A�F �QO\]�PRebPRM_KlA�M

L�� PbL,ACUVMNP���O\]�PRebPRM_K\p[L[OQU�Bje OfD�A�F_B_D
ACIaMNP��^AyL�A{e�� A�BHMNPRS O�MNPbG\U�A�U eRPbk^U,AvL�Ate$� K�MdO�M%A�MlL,ACBjD[O\F_O\S h MNFHACB�m

~A�B�O\BHD�A�I�M_B @ G^UVMEe�� G^] � A�MEL�Ale OqBHX�PRM_AjL�X�Idc�O\D�PRM_F_AQm
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�%OQU�B�X�U?B_Idc�K�S O L�A ICG^SfS OQU�L�A ACU�
 ���~�^� Cq
ZC^� 	
�YC p e�� O\IaMNX[OQebPbB_OQMNPRG^U L�X?D�F_GQ�[elG^D,MNPRS OQe%L�A
I�G^STSTO\U�L,A�U�K�ICA�B_B_P�MNAuebOoICG\U�U[O\PRB_BNOQU�ICAxL,A�e$� K�MNOQMTL�X BH��BHM h SfA\m � e�U�� ACB�M�ICA�D�A�U�L[O\UVM�D[OQBzFNO\FHA
g`X�A�ICA�FHMdOQPbU�A�B �QO\FHP O\],ebACB~L�� KaMdOQM_B3U,A�BHG^PbA�UVM3D�O\BESTA�B_X�F_O\]�ebA�B C^� �F� E��	C p�A�M�G^U�ACB�M3O\ebG^FHBEO\SfACU�K �
X,M_PbeRPbB_A�F�X�U � 
�� C^�%�����jC^��� �����^� ��� Idc[O\F_k\KqL�� A�BHM_PbSfACF%I�ACBlK�MNOQMNB � D�O\FHM_PbF%L�A�BjSTA�B_X�FHACBjL�A�BlB_G^F�MNPbA�B
L�X�BH��B�M h SfA\m

� � KaMNX�L,AzL�Aze�� G^],B_ACF �QO\]�PbeRPRM_KqICG^U�B�MNP�MNX�ATe$� K�MdOQD�ATD�F_KCO\e O\],ebAyPbU�L,PbB_D
ACU,BNO\]�eRA � e$� ACBHM_PbSTOQMNPRG^U ACU
eRPbk^U�AEL�A3e$� K�MNOQM�L�� X,UzSTG�L h ebA\m � e Ol][O\BHA�L�XzD,F_G^]�e h SfAEL�A�e�� G^],B_ACF �QO\]�PbeRPRM_K B_A3M_F_G^X��^A�ebO�g`X�A�BHM_PbG^U
L�AlB_O �\G^PbF B#� PRe�ACB�M�D�G^BHB_PR]�ebAjG^XZU�G\U�p[D�G\X�F X�UZSTG�L h ebA%L�AlB�MNF_X,I�MNX,F_A�L�G^U�U�K�AlA�M�X�UZACU�BHACS{],ebAlL�A
SfACBHX�F_A�B�AaYJD
KCFHPbSfACUVMdO\eRACB3B_X�D�D
G^BHKCACB�D[O\F @ OQPRMNA�B3AaM�U,G^Ux]�FHX�PRM_KCACB�p�L,AtF_A�ICG^U,BHMNFHX�PbFHAteRACB �\OQF_P OQ]�ebA�B
L�� K�MNOQMTL�X B���BHM h STAQm �5A�BTI�G^U�L�P�MNPbG\U�BqU�KCI�ACBHBNO\PRF_ACBTL�� G^]�B_A�F �QO\]�PRebP�MNK�L�� X�U B���BHM h STA�U�G^U��(ebPRU�KWOQPbF_A
O ¢ U�A�ACU�e OqI�G^STSTO\U�L,A�BHG^UVM�F_O\D�D
ACeRKCACBEL[OQU�B3eRAjD[O\F_O\k^FNOQD�c�A � m ' m & � C&DFEGD�� P � STA�P � ACF~A�M �QO\U�L,ACF
\ Idc�O @ MWp &�KLK &�N � BHPbL�G\F_P p &ZKLKGM �|m � � K�M_X�L�AtL,A{e$� G^]�BHACF �QO\],PbebP�MNK%L,XxSTG�L h ebA�B_PbSfD�eRPR�[K @ O\P�M�e$� G^] � A�M3L�XD[OQFNO\k^F_O\D�c�A � m ' m ' m

����� ��� �6;�25$&:<;32546.�-�+J��-/.34 0�� -���4J2 ����*��%�&$&� + �
�5ACBZU�GQMNPbG\U�B�L�� G^]�B_A�F �QO\]�PRebP�MNKxBHG^UVM�PRICP%D,F_KCBHACUVMNK�ACBxL�O\U�BZebAuICO\L�F_A L�� X�U BH��BHM h SfAoLJ�JU�O\STPRg`X�A
I�G^STSTO\U�L,K\p�O ¢ U�AvACUxebOfI�G^STSTO\U�L,A � � P � STA�P � ACF AaM��QO\U�L�ACF \ Idc[O @ MCp &ZKLK &LN � BHPbL�G^FHP p &�K�KGM �am�w%U
D
ACX,MfFHACSTO\F_g`X�A�Ffg`X�A�ebAZB��JB�M h STA�L,��U[O\SfPbg`X�A �	� m ')& �tICG^U�B�MNP�MNX�AZX�U IWO\ByD[O\F�MNPRICX�eRPbACFtL�A�I�A�MHMNA@ G^FHSTAQp�L[O\U,B�ebO{STA�B_X�FHAlG���PReiU�AlI�G^STD
G^F�MNAjD[O\BEL�� ACUVM_F_KCA�B�I�G^STSTO\U�L�O\]�ebA�B

u (t)
m

ẋ = f (x) +

m∑

j=1

gj (x) uj , u = (u1, . . . , um) ∈ U ⊂ R
m � 4.22a

�

yi = hi (x) , i = 1, . . . , p � 4.22b
�

G��
x = (x1, . . . , xn)

B_G^UVM ebA�B5ICG�G^F_L,G^U�U�K�ACB ebG�IWO\eRACB�FHACe O�MNP �\ACB � X�U�A �QO\F_PRK�M_K}L�P ] KCFHACUVMNPRACebeRA
V � C&DFEGD

R
n �|p f , g1, . . . , gm

BHG^UVM L�ACBrIdc[O\SfD�B5L�A �\ACIaMNACX,F_B F_KCk\X�ebPRACF_B � C∞
�iB_X�F

V
pCA�M

h = (h1, . . . , hp)
T :

V → R
p A�BHM X�U,A%O\D�D,ebPbICOQMNPRG^UqF_K�k^X�eRP h FHA\m���G\X�F~I�A3M(��D�A3L�A�B���BHM h STA�BCp�ebO�U,G\MNPRG^UTL�� G^],B_ACF �QO\]�PbeRPRM_K

D
ACX,M c MNF_AlL�Ka�[U�PRA�L,A�ebO @ O � G\U�BHX�P �QO\UVMNAQm
����� 7 ��7"!�7 #$�&%('*)�+-,/.�021435+ 7 6 7"!7�-89 C^�;:<�^�'��� �

x1,x2 ∈ V
� ���b� ����� �ZPRU�L�PbBHICA�F_U[O\],ebA�B>= �	���?�

x1Ix2 @BA ����� � C ��CD� �?E
	�C ��� m ' ' �GFH� �
A �����¤� �Q�G�&�bCi
Z���	�^���'��� ��� C^�b�����YC

u
F � ��
Z���	�^���'��� ��C � ���%���'C

t→ y (t)|x(0)=x1,u

F
t ≥ 0

F ��� ��CD� �IE
	�C
A �����#�J���^� ���P���b��������� x (0) = x1

F C^�>� �8
Z���	�^���'��� ��C � ���%���'C
t→ y (t)|x(0)=x2,u

F
t ≥ 0

F ��� ��CD� �IE
	�C
A �����f�J���^� ���¡���b��������� x (0) = x2

F�� ���b�¡����C^�b�����&�bC �K� ���-� C^��� ��� 	6�����	C = �Y� 	 	 ��� @ ��C �4�MLB�b�����'����DN C ��CD� �IE
	�CVC � � ����� G^]�B_A�F �QO\]�eRAO� �
x1Ix2

� 	 A �F���&�bC x1 = x2

D

� � G\] � ACIaMNP @ A�BHMjL,AtL�Ka�[U�PbF3X�U�AvICG^U�L,PRMNPRG^U�L,AtFNOQU�kzD
G^X�F�e$� G^]�B_A�F �QO\]�PRebP�MNKjL�A�B%BH��BHM h SfACBjU�G\UJ�eRPbU�KCO\PbFHACBTO ¢ U�ACBzA�U e O I�G^SfS O\U,L�A�g`X�P3B_G^P�MzK�g�X,P �QO\ebA�UVMNA � ebOoI�G^U�L�P�MNPbG\U L�� G^]�BHACF �QO\],PbebP�MNK�L�APlO\eRS O\U D�G\X�FzebA�BzBH��B�M h SfACBZeRPbU�KCO\PbFHACB N ICG^U,L�PRM_PbG^U�B g�X,P%B_A�FNO PbU,K���PRMNO\]�ebA�STA�UVMzX�U�AuI�G^U�L�P�MNPRG^U
�����	� ����m 
~ACI�P5STGQMNP �\A%e$� PbUVM_F_G�L�X�I�M_PbG^U L�Ale O{U�G\M_PbG^U L�Ale O V � PbU�L�PRB_I�ACF_U�O\]�PbeRPRM_K\m \ G^P�M V X�U�G\X �^A�FHM
L�A

V
ICG\U`M_ACU[OQU`M

x1

A�M
x2

m^w%UtL,PRM�g�X,A
x1

A�M
x2

B_G\U`M V �(PRU�L�PRB_ICA�F_U[OQ]�ebA�BCp A�M�e$� G^UvU,G\MNA x1I
Vx2

pQBHP
D
G^X�F�Idc[O\g`X�A{I�G^SfS O\U,L�A�O\L�SfPbB_BHPb]�eRAjICG^U,BHMdOQU`M_A

u : [0, T ] → U p T > 0
O\FH]�PRM_FNO\PRF_AQp�g`X�P�k^O\F_L�A

eRACB{BHG^ebX,M_PbG^U,B
x (t)|x(0)=x1,u

A�M
x (t)|x(0)=x2,u

L[O\U�B V D
G^X�F
t ≤ T

p�ebA�B @ G^U�IaMNPbG\U�B{L�A�BHG^FHM_PbA
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 '
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y (t)|x(0)=x1,u

A�M
y (t)|x(0)=x2,u

BHG^UVM PbL�A�UVMNPbg`X�A�B D�G\X�F
t ≤ T

BHX�F<ebA�X�F<L�G\S O\PRU�A � ICG^SfS{X�U���L�AL�Ka�[U�P�MNPbG\U�m
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	�C �	� m '�' � C � � ����� ebG�IWOQebACSfACUVM�G^]�BHACF �\OQ]�ebA ��� A �����b� x0

� � ���zC*:L� � �sC ��������� � ������E�C W ��C
x0

�sC^�	�&�bC A �����-� �Q�G�&�bC ����� � ������E�C V ⊂ W ��C
x0

F � �V�!C^� �����'���
x1I

Vx2

� 	 A �F���&�bCJ�&�bC x1 = x0

D
� �P� C ��C/� �?E
	�C C � �/� ���u��� C
	�C^�b�¡� 
�� C^�%��� 
 � CJC^���j����� A �����b� x0

��C
V

F ���zC � � ����� eRGJICO\ebA�STA�U`M/G\]�B_A�F��
�QO\]�eRA D

��AxSTO\U�P h FHA�k^K�U�KCF_O\ebAQp8X,U BH��BHM h SfAxACB�M�ebG�IWO\eRACSfACUVMfG^]�BHACF �QO\],ebA�BHP�Idc[OQg�X,AxD�G\PbUVM
x0

A�BHM
L�PRB_I�ACF_U�O\]�ebAjL,ACB D
G^PbUVMNB �^G^PRB_PbU,B ACUZX,MNPRebPRBNO\UVM8L�ACB MNF_O � ACIaMNG^PRF_A�B<L�XZBH��BHM h SfAlg�X,P�F_A�BHMNA�UVM3D,F_G�Idc�ACBL�A

x0
m � e
O\D�D[O\F_OQsbM/L,G^U�I�U�KCI�ACB_B_O\PbFHA\p�D�G\X�F8KaMNX�L,PbACF/e�� G^],B_ACF �QO\]�PbeRPRM_K<L�� X�UzBH��B�M h SfA\p�L�A�L�K���U�PbF/X�U

C � A ���YC ��� � 
�� C^�%�������'��� m
����� 7 ��7"!�7 #$��
 '�� ,��;3�
 .���� #$+ ,/.�02143 !�7 #5��8
� ����� � C ��C/� �?E
	�C9�	���b�j�F���-�u�����!C ��� m '�' � D N � A�B_D[OQICA<L�� G^]�BHACF �\O�MNPbG\U F �	���?�

O
F ��Cd�YC ��C/� �?E
	�C¤��� E4� 
 �!���

��� �K�^�!C^�b���'C^�>C � � � C
R
�uC � A ���YCf��CY�^�j���%�'C^� ��C � 
Z���	�^���'��� � �4�MLB�b�'C � � ���

V
F �&��� �Y���b���'C^�b�

h1, . . . , hp
F

����� � �B�&�bC-�j�����jC � � C � �4�^�%���2�YC � ��C N �'C � �~�Y�YC �G� ����C ���
LX1

LX2
· · ·LXk

hj , j = 1, . . . , p , k ≥ 1 �	� m ' 
��
���

X i

F
i = 1, . . . , k

F C � �¡���<�^� �
	�C^�b� ��Cf�J� C^� � C
	 
 � C {f , g1, . . . , gm}

� U�X,M_PbeRPbBNOQU`M<ebACBED�FHG^D�FHPbK�M_KCBEKCeRKCSfACUVMdOQPbF_A�B F_A�e OQM_P �^A�B � ebOqL�KCFHP �QOQMNPRG^UZL[O\U�BEe�� O\eRk h ],F_AjL�A �5PbAQp
G^U SfG^UVMNF_AuL,A @ O � G^U B_PRSTD�eRAxg`X�A e$� ACB_D�O\ICA L�� G^]�BHACF �QOQM_PbG^U

O
D
ACXJM�OQX�B_BHPjB_A L�K��[U,PbFZICG^SfSfA

e�� A�B_D[O\I�AjebPRU�KWO\PRF_A�L�ACB @ G\U�I�M_PbG^U�B8B_X�F
V
I�G^UVMNACU�O\UVM

h1, . . . , hp

p�O\PRU�B_P�g�X,A%MNG^X,M_ACB<eRACB<L,KCF_P��^K�ACBEL�A
�5PbAjBHX�ICI�ACBHB_P �\ACB e

LZ1
LZ2

· · ·LZk
hj , j = 1, . . . , p , k ≥ 1 �	� m ' � �

G��
Zi

p
i = 1, . . . , k

p[ACB�M�L�Ale O @ G^FHSTA e

Zi (x) = f (x) +

m∑

j=1

gj (x) ui
j , ��� m '�M �

O��^A�I
u = (u1, . . . , um) ∈ U m

� � ACB_D�O\ICA L�� G^]�B_A�F �QOQM_PbG^U
O
B#� PRU`M_ACFHD�F h MNAoO\PbU�BHP%ICG\STSfAue$� ACBHD[O\ICA I�G^UVMNACU�O\UVM�eRACB @ G^U�IaMNPbG\U�B�L�A

BHG^FHM_PbACB�p}O\PRU�B_P8g�X,AzMNG^X,M_ACByebA�B{L�K�F_P �\KCA�BfL,ACB @ G^U�IaMNPbG\U�B{L�A�BHG^FHM_PbACBqBHX�P �QO\UVMqeRACB{M_FNO � A�I�MNG\PbF_A�B{L�XB��JB�M h STAQm � U�D�O\FHM_PbICX,ebPbA�FCpJB_P ebAlBH��BHM h SfAvU,AvI�G^STD
G^F�MNAlD[O\B�L�� ACUVMNFHKCACB
u (t)

p
O
A�BHM�ICG^U�B�MNFHX�PRM�ACU

D�FHACU[OQU`M
yj = hj (x)

p
j = 1, . . . , p

O��^ACIvebA�B3L�K�F_P��^KCA�B3M_ACSfD�G^FHACeRebACBEBHX�ICI�ACB_BHP �\ACB
ẏj = Lfhj (x)

p
ÿj = LfLfhj (x)

p�mRm�m�p
j = 1, . . . , p

m � D[O\F�MNPbF�L�A{e�� A�B_D[OQICAtL�� G^],B_ACF �QOQMNPRG^U
O
piebO �Y� ��� � ���%� 
 �����'���

��� � 
�� C^�%��� 
 ���F���?� p,U�G\M_KCAlL
O
p[A�BHM3L�K��[U,PbAjL�Ale O @ O � G^UZB_X�P��QO\UVMNA e

L
O (x) =

�^A�I�M { L H (x) |H ∈ O} , x ∈ V ��� m ':a �
G�� e O�U�GQMdOQM_PbG^U �^A�I�M {} @ O\PRMlFHK @ K�F_ACU,ICA � e�� A�B_D[O\I�A �\ACIaMNG^FHPbACe/A�U�k^ACU,L�F_KfD[O\FlebA�BlKCebK�STA�UVMNBlL�Afe O
I�GJL�PRBHM_F_Pb],X,MNPRG^U�m
w%U D
ACXJMzO\eRG^F_BqL,KCSfG^UVMNF_A�FTeRAZF_KCBHX�eRMNOQMfk^KCU,KCFNOQe�BHX�P �QO\UVMCp�FHACebOQMNP @ � e$� G^]�BHACF �QO\],PbebP�MNKzeRGJICO\ebA�L,ACB
B��JB�M h STA�B3U�G\UJ�(eRPbU�KCO\PbFHACBCm
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� �����¡� C ��CD� �IE
	�C-�	���b�j�F���-�u�����!C �	� m '�' �GF ����CY� L�PRS V = n

D � � F
L�PbS L

O (x0) = n , ��� m 'LR �
��� ��� � � C ��CD� �IE
	�CpC � � � ���u��� C
	�C^�b�A� 
�� C^�%��� 
 � C-��� A �����b� x0

�rO3I�G^U�L�P�MNPRG^U ��� m 'LR �5D�F_K�ICKCL,ACUVMNA<A�BHM}I�G^U�U`X�A8B_G^X�B�ebA/U�G^S L�A �Y�����������'��� ��C �u����E���� � 
�� C^�%��� 
 ���F���I� m
� ebeRACBfD�A�F_SfA�M L�� KaMdO\],ebPbFfe$� AaYJPRBHMNA�U�ICA�L�AxFHACe O�MNPbG\U�BfO\ebk^K�]�F_PRg`X�ACBTACUVMNFHAxebA�B �QO\FHP O\]�eRACBfL�� K�MdO�MzL�X
B��JB�M h STA8A�M�ebACBrL�K�F_P��^KCA�B�B_X,ICICA�B_BHP �^A�B�L�A�B�ACUVM_F_KCA�B�A�M L�A�B�BHG^FHM_PbACB�p F_ACebOQMNPRG^U�B5g`X�P`D
ACX �\ACUVM c M_F_A ��X�ACB
I�G^STSfAfX�U�A G\]�BHM_F_X�IaMNPbG\U � e�� A|Y,PRBHM_ACU�I�A L�� X�U�ATPbU,�[U,PRMNKfL�AfMNFNO � ACI�M_G^PbFHACBvB_G^eRX,MNPRG^U�BlL�X B��JB�M h STAL�P ] K�F_A�U`M_PbA�e �	� m '�' �<OW�^O\UVM�eRA%S c STAjI�G^SfD�G^F�MNA�STA�U`MEA�UVMNF_K�A �QBHG^FHM_PbAQm

�5A{IWOQebICX,e L,ACB�M_ACF_SfACB�L�ACB%L,KCF_P��^K�ACB%L�A��5PbAtBHX�ICI�ACBHB_P �\ACBlACB�MjICA�D�A�U�L[O\UVM @ OQBHMNPRL�PbA�XJY�L h B%ebG^FHB
g`X�AjeRA%BH��BHM h SfAlL�P ] KCFHACUVMNPRACeiA�BHMEL�AjL,PbSfACU�BHPbG^UzBHX�D
KCF_PRACX�FHA �

3
m � e�ACB�MEk^KCU�K�FNO\eRACSfACUVM U�K�ICA�B_BNOQPbF_A

L�� O��^G^PRF~FHACICG\X�F_B�pJA�U�D�FNOQM_Pbg`X�AQp � L�ACB8ebG^k^PRICPRACebB}L,A�IWOQebICX,e @ G^FHSTA�e � C&DFEGD
	���
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� �, p 	����
���
��� �, p C^�j�&D �D
G^X�F8K�MNX,L�PbA�F<ebA�B~D�FHG^D�F_PRK�M_KCB~L�� G^],B_ACF �QO\]�PbeRPRM_K3L�A�B BH��BHM h SfACB U�G\UJ�(eRPbU�KCO\PbFHACBCm 
~A3M(�JD
AjL�A%eRG^k^PRICPbA�ebB
A�BHM%A�UxA ] A�M�D[O\F�MNPbI�X�ebP h FHACSfACUVME]�PbA�UxO\L�O\D,MNK � e�� KaMNX�L�A�L�A�B%D�F_G\D�F_PRK�MNK�B3L�� G^],B_ACF �QO\]�PbeRPRM_K\p[U�G\MNO\Sq�
SfACUVMfD�G\X�FyebA�IWOQebICX,e L�ACBfKCeRKCSfACUVMNBfL�AZe OuICG�L�PRBHMNFHPb]�XJMNPbG\U L�� G\]�B_A�F �QO\]�PRebPRM_K�L

O
m � � OQebk^G^FHPRM_c�STA

L�K �^A�ebG^D�D
KlD[O\F \ A�L�G^k^ebO ��PRI � ' `L` & �8L[O\U,B�e�� A�U �JPRF_G^U,U�ACSfACUVM 	��

���� �, � A�BHM3X,MNPRebPbBHK�D[OQF�ebO{B_X�P�MNAQm
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� U�L�A�B�D�FHG^]�e h SfACB @ G^U�L�O\STA�UVMdO\XJY�g`X�P5BHAvD
G^BHAvD
G^X�FEe OqI�G^STSTO\U�L,AjL�ACB�BHMNOQMNPRG^U�BEL�� KCD�X�F_OQMNPRG^U
I�G^U�ICA�F_U�A�ebA�STO\U�g`X�A�L�AZIWO\DJMNACX,F_B A�U eRPbk^U,A�L�PbBHD�G^U,Pb]�eRACB � C&DFEGDTU O\U�FHG^ebeRACk^c,ACS AaM U A�F_B�MNFNOQA�MNAQp
&�K�K 
��am � U D[OQFHMNPRICX�eRPbA�FCp�eRATSfGJL h ebAyBHPbSfD�ebP��[K �	� m ')& �%ICG\STD
G^FHM_A 5

�QO\F_PbO\]�eRACB�L�� KaMdOQMCprD[O\F_SfP/ebA�B��
g`X�A�ebebA�BlebACBjI�G^U�I�ACUVMNF_OQMNPRG^U�BlACU ICG^SfD
G^B_K�B�G\F_kVO\U,Pbg`X�ACBl]�PRGJL,KCk^F_O\L[O\]�eRACB

Xba
DCO

A�M�ACUoO � G\MNAqG^F&�
kVOQU�Pbg`X�A�B_G^eRX�]�eRA

Sba
ND

U�A3B_G^UVM<D�O\B~SfACBHX�FNO\],ebACB8ACUzeRPbk^U,A\m � � O\X,M_F_A�D�O\FHMCp�],PbACU g�X,A�L�A�B~IWOQD,MNA�X�F_B
A|Y,PRBHM_ACUVMfD�G^X,F{e OxSfACBHX�F_A�A�U eRPbk^U,A L�A�BfI�G^U�I�ACUVMNF_OQMNPRG^U�BqACU6U�P�MNF_OQMNA

Sba
NO

A�MyACU O\SfSfG^U�P OQg�X,A
Sba

NH

p�I�ACXJY`� ICP�D�FHKCBHACUVMNA�U`M3L�A�B<MNACSfD�B<L,AjF_KCD
G^U�BHAjPbSfD�G\FHMdOQU`M_B � L�A%e$� G^FHL�F_A%L,A 10
SfPbU`X,M_ACB��|p,G^UVM

X�U�ICG��JM�K�ebA��\KvAaM�U,KCICA�B_BHPRMNA�UVM%L�� c M_F_AtFHKCk^X,ebP h F_A�STA�U`MEA�UVMNF_AaMNA�U�X,B #�m
n3X�B_BHP p�B_A�X�ebA�e$� X,M_PbebPRBNOQM_PbG^UTL�A
BHG^U�L�A�B � GWY��Jk h U�A�ACB�M�A�U�SfACBHX�F_AlL�A @ G^X�FHU�PbF~L�ACB�PbU @ G\F_STOQMNPRG^U�B�ACUZMNACSfD�BEF_K�ACe m

� � KaMNX�L,A�L�Aze$� G^]�BHACF �\OQ]�PbeRPRMNKfD
ACF_SfA�MtL�� PbU�L�PRg`X�ACFvB � Pbe~A�BHMqD
G^BHB_Pb],ebA L�� A�BHMNPRSTA�F{e OZMNG\MNO\ebP�MNKfL�A
e�� KaMdOQM�L,X?SfGJL h ebA�F_KCL,X�PRM � D[OQFHMNPRFzL�A e O BHACX�eRAuSTA�B_X�FHA L�A ICG^U�I�ACUVMNF_OQMNPRG^U�ACU GWYJ��k h U�A L�PbB&�
BHG^X�BCp/AaMTeRA�IWO\ByK�Idc�KWO\UVM ebACBySfACBHX�F_A�BfBHX�D�D�eRKCSfACUVMdOQPbF_A�B � ICG\U�ICA�U`M_FNOQM_PbG^U ACU U�P�MNFNO�MNA�A�M �QG^X ACUO\SfSfG^U�P OQg�X,A�� L�G^UVMjPbe @ O\X,M%L�PbBHD�G^BHACF%D
G^X�F3ICA�e O,m 
~ACBjD�FHG^D�F_PRK�M_KCB �QO\FHPbACUVM�B_ACeRG^UuebA�B%ICG\U�L�PRM_PbG^U,B
L�� O\K�FNOQM_PbG^UZL�XZF_KCO\I�M_ACX�F�m

• � UqI�G^U�L�P�MNPbG\U�B�L,A @ G^U�IaMNPbG\U�U�ACSfACUVM�O\KCFHG^]�PRACBCp�e$� X,M_PbebPRBNOQM_PbG^UjL,A<e$� O\ebk\G^F_P�MNc�SfA}L�A \ ACL�G^k\e O���PbI
� ' `L` & �/D
ACFHSTAaM~L�� K�MNO\]�eRPbF�g�X,A�ebA3STG�L h ebAEF_K�L�X�PRM �	� m ')& �}ACB�M<eRGJICO\ebA�STA�U`M�G^],B_ACF �QO\]�ebA ����� ebOBHACX�eRAlSTA�B_X�FHA�L,A�ebO{ICG^U,ICACUVM_FNOQM_PbG^U�ACU�GWYJ��k h U�A�L�PbBHB_G^X�B N
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• \ G^X�BEL�ACB�ICG\U�L�PRM_PbG^U,B<L�� O\U�GWYJPbA\p[eRAjSTG�L h ebA ��� m ' & �~B_AlB_PRSTD,ebPR��A�B_G\X�B3ebO @ G^F_SfA e

Ẋba
DCO = Din

(
Xin

DCO − KS

KDCO
Xba

DCO

) �
4.28a �

− 1

YH
θ1 ηNO,g

Xba
DCO

KDCO + Xba
DCO

Sba
NO

KNO + Sba
NO

+ θ2

Ṡba
NO = −Din Sba

NO − 1 − YH

2.86YH
θ1 ηNO,g

Xba
DCO

KDCO + Xba
DCO

Sba
NO

KNO + Sba
NO

�
4.28b �

Ṡba
NH = Din

(
Sin

NH − Sba
NH

)
− iNBM θ1 ηNO,g

Xba
DCO

KDCO + Xba
DCO

Sba
NO

KNO + Sba
NO

�
4.28c �

+θ4 Sba
ND

Ṡba
ND = Din

(
Sin

ND − Sba
ND

)
− θ4 Sba

ND + θ5 ηNO,h
Xba

DCO

KND + Xba
DCO

Sba
NO

KNO + Sba
NO

�
4.28d �

� UyFNOQPbB_G\UqL�A e$� O\]�BHACU�I�A L�� GWY���k h U,A�L,PbB_BHG^X�B}L[OQU�B}ebA<FHKWO\IaMNA�X�FCpVPReJA�BHM/PbSfD
KCFNO�MNP @ L�� A ] A�I�M_X�ACF
OQX SfG^PRU�B%X�U�AySfACBHX�F_AyB_X,D�D�ebK�STA�UVMdO\PRF_A{D
G^X�FjG^],B_ACF �^A�FveRAqBH��BHM h SfA ��� m '�[ � e SfACBHX�F_A�F�ebOI�G^U�I�ACUVMNF_OQMNPRG^U�A�UuO\SfSTG^U,P O\g`X�AjFHACU�LxeRAlBH��BHM h SfA � U�G\X �^ACO\XxG^]�BHACF �\OQ]�ebAQm � UxFHA��QO\U�Idc,A\p
ebO STA�B_X�FHAuL�A e O I�G^U�ICA�UVMNFNO�MNPbG\U A�U?U,PRMNF_OQMNA�U�AuD�A�F_SfA�MZD[OQB�L�� O\BHB_X�FHACFZe$� G^]�BHACF �\OQ]�PbeRPRMNK
L,ACBtI�G^U�I�ACUVMNF_OQMNPRG^U�B�ACU OQSTSfG^U�PbO\g`X�AqA�MvACU O � G\M_ATG\F_kVO\U,Pbg`X�AfB_G^eRX�]�ebA � ebACBlL,��U[OQSTPRg�X,ACB
� 4.28a

�8A�M � 4.28b
�~KaMdO\UVM�PbU�L,KCD
ACU�L[OQU`M_ACB�L�ACB�ICG\U�ICA�U`M_FNOQM_PbG^U,B

Sba
NH

AaM
Sba

ND

�am

• � U{I�G^U�L�P�MNPRG^U�BrL�A @ G^U�I�M_PbG^U,U�ACSfACUVM�O\U[O\K�F_G^]�PRA8A�U,�[U�p�B_A�X�e�ebA�D�F_G�ICA�B_B_X,B�L�� O\STSfG^U�P��[IWO�MNPbG\U
BHX�]�BHPbBHM_A\p�A�MEeRAjSTG�L h ebA �	� m '�[ �8L�A���PRACUVM e

Ẋba
DCO = Din

(
Xin

DCO − KS

KDCO
Xba

DCO

)
+ θ2

�
4.29a �

Ṡba
NH = Din

(
Sin

NH − Sba
NH

)
+ θ4 Sba

ND

�
4.29b �

Ṡba
ND = Din

(
Sin

ND − Sba
ND

)
− θ4 Sba

ND

�
4.29c �

��O\U�B�I�AtICO\BCp�PberA�BHM3ICe OQPbFEg`X�AtebOfI�G^U�ICA�UVMNFNO�MNPbG\U
Xba

DCO

U�� ACB�M%D[OQB�G^]�BHACF �\OQ]�ebA�D�X�PRB_g`X�AtebO
LJ�JU�O\STPRg`X�A � 4.29a

�~ACB�M�L�KCI�G^X�D�eRKCAlL�AlICA�ebebA�B L�ACB�ICG\STD
G^B_K�B
Sba

NH

A�M
Sba

ND

N e�� OQD�D�ebPRIWOQM_PbG^U
L,Ate OfICG^U,L�PRM_PbG^U�L�AtF_O\U�kTL�� G\]�B_A�F �QO\]�PRebPRM_K ��� m 'LR � D�A�F_SfA�M3L�� OQPbebeRACX�FHBEL�AteRA �\KCF_P��[ACF @ O\ICPRebAa�
SfACUVMCm �rOySfACBHX�F_AjL,A�ebO{ICG^U,ICACUVM_FNOQM_PbG^UZACU�O\SfSfG^U�P OQg�X,A�D
ACF_SfA�MEX,U�Pbg`X�A�STA�U`MEL�� O\BHB_X�FHACF
e�� G\]�B_A�F �QO\]�PRebPRM_K<L�A3e OjICG^U,ICACUVM_FNOQM_PbG^UTACU�O � G\MNA�G^FHkVO\U�PRg�X,A�BHG^ebX,]�ebAQpVD[O\F�e$� PbUVMNA�F_SfKCL�PbO\PbFHA<L�A
ebO{ICPRU�K�M_Pbg`X�A

ρ4

L�� O\SfSfG^U�PR��IWOQM_PbG^U�m
� U FHKCBHX�STKQp`ebA SfGJL h ebA BHPbSfD�ebP��[K<ACB�M<OQPbU�BHP[G^]�B_A�F �QO\]�eRA ����� ebOjB_ACX,ebA�STA�B_X�FHA3A�UTeRPbk^U�A L,A3I�G^U�ICA�UJ�
M_FNOQM_PbG^U%A�UvGWY���k h U,A�L,PbB_BHG^X�BrL�X�F_O\UVMrebA�B5D�c[O\BHACBrL�A @ G^U�IaMNPRG^U�U�A�STA�U`M5O\KCFHG^]�PbA�BCp OQebG^FHB�g`X�� PRe^L�A �JPRACUVM
U�K�ICA�B_BNOQPbF_AvL�AlL�PbBHD�G\B_ACF�p
O\X�SfG^PRU�BCp�L,AvSfACBHX�F_A�B3BHX�D�D�eRKCSfACUVMdO\PRF_A�B3A�UxO\SfSTG\U�P O\g`X�A�L�X�FNOQU`M3ebA�B
D
KCFHPbG�L�ACB3L�� OQU�GWY,PRA\m � U�ICG^U�L,PRMNPRG^U�B3L�A @ G^U,I�MNPRG^U�U�A�STA�UVMjO\U[OQKCF_G\]�PbA�B�ICA�D�A�U�L[O\UVMCp�e OfICG^U�I�ACUVMNF_O��
M_PbG^U L�ACBTICG^SfD
G^B_K�B G^FHkVO\U�PRg�X,ACBfD[O\FHM_PbI�X�e O\PRF_A�BqU�� A�BHM D[O\BfG^]�B_A�F �QO\]�eRA � g`X�ACeRebACBfg`X�AxBHG^PbA�U`MTebA�BSfACBHX�F_A�BjA ] ACI�M_X�KCA�B��|m 
~A{M(��D
AqL�A @ G^U,I�MNPRG^U�U�A�STA�UVMjF_A�BHMNAqSTO\eRk^F_K�MNG^X,M3MNA�STD
G^FNOQPbF_AvA�MjA�BHMlD
ACX
@ FHKCg`X�ACUVMCpiL�� O\X,MNO\UVMjg`X�AteRACB�D
KCFHPbG�L�ACB3L�� O\F_F c M%L,Ate$� O\K�FNOQM_ACX�F�B_G^UVMjeRPbSfPRM_KCACB D�O\F�X�U,A{ICG^UVM_FNO\PRU`M_A
G^D
KCF_OQMNG\PbF_A � t ������	� = 120

SfPbU�m
�|m

& 
 M
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� � G^] � ACIaMNP @ L�A�ICA�MHMNA�D[O\F�MNPbA/A�BHM�L�� KaMNX�L�PRACF e O �QO\ebPRL�PRM_K�L�XtSfG�L h eRA}B_PbSfD�eRPR�[K}L�K�ICFHPRM�D�F_K�ICKCL,ACSfSTA�U`MCm
� e�B#� OQk^PRMlL�A �\KCFHPR�[A�F�g`X�� Pbe�ACBHM�I�G^STD�OQMNPR]�ebAtO �\ACIfebA{SfG�L h eRA{n \ S

1
piA�MlL�AyL�KaMNACFHSTPRU�ACFjg`X�A�ebeRACB

A�U�BHG^UVM3eRACBEebPRSTP�MNA�B8L�A �QO\eRPbL�P�MNK\pJACU�A ] ACIaMNX[O\UVM�D
G^X�FEICA�e OqX�U�AlPbL,ACUVMNP��[IWOQM_PbG^U�D�O\FNO\SfK�M_F_PRg�X,A\m
� G^X,MNA @ G^PbB�p�e$� K�MNO\D
AqD�F_KCO\e O\],ebA � ICAaM_M_AfPRL�ACUVM_PR�[ICOQMNPRG^UuACB�Mve�� KaMNX�L,AqL�Aye$� PbL�A�U`M_PR��OQ]�PbeRPRMNKlB�MNF_X,Ia�

M_X�F_A�ebebATL�X6STG�L h ebA FHKCL�X,PRMWp�OQ�[U6L�A L�K�M_ACF_SfPbU,ACF{eRACB{D[OQFNO\S h M_F_ACBtA�M ��G^X ICG^St]�PbU[OQPbB_G\U�BtL�A�D�O��
F_O\S h MNFHACBtg`X�P prD�G^X,FtX�U A�U�B_A�S{]�eRA L�AzSfACBHX�F_A�BtL�G\U�U�K\p�B_G^UVMtPbL�A�U`M_PR��OQ]�ebA�BCm�
%X�ACeRg�X,ACB{U�GQMNPbG\U�B
FHACe O�MNP �\ACB � e�� PRL�ACUVMNP���O\]�PRebP�MNKEBHM_F_X�IaMNX�FHACebeRAjB_G^UVM�L�� O\]
G^F_LZFNOQD�D�A�ebK�ACB � � � m�
,m & �|m � � KaMNX�L�AlL�Aje�� PRL�ACU��M_PR��O\],PbebP�MNK�L�XZSTG�L h ebA�BHPbSfD�ebP��[K�A�BHMEA�U�B_X�P�MNAlACU ��PbB_O\k^K�A � � � m�
,m ' �am � G^X�F<M_ACF_SfPbU,ACFCpJe O{D�FHGJI�KCL�X,F_AL�� PbL,ACUVMNP��[IWOQM_PbG^U�D�O\FNO\SfK�M_F_PRg�X,A @ O\PRM e�� G\] � A�MEL�X�D[O\F_O\k^F_O\D�c�A � m�
,m�
,m

��������� � -�+J�&-�.34 0 ���&0�25.8+J�('%*��%�&$&� + � 4V+ ��;3)
+J; �,25$�$&2

� ebO3][OQB_A L�XqD�FHG^]�e h SfA8L�A~e$� PbL�A�U`M_PR��OQ]�PbeRPRMNK}B�MNFHX�I�M_X�F_A�ebebA8B_A<M_F_G^X �\A<e O3g�X,ACBHM_PbG^UqL,A<BNO��^G\PbF�B#� PRe,A�BHM
D
G^B_BHPb]�eRAlG^X�U,G^U�L�� G^],M_ACU�PRFCp[D
G^X�FEX�U�STG�L h eRAjL�G^U�U,KvAaM3X,U�ACU,B_ACSt]�ebA�L�A�STA�B_X�FHACB�AaYJD�K�F_PRSTA�UJ�
MNO\ebA�BvBHX�D�D
G^B_K�ACBqD[O\F @ O\PRM_ACBlA�MtU�G^U ],F_X�P�MNKCA�BCp X�U X�U,Pbg`X�A � ACX L�ATD[O\F_O\S h MNFHACBCm � � PRL�ACUVM_PR��O\],PbebP�MNKB�MNF_X,I�MNX,F_ACeRebAfL�ACBvSTG�L h ebACBlA�BHM{X,U ICG\U�ICA�D,M{I�ebKfACU I�G^STSTO\U�L,AfL,ACBtD,F_G�ICKCL,KCBtAaMqOZK�M_K L�PRB_ICXJMNK
D[OQF L�AlU�G^S{]�FHACXJY�OQX,MNA�X�F_B � C&DFEGD _ O\eRM_ACFCp &�KL[GR�N~\�� L�ACFHBHMNF � S AaM \ MNG^PRIWO,p &ZKL[LK �|m

��G\X�F�X�U�STG�L h eRA
M (·) L�AvBHM_F_X�IaMNX�FHA{L�G^U�U,KCA\p
G^UxU,G\MNA M (θi) ≡ M (θj)

ebG^FHB_g`X�A�ebA�B � ACX�YL�AyD[OQFNO\S h M_F_ACB
θi

A�M
θj

p5O\D�D,ebPbg`X�K�BlO\X STG�L h ebA{L�AqB�MNFHX�I�M_X�F_A
M (·) piL�G^U�U�A�UVMveRA{S c SfAqICG^Sq�D
G^FHM_ACSfACUVMEACUVM_F_KCA��QB_G\FHMNPRAvL,X�B���BHM h STAQm

����� 7 ��7"!�7 #$��� '�� � .��7!�7 � 7"3 + 7 6 7"!7�<,D!70�� 
 !���07.�6464.�9�6�#5+ 3 6�.-8
� � 	�� �4E^� C ��C � ���^�b�^�����!C

M (·) C � �3E�� � 
 ��� C
	�C^�b� � ���%�b�^�����!C^��� C
	�C^�b�T����C^�b��� L � 
 � C � � A ����� A �!C � �&�~C�j��� � � C ��� C^�;:
θ∗ ��C A ���
�"	
E^���!C � � �"	 � �G� � 
 � C �GF �J� ���b���&�bC � ���F�����'��� ��C��J���u�&��������� C^�	�YC

M (θ) ≡
M (θ∗)

C � �
θ = θ∗ D

� � K�U�G^U�I�K�BHX�P �QO\UVMWp}g`X�PEA�BHMTX�U�A �\OQF_P OQU`M_AZL�X M_c�KCG\F h SfA�L�ACB @ G^U�IaMNPbG\U�ByPbSfD�ebPRICPRM_ACB�p�L�G\U�U�A
X�U,A{IWO\F_O\I�M_KCFHPbBNO�MNPbG\U�k^K�U�KCF_O\ebAvL�Ate�� PRL�ACUVM_PR��O\],PbebP�MNK%B�MNFHX�I�M_X�F_A�ebebAvk^ebG\][O\ebAlL�A�B%BH��B�M h SfACB%O\ebk^K�]�F_G��
L�P ] K�F_A�U`M_PbA�ebB L�Ale O @ G\F_SfA e

ẋi = Fi (x,u, θ, t) , i = 1, . . . , n � 4.30a
�

yj = Gj (x,u, θ, t) , j = 1, . . . , p � 4.30b
�

������#50���� . � '�� �5.���!�7 � 7"35+ 7 6 7"!7�(,D!70�� 
 !�� 07.�6�64.�9�64#$+ 3 64. 8
� � ��C/� �?E
	�CV��� E4� 
 �Y��� ��� �K�^�!C^�b���'C^� ��C � ��
Z���
	�C �	� m�
 ` � C � � E�� � 
 ��� C
	�C^�b� � ���%�b�^�����!C^��� C
	�C^�b� ����C^�b�
��� L � 
 � C � � C^� � C^��� C
	�C^�b� � � � C � 	6�����%�'�YC ��� ���Y� 
 �'C^�b�	C � �

N =

(
∂y

(`)
j

∂xi

)
A�M M =

(
∂y

(`)
j

∂xi

∣∣∣∣∣
∂y

(`)
j

∂θk

)
��� m�
 & �

����CY�
1 ≤ i ≤ n

F
1 ≤ j ≤ p

F
1 ≤ k ≤ q

C^�
0 ≤ ` ≤ n+ q − 1

F$� ���b�¡�sC^��� C � �&�bC �
FHk M =

F_k N + q �	� m�
 ' �
���

q
�4� � � E��	C � C-�	� 	 
 �!C ��C A ���
�"	
E^���!C � ��� ��CD� �IE
	�C&D

& 
 a
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�5A/IWO\eRICX�eVL�PRF_A�I�M L�ACB L�KaMNACFHSTPRU[O\UVMNB5L,ACB S OQM_F_PRICACB @ G\F_SfACebeRACB N A�M M D�FHKCI�KCL�A�U`M_ACB�ACBHM�ICA�D�A�UJ�
L[OQU`M �^G\X�K � e$� KCIdc�A�I � w%eRebP ��PRACFCp ' `L`�` �apVL h B~eRG^F_B/g`X�A�ebO�L,PbSfACU�BHPbG^UyL�XzB���BHM h STA3ACB�M~BHX�D�K�F_PRACX�FHA �
n = 3

mb�}ebX�BHPbACX,F_BESTKaMNc�G�L�A�B D�A�F_SfA�M_MNO\UVM�L�� KaMNX�L,PbACF e�� PRL�ACUVM_PR��O\],PbebP�MNK�BHM_F_X�IaMNX�FHACebeRAjL�ACB�BH��B�M h SfACB
U�G\UJ�(eRPbU�KCO\PbFHACB~G\U`M3O\PRU�B_PiK�MNKjL,K��^A�ebG^D,D�K�ACBCp C&DFEGD e$� G^]�BHACF �QOQM_PbG^U�L,X��\ACI�M_ACX�F�L�� K�MNOQM�O\X�k^SfACUVM_K�L,ACB
D[OQFNO\S h M_F_ACB�p�ebAlL�K��\ACeRG^D�D
ACSfACUVM%A�U�B_K�F_PRAvL�A � O ��eRG^FCp�e$� O\D�D,F_G�Idc�AlL�AtebOyBHKCFHPbA�k^KCU�K�FNOQM_F_PRICA\p�e�� O\D��
D�FHGJIdc,A�L,A e$� PbB_G\STG^FHD�c�PRB_SfA8L�� K�MNOQM/ebG�IWOQe,G^XyACU,ICG^FHA e O�MNF_O\U�B @ G^F_STOQMNPRG^U{L�XyB��JB�M h STAEU�G^U��(ebPRU�KWOQPbF_A
A�UzX�UzB��JB�M h STA3ebPbU,KWO\PRF_A ��PbB�� � � ��PRB�L,ACB~D�O\FNO\S h M_F_A�B<OQ�[UTL�� O\D�D�eRPbg`X�ACF�ebA�B8SfK�M_c�G�L�ACB8L�K��\ACebG\D�D�K�ACB
D
G^X�F eRACB BH��B�M h SfACB�ebPRU�KWOQPbF_A�B � C&DFEGD \�� L�A�F_BHM_F � S A�M \ M_G^PbICO,p &�K�[LKQN � � X�U,kfAaM %lebO\L�p &�KLK � N�_ OQeRMNA�FAaM �}FHG^U � O�MNG�p &ZKLK	�QN w%eRebP ��PRACFCp ' `L`�` �am

�rOuSTKaMNc�G�L�AzL�AZe�� G^],B_ACF �QO\]�PbeRPRM_KTL�X �\ACI�M_ACX�FfL�� K�MNOQMyK�M_ACU�L�X ACB�MyPbI�P O\D�D�eRPbg`X�K�A\m 
~AaM_M_A�OQDJ�
D�FHGJIdc,A�I�G^U�B�MNPRM_X�AEX�U�A�O\D�D,F_G�Idc�AEU[OQMNX,F_ACeRebA OQXfD,F_G^]�e h SfA L�� PbL�A�U`M_PR��OQ]�PbeRPRMNK�BHM_F_X�IaMNX�FHACeRebA\m � eRebA<A�BHM
][OQB_KCA3B_X�F8ebA @ O\PRM�g`X�A3ebAED�F_G\]�e h STA�L�A�e$� PbL�A�U`M_PR��OQ]�PbeRPRMNK~BHMNFHX�I�M_X�F_A�ebeRA3eRGJICO\ebA L�� X�UzB���BHM h STA3ACB�M<X�U
ICO\BrD[O\FHM_PbI�X�ebPRACF�L�X�D�FHG^]�e h STA}L�� G^],B_ACF �QO\]�PbeRPRM_K\m � eVB#� OQk^PRMrA�UvA ] AaM�L,A8L�KaMNA�F_SfPbU�A�F5B_PVebA�BrD[O\FNOQS h MNF_A�B
PRU�ICG^U,U�X,B

θ
L�� X�UuSTG�L h ebAtBHG^UVMjG^]�BHACF �\OQ]�ebA�BCpiA�UuebA�B%ICG^U,B_PbL,KCFNOQU`M%ICG^SfSTA�L�A�B �\OQF_P OQ]�ebA�B3L�� K�MNOQM

D[OQFHMNPRICX�eRP h F_ACB�prL�KCI�F_PRM_ACB{D�O\FvL,ACBqF_A�e OQM_PbG^U,B�L,X M(�JD
A
θ̇ = 0

m � U O\L�G^D,MNO\UVM{I�A�M_M_A�O\D�D,F_G�Idc�A\p�ebA
B��JB�M h STA8U�G^UJ� ebPbU,KWO\PRF_A}O ¢ U�A8ACUve OEICG^SfS OQU�L�A �	� m '�' �|p B � KCI�F_PRM�B_G\X�B�ebO @ G\F_SfA�KaMNA�U�L�X�A<BHX�P �QO\UVM_A e

ẋ = f (x, θ) +

m∑

j=1

gj (x, θ) uj , u = (u1, . . . , um) ∈ U ⊂ R
m � 4.33a

�

θ̇ = 0 � 4.33b
�

yi = hi (x) , i = 1, . . . , p � 4.33c
�

�5ACBjU,G\MNPRG^U�B�FHACebOQMNP��^ACB � e$� G^]�B_A�F �QO\]�PRebP�MNK�L�ACBjB��JB�M h STA�B�U,G^UJ�(eRPbU�KCO\PbFHACB3O ¢ U�ACBjA�Uue O I�G^SfS O\U,L�A
G^UVMTL�K � � K�M_K�D�FHKCBHACUVMNK�ACB � ��
;D � � m ' m & �|m � � O\ebk\G^F_P�MNc�SfAzX,M_PbebPRB_K�D
G^X�FqMNA�BHM_ACF e�� G\]�B_A�F �QO\]�PRebPRM_KzL�XB��JB�M h STATK�MNA�U�L�X �	� m�
 
��%ACB�M � U�G^X �\AWO\XoICA�ebX�P/L�K �^ACeRG^D�D
KTD�O\F \ ACL�G\k^e O���PbI � ' `L` & ��L[OQU�Bte�� A�U ��P �FHG^U�U�A�STA�U`M�L�AlICO\ebI�X�e @ G^FHSTA�e 	��

����i�

,
m

��������� 
^0325.8+J�&'�*��%�&$&�(+ � 4V+ �,;�)�+,; ��25$&$&2 0�; !9- 0�=5$&2 � �50�;�� +

� � G^] � ACIaMNP @ L�AyI�A�M_M_AyD[O\FHM_PbA{A�BHM�L�AyL�KaMNACFHSTPRU�ACF�ebACBjD�O\FNO\S h M_F_A�B�AaM �QG\X I�G^S{]�PRU[O\PRB_G^U�B�L�AqD[O\F_O��S h M_F_ACB/L�XTSTG�L h ebA<FHKCL�X�P�M �	� m ')& ��g`X�P�B_G\U`M�PRL�ACUVMNP���O\]�eRACB}D
G^X�F/X�UfACU�BHACS{],ebAEL�A�STA�B_X�FHACB�L�G^U�U�KQm
~G^SfSfA�L�O\U�B~eRA3ICO\L�FHA�L�A�e$� G^]�BHACF �QO\],PbebP�MNKQp^ebA�B8D�FHG^D�FHPbK�M_KCB8L�� PRL�ACUVM_PR��O\],PbebP�MNK<B�MNFHX�I�M_X�F_A�ebebA�L�XzB���B��
M h SfA<L�KCD
ACU,L�ACUVM/L�A�B�ICG^U,L�PRM_PbG^U�B�L�� O\KCF_OQMNPRG^U{L�XqFHKWO\IaMNACX,F � I�G^U�L�P�MNPbG\U�B�L�� O\K�F_G^],PbG^BHA\p\L�� O\U,G YJPRA<G^XL�� O\U[OQKCF_G\]�PbG^BHA��|m � ebeRACB8L�KCD
ACU�L,ACUVMEKCkVOQebACSfACUVM8L�ACB~D�A�FHMNX,F_][OQM_PbG^U,B~PbU,ICPbL,ACUVMNA�B<STA�B_X�FHKCA�B e e�� X,M_PbeRP��
B_OQMNPRG^UzL�AjICO\D,MNA�X�F_B L,KC]�P�MNSfK�MNFHPbg`X�A�B~ACB�M @ F_K�g�X,ACUVMNAjBHX�F ebA�B<D�AaMNP�MNACB~PbU�B�MdO\eRe OQM_PbG^U�B}L,A%MNFNOQPRMNA�STA�UVM
L�A�B}AWO\X�YqA�M/U,A<D�G\B_A D�eRX�B�L�A D�FHG^]�e h SfACB�D[OQFHMNPRICX�eRPbA�F_B N Pbe�ACB�M/FNO\FHA\p\A�UyF_A��QO\U,Idc�A\pVg`X�A eRACB�I�G^U�ICA�UJ�
M_FNOQM_PbG^U�B}PRU�ICPRL�ACUVM_ACB/B_G^PRACUVM8STA�B_X�FHKCACB�ACUfebPRk^U�AQm �%O\U�B�ICAaM_M_A3D[OQFHMNPRA\p^e�� PRL�ACUVM_PR��O\],PbebP�MNK�BHM_F_X�IaMNX�FHACebeRA
L�XoSTG�L h ebA{FHKCL�X�P�M�ACBHMtO\PRU�B_P}KaMNX�L�PRKCAyACUoD�F_A�U[O\UVMvebAqB_G\PbU L�AyL�PbB�MNPbU,k^X�ACFleRAqIWO\B�G�� e$� ACU�BHACS{]�eRA
L�A�B D�A�FHM_X�F_][O�MNPbG\U�B~PRU�ICPRL�ACUVMNA�B � Qin p Sin

NH

p
Sin

ND

A�M
X in

DCO

��ACBHMEI�G^U�U`X�pJL�XZIWO\B<G"��B_ACX,e�ebA3L�KC]�P�M
PRU�ICPRL�ACUVMEACB�M�STA�B_X�FHKvA�U�eRPbk^U�AQm

�JtQv wbhsr�hutQv/{�wzy
��tQv¡oLr�hutQv/vByLi y�vTrVq	����t���huy�{�� �5A�STG�L h ebA/B_PRSTD�eRPR�[K}B#� A|YJD�F_PRSTA�B_G^X,B�e O @ G^F&�
SfAtk\KCU�K�FNO\eRA{L�� X�U BH��BHM h SfAqU�G^UJ� ebPbU,KWO\PRF_A

ẋ = f (x (t) ,u (t) , θ)
piG��ueRAtIdc[OQSTDuL�A �\ACI|�

M_ACX�FHB
f
ACBHM3L�Ka�[U�P5D[O\F ��� m ' & �8A�M�eRA �^ACIaMNA�X�F3L�� KaMdOQM

x
D�O\F e

x (t) =
[
Xba

DCO Sba
NO Sba

NH Sba
ND Sba

O

]T ��� m�
 � �

& 
 R
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• �%O\U�BqeRA ICO\BqL�Az�[k^X,F_AzG��6e�� A�U�B_A�S{]�ebA L�ACBqD
ACF�MNX�FH][OQMNPRG^U�B{PRU�ICPRL�ACUVM_ACB{A�BHMySfACB_X,F_K�ACU
ebPRk^U�AQp�ebA�B �^ACIaMNA�X�F_B3L�ACBEACUVM_F_KCA�B

u
AaM3L,ACBED[O\F_O\S h MNFHACB

θ
B_G^UVM�L�G^U�U,KCB�D[O\F e

u (t) =
[
kLa D

in X in
DCO Sin

NH Sin
ND

]T ��� m�
 M �
θ = [θ1 θ2 θ3 θ4 θ5 KDCO KND YH iNBM KS KO,H KO,A ��� m�
 � �

KNH,A KNO ηNO,h ηNO,g S
sat
O

]T

w%UxSfG^UVMNF_A�O\eRG^F_B�p�O\X�SfG �^A�UxL�Ate�� OQebk^G^FHPRM_c�STA3L�� G^]�B_A�F �QO\]�PRebP�MNKlL�A \ ACL�G\k^e O���PbI � ' `�` & �apg`X�A�ebA%B��JB�M h STA�ACB�M3k\ebG^][OQebACSfACUVM~BHMNFHX�I�M_X�F_A�ebeRACSfACUVMEPbL�A�UVMNPR�[O\]�ebA � D[O\FHM_PbF<L,ACB�STA�B_X�FHACB
L�A�ICG^U,ICACUVM_FNOQM_PbG^UZACU�GWY��Jk h U�A�L�PbBHB_G^X,B

Sba
O

L�O\U�B�ebAjF_KCO\I�M_ACX�F�m

• \ P�ebO%B_ACX,ebAED�A�FHM_X�F_][O�MNPbG\UqSTA�B_X�FHKCAEACUfebPRk^U�A<A�BHM�ebA<L,KC]�P�M/PbU�I�PbL�A�U`M
Qin p\Pbe,A�BHM�U�K�ICACBHBNO\PRF_A

L�� PbL�A�UVMNPR��ACFlebA�BjICG^U�I�ACUVMNF_OQMNPRG^U�B�PbU�I�PbL�A�UVMNACB
Sin

NH

p
Sin

ND

AaM
X in

DCO

p5g`X�P}L,A���PbA�U�U�ACUVMvL�A
ICA @ O\P�M L�ACBED[OQFNO\S h M_F_ACBEBHX�D�D�eRKCSfACUVMdO\PRF_A�B L�X�B���BHM h STA e

u (t) =
[
kLa D

in
]T ��� m�
 R �

θ = [θ1 θ2 θ3 θ4 θ5 KDCO KND YH iNBM KS KO,H KO,A ��� m�
 [ �
KNH,A KNO ηNO,h ηNO,g S

sat
O X in

DCO Sin
NH Sin

ND

]T

�5AtSfGJL h ebAlU�� ACB�M%k^eRG^][O\eRACSfACUVM�BHM_F_X�IaMNX�FHACebeRACSfACUVM3PbL�A�U`M_PR��OQ]�ebAlg`X�AteRG^F_BHg`X�AtebOfI�G^U�ICA�UJ�
MNF_OQMNPRG^U A�U ICG^SfD�G\B_KCB G^F_kVOQU�Pbg`X�A�B ]�PRGJL�K�k^FNOQL[O\]�eRACB

Xba
DCO

A�BHM�I�G^U�U`X�A � SfACBHX�F_K�AuG^XD�FHKWO\ebO\]�ebA�STA�UVMyACBHM_PbSfKCA �am �%OQU�BTeRAzIWOQBTI�G^UVMNFNOQPbF_AQp�e$� PbL,ACUVMNP���O\]�PRebPRM_KyBHMNFHX�I�M_X�F_A�ebeRA�U�� A�BHM
�^K�F_P��[KCAyg`X�AqB_P�e$� X�UuL�ACBjD�O\FNO\S h M_F_A�B

θ1
p
θ2
p
KDCO

p
KND

p
YH

p
iNBM

p
KS

G^X
X in

DCOACB�M�D,F_KWOQe O\]�eRACSfACUVM<�,YJKQm
�JtQv wbhsr�hutQv/{�wzy
��tQv¡oLr�hutQv/vByLi y�vTrVqbv¡t
)~huy�{�� �5A}SfGJL h ebA�B_PbSfD�eRPR�[K�B � AaYJD�F_PRSTA}BHG^X�B5ebO @ G^F_SfA

��� m '�[ �~A�MEeRA �^A�I�MNA�X�F�L,ACBED[O\F_O\S h MNFHACB
θ
ACBHM3F_K�L�X�P�M ��e

θ = [θ1 θ2 θ4 θ5 KDCO KND YH iNBM KS KNO ηNO,h ηNO,g]
T ��� m�
 K �

�5A�BTI�G^X�D�eRACBfL�A�D�O\FNO\S h M_F_A�B
θ1
p
ηNO,g

L�� X�U�A�D[O\F�MWp}AaM
θ5
p
ηNO,h

L�� O\X,M_F_A�D[O\F�MWp/O\D�D�O��
F_O\PbBHB_A�U`MTX�U�PRg`X�ACSfACUVMTB_G^X�Bfe O @ G^FHSTA�L�A�D�FHGJL�X,PRMNByL[OQU�BTeRAZSTG�L h eRA �	� m '�[ �|p}A�MTU�A�B_G^UVMI�e O\PRF_A�STA�U`MvD[O\BvPbL�A�UVMNPR�[O\]�ebA�BCm � e8B#� OQk^PRMtL�G^U�ITL�A �,YJACFte$� X�U L�A�B{D[O\F_O\S h MNFHACBtL,AzIdc[O\g`X�A
I�G^X�D�eRA\p C&DFEGD

ηNO,g

AaM
ηNO,h

m

• �5G^F_BHg�X,A�eRACBrD
ACFHM_X�F_]�OQMNPRG^U�B5L�X�BH��BHM h SfA8BHG^UVM�PRUVMNKCk\FNO\eRACSfACUVM5ICG\U�U`X�ACB � L�K�]�PRMrAaM�I�G^U�I�ACUJ�MNF_OQMNPRG^U�B��/AaM<g`X�A%eRACB~I�G^U�I�ACUVMNF_OQMNPRG^U�B~A�U�O\SfSTG\U�P O\g`X�AEAaM<ACU�U,PRMNF_OQMNA�B_G\U`M~STA�B_X�FHKCA�B<ACU
ebPRk^U�AQp5ebAqSfGJL h ebA �	� m '�[ ��ACBHMvBHM_F_X�IaMNX�FHACeRebACSfACUVMvPbL�A�UVMNPR�[O\]�ebAQm � U FHA��QO\U�Idc�AQp�eRG^F_BHg`X�ATebOICG\U�ICA�U`M_FNOQM_PbG^UZA�U�U�P�MNF_OQMNA%L�O\U�B ebAjFHKWO\IaMNA�X�F U�� ACBHM�D[OQB ICG^U�U`X�AQp[ebAjSfGJL h ebA3U�� ACBHM�B�MNF_X,Ia�
MNX,F_ACeRebA�STA�U`MZPRL�ACUVM_PR��O\],ebAug`X�A B_Ple$� X�U�L�ACB�D[O\F_O\S h MNFHACB

θ1
p
YH

p
iNBM

G^X
KNO

A�BHM
KCk^O\ebA�STA�U`M �JY,K � C&DFEGD KNO

�am

• �5G^F_BHg�X,A�U�P
ebA�B8I�G^U�ICA�UVMNFNO�MNPbG\U�B~PRU�ICPRL�ACUVMNA�BCp�U�P�ICA�ebebA�B8L,ACB<I�G^STD
G^BHKCB�G^F_kVOQU�Pbg`X�A�B~]�PRGJL�K|�
k^F_O\L[O\]�eRACB%U,A{B_G^UVMjSfACBHX�F_K�ACB�p5e$� X�UxL�A�BjD[O\FNOQS h MNF_A�B

θ1
p
θ2
p
KDCO

p
KND

p
YH

p
iNBM

p
KS

G^X
X in

DCO

L�G^P�M c M_F_AjBHX�D�D�FHPbSfK\m \ Pie$� G^UzU,AjL�PbBHD�G^BHA%D[O\B U,G^U�D�ebX,B<L�Aje OvICG^U�I�ACUVMNF_O��
MNPRG^U A�U U�PRM_FNOQM_A\prPbe/L�A ��PbACUVMqK�kVO\eRACSfACUVM{U�K�ICA�B_BNOQPbF_A L�AT�,YJA�FCp�I�G^STSfAfD�F_K�ICKCL,ACSfSTA�U`MCp
e$� X�U�L�ACBED[OQFNO\S h M_F_ACB

θ1
p
YH
p
iNBM

G^X
KNO

m
�JtQv wbhsr�hutQv/{�wzy
��tQv¡oLr�hutQv/vByLi y�vTrVqbv q	����t���huy�{�� �5AzSfG�L h eRATFHKCL�X�P�MqB_A D�F_K�B_ACUVM_A�B_G^X�BqebO

@ G\F_SfA �	� m '�K �|p,A�M�U�AlI�G^UVMNPbA�UVM3D,ebX�B g`X�A�ebA�B D[O\FNOQS h MNF_A�BEB_X�P��\OQU`M_B e

θ = [θ2 θ4 KDCO KS]T ��� m � ` �
& 
 [
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� e3O D�X c MNFHA�KaMdO\]�eRP3g`X�A�e O ICG^U�I�ACUVMNF_OQMNPRG^U L�A�BzICG\STD
G^B_K�B G^FHkVO\U�PRg`X�ACBT]�PbG�L�KCk\FNO\L[OQ]�ebA�B
Xba

DCO

U�� ACBHM8D[O\B/G^],B_ACF �QO\]�ebA A�UTI�G^U�L�P�MNPRG^U�B}L�� O\U[O\K�F_G^],PbG^BHA � ��
;D � � m ' m ' �|m \ P�ICAaM_M_A3I�G^U�ICA�UJ�M_FNOQM_PbG^U�U�� A�BHMlD[OQBjSTA�B_X�FHKCA C^� �F� E��	C p�ebA�B%D[O\F_O\S h MNFHACB
θ2
p
KS

p
KDCO

AaM
X in

DCO

U,AqB_G^UVM
D�O\BjBHM_F_X�IaMNX�FHACebeRACSfACUVMjPRL�ACUVMNP���O\]�eRACB�m � U F_A��QO\U,Idc�A\p5eRA{D[O\F_O\S h MNFHA

θ4
AaMWp�eRA{IWOQBjKCIdc�KCO\UVMWp

eRACB8ICG^U�I�ACUVMNF_OQMNPRG^U�B8PbU�I�PbL�A�U`M_ACB
Sin

NH

A�M
Sin

ND

B_G\U`M~PbL�A�UVMNPR�[O\]�ebA�B � D[O\F�MNPbF�L�A3e OvSfACBHX�F_A3ACU
eRPbk^U,A%L�Ale O{I�G^U�ICA�UVMNFNO�MNPbG\U�A�U�O\SfSfG^U�P OQg�X,A\m

� � KaMNX�L,A~L�A�e$� PbL�A�UVMNPR�[O\]�PbeRPRM_K�B�MNF_X,I�MNX,F_ACeRebA/L�XvSTG�L h eRA}F_K�L�X�PRM SfG^UVMNFHA�g`X�� PbeVA�BHM MNc�K�G^F_PRg`X�ACSfACUVM
D
G^B_BHPb]�eRA\p � D[O\F�MNPbF}L,ACB�B_ACX,ebACB8STA�B_X�FHACB�L�� G Y���k h U�A�L�PRB_BHG^X�BCp�L�AEU�P�MNFNO�MNAEA�M8L�� O\STSfG^U�PbO\g`X�A\pQA�M8L�A
ebOyI�G^U�U[OQPbB_B_O\U�I�A�L,ACB�ICG^U�I�ACUVMNF_OQMNPRG^U�BEPbU,ICPbL,ACUVMNA�B

X in
DCO

p
Sin

NH

A�M
Sin

ND

p�L�� PbL�A�U`M_PR�[A�FEe$� ACU�BHACS{]�eRA
L�A�B/D[O\FNOQS h MNF_A�B}L�XfSTG�L h eRA<F_K�L�X�P�M/ACUfICG^U�L,PRMNPRG^U�B�L,A @ G\U�I�M_PbG^U�U,ACSfACUVM�O\KCFHG^]�PRACBCm � UfICG\U�L�PRM_PbG^U,B
L�� O\U�GWYJPbA�A�M<L�� O\U�O\KCG^FHG^]�PRG^B_AQpJL�A�B<MNA�F_SfACB<L�X STG�L h eRA3FHKCL�X,PRM BHA%B_PRSTD�eRPR�[A�UVMWpVA�M<ICA%L�A�F_U�PRACF<U�� A�BHM
D�eRX�Byk^ebG\][O\ebA�STA�UVMqBHM_F_X�IaMNX�FHACebeRACSfACUVMfPbL�A�UVMNPR�[O\]�ebA N B_A�X�ebBfL�ACBfB_G\X�B�� ACU�BHACS{]�eRACBfL�A�D[O\FNOQS h MNF_A�B
BHG^UVM�OQebG^FHB PbL�A�U`M_PR��OQ]�ebA�BCm

� ejACB�M�ICACD
ACU,L[O\UVM�F_O\F_Aug`X�A eRACBZICG^U,ICACUVM_FNOQM_PbG^U�B�PRU�ICPRL�ACUVM_ACB
X in

DCO

p
Sin

NH

AaM
Sin

ND

B_G^PRACUVM
SfACBHX�F_K�ACB~A�U eRPbk^U�A BHX�F�ebACB�D
A�MNP�MNA�B8B�MdOQM_PbG^U�B/L�� KCD,X�FNOQM_PbG^UipVA�M8Pbe[L�A �JPRACUVM8U�KCI�ACB_B_O\PbFHA\p�L[O\U�B8ICA�IWO\B�p
L�� ACB�MNPRSTA�F<ICA�B�D
ACF�MNX�FH][OQM_PbG^U�B�m ��A�B�D,F_G^]�e h SfACB<L�� PRL�ACUVMNP���O\]�PRebP�MNKEB_X�D,D�ebK�STA�U`MNO\PbFHACBEO\D,D[O\FNOQPbB_BHACUVM
O\eRG^F_BlD
G^X�F�D�ebX,B_PbA�X�F_B�ICG\S{]�PbU�O\PbBHG^U�BlL�AfD[O\FNOQS h MNF_A�BCprA�MvICA�FHMNO\PbU�B�L�ATICACBvD[O\F_O\S h MNFHACB�L�G^P �\ACUVM
c MNF_Aj�,YJK�BCm

a PRACU{g`X�A eRACB�D�O\FNO\S h M_F_A�B�L�X{SfG�L h eRA8FHKCL�X�P�M�BHG^PbA�U`M�ACU{k^F_O\U�L�A~D[O\FHM_PbA�PbL�A�UVMNPR�[O\]�ebA�BCp�e$� PbL�A�UVMNP��
�[ICOQMNPRG^U L�� X�U�k\FNO\U�L U�G^S{]�FHA�L�A3D[O\F_O\S h MNFHACB~U�� A�BHM k^K�U�KCF_O\ebA�STA�UVM<D[O\B~U�KCI�ACB_B_O\PbFHA\pJU�P�L�� O\PRebeRACX�FHB
BHG^X�c[O\P�MdO\],ebA � D[OQFNO\S h M_F_ACB�D
ACXxBHACU�BHPb]�eRACBCp
D�FHG^]�e h STA�B3L�� PRL�ACUVMNP���O\]�PRebP�MNK%D�F_OQMNPRg`X�A\p C^�s�&D �|m �rA�B%O\B&�D
ACIaMNB�F_ACebOQMNP @ B � e$� PbL�A�UVMNPR��IWOQM_PbG^UzD�O\FNO\SfK�M_F_PRg�X,A @ G^UVM�e$� G^] � A�MEL,A�ebO{D[O\F�MNPbAjBHX�P �QO\UVM_A\m

��������� � ��- ) �50�; �,2 0 ���&0�25.8+J�('%)�*�+,�&-/. "�* ��*�! �i+ ���&:<;�2

� � PbL�A�U`M_PR�[ICOQMNPRG^U D[O\FNOQSTKaMNF_PRg`X�A�I�G^U�BHPbBHM_A � L�KaMNA�F_SfPbU�A�FTeRA � ACX L�A�D[OQFNO\S h M_F_ACBTg`X�P�SfPbU�PRSTPRB_Ae�� K�IWO\F�MjACUVMNFHAqL�ACB �QO\eRACX�FHB%STA�B_X�FHKCA�B�A|YJD�K�F_PbSfACUVMNO\ebA�STA�U`M%A�MlD�FHKCL�P�MNACB3MNc�K�G^F_PRg�X,ACSfACUVMWm S O\ebk^FHK
eRACB�BHPbSfD�ebP��[IWOQM_PbG^U,B�A ] A�I�MNX,KCACB�p`ebA<SfGJL h ebA8F_K�L�X�PRM�ICG^SfD�G\FHMNA8MNG^X � G\X�F_B�L,A�U,G^S{]�FHACXJY{D[O\FNOQS h MNF_A�BAaM3PRe�U�� ACB�M�D[OQB�A�U �JPRBNO\k\AWO\]�eRAlL�A�M_G^X�BEebA�B PbL�A�UVMNPR��ACFEL�A @ O � G\U�B��JB�MNK�S OQM_Pbg`X�AQm[n3�[U�L�AlU�� O��\G^PbF �
A�BHMNPRSTA�Flg�X�� X�UoU�G^S{],F_AyebPRSTP�MNKtL,ATI�ACB�D[O\FNOQS h MNF_A�BCp5X�U,ATD�FHGJI�KCL�X,F_AfB_PbSfPbebO\PbFHA � ICA�ebeRAfSfPbBHAqACU
�lX ��F_AyL[OQU�BjebAqICO\L�F_AqL,Aqe$� PbL�A�U`M_PR�[ICOQMNPRG^UxL�X SfGJL h ebAtn \ S

1
ACB�MvO\D�D�eRPbg`X�KCA � ��
;D n�U�U�A|YJA � �am

� ebeRA%ACB�M�L,K��[U�PRAlL�Ale O @ O � G^UZB_X�P��\OQU`M_A e

(i)
BHKCeRACI�M_PbG^U,U�ACFEX�U � ACXZL�AlD[O\F_O\S h MNFHACBEg`X�P5B_G\PbACUVM�BHM_F_X�IaMNX�FHACeRebACSfACUVMEPRL�ACUVMNP���O\]�eRACB N

(ii)
BHKCeRACI�M_PbG^U,U�ACF3D[O\F_SfPrICA�B%D[O\F_O\S h MNFHACB�I�ACXJY�K�MNO\UVMjebA�B�D�eRX�B�B_ACU,B_Pb],ebACB�p�O\X�STG �^A�UxL�� X�U�A
D�FHGJI�KCL�X,F_A%L�� KCIdc�O\UVMNPbeRebG^U,U[O\k^AQp C&DFEGD N ��������� C A C^�!�^� 
 C � �"	 A �F����E � S I W OW�TA�M OQe m�p &�KGR�KQN� STO\UZA�M 
~G^U�G �\ACFCp &�K�[ ` � N

(iii)
PRL�ACUVM_PR�[A�FveRACB�D[O\FNOQS h MNF_A�BlF_A�M_ACU`X�BqOQX SfG �\ACU L�� X�U O\ebk\G^F_P�MNc�SfA{L�� G^D,M_PbSfPbBNO�MNPbG\U�p C&DFEGD
ebOySfK�M_c�G�L�A \ 
J� N

(iv)
L,K�MNA�F_SfPbU�A�FteRACBtPRUVMNACF �QO\ebeRACB�A�MqFHKCk^PRG^U�BtL,AzICG^UJ��O\U�I�AzD�G\X�F{ebA�BtD[OQFNO\S h M_F_ACBvPbL�A�UVMNPR��KCB
OQ��U�L,A%L�KCI�ACeRACF ebA�B D[O\F_O\S h MNFHACB<FHACL�G^U,L[O\UVMNB AaM �QG^XZD
ACX�BHACU�BHPb]�eRACB N eRA%IWO\B~KCIdc�KCO\UVMWp[ebA�B
K�ebPbSfPbU,ACF<L�A�e OyD�FHGJI�KCL�X�FHAvL�� PRL�ACUVMNP��[IWO�MNPbG\U�A�U�ebA�BEICG^U�BHPbL�K�FNO\UVM3KCkVOQXJY � eRACX�FHB��QO\eRACX�FHB
D[OQF�L,K @ O\X,M

(i)
AaM3FHA�M_G^X�F_U,ACF � e$� K�MdOQD�A

(iii)
m

& 
 K
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�5ACB<O\B_D
ACIaMNB<FHACe O�MNP @ B � ebOvD�FHGJI�KCL�X,F_A%L�� KCIdc�O\UVMNPbeRebG^U,U[O\k^AQpJOQXzIWO\eRICX�e
L�A�B<B_A�U�B_PR]�PbeRPRMNK�B�O\PbU�BHP�g`X�� O\X
ICO\ebI�X�e�L�ACB<PRUVMNACF �QO\ebeRACB/A�M~F_KCk\PbG^U�B�L�A3ICG^U,�[O\U�ICA�G^UVM<L�K � � K�M_K�D�FHKCICPRB_K�BCm � G^X�F8L�ACB<SfACBHX�F_A�B~A ] A�Ia�M_X�KCA�B � X�U�A/D
KCF_PRGJL,A}L�� K�Idc[O\UVMNPRebeRG^U�U[O\k\A

Te

L�G\U�U�KCAQp ebA}D�FHG^]�e h STA}L�� PRL�ACUVMNP��[IWO�MNPbG\UjD[O\FNOQSTKaMNF_PRg`X�A
BHA�D,F_KCBHACUVMNAvB_G^X,B�ebO @ G^F_SfA � e

min
θ,x0

J =

Nm∑

k=1

[y (tk) − ymes
k ]T · W · [y (tk) − ymes

k ]

B_G^X�SfPbB ��e
ẋ = f (1,2) (x (t) ,u (t) , θ)

y = h (x (t) , θ)

x (t0) = x0

θL ≤ θ ≤ θU

xL
0 ≤ x0 ≤ xU

0

��� m � & �

G��
Nm

I�G^F_FHACBHD�G^U,LuO\X�U�G^S{]�FHAlL�AvSfACBHX�F_A�BCp
ymes

k

L,KCB_PRk^U�A�ebA�B�SfACBHX�F_A�B�A ] A�I�MNX,KCACB � e�� PRU�BHMNO\UVM
tk = t0 +kTe � 1 ≤ k ≤ Nm

�|p
W
ACB�M~X�U,A3STOQMNFHPbI�A L�A3D
G^U�L,KCFNO�MNPbG\UfAaM

f (1) p f (2) L�K�B_PRk^U�ACUVM8F_A�B��
D
ACIaMNP �\ACSfACUVM�ebAjB��JB�M h STA �	� m ')& �<O �\ACIlA�M�B_O\U�BEebA�M_ACFHSTAlL�� O\D�D
G^FHM<L�� GWY���k h U,A kLa

(
Ssat

O − Sba
O

) m
�5A�k^FNO\L,PbACUVM3L�X�I�F_P�M h FHA

J
L�� PbL�A�U`M_PR�[ICOQMNPRG^U�D[O\FEFNO\D,D�G^F�M%OQXJY�D[O\F_O\S h MNFHACB

θ
A�M�O\XJY�I�G^U�L�P�MNPbG\U�B

PRU�PRM_P O\eRACB
x0

L�X�STG�L h ebA%FHKCL�X�P�MEACB�M�L�G\U�U�KlD[O\F e

∇θ J =

Nm∑

k=1

[
2 (y (tk) − ymes

k )T · W · ∂h
∂θT

∣∣∣∣
tk

+

∫ t−
k

t+
k−1

λT · ∂f
(1,2)

∂θT

L
t

]
� 4.42a

�

∇x0
J = λ|t0 � 4.42b

�

G���ebA�B �QO\F_PbO\]�ebA�B<L�� K�MNOQM
x
A�M3O\L � G^PbUVMNA�B λ

BHG^UVM�BHG^ebX,M_PbG^U,B<L�X � � a¡U � B_X,P �QO\UVM e

ẋ = f (1,2) (x (t) ,u (t) , θ) � 4.42c
�

λ̇
T

= −λT · ∂f
(1,2)

∂xT
� 4.42d

�

O��^ACI�e OqI�G^U�L�P�MNPbG\U�PbU�P�MNP OQebA e
x
(
t+0
)

= x0 � 4.42e
�

eRACB ICG\U�L�PRM_PbG^U,B L�AlICG^UVMNPRU`X�PRM_K e
x
(
t+k
)

= x
(
t−k
) � 4.42f

�

λ
(
t−k
)

= λ
(
t+k
)

+ 2 (y (tk) − ymes
k )T · W · ∂h

∂xT

∣∣∣∣
tk

� 4.42g
�

A�M�e O{I�G^U�L�P�MNPbG\UzMNACFHSTPRU[O\eRA e
λ
(
t−Nm

)
= 2

(
y (tNm

) − ymes
Nm

)T · W · ∂h
∂xT

∣∣∣∣
tNm

� 4.42h
�


~G^UVM_FNO\PRF_ACSfACUVMlOQXJYxPRU�BHMNO\UVMNB%L�� K�Idc[O\UVMNPRebebG\U�U[O\k^A
tk
p�e O I�G^STStX,MdOQM_PbG^U�L�XuBH��B�M h SfAyL�� O\KCF_OQMNPRG^U

U�� ACU,k^ACU�L,F_A�D[O\BEL�AlL�PbBHICG^UVM_PbU`X�PRM_KjL�X�BH��BHM h SfAtO\L � G^PbUVMEO\X�YZPbU�B�MdO\UVM_B tjb A�M tjc e

λ
(
tjb

−
)

= λ
(
tjb

+
)
, j = 1 . . . Nc � 4.42i

�

λ
(
tjc

−
)

= λ
(
tjc

+
)
, j = 1 . . . Nc − 1 � 4.42j

�

G��
Nc

L�KCBHPbk^U,A<ebA8U�G^S{]�FHA~L�� O\K�FNOQM_PbG^U{BHX�F�e�� c�G\F_P � G^UtL�� PRL�ACUVMNP��[IWO�MNPbG\U
[t0, t0 +Nm Te]

m��}F_KCI�PbBHG^U�B
D
G^X�FEMNA�F_SfPbU�A�FCp[g`X�AteRAvD,F_G^]�e h SfAlL�� G\D,MNPRSTPRBNOQM_PbG^U ��� m � & �EA�BHM�PbICP5FHKCBHG^ebX�O\X�SfG �^ACU�L�XxICG�L�A�L�AICO\ebI�X�e�� ��
���� � \ Idc�PRMHM X G��EB X P p &�K�[GM �5A�M}g`X�A<e�� PRUVMNKCk\FNOQM_PbG^UlL�X � � a U � � 4.42c

<
4.42j

�5ACB�M/O\BHB_X�FHKCA
D[OQF ebAjICG�L�AlL�AlIWOQebICX,e ��������� � a F_ACU�O\U�AaM3O\e m�p &�KL[�K �am
�	��
B�
�"� #%$ -@	B
 $ 
B�'�@
�� # ��I"	���� #�# $ /
� # -.�3��� ! -?� � $ ����� #�� 
�� �B/3���3� $ /
�

f (1,2)
� # � $ ) $ �"� $ 
 $�#%! ��� )'���%�%� �B/3���3� $ /
����� $ �

� ! � ! ���'�B)'�A�3� -@/�����
��
f (1)

�"��� �3���=
�� # 	 ! � $ /��"� # � 1 � ! � � � $ /4� ��� �
� -./�����
��
f (2)


�/4� # ��� # 	 ! � $ /��"� # � 1 �
�%�����,S

& � `
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� � G^] � ACIaMNP @ L�A�e$� PbL,ACUVMNP��[IWOQM_PbG^U D[O\FNOQSTKaMNF_PRg`X�AjL�X�STG�L h eRA%F_K�L�X�P�M3A�BHM�L�A �QO\ebPRL�ACF eRACB cV��D�GQMNc h B_ACB
BHPbSfD�ebP��[IWOQM_F_PRICACB3O\L�G\D,MNK�ACBCmz��G^X�FjI�A @ O\PbFHA\p
ebA�BjSTA�B_X�FHACB

ymes
k

B_G\U`MlPRICP�B_PbStX�ebK�ACB%D[OQF%ebA{SfG�L h eRA
n \ S

1 � O��^ACI~L�KCICO\UVMNACX,F�B_PRSTD�eRPR�[K �ap AaM�e�� A�U�B_A�S{]�ebA8L�ACB�ICG^U,ICACUVM_FNOQM_PbG^U�B Xba
DCO

p
Sba

NO

p
Sba

NH

p
Sba

NDAaM
Sba

O

A�BHM�B_X,D�D�G\B_K�STA�B_X�FHK�A�U�eRPbk^U,AjO��^ACI�X�U�AlD
KCFHPbG�L�AjL�� KCIdc[O\UVM_PbebeRG^U�U[OQk^A
Te = 10

SfPbU`X,M_ACB�m
�5A%SfGJL h ebAEF_K�L�X�P�M<ICG\STD�FHACU�L L�ACB<D�O\FNO\S h M_F_A�B~ICPRU�K�M_Pbg`X�A�B~A�M<BHM �lIdc�PRG^SfK�MNFHPbg`X�A�B~L�XzSfG�L h eRA

n \ S
1
p�O\PRU�B_P�g`X�A3L�ACB8D[O\FNOQS h MNF_A�B8BHX�D�D�eRKCSfACUVMdOQPbF_A�B8PRB_BHX�B~L�A�B~BHPbSfD�ebP��[IWOQM_PbG^U,BCmG� G^X�F�ebACB�D[O\F_O��

S h M_F_ACB~ICPbU,K�MNPRg`X�ACB8A�M B�M �lIdc�PbG\STKaMNF_PRg`X�ACB�pJeRACB �QO\eRACX�FHB<O\L�G\D,MNK�ACB<D[OQF~L�K @ O\X,M BHG^UVM ICA�ebebA�B~L�Ka�[U�PRACB
L[OQU�B/ebA<ICO\L�F_AEL�X 
 C^�	� � 	6��� � L�AEe$� O\I�M_PbG^U{A�X�F_G\D�K�ACU�U�A 
 w \ �

624
N ebACB �QO\eRACX�FHB}L�ACB/D[O\F_O\S h MNFHACB

BHD�K�ICPR��g�X,ACB�B_G^UVM/ICA�ebeRACB�FHACe O�MNP �\ACB � L�A�B/ICG^U�L,PRMNPRG^U�B�L�A @ G^U�I�M_PbG^U,U�ACSfACUVM}B�MdOQM_PbG^U�U�O\PbFHACB�L,A�e�� X,U�PRM_K
L�AEMNF_O\PRM_ACSfACUVM/AaYJPRBHMdOQU`M_A\p�D�G\X�F/e OjD�G\ebPRM_Pbg`X�A<L�� O\K�FNOQM_PbG^UTO\IaMNX�A�ebebA � ��
;D > PRk�m � m R p � m [ p � m K AaM � m & ` �AaM ebA�B<D�A�FHM_X�F_][O�MNPbG\U�B<PbU,ICPbL,ACUVMNA�B<STA�B_X�FHKCA�B � ��
;D > Pbk,m 
,m & p�D�m �GM �am � G^XJMNACB I�ACB �QO\eRACX�FHB<B_G^UVMEL�G\UJ�U�K�ACB�L[O\U�BEeRA � O\]im � m & m

� 35+ : � m & < U OQebACX,F_B D[O\FEL�K @ O\X,M�L�A�B�D�O\FNO\S h M_F_A�B�L,X�SfG�L h eRAjF_KCL,X�PRMCm
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~G^U @ G\F_SfKCSfACUVM � ebOtD�F_G�ICK�L�X�FHAjL�� PRL�ACUVM_PR�[ICOQMNPRG^U A�U ��PRBNO\k^K�A\p�X,U�AjB_K�ebACIaMNPRG^UzL�A�B D[O\FNOQS h MNF_A�B
eRACBZD�ebX,B�PbU��[X,ACUVMNB�ACB�M�D,F_KWOQe O\]�eRACSfACUVM�FHKWO\eRPbB_K�A\p<A�U?K �QO\ebX[OQU`M�ebO B_ACU,B_Pb],PbebP�MNKxL,ACB�D[O\FNOQS h MNF_A�B
L�X�SfGJL h ebAxO\X�STG �^A�U?L�� X�U,A SfK�M_c�G�L�AuL�� KCIdc[O\UVM_PbebeRG^U�U[OQk^A\m �rA�B�D�F_G\D�F_PRK�MNK�BZL�� PRL�ACUVM_PR��O\],PbebP�MNK
D�F_OQMNPRg`X�A L�XfSTG�L h eRA<F_K�L�X�P�M/B_G^UVM�ACU�BHX�PRM_AEK�MNX,L�PbK�ACB�D[O\F}e$� O\U[OQeR��B_A L�A�B/PbUVMNA�F �QO\ebeRACB�AaM�L�ACB/F_K�k^PbG\U�B
L�A�ICG\U,��O\U�I�A3L,ACB�D[O\FNOQS h MNF_A�BCpVAaM8L,ACB�F_KCBHX�eRMNOQMNB/L�� PbL,ACUVMNP��[IWOQM_PbG^UyD[OQFNO\SfK�M_F_Pbg`X�A BHG^UVM~D,F_KCBHACUVMNK�BCm
�5ACB IWOQB�G��vebA�B I�G^U�I�ACUVMNF_OQMNPRG^U�B�PRU�ICPRL�ACUVM_ACB ACUtICO\F_]
G^U�A/BHG^ebX�],ebA/A�M�ACUtO\STSfG^U�PbO\g`X�A}B_G\U`M�ICG\U�U`X�ACB
G^X�U�G^UZBHG^UVM�M_FNO\P�MNK�B B_X�I�ICACBHB_P��^ACSfACUVMCm

� ��� �� � ��
 � � � � � ��
 ���?� ���
n��[UvL,A�eRPbSfPRM_ACFieRA}U�G^S{],F_A/L�A/D[O\F_O\S h MNFHACB � PbL�A�U`M_PR�[A�FCpWX,U�A�O\U[O\e��JBHA/L�A/B_ACU,B_Pb],PbebP�MNK�A�BHM�A ] ACIaMNX�K�A\m
� e5B#� O\k\PRMEL�AlB_K�ebA�I�MNPRG^U�U�A�FEebACB D�O\FNO\S h M_F_A�B�g`X�P5G\U`M�X�U,A @ G\FHMNAlPRU��[X�A�U�ICAlB_X,F�eRACB �QO\F_PbO\]�eRACB<L�� K�MNOQM
L�X�STG�L h ebAlF_K�L�X�PRMCm��5AvI�F_PRM h FHAvFHA�MNA�U`XxACB�M�g`X�Ave OyB_ACU,B_Pb],PbebP�MNKjSfG �^ACU,U�A �

[θL
k

,θU
k ]
B_G^P�M�B_X�D
KCFHPbACX,F_A

� e O �QO\eRACX�F
0.20 � ��
;D � �tm�
,m ' p5D�m ' � 
��am 
~AaM_M_A �QO\eRACX�F�pig`X�P}D
ACX,M c MNF_A ��X�AyICG\STSfA{X�U�A �QO\eRACX�F

	�� C C^�b�	C L,A e O�BHACU�BHPb]�PRebPRM_K8L,XqD[O\FNOQS h MNF_A
θk

B_X�F�e$� PbUVMNA�F �QO\ebeRA [
θL

k , θ
U
k

] O3K�MNK FHA�M_ACU`X�A B_X,F}e O�][OQB_A
L�A ICG^U�BHPbL�K�FNOQM_PbG^U,BtD�F_OQMNPRg�X,ACBCm � eRebAfD�A�F_SfA�MqL,AzB_K�D[O\F_A�F{e$� ACU,B_ACSt]�ebAzL,ACBqD[O\F_O\S h MNFHACBvACU L�A�XJY
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BHG^X�B�� ACU�BHACS{],ebACB8KCg`X�P�MdO\]�eRACB�m \ ACX�eRB/ebACB/D[OQFNO\S h M_F_ACB/L�G\U`M�ebOlBHACU�BHPb]�PRebP�MNK SfG �\ACU�U,A3A�BHM8B_X�D
KCFHPbACX,F_A
� I�A�M_M_A ebPbSfPRM_AZB_G^UVM�O\eRG^F_BzFHA�M_ACU`X�BZD[O\FzebO B_X�P�MNAQm �5ACBZF_K�B_X�e�MdOQM_BzG^],M_ACU`X�BZB_G\U`MZL,G^U�U�K�B�L�O\U�B
eRA � O\]�m � m ' m �5ACB�D[O\FNOQS h MNF_A�BCp�D�A�FHMNX,F_][OQM_PbG^U,B�PbU,ICPbL,ACUVMNA�B�A�M%ICG^U�I�ACUVMNF_OQMNPRG^U�B%PRU�PRM_P O\eRACB FHACD
G^FHM_KCBL[OQU�B�ICA�MdO\],ebAWOQXtB_G\U`M�ICACX�Y{g`X�PJD�F_K�B_ACUVM_ACUVM/e O�D�ebX�B @ G^FHM_A~PRU��[X�A�U�ICA ��PRB�� � � ��PbBrL�A<Idc�O\g`X�A �QO\F_PbO\]�eRA
L�� K�MNOQM�L�X�STG�L h eRA%F_K�L�X�P�MWm

� 3 + : � m ' <�W KCB_X,eRMdO�MNB L�Ale$� O\U[OQeR��B_AjL�AlebO{B_ACU,B_Pb],PbebP�MNK%L,ACB�D[O\FNOQS h MNF_A�B L�X�STG�L h eRA%F_K�L�X�P�MWm
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DCO Sba
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θ2
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iNBM YH
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iNBM YH

�
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Qin � X in
DCO Qin � Sin
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DCO0

Sba
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�
θ2
�
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�
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KND θ1

�
θ5
�
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�
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YH YH

�
iNBM	0�'�%�%��� � � � $ /4� #

X in
DCO Qin

)�/
� � $ � $ /4� # $ � $ � $ �

�� #

�%OQU�Bqe$� ACU�BHACS{],ebA\p�ebA�B{D[O\F_O\S h MNFHACB{BHD�K�ICPR��g�X,ACByPbBHB_X�BqL�A�BqB_PRSTD�eRPR�[ICOQMNPRG^U�B�L�X SfGJL h ebATn \ S
1D�FHKCBHACUVMNA�U`M�X�U�AlB_A�U�B_PR]�PbeRPRM_K%PbSfD�G\FHMdOQU`M_A\m � � OQX,MNFHA�D�O\FHMCp�A�M�ICG\U @ G^F_SfKCSfACUVM�O\X�Y�F_K�B_X�e�MdOQM_BEG^],MNA|�

U`X�BEebG\F_B~L,Aje$� O\U[O\e��JBHA%L�A%ebO{B_A�U�B_PR]�PbeRPRMNK�L�XZSfGJL h ebA3n \ S
1
pJebA�B<D[O\F_O\S h MNFHACB BHM��lIdc�PbG^SfK�M_F_PRg�X,ACB

YH
A�M
iNBM

BHG^UVM<PRU��[X�A�U`M_BCm��5ACB�D[O\FNOQS h MNF_A�B8I�PbU�KaMNPRg�X,ACB~L,X SfGJL h ebAEF_K�L�X�P�MWpVA�M~U�G\MNO\STSfACUVM�ebA�B
I�G^U�BHMNO\UVMNA�B3L�� O ¢ U�P�MNK\p[BHG^UVM�ACU�F_A��QO\U,Idc�AvD
ACX�B_A�U�B_PR]�ebA�BCm

~A�B F_K�B_X�e�MdOQM_ByD�A�F_SfA�M_M_ACUVMTKCkVO\eRACSfACUVMfL�� K�MdOQ]�ebPRFqg�X,A�eRA�L,KC]�P�M

Qin A�MTebA�ByICG^U�I�ACUVMNF_OQMNPRG^U�BfACU
I�G^STD
G^BHKCBEG^F_k^O\U�Pbg`X�A�B ]�PbG�L�K�k^FNO\L�O\]�ebA�B

X in
DCO

AaMEACU�O\STSfG^U�PbO\g`X�A
Sin

NH

B_G^UVM�PbU���X�ACUVMNB�m

• �5A%L,KC]�P�M PbU�I�PbL�A�UVM ACB�MEB_X�D�D
G^BHK c MNFHAjSTA�B_X�FHK%ACUZeRPbk^U�A N PRe�BHACFNOqL�G\U�I%U�K�ICACBHBNO\PRF_AlL�A%I�G^U�BHP��
L,KCF_A�F8L,ACB<OQebk^G^FHPRM_c�STA�B�L�� ACB�MNPbSTOQM_PbG^UqAaM~L�� PbL,ACUVMNP��[IWOQM_PbG^UyFHG^]�X�B�MNACB ��PbB�� � � ��PRB�L,A3BHACB �\OQF_P O �
M_PbG^U,BCm

• �5A�B ICG^U�I�ACUVMNF_OQMNPRG^U�B PRU�ICPRL�ACUVMNA�B
X in

DCO

A�M
Sin

NH

pJU�AjB_G\U`M�k^K�U�KCF_O\ebA�STA�UVM D[O\B SfACBHX�F_K�ACBEACU
eRPbk^U,A N PRe�B_A�FNOyL�G^U�IlPbSfD
G^FHMNO\UVM<L�A�D�G\X �^G^PRF<ebA�BEACBHM_PbSfACF�m

• �rOzI�G^U�ICA�UVMNFNO�MNPbG\U PRU�ICPRL�ACUVM_AqACU O � GQMNAqG^FHkVO\U�PRg�X,A{B_G^eRX�]�eRA{ACU,��U O\D,D[O\FNO�sbM%D
ACX BHACU�BHPb]�eRA\m

~G\STSfATI�A�MHMNAzI�G^U�ICA�UVMNFNO�MNPbG\U U�� ACBHM{D[O\BtSfACBHX�F_K�AzACU ebPbk\U�ATAaM{A�BHMqeRATD�eRX�BtBHG^X �\ACUVMqMNF h B
@ OQPb]�eRA\p�ACebeRA%B_A�FNOqU�K�k^ebPRk^KCA%L�O\U�BEe OtBHX�PRM_AjL�Ale$� K�M_X�L�A N e�� OQD�D�G\FHM L�� O � G\MNAjG^FHkVO\U�PRg`X�A%B_G\ebX�]�eRA
D�O\Fqe$� PbU���X�ACUVMqBHACFNO O\eRG^F_B{I�G^SfD�A�U�B_K�D[OQFqX�U�A�MNF h BqebK�k h FHA�B_X�FHACB�MNPbSTOQM_PbG^U L,X D�FHGJI�ACBHB_X�B
L�� cV��L�F_G\eR��B_A�L�Ale$� O � GQMNAjG^FHkVO\U�PRg�X,AjD[O\FHM_PbI�X�e O\PRF_A ����� ebAjD[OQFNO\S h M_F_A

θ5
m

w%U�D
ACXJM%F_A�S OQF_g`X�ACF�D
G^X�FEMNACFHSTPRU�ACF�p�g�X,Ate OyB_A�X�ebAvICG^U,L�PRM_PbG^UZPbU,PRMNPbO\ebA�g�X,P�D�FHKCBHACUVMNAqX�U,AtB_A�U�B_P �
]�PRebP�MNK�PbSfD�G^F�MdO\UVM_A�ACB�M�e OtI�G^U�ICA�UVMNFNO�MNPbG\U�A�UZIWO\FH]�G^U,AjG^F_kVOQU�Pbg`X�A%],PbG�L�KCk^F_O\L[O\],ebA

Xba
DCO0

m � MdO\UVM
L�G\U�U�K�g�X,A�I�A�MHMNA�ICG^U�I�ACUVMNF_OQMNPRG^U�U�� A�BHM3D[O\BESfACB_X,FNO\]�eRAlACU�ebPbk\U�A\p�PRe�B � O\k^PRFNO{L�A�e$� ACB�MNPRSTA�F<ebAlD�eRX�B
D�FHKCI�PbB_K�STA�UVM3D
G^BHB_Pb],ebAlO\X�STG �\ACU�L�� X,U�A�BHMNPRS O�MNACX,F L�� KaMdOQMCm
� UZF_AaMNPbF_O\UVM<eRACB D[O\F_O\S h MNFHACB<D
ACX�PRU��[X�A�UVMNB � A�UZD�F_A�U[O\UVMEICG^SfSfA��QO\ebA�X�F<I�ACebeRACB<D�O\F<L�K @ O\X,M L�Ka�,�
U�PRACB L[OQU�B ebA � O\]im � m & p,D�m & � & �|p,Pbe
F_A�BHM_AjebACB 9

D[O\FNOQS h MNF_A�B
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p
θ2
p
θ3
p
θ4
p
θ5
p
KDCO

p
KND

p
YH

p
iNBM

p�O\XJYJg`X�ACeRBEB � O � G^X,M_ACUVM�eRACB I�G^U�ICA�UVMNFNO�MNPbG\U�BEPbU�I�PbL�A�U`M_ACB X in
DCO

AaM
Sin
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m
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g`X�A%BHP
M_G^X,M_ACB<eRACB �\OQF_P OQ]�ebA�B8L�� K�MNOQM<L,XzBH��BHM h SfA%B_G\U`M~ICG^U,U�X,ACB � SfACBHX�F_K�ACB<G\XzD�F_KCO\e OQ]�ebA�STA�U`M�A�B��M_PbSfKCACB ACUqeRPbk^U,A��ap I�A�MHMNA<I�G^S{]�PRU[O\PbBHG^U�L�A<D[O\F_O\S h MNFHACB�ACBHM�BHM_F_X�IaMNX�FHACebeRACSfACUVM�PRL�ACUVM_PR��O\],ebA\p g`X�A�ebebA�B
g`X�A�B_G^PRACUVMEebA�BEICG^U�L,PRMNPRG^U�B<L,A @ G\U�I�M_PbG^U�U,ACSfACUVMEL�X�F_KWOQI�MNA�X�F � ��
;D � � m�
Jm ' �|m

� � � ��� ��� � �	��� ��� � � � ���
����� � �����2�?
 � � ��� � �-��� � � � � $ �
� � � � � �?� 	�� �
�5ACB�F_K�B_X�e�MdOQM_B L�A�e$� PbL�A�U`M_PR�[ICOQMNPRG^UzL�X�SfGJL h ebAjFHKCL�X�P�MEG^],M_ACU`X�B�ACU�B_X�D�D
G^B_O\UVM�eRACBED�A�FHM_X�F_][O�MNPbG\U�B
PRU�ICPRL�ACUVMNA�B I�G^U�U`X�ACB�BHG^UVMzD�FHKCBHACUVMNK�B�L[O\U�BzI�A�D[OQFNO\k^F_O\D�c�AQm � � O\U[O\e���B_A�L,ACB PRUVMNACF �QO\ebeRACBfA�MzL,ACB
FHKCk^PRG^U�B%L�AqI�G^U,��OQU�ICAyL�A�B

9
D[O\F_O\S h MNFHACBjD�FHKWO\ebO\]�ebA�STA�UVM%B_K�ebA�I�MNPRG^U�U�K�BjPbU�L,Pbg`X�A{g`X�� Pbe�AaYJPbB�MNAqL�A

@ G^F�MNA�B�I�G^F_FHKCebOQMNPRG^U�BCpJU�G\MNO\STSfACUVM e

• A�UVMNF_AleRACBED[O\F_O\S h MNFHACB
θ1
p
θ2
p
KDCO

A�M
YH

N
• A�UVMNF_AleRACBED[O\F_O\S h MNFHACB

θ4
AaM
iNBM

N
• A�UVMNF_AleRACBED[O\F_O\S h MNFHACB

θ5
AaM
KND

m

~G^SfD,M_AzMNACU`X L�AZICA�BfFHKCBHX�eRMNOQMNB�p�ebA�BqD[O\FNOQS h MNF_A�B

YH

A�M
iNBM

BHG^UVMTFHA�M_PbF_K�BqL�AZe OxD�FHGJI�KCL�X,F_A
L�� PbL,ACUVMNP��[IWOQM_PbG^Uim a PRACU g`X�AZICA�BfD�O\FNO\S h M_F_A�BqPbU��[X,ACU�I�ACUVM @ G^FHM_ACSfACUVMyebAzI�G^SfD�G^F�MNA�STA�U`M{L,��U[O��
SfPbg`X�ATL�X STG�L h ebAfF_KCL,X�PRMCp�Pbe/A�BHMyACU A ] AaMqU[OQM_X�F_A�e~L�A ICG^U�BHACF �^ACFyD�FHPbG^FHPRMNO\PbFHACSfACUVMlICA�XJY KaMdO\UVM
BHX�B_I�ACD,M_Pb]�eRACBjL�A �QO\FHPbACF�MNA�STD
G^F_A�ebeRACSfACUVMWm �5ACB%I�G^X�D�eRACBjL�AtD[O\FNOQS h MNF_A�B

θ1
p
KDCO

A�M
θ5
p
KND

p
BHG^UVM�KCk^O\ebA�STA�U`M @ G^F�MNACSfACUVM�ICG^FHF_K�ebKCB�m 
~A�B�ICG\F_F_K�e OQM_PbG^U,B FHKCBHX�eRM_ACUVM�FHACB_D
ACIaMNP��^ACSfACUVM}L,ACB�M_ACF_SfACB�ICP �
U�KaMNPRg�X,ACB

θ1
Xba

DCO

KDCO+Xba
DCO

AaM
θ5

Xba
DCO

KND+Xba
DCO

L�X SfGJL h ebAEFHKCL�X�P�MWm �5ACB�ICG^U,BHMdOQU`M_ACB<L�� O ¢ U�P�MNK
KDCOAaM

KND

B_G^UVMvPbICP}FHA�M_PbF_K�ACB�L�Afe O�D�F_G�ICK�L�X�FHATL�� PbL,ACUVMNP��[IWOQM_PbG^UiprO\XoD,F_G\��M�L�A�BtD[OQFNO\S h M_F_ACB
θ1
A�M

θ4
p�D�ebX,B8BHACU�BHPb]�eRACBCm �5ACB �QO\eRACX�FHB~OQL�G^D,M_KCACB~D[O\F�e OvBHX�PRM_A3D
G^X�F8ebA�B8g`X[OQM_F_A%D�O\FNO\S h M_F_A�B

YH

p
iNBM

p
KDCO

AaM
KND

B_G\U`M3ICA�ebeRACB L�Ka�[U�PbA�BED[O\F L�K @ O\X,M�L[O\U�BEeRA � O\]im � m & � D�m & � & �|m
�5ACB F_KCBHX�eRMNOQMNBTL�A�e�� PRL�ACUVM_PR�[ICOQMNPRG^U D�O\FNO\SfK�M_F_PRg�X,A�L�A�BzD[O\F_O\S h MNFHACB

θ1, . . . , θ5
B_X,FzX�U c�G\F_P � G^U

L�� G^D
KCF_OQMNPRG^UyL�A
8
c,ACX�FHACB � � D�O\FHM_PbF�L�A t0 = 9

c ��B_G^UVM8L�G^U�U,KCB�L[O\U�B�ebA � O\]�m � m�
 N ebA�B �QO\eRACX�FHB/L�ACBPRU`M_ACF �\OQebebA�BEL�AtI�G^U,��O\U,ICA{AaM%L�A�B�B_A�U�B_PR]�PbeRPRM_KCB�F_ACebOQMNP��^A�B ∆J/J?

∆θi/θ?
i
� IWOQebICX,ebKCA�B�D
G^X�F ∆θ = 0.1 θ? �<�

BHG^UVM3K�kVO\eRACSfACUVMEF_A�D�G^F�MNK�ACBCm

� 35+ : � m�
 <VW K�B_X�e�MdOQM�L�A e$� PbL�A�UVMNPR��IWOQM_PbG^U < 
<OQB�G"�qebACB}D
ACF�MNX�FH][OQM_PbG^U�B}PRU�ICPRL�ACUVM_ACB}B_G\U`M/SfACBHX�F_K�ACB
A�U�eRPbk^U�AQm

	B�3� �3- �'�%��� , �3
��'��� $ �����'� , �

�
�� �"� # �'� # $���$ 
 $ � !
)�/4��
��
�B)�� �

90% ∆J/J
?

∆θi/θ?
i

θ1 4 888
- & �

−1
8
−1 0.6 % 11 900 %

θ2 929.0
- & �

−1
8
−1 0.9 % 5 880 %

θ3 211.1
- & �

−1
8
−1 1.5 % 460 %

θ4 56.0
8
−1 1.7 % 70 %

θ5 253.3
- & �

−1
8
−1 0.8 % 4 410 %)'� $ �����%� � 
 1 /
	�� $ - ��-��

J? = 4.9

�5ACB �QO\ebA�X�F_B A�BHM_PbSfKCACBEBHG^UVM3D
ACX�L�P ] KCFHACUVMNA�BEL�AvI�ACeRebACB L,K��[U�PRACB�D[O\F L�K @ O\X,M � ��
;D[� O\]�m � m & �<A�M�ebA�BPRU`M_ACF �\OQebebA�B/L�A�I�G^U,��O\U,ICA�BHG^UVM<D[OQFHMNPRICX�eRP h F_ACSfACUVM @ O\PR]�ebA�BCpVL�A�e$� G^F_L,F_A�L�A
1%
m�
~A�B<]�G\U�B8FHKCBHX�eRMNOQMNB

PRU�L�Pbg`X�A�UVMjg`X�AqebA�B%D[O\F_O\S h MNFHACB
θ1, . . . , θ5

U,A{B_G^UVMlD[OQB � @ G^F�MNA�STA�U`M���I�G^F_FHKCebK�BCp�STO\PRB3BHG^UVM�O\X�B_BHPeRPbKCB~O\X @ O\P�M~g`X�AjeRACB �QO\eRACX�FHB~k^K�U�KCFHKCA�B�D�O\F~eRA�SfGJL h ebA�n \ S
1
D�G^X,F<e$� PbL�A�UVMNPR��IWOQM_PbG^UfU�A%BHG^UVM D[O\B

]�FHX�PRM_KCA�BCm � � OQX,MNFHA D[O\F�MWpre O @ O\PR]�ebA �QO\ebA�X�FlL�X I�F_PRM h FHA
J
L�� PRL�ACUVMNP��[IWO�MNPbG\U � e$� G^D,M_PbS{X�S1STG^UVM_F_A

& � 
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g`X�ATebACBlK�IWO\F�MNB�L�ATD,F_KCL,PbI�M_PbG^U L�A�BvSfGJL h ebA�BlF_KCL,X�PRM�A�Mvn \QS
1
B_G^UVMtD�A�X PbSfD
G^FHMNO\UVMNBCm � O�MNF h B

@ G^F�MNAlB_A�U�B_PR]�PbeRPRM_KjL�X�SfG�L h eRAjF_KCL,X�PRM ��PbB&� � � �JPRB L�ACB3D[O\F_O\S h MNFHACB
θ1
p
θ2
AaM
θ5
PbU�I�PRMNAjI�ACD
ACU�L�O\UVM �

FHACe O�MNP ��PRB_ACF�ICA�BjF_K�B_X�e�MdOQM_BCm � U�A{A�F_FHACX�F�p�S c STA @ O\PR]�ebAQp
BHX�F%eRACB �QO\eRACX�FHB�L�A{I�ACBjD[OQFNO\S h M_F_ACB3D�A�X,M
A�UxA ] A�M�B_ACU,B_Pb],ebACSfACUVM3STG�L�P��[ACFEebA�B�M_FNO � A�I�M_G^PbFHACB�L�� KaMdOQM3L�XxB��JB�M h STAQm 
~A�BjO\B_D
ACIaMNB3B_ACFHG^UVMjD�eRX�BBHD�K�ICPR��g�X,ACSfACUVM�KaMNX�L,PbKCBEL[OQU�BEebAjIdc[O\D,PRMNFHA M m
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687'9;: � m &�& <�W KCBHX�eRMNOQMNBvL�A e�� PRL�ACUVMNP��[IWO�MNPbG\U D�O\FNO\SfK�M_F_PRg�X,ATL�X STG�L h eRAyF_KCL,X�PRMvB_X�FvX�U c�G\F_P � G^U
L�A

8
c�A�X�F_A�B � OQD�D�ebPRIWOQM_PbG^U L�ATe O�D
G^eRPRMNPRg`X�AyO\I�M_X�ACeRebAfL�� O\KCF_OQMNPRG^U � < 
<O\BtG"� ebA�BtD
ACFHM_X�F_]�OQMNPRG^U�B

PRU�ICPRL�ACUVMNA�BEB_G^UVM�STA�B_X�FHKCA�B3A�U�eRPbk^U�AQm

� U�AvI�G^SfD[O\FNOQPbB_G\U�A�UVMNF_AvebA�B�L,ACXJY�SfGJL h ebA�BEACBHM3D�FHKCB_A�UVMNKCAtB_X�F�e O > PRk�m � m &�& m 
~G^SfSfA�e�� PRU�L�PRg�X,AebO �\OQebACX,FtL�X6ICFHPRM h F_A�L�� G^DJMNPbSfPbB_OQMNPRG^U�prebA�B{KCICO\FHM_BqG^]�BHACF �\KCBfB_G^UVM @ O\PR]�ebA�BtD
G^X�F{e�� A�U�B_A�S{]�ebA�L,ACB
�QO\FHP O\]�eRACBfL�� K�MdO�MWm � MNO\UVM�L�G^U�U,Kxg`X�AxebA�B D[OQFNO\S h M_F_ACBTB_D
KCI�PR�[g`X�A�B �\OQF_PbA�UVMzD
ACX�p8ebACBTB_X�D,D�G^BHACF
I�G^U�BHMNO\UVMNB3L�X�FNOQU`M3e$� G^D
KCF_OQMNPRG^UZU�� PRU�L�X�P�M�L�G^U�I�D[O\B�L�A�e O\FHk^ACBEACFHF_A�X�F_B�m �5ACB3ICG^SfD[O\F_O\PbBHG^U�BEACUVM_F_A
eRACB�MNA�F_SfACB}I�PbU�KaMNPbg`X�A�B/L�XySTG�L h eRA~BHPbSfD�ebP��[K~AaM/ICACX�YfL�XySTG�L h eRA<n \QS

1
D
ACFHSTAaM/L�� O\PbeRebACX,F_B�L,A ebA

I�G^U,�[FHSTA�F �?> PRk�m � m &(' �am`w%UyD�A�X,M}MNG\X,MNA @ G^PbB�U,G\MNA�F}g�X,A�eRACB�M_ACF_SfACB}I�PbU�KaMNPRg�X,ACB θ4 Sba
ND � @ G^FHS O�MNPbG\U

& � �
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PRU`M_ACFHU�A3L,A
Sba

ND

�}A�M
θ5

Xba
DCO

KND+Xba
DCO

� L�KCk\FNO\L[O�MNPbG\UTL�A Sba
ND

�/BHG^UVM8O\eRM_ACF_U�OQMNP��^ACSfACUVM � eRKCk h F_A�STA�U`M��BHX�F_A�BHMNPRSTK�B�AaM�B_G\X�B�� ACBHM_PbSfKCB�m 
~ACI�P,U�� O3I�ACD
ACU�L�O\UVM/g�X�� X�U,A @ O\Pb],ebA/PbU�I�PbL�A�U�ICA8B_X�F�e O�ICG^U�I�ACUVMNF_OQMNPRG^U
A�U�O � G\MNAlBHG^ebX�],ebA%L[OQU�BEe OqSTA�B_X�FHAlG��ZebAj]�PRe O\U�L�AlSTOQMNP h FHA%ACB�M�k^eRG^][O\eRACSfACUVM<FHACBHD�A�I�MNKQm
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~G^SfD[O\F_O\PbBHG^UZL�ACBEMNA�F_SfACBEICPRU�K�M_Pbg`X�A�B3BHPbSfD�ebP��[KCB<L,X�SfGJL h ebAjFHKCL�X,PRM�O��^A�ItICA�XJY�L�X
SfGJL h ebA�n \ S

1
< 
<OQB�G"��eRACB D
ACFHM_X�F_]�OQMNPRG^U�B PbU,ICPbL,ACUVMNA�B�BHG^UVM�STA�B_X�FHKCACB�ACU�ebPRk^U�AQm

� G^X�F�k^O\FNO\UVM_PbFEe O �\OQebPbL,PRMNKjL,ACB%cV��D�GQMNc h B_ACBjBHPbSfD�ebP��[IWO�MNF_PRICA�BEO\L�G^D,M_KCA�B�ebG\F_B�L�AtebOTF_K�L�X�IaMNPbG\U�L�X
SfGJL h ebAEn \ S

1
p`X�U,A3K �\OQebX[OQM_PbG^UfL�A�e$� c�G^FHP � G\UTL�A�D�FHKCL�PRI�MNPRG^UfL�XzSfGJL h ebAEF_K�L�X�P�M8A�BHM~U�KCI�ACB_B_O\PbFHA\m

� e3B � O\k^PRMTU�G\MNO\SfSTA�U`M L�� K�MNX,L�PbA�F ebA�ICG^SfD
G^FHM_ACSfACUVMzL�A�ICAxL�A�F_U�PRACF �JPRB�� � � ��PbB � i �ap�L�� X,U�A @ G^FHM_A
D
ACF�MNX�FH][OQMNPRG^UZPbU�I�PbL�A�UVMNAjA�M � ii �|p[L�AlL�P ] KCFHACUVMNA�BED�G^eRPRM_Pbg`X�ACB~L�� OQKCFNO�MNPbG\U�m
�
i � � q~{ w	� � vBy ��t ��rYy�k3y��Lrs� � ��q~r�hutQvxhjv¡o�h�wzy�vTr!y�� ��PbBHD�G^BHACF�L�� X�U SfGJL h ebAqFHKCL�X,PRMlg`X�P/B_G^P�M

FHG^]�X�B�MNA ��PbB&� � � �JPRB L�ACBED
ACF�MNX�FH][OQMNPRG^U�B PRU�ICPRL�ACUVMNA�BEACBHM�PRU�L�PbBHD�A�U�BNOQ]�ebAjBHP5e$� G^UZB_G^X�c�O\PRM_AjIWO\e �
I�X�ebA�FTA�U eRPbk^U�AZeRACBfD�G^eRPRM_Pbg`X�ACBqG\D,MNPRS O\eRACBqL�� O\K�FNOQM_PbG^U L�X FHKWO\IaMNACX,FCm¡��G^X,F ebA �\KCF_P��[ACF�p8eRA
I�G^SfD�G^F�MNA�STA�U`M%L�XuSTG�L h ebAtFHKCL�X,PRM @ O\I�A � X�U�A @ G^F�MNAqBHX�F_Idc[OQF_k^AqA�BHMlPbI�P�I�G^STD�O\F_K � I�ACebX,P

& � M
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L,X�SfGJL h ebAjn \ S
1
p
D
G^X�FEeRA � A�X�L�A�D[O\F_O\S h MNFHACB�D�F_KCO\e OQ]�ebA�STA�U`MEA�BHM_PbSfK � � OQ]�m � m�
��am��5ACBFHKCBHX�eRMNOQMNB�G\],MNA�U�X,B�SfG^UVMNFHACUVM}g`X�A eRACB�K�IWO\F�MNB}L�A D�FHKCL�PRI�M_PbG^U{FHACB�MNACUVM/eRPbSfPRMNK�B�STO\eRk^F_K�e O�D
ACF&�

M_X�F_]�OQMNPRG^U�m � � K �^G^eRX,MNPRG^UTI�G^SfD[O\F_K�A�L�A�B~FHA � A�M_B<L�� O � GQMNA3M_G\MdOQe
A�BHM~PbebeRX�BHM_F_K�A�BHX�F<ebO > PRk�m � m & 

� kVO\X�Idc,A��am

�
ii � � qb{�w � � v o � qbvP��yLi yLv/rVw	y�k tQlmhsrsh����/y�w	��q	�L�&q~r�hutQv � \ � OQB_B_X,F_ACF�L�Aye OzFHG^]�X�B�MNA�B_B_AfL�X

SfG�L h eRAjF_KCL,X�PRM @ O\ICA � e OySTG�L�PR��IWOQM_PbG^U�L�A�e OyD
G^ebP�MNPbg`X�A�L�� OQKCFNO�MNPbG\U�L�X�F_KCO\I�M_ACX�F3ACBHM3KCk^O��
eRACSfACUVMzU,KCICA�B_B_O\PbFHA\m � � A ] A�MWp8B_X�F�eRA�I�G^STD
G^F�MNACSfACUVM L�X STG�L h ebA�F_KCL,X�PRMCp~L�A�BzD�G\ebPRM_Pbg`X�A�B
L�� O\K�FNOQM_PbG^Uug`X�P�STPRU�PbSfPbBHACUVM�BHG^PRM%ebACBjFHA � AaMNBlL�� O � G\M_A{MNG\MNO\e � S|W �ap�BHG^PRMjebOzICG^U,B_G^SfS O�MNPbG\U
K�U�ACFHk^K�M_Pbg`X�AjL�Aje�� OQKCFNO�MNACX,F � S 
 � � < D
G^ebP�MNPbg`X�A�B8G\D,MNPRS O\eRACB8L�� OQKCFNO�MNPbG\U � ebG^U,k{MNACFHSTAQp ��
;D
� 
,m M < ACB�M PbI�P�KaMNX�L,PbK\m��5ACB<K�IWO\F�MNB<A�UVMNF_A�ebACB8D�F_K�L�PbIaMNPRG^U�B~L,X�STG�L h eRAEF_KCL,X�PRM~A�M eRACB �QO\eRACX�FHB
L,AvFHK @ KCFHACU�I�AtL�G\U�U�KCA�B�D[OQF�eRAlSTG�L h eRAjn \ S

1
B_G^UVM3D�F_K�B_ACUVM_KCACB�B_X�F�e O > Pbk,m � m & 
 � L�FHG^PRM_A��D
G^X�F�ebACB�F_A � AaMNB}L�� O � G\MNA~M_G\MdOQe m �%O\U�B}eRACB�L�A�XJYyICO\BCpQe$� X,MNPRebPbB_OQMNPRG^UlL�ACB}D�O\FNO\S h M_F_A�B�PbL�A�UVMNPR��KCBO��\ACI{ebOfD
G^ebP�MNPRg�X,AjL�� OQKCFNO�MNPbG\U�O\IaMNX�A�ebeRA � � O\]im � m�
�� D
ACF_SfA�M3L�AvF_ACD,F_KCBHACUVMNA�F%L�A @ O � G^U�MNF h BD
ACF�MNPRU�ACUVMNAleRAjICG^SfD�G\FHMNA�STA�UVMEL,��U[O\SfPbg`X�AjL�X�D�F_G�ICK�L�KlB_X�FEe�� c�G\F_P � G^U�L�� G^D
KCFNO�MNPbG\U�m


~A�B3FHKCB_X,eRMdO�MNB �QO\ebPRL�ACUVMEeRACB B_PRSTD,ebPR��IWOQM_PbG^U�B~O\D�D
G^FHM_KCA�B3OQX�SfG�L h eRA%n \ S
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687'9;: � m & 
 < � �^G^eRX,MNPRG^UyICG^SfD[O\FHKCAEL�A�B8SfGJL h ebA�B}F_K�L�X�PRM�AaM8n \ S
1
��PbB&� � � ��PbB}L�� X�U�A @ G^FHM_AED�A�FHMNX,F��

][O�MNPbG\UuPbU�I�PbL�A�U`M_A �?> PRk�m
kVO\X�Idc�A �%A�MlL�AyL�P ] K�F_ACUVM_ACBlD�G\ebPRM_Pbg`X�A�B�L�� O\KCF_OQMNPRG^U �?> Pbk�m
L�F_G\PRMNA � < 
<O\B
G���ebA�B D�A�FHM_X�F_][O�MNPbG\U�B PbU�I�PbL�A�UVMNACBEBHG^UVM3SfACBHX�F_K�ACB�ACU�ebPRk^U�A\m

� � � ���
X in

DCO

� �
Sin

NH

� � �-��� � � � � � ����$ �
� � � � � ��� 	�� �
�5ACBrFHKCB_X,eRMdO�MNB5D�FHKCICK�L�ACUVM_B�L�K�STG^UVM_F_ACUVMre�� O\DJMNPRM_X�L�A�L,XvSfGJL h ebA�F_K�L�X�PRM � FHACD�FHKCB_A�UVMNACF ebA}I�G^SfD�G^F�MNA|�
SfACUVMrL�X�D�F_G�ICK�L�K/B_X�FrL�A�BrD�K�F_PbG�L�A�B5L�� G\D�K�FNOQM_PbG^UjL�A/D�eRX�B_PRACX�FHB5c�ACX,F_ACB�p ebG^FHB_g`X�A/ebA�B5D�A�FHM_X�F_][O�MNPbG\U�B
PRU�ICPRL�ACUVMNA�B�BHG^UVM�I�G^U�U`X�ACB�m � UtD,FNOQM_Pbg`X�A�ICACD
ACU,L[O\UVMWp�ICA�FHMdOQPbU�A�B�D
ACFHM_X�F_]�OQMNPRG^U�BrPbU�I�PbL�A�UVMNACB�U�A�B_G^UVM
D[OQB8OQICICA�B_BHPb]�eRACBCp C&DFEGD

X in
DCO

AaM
Sin

NH

m � e�L�A���PRACUVM<OQebG^FHB�U�KCI�ACBHBNO\PRF_A�L�AEebACB}A�BHM_PbSfACF}ICG\U � G^PbUVM_ACSfACUVMO\X�YZD[O\F_O\S h MNFHACB L�X�STG�L h ebA\m
� � O\U[O\e��JBHATL,ACBtPRUVMNACF �QO\ebeRACBjA�MvL�A�BtF_K�k^PbG\U�BlL�ATI�G^U,��OQU�ICATSTG^UVM_F_Afg�X,ATebO�D�FHPbBHATA�U ICG\STD,M_ATL,ACB
I�G^U�ICA�UVMNFNO�MNPbG\U�B%PbU,ICPbL,ACUVMNA�B

X in
DCO

A�M
Sin

NH

PbU,L�X�PRM�L�ACB�ICG^FHF_KCebOQMNPRG^U�B�B_X�D,D�ebK�STA�U`MNO\PbFHACB�piU�G\MNO\Sq�
SfACUVM e

• A�UVMNF_AlebOyI�G^U�I�ACUVMNF_OQMNPRG^UZPbU�I�PbL�A�U`M_A
X in

DCO

A�M�ebAjD�O\FNO\S h M_F_A
θ2
p

• A�UVMNF_AlebOyI�G^U�I�ACUVMNF_OQMNPRG^UZPbU�I�PbL�A�U`M_A
Sin

NH

A�MEeRAjD[O\FNOQS h MNF_A
θ4
m

& � �




 ���
��� ���&�%������	 � �������f� � � � �'!���� �����
���(� �'�
���&��� � !"�(���$�


~A�B{ICG^FHF_K�e OQM_PbG^U�B�B � O � G^XJMNACUVMyOQPbU�BHP � ICACeRebA�BvL�K � � L�KaMNACIaMNK�ACBqACUVM_F_AzeRACBtD�O\FNO\S h M_F_A�BtL�X SfG�L h eRA
� ��
;D D[O\FNOQk^FNO\D,c�ATD,F_KCI�KCL�A�UVM �am � eRebA�BtF_K�B_X�e�MNA�U`MtL�AzebO�D�FHKCBHACU�I�A�L�ACBtM_ACFHSTA�B DinX in

DCO + θ2
A�M

Din Sin
NH +θ4 SND

L[O\U�B/e$� AaYJD�FHACBHB_PbG\UTL�XyB��JB�M h STA �	� m ')& �|m ��P ] K�F_ACUVM_ACB8O\D�D�FHGJIdc�A�B8D
ACX��^ACUVM c M_F_AO\D,D�ebPRg�X,KCACB8D�G\X�F~A�U MNA�U�PbF8ICG^SfD,MNAQm � U�A%D,F_ACSfP h F_A3O\eRM_ACFHU[OQMNP��^A�ICG^U,B_PbB�MNA � L�K��[U,PbF�L�A%U�G^X��^AWOQXJY
D[OQFNO\S h M_F_ACB�p C&DFEGD

θ′2 = DinX in
DCO + θ2

m � O��QO\FHP O\],PbebP�MNK MNA�STD
G^FHACebeRA�L�A%M_ACeRB<D[O\F_O\S h MNFHACB ebPRSTP�MNA
I�ACD
ACU�L[OQU`MtU�G\MNO\]�ebA�STA�UVMve�� c,G^F_P � G^U L�AfD�F_K�L�PbIaMNPRG^U L�X SfGJL h ebAqFHKCL�X,PRMWm � U�A OQX,MNFHATOQeRMNA�F_U[O�MNP �\A
I�G^U�B_PRBHM_A � �,YJACFteRACB�D[O\F_O\S h MNFHACB

θ2
A�M
θ4
prL�G^UVMteRACB��QO\F_PbOQMNPRG^U�BjB_G\U`MtD�A�X PRSTD
G^FHMNO\UVMNA�BCp � L,ACB

�QO\eRACX�FHB ��FNO\PRB_ACSt]�e O\],ebACB �?> PRk�m � m R A�M � m K �|p,A�M<L�AjU�� ACBHM_PbSfACF~O\ebG^FHB<g`X�AjebA�B<D
ACFHM_X�F_]�OQMNPRG^U�B X in
DCOAaM

Sin
NH

m 
~G^UVMNF_O\PbFHACSfACUVM � e OED�FHACSfP h FHA�O\D�D�FHGJIdc�AQpQI�A�MHMNA @ O � G^UvL�A @ OQPbF_A/D
ACFHSTAaM�L�A/MNA�U�PbF ICG\STD,M_A
L�A�B3SfACBHX�F_A�B�A�U�ebPRk^U�A%L,X�L�K�]�PRM�PbU,ICPbL,ACUVM�A�M3ebPbSfPRM_A�SfG^PbU,B e$� c�G^F_P � G^UZL�A�D�FHKCL�PRI�MNPRG^UZL�X�SfG�L h eRA
FHKCL�X�P�MWm
�5ACBrFHKCB_X,eRMdO�MNBrL�A/e$� PbL�A�UVMNPR��IWOQM_PbG^U�paG^],M_ACU`X�B ACUvO\L�G^DJMdO\UVM ICAaM_MNA/L�A�F_U�P h FHA8OQD�D�F_G�Idc�A/A�M A�UvL�G\U�U[O\UVM
O\X�Y D[O\F_O\S h MNFHACB

θ2
AaM
θ4
ebA�B �QO\ebA�X�F_BlD[O\FjL,K @ O\X,M�D�FHKWO\ebO\]�eRACSfACUVMlL�K���U�PbA�B � � OQ]�m � m & Dim & � & �|pBHG^UVMjL�K�MNO\PbeRebK�B3L[OQU�B%ebA � OQ]�m � m � m � U�A{I�G^SfD[O\FNOQPbB_G\U�ACUVM_F_A{eRACB%D�FHKCL�PRI�M_PbG^UxL,ACB%SfGJL h ebA�B�FHKCL�X�P�MAaM3n \ S

1
ACBHM3D�FHKCB_A�UVMNKCA�B_X,F�ebO > Pbk�m � m & � m

� 35+ : � m � <�W K�B_X�e�MdOQMEL�Ale�� PRL�ACUVMNP��[IWO�MNPbG\U < 
<O\BEG��ZebACB I�G^U�I�ACUVMNF_OQMNPRG^U�BEPbU�I�PbL�A�UVMNACB U,A�BHG^UVM�D[O\B
SfACBHX�F_K�ACB�ACU�ebPbk\U�A\m

	B�
���
- �'�%��� , �3
��'�B� $ �4���'� , �3
�
�� �"� # �'� # $���$ 
 $ � !
)'/
��
��
�B)�� �

90% ∆J/J
?

∆θi/θ?
i

θ1 4 779
- & �

−1
8
−1 0.9 % 5 380 %

θ3 214.4
- & �

−1
8
−1 2.3 % 180 %

θ5 237.6
- & �

−1
8
−1 3.9 % 1 870 %

X in
DCO 173.9

- & �
−1 2.6 % 660 %

Sin
NH 23.5

- & �
−1 5.8 % 970 %)'� $ �����%� � 
 1 /4	"� $ - ��- �

J? = 11.0

�%OQU�B/e$� ACU�BHACS{]�eRA\p^eRACB �QO\ebA�X�F_B}L,ACB/D[O\F_O\S h MNFHACB}B_G\U`M�D�FHGJIdc,ACB�L�AEICACeRebA�B}ACBHM_PbSfKCA�B}ACUfICG^U�U�O\PbBHBNO\UVM
eRACBqICG\U�ICA�U`M_FNOQM_PbG^U,BqPbU�I�PbL�A�U`M_ACB � � O\]im � m�
 Dim & � 
��|m �5ACBqK�IWO\F�MNByL�A�D�FHKCL�PRI�M_PbG^U A�U`M_F_AZebA�B{L�A�XJYSfGJL h ebA�BCpr]�PRACU g`X�AzeRKCk h F_A�STA�U`MvB_X,D�K�F_PbA�X�F_B � ICA�XJY G\],MNA�U�X,B{D�F_K�ICK�L�ACSfSTA�UVMWp�FHACB�MNACUVM @ OQPb]�eRACBCm
w%U D
ACX,M MNG^X,M_A @ G^PRBTU,G\MNA�Fzg`X�Axe O �QO\ebA�X�FTL,X D[O\FNOQS h MNF_A

θ5
O\ICI�X�B_A�X�U�Ax][OQPbB_BHAxB_PRk^U�P��[IWOQM_P �\A

� ACU ��PbF_G\U 10%
�am 
~G^SfSTAvL�� O\X,MNFHA{D[O\F�MWp�ebAvMNO\XJY�L�� O\STSfG^U�P��[IWO�MNPbG\U�A�BHMlBHX�F_A�BHMNPRSTK � D[OQFNO\S h M_F_AD[OQF�L�K @ O\XJM

θ4
�|p<ebAu],Pbe OQU L�A S OQM_P h F_A � 4.21d

� L,X?I�G^STD
G^BHK
Sba

ND

A�BHM�]�PbO\PbBHK � B_G\X�B�� ACBHM_PbSfK��|m
~A�ICP�A|YJD�ebPRg�X,AtL�� O\PbeRebA�X�F_BEg`X�A{eRACB�ICG^U�I�ACUVMNF_OQMNPRG^U�B3ACU O � G\MNA�B_G^eRX�]�eRAvBHG^PbA�U`M�PbU @ K�F_PRACX�FHACB � ICA�ebebA�B
L�G\U�U�KCA�B�D[O\F ebA/SfGJL h ebA/n \ S

1
m S OQebk^FHK�I�ACB�L�P ] KCFHACU�I�ACBCpQebA}MdOQXJYvL�A @ G\F_STOQMNPRG^UlACU{OQSTSfG^U�PbO\g`X�A

A�BHMjI�G^F_FHACI�M_ACSfACUVM%A�BHM_PbSfK �?> Pbk�m � m &�M kVO\X�Idc�A �ap�B_P ]�PbA�Uxg`X�A{e$� KCICO\FHM3L�AvICG^U�I�ACUVMNF_OQMNPRG^UxA�UuO � GQMNABHG^ebX�],ebAjU�AlB_AlFHKCD
ACF_I�X,MNA�D[O\BEBHX�FEe O{ICG\U�ICA�U`M_FNOQM_PbG^U�ACU�O\SfSTG\U�P O\g`X�AQm
�rOvI�G^U�I�ACUVMNF_OQMNPRG^U PRU�ICPRL�ACUVMNA�L�A�B~ICG\STD
G^B_K�B8G\F_kVO\U,Pbg`X�ACB

X in
DCO

A�BHM<K�kVO\eRACSfACUVM�e O\FHk^ACSfACUVM�B_G^X,B��
A�BHMNPRSTK�A\p�L�A%STO\U�P h F_A � ICG\STD
ACU�BHACF<ebOvBHX�F_A�BHMNPRS O�MNPbG\U L�XzMNO\XJY L�A @ G^FHS OQM_PbG^UyPRU`M_ACFHU�A%L�A

Xba
DCO� D[O\FNOQS h MNF_A�D[O\F�L�K @ O\X,M θ2 �am �5Av]�PRe O\U�L�� O\D�D
G^FHM3L�A�B�ICG\STD
G^B_K�B3G\F_kVO\U,Pbg`X�ACB � BHG^SfSTAlACUVM_F_AtI�ACBL�A�XJY�ICG\STD
G^BNOQU`M_ACB�� A�BHM3O\PRU�B_P�k\ebG^][OQebACSfACUVM FHACBHD�A�I�MNKQp�ICG^SfSTA�e$� PbebeRX�BHM_F_A3e O > PRk�m � m &�M � L,F_G^P�MNA��|m


~A�B3FHKCB_X,eRMdO�MNBEL�KCSfG^UVMNFHACUVM3e$� O\D,MNP�MNX�L,A%L�X�STG�L h eRAjF_K�L�X�PRM � F_A�D�F_K�B_A�U`M_ACF3ebAjICG\STD
G^FHM_ACSfACUVMEL,�V�
U[OQSTPRg�X,AtL�XuD�FHGJI�KCL�KtebG^FHB_g`X�A{eRACB�I�G^U�I�ACUVMNF_OQMNPRG^U�B%PRU�ICPRL�ACUVMNA�B%U�A{BHG^UVMjD[O\B�STA�B_X�FHKCACB�m � � O\X,M_F_A

& � R



����� �������	��

����� � ����� � ����������� �������
������� �	!"�������#�����$���
	����������%�&�'�&�(�

0

20

40

60

80

100

120

140

9:
00

10
:0

0

11
:0

0

12
:0

0

 1
3:

00

14
:0

0

15
:0

0

16
:0

0

17
:0

0

����� ����

���

� �
���
�� �
��� �
� X

ba D
C

O

� �
�	
��

Sba
NO

Sba
NH
Sba

ND
Sba

O

�������	� � � �	���!� �
�������	� ��
����

1

0

5

10

15

20

9:
00

10
:0

0

11
:0

0

12
:0

0

 1
3:

00

14
:0

0

15
:0

0

16
:0

0

17
:0

0

����������

���

Xba
DCO

� �
���
�� �

��� �
� S

ba N
O

� �
�	
��

Sba
NH
Sba

ND
Sba

O

�����!�	� � � ������� �
�����!�	� ��
"���

1

0

1

2

3

4

5

6

9:
00

10
:0

0

11
:0

0

12
:0

0

 1
3:

00

14
:0

0

15
:0

0

16
:0

0

17
:0

0

�������	��

���

Xba
DCO
Sba

NO

� �
���
�� �
��� �
� S

ba N
H

� �
�	
��

Sba
ND
Sba

O

�������	� � � �	���!� �
�������	� ��
����

1

0

0.5

1

1.5

2

2.5

3

3.5

4

9:
00

10
:0

0

11
:0

0

12
:0

0

 1
3:

00

14
:0

0

15
:0

0

16
:0

0

17
:0

0

�������	��

���

Xba
DCO
Sba

NO
Sba

NH
� �

���
�� �

��� �
� S

ba N
D

� �
�	
��

Sba
O

�����!�	� � � ������� �
�����!�	� ��
"���

1

0

1

2

3

4

5

6

9:
00

10
:0

0

11
:0

0

12
:0

0

 1
3:

00

14
:0

0

15
:0

0

16
:0

0

17
:0

0

�������	��

���

Xba
DCO
Sba

NO
Sba

NH
Sba

ND

� �
���
�� �

��� �
� S

ba O

� �
�	
�� � ������� � � �	���!� �

�������	� ��
��!�
1

687'9;: � m & � <�W KCB_X,eRMdO�MNB<L�Aje�� PRL�ACUVM_PR�[ICOQMNPRG^U D[OQFNO\SfK�M_F_Pbg`X�A3L�XZSTG�L h ebA�BHPbSfD�ebP��[K�BHX�F X�U�c�G\F_P � G^U
L�A

8
c,ACX�FHACB � O\D�D,ebPbICOQMNPRG^U�L,Aqe OzD
G^ebP�MNPbg`X�AtO\I�M_X�ACeRebA{L�� O\K�FNOQM_PbG^U�� < 
<O\BjG�� ebA�BjICG^U�I�ACUVMNF_OQMNPRG^U�B

PRU�ICPRL�ACUVMNA�BEU�AlB_G^UVM�D[O\BESfACB_X,F_KCA�B3A�U�eRPbk^U,A\m

& � [
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687'9;: � m &�M < 
~G^SfD[O\F_O\PbBHG^UZL�ACBEMdOQXJY�L�A @ G^F_STOQM_PbG^U�A�U�O\SfSfG^U�P OQg�X,A
Sba

NH � ��k�m[kVO\X�Idc,A�� A�M�ACUI�G^STD
G^BHKCBjG^FHkVO\U�PRg�X,ACB
Xba

DCO � �[k�miL�F_G^P�MNA �3D�G\X�F%ebA�BjSTG�L h ebACB�F_KCL,X�PRMjAaMln \ S 1
< 
<O\BjG�� eRACB

I�G^U�ICA�UVMNFNO�MNPbG\U�BEPbU�I�PbL�A�U`M_ACBEU�AlB_G\U`M�D[OQB�SfACBHX�F_K�ACB�ACU�ebPRk^U�A\m

D[OQFHMWp,e$� c�G^F_P � G^U L�AlD�F_K�L�PbIaMNPbG\U�L�AjD�ebX,B_PbA�X�F_B c,ACX�FHACBEL�AlICAjSfGJL h ebA%O\D�D[O\F_OQsbM~B_X ¢ B_O\UVM�D
G^X�F A�UJ�
��PbB_O\k^A�FjL�� OQI�MNX�O\ebPRB_ACF C^� �F� E��	C ebA�BjD�G\ebPRM_Pbg`X�A�B%G^D,M_PbSTO\ebA�B�L�� O\KCF_OQMNPRG^U�p C&DFEGD L[OQU�BlX�U B_Idc�K�S OZL�A
I�G^STSTO\U�L,AjD�F_K�L�PbIaMNP �\A\m

����� 	 5	� � 8�
 �
�^5 � �

� � KCe OQ]�G^F_OQMNPRG^UxL�� X�UoSTG�L h eRA{L�A @ G^U�IaMNPRG^U�U�A�STA�U`MlBHPbSfD�ebP��[K{A�BHM�U�KCI�ACBHBNO\PRF_AfACU �JX,ATL�AyebOZI�G^Sq�
STO\U�L�AvG^D,M_PbSTO\ebAlACUu]
G^X�I�ebA @ ACF_SfKCAvL�ACB�D�AaMNPRM_ACB%B�MdOQM_PbG^U,B�L�� KCD�X,FNOQM_PbG^U � ]�G^X,ACBjO\IaMNP��^KCA�BCm � B_B_X
L�XuSfG�L h eRAtn \QS

1
L�A{e$� � n _ 
{p�eRAtSfGJL h ebAvD�F_G^D
G^BHK{PbUVM h k^F_AtL�ACXJY�M(��D�A�B�L,AqB_PbSfD�eRPR�[ICOQMNPRG^U�B e

� i �{L�ACBfB_PRSTD,ebPR��IWOQM_PbG^U�BvF_PRk^G^X�FHACX�BHACBCp/][OQB_KCA�B BHX�Fye$� O\U[O\e��JBHAZL�ACB �QO\ebA�X�F_ByD�FHG^D�F_A�BTL,X B��JB�M h STA
L,��U[OQSTPRg�X,A\p�O��[UuL�� KCebPRSTPRU�ACF�ebA�B��QO\FHP O\]�eRACB3L�� KaMdOQM%L�G^UVMlebA�B�L,��U[O\SfPbg`X�A�BjB_G^UVMjeRACUVMNA�B N � ii ��L,ACBBHPbSfD�ebP��[IWOQM_PbG^U,B~L�AlU[OQM_X�F_AlD�eRX�BEc�ACX,F_PbB�MNPRg�X,A�g`X�PrD
ACFHSTAaM_MNA�UVM3L,A�FHKCL�X,PbF_AlL[O��QO\UVMdOQk^Ale OqL�PbSfACU��
BHPbG^U�L�XxBH��B�M h SfA\m � erICG^SfD�G\FHMNA

5
�\OQF_P OQ]�ebA�B�L�� KaMdOQM

Xba
DCO

p
Sba

NO

p
Sba

NH

p
Sba

ND

A�M
Sba

O

p�A�M%L,K��[U�P�M
7
D[OQFNO\S h M_F_ACBEBHD�K�ICPR��g�X,ACB�B_X�BHICACDJMNPb],ebACB�L�A �QO\F_PRACF~M_ACSfD�G\F_ACeRebA�STA�U`MCm
� � KaMNX�L,A3L�A�B/D�F_G^D,F_PbKaMNK�B�L�� G^],B_ACF �QO\]�PbeRPRM_K � eRGJICO\ebA � L�AEICAESfGJL h ebA~U�KCI�ACB_BHPRM_A3L�AEL�PRBHM_PbU�k^X,ACF}L�P @ �@ K�F_ACUVM_B�M(��D
ACB�L,AvI�G^U�L�P�MNPbG\U�B L�A @ G^U�IaMNPbG\U�U�ACSfACUVMCm � U�ICG^U,L�PRM_PbG^U�L�� O\K�F_G^]�PRG^B_AQp�e O{B_A�X�ebA�SfACB_X,F_A

L�A�e OvI�G^U�I�ACUVMNF_OQMNPRG^UzACU G Y���k h U�AjL�PbBHB_G^X,B<D�A�F_SfA�M~L�� G\]�B_A�F �^A�F ebA�BH��BHM h SfA\m \ G^X�B~L,ACB ICG\U�L�PRM_PbG^U,B
L�� O\U�GWYJPbA ACU F_A �QO\U�Idc�AQp�e O�STA�B_X�FHAzL�AzebO�ICG^U,ICACUVM_FNOQM_PbG^U A�U6O\SfSTG^U,P O\g`X�AfL�A���PRACUVMqU�K�ICACBHBNO\PRF_A
� A�M8B_X ¢ BNOQU`M_A��|m � UzICG\U�L�PRM_PbG^U,B�L�� O\U�O\KCFHG^]�PbG\B_A�ACU,�[UipJebO�L,��U[OQSTPRg�X,A3L�� K��\G^ebXJMNPbG\UTL�A�B~I�G^STD
G^BHKCBG^FHkVO\U�PRg`X�ACB/ACB�M~L,KCICG\X�D�ebK�A3L,ACB8O\X,MNFHACB/L,��U[O\SfPbg`X�A�B8AaM�e OjICG^U,ICACUVM_FNOQM_PbG^UfL�A�ICACB�ICG\STD
G^B_K�B8U�� A�BHM
L�G\U�I�D[OQB8G^],B_ACF �QO\]�ebA3D[O\F�ebAE]�PbO\PbB/L�� O\X,M_F_ACB8STA�B_X�FHACB�m � MdOQU`M~L�G^U�U,K�g`X�A�eRACB�D�K�F_PRGJL�A�B8L�� O\U�O\KCFHGQ�
]�PRG^B_A}BHG^UVM FNO\FHACBrA�M k^K�U�KCF_O\ebA�STA�U`MrL,A}ICG^X�F�MNA�B�L�X,F_KCA�BrB_X�FrICA}M(��D
A8L�� X�U�P�MNK�BCp PbeQB_A�S{]�ebA}U,KWO\U�SfG^PRU�B
D
G^B_BHPb]�eRA L�� ACU ��PbBNOQk^ACF/e$� G^]�BHACF �\O�MNPbG\U{L�XfBH��BHM h SfA�L�O\U�B/L�AE]�G\U�U�ACB/I�G^U�L�P�MNPbG\U�BCpQS O\eRk^F_K~ICA L�K @ O\X,M
L�� G^]�BHACF �\OQ]�PbeRPRMNKQm

� � KaMNX�L,A{L�ACB�D�F_G^D,F_PbKaMNK�B�L�� PbL�A�UVMNPR�[O\]�PbeRPRM_K%BHM_F_X�IaMNX�FHACebeRAtL�X�STG�L h eRAlF_KCL,X�PRM%OTKCk^O\ebA�STA�U`M @ O\P�M
e�� G^] � A�MEL�A�ICAlIdc[O\D,PRMNFHA\m 
~A�B3D�FHG^D�FHPbK�M_KCBEL�K�D�A�U�L�ACUVM � U�G\X �^ACO\X�L�A�BEICG^U�L,PRMNPRG^U�B L�A @ G^U,I�MNPRG^U�U�A|�SfACUVM}L�XyFHKWO\IaMNACX,FCp^STO\PbB�KCkVOQebACSfACUVM�L�A e O�I�G^U�U[OQPbB_B_O\U�I�A G^XqU�G^UqL�A�B}ICG^U,ICACUVM_FNOQM_PbG^U�B}PRU�ICPRL�ACUVM_ACB
X in

DCO

p
Sin

NH

AaM
Sin

ND

m ��A�BvI�G^S{]�PRU[O\PbBHG^U�BjL�AfD[O\F_O\S h MNFHACBlBHM_F_X�IaMNX�FHACeRebACSfACUVM�PbL,ACUVMNP���O\]�eRACBjG^UVM
O\PRU�B_P
D�X c MNF_A�G^],MNA�U`X�ACBED
G^X�F~Idc�O\g`X�AjIWO\B�m �5A @ O\P�M~g`X�A%M_G^X�B<eRACB8D[O\FNOQS h MNF_A�B<U�A%BHG^PbA�UVM D[O\B<B���B��

& � K
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M_KCSTOQMNPRg�X,ACSfACUVMjPbL,ACUVMNP���O\]�eRACBjU�� O\D�D[OQFNOQsRMjD[O\BjD�FHG^]�eRKCSTOQMNPRg�X,A\m � e�U�� A�BHM�ACU A ] A�M�D[OQBjD�G^BHB_PR]�ebAQp
D
G^X�F{L,ACBqFNOQPbB_G\U�B{L�� PbL�A�UVMNPR�[O\]�PbeRPRM_KfD,FNOQM_Pbg`X�A\p�L�� ACBHM_PbSfACF{ebO�MNGQMdO\eRPRMNKfL�A�BqD[O\FNOQS h MNF_A�B � D[O\F�MNPRF
L�� X�UzU,G^S{]�FHA�ebPRSTP�MNK<L,A�SfACB_X,F_ACB�m � U�A%O\U�O\eR��B_A3L�A�BHACU�BHPb]�PRebP�MNKEACB�M<L�G^U,I�SfPbB_A�ACU ��X��JFHA%OQ��UzL�A
BHKCebA�I�M_PbG^U�U,ACFjebA�BlD[O\FNOQS h MNF_A�BjebA�BjD�ebX�BlPRU��[X�A�U`M_B N ebA�BlF_ACL,G^U�L[O\U,ICACB�ACUVM_F_AyebA�B�D�O\FNO\S h M_F_A�BjB_G^UVM
A�U�B_X�P�MNAlKCeRPbSfPbU�K�ACB<D�O\F e$� O\U[O\e���B_AjL�AlebA�X�F_BEPRU`M_ACF �\OQebebA�B<A�MEFHKCk^PRG^U�B L�A�ICG\U,��O\U�I�A\m

�5ACBfF_K�B_X�e�MdOQM_BfL,A�e�� PRL�ACUVM_PR�[ICOQMNPRG^U D[O\F_O\STKaMNFHPbg`X�A\p�ACU,�[Uip}STG^UVM_F_ACUVMfg`X�A�ebA�SfGJL h ebA�FHKCL�X�P�M
D
ACFHSTAaMtL�AfF_A�D�F_K�B_A�U`M_ACF{eRAyICG^SfD�G\FHMNA�STA�UVMtL�XoD�F_G�ICK�L�KfL�A @ O � G^UoM_F h BvD
ACF�MNPbU,ACUVMNAfB_X�FvX�U c,GQ�
FHP � G\U L�� G^D
KCF_OQMNPRG^U L�A

8
c,ACX�FHACBvO\XoSfG^PRU�BCp�g`X�AfebA�BlICG^U�I�ACUVMNF_OQMNPRG^U�B�PbU�I�PbL�A�UVMNACBlL�A�BvI�G^SfD�G^BHKCB

G^FHkVO\U�PRg`X�ACBlA�MvL�� O � GQMNATO\STSfG^U�PbO\IWOQe�B_G\PbACUVM�SfACB_X,F_KCA�BtG^XoU�G^U�m � eRBlD�A�F_SfA�M_M_ACUVMvKCkVO\eRACSfACUVM�L�A
�\KCF_P��[ACF}g`X�A I�A STG�L h ebA~A�BHM/FHG^]�X�B�MNA ��PbB&� � � �JPRB�L�A�B}Idc[O\U�k\ACSfACUVMNB/L�A D
G^ebP�MNPRg�X,A8L�� O\K�FNOQM_PbG^U{AaM/D�F_K|�
BHACUVMNAfX�U�AfICA�FHMdOQPbU�AqMNG\ebKCF_O\U�I�AyO\XJY D
ACF�MNX�FH][OQMNPRG^U�BlL�X D�F_G�ICK�L�K\m �5A�BvBHPbSfD�ebP��[IWOQM_PbG^U,B%O\L�G\D,MNK�ACB
eRG^F_B L�Ale�� K�e O\]
G^FNO�MNPbG\U L�X�STG�L h ebA%FHKCL�X�P�MEB_G^UVM3O\PRU�B_P �QO\eRPbL�K�ACBCm

n�XTMNACFHSTA�L�A3ICA�Idc�O\D�PRM_F_AQpJeRA�SfG�L h eRA�FHKCL�X,PRM8D�F_G^D
G^BHK%O\D�D�O\FNOQsRM8O\D,MNA � c MNF_A3X,MNPRebPRB_K L[O\U,B~X�U
BHIdc�KCSTOqL�AlICG^SfS OQU�L�A�A�UZ]�G^X,ICebA @ A�F_SfKCAQm�n��QO\UVMEI�ACe OJp,Pbe�B � O\k^P�M ICA�D�A�U�L[O\UVM�L�A �^K�F_P��[ACF g`X�AlebA�B
D
G^ebP�MNPRg�X,ACB<G^DJMNPbSTO\eRACB<ICO\ebI�X�ebK�ACB � D[O\FHM_PbF<L,A�I�AvSfG�L h eRA%B_G^UVM�ICG\STD[O�MNPb],ebACBEO��\ACI�ICACeRebA�B L�G^U�U�K�ACB
D[OQF�ebAvSTG�L h ebA�n \ S

1
L�� X,U�A{D[O\F�MWp
A�M�L�� OQU[O\eR��BHACF%ebOTB_A�U�B_PR]�PbeRPRM_K�L,A{ICA�B%ICG^U,L�PRM_PbG^U�B3G^D,M_PbSTO\ebA�B

L�A @ G\U�I�M_PbG^U�U,ACSfACUVM ��PbB&� � � �JPRBzL�A�B�ACF_FHACX�FHBZICG^SfSTPRB_A�B B_X,F�ebACB�D�O\FNO\S h M_F_A�BzA�MZeRACB�ICG\U�L�PRM_PbG^U,B
PRU�PRM_P O\eRACB%L�X STG�L h eRAyL�� OQX,MNFHATD[OQFHMWm 
~A�BqO\B_D
ACIaMNB�p�PRU�L�PbBHD�A�U�BNOQ]�ebA�BvD
G^X�F�F_A�D�e O\I�ACF�ebA�BvFHKCB_X,eRMdO�MNB
L�Ale�� G^DJMNPbSfPbB_OQMNPRG^UfL[O\U�BEX�U�ICG^UVM_AaY�MNA�D�ebX,B�FHKWO\eRPbB�MNA\p @ G^UVM�e$� G^] � A�MEL,X�Idc[OQD�PRM_F_AjB_X,P �QO\UVMWm

&�M `
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1
xznF{`vW{-me����vwx�����yen`�zx�s���uY��¤�uY��seÄexS����yen·}�x

�w���euYx£�ex)}¦������ye������nY�N{-����y��ex)}¦���w��y�nY�������/{-����y�vzyexwuF¤�vz{Y��obmex£�em�nF¬[n�{-�w��x·��pr��vzu-�N{Y����y��� 5����s�{Yx
{Yxwybm��exwnÀuYvwnFme}�{-�N{-n���¨�{Yxwybmen¾seuFvw�wvz�exw����xwy@{J|£meyex ��������Å��w�N{-����y �ex }¦� �w��y@{Yu-����yb{Yx»�ex�uYx1ÒFxz{
�<p¢�f�z��{-x�{Y��{:��}±xwn�{����w�5���e��s�{Yvwx�sD��meu�se��}���xwu�}¡p¢��y���s�{Y��{Yme�ex���m ���[�e�w}�x�uYvz�eme�k{�q�uYxws�uYvwnFxwy@{-xzu�}��
�z��ye�wxzy@{-u-�/{-����y»�<p¢�f�w�N{-x�se��uF{Y���wm�}¦����uYx��ex�}>p�x�s�mexwy@{w�� 5xW{Y{-x��w��y��wxwy@{Yu-�N{Y����y»�N��uF�¦��y@{Sxwy@{YuYx
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xz{
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��¤e�¢©

−1 |J}¦�§�w��yb{Yu-����y@{-x~�ex�uYx1ÒFxz{Pxwn�{P��y@{-vz¤�uYvzx±�NmSs�uY��¨e}��w��x~�<p���s�{-������n-�N{Y����y£nY��m�n�}��5�\��uY��x~�<p�meyex�z��ye�wxzy@{-u-�/{-����y����/«�������}�x)xwy��f�z��{-x�nY��}�me¨e}�x
NGL ���	� = 9

��¤e�¢©
−1 ­���m�}���xzm��ex 10

��¤��r©
−1 µ`Â

SNO (t) + SNH (t) + SND (t) ≤ 9
��¤e�r© −1 , ∀t ∈ [t0, tf ]

­ × � Ö µ
 5xW{Y{-x����[�e��Å��w�N{-����yty<p¢��¨e��xzy xwy@{-xzye�em ��me�zmeyex���ye�w���exwye�zx�nYm�u�}¦�Õ��vW{-Äe�[�ex��ex�uYvwnF��}�m�{-����y»�em
seuF��¨e}��w��x��

©~p¢��y�Ô�mexzye�wx·�em�ye����¨euYx£�ex`�z¬[�z}�xwn±�ex·�\��y��z{-����yeyexz��xzy@{5nFmeu�}¦���N��}�xzmeu5��m�{:��m[«����7¬�xzy�����ye�k�
����}P�<pr�Nvwu-�/{-����y��em¾uYvw���z{Yxwmeu�xznF{���}�}�m�nF{-uFvwxSnYmeu�}�� h½��¤e� × ��g���� y���m���xw��m<|ª�zx�seuY�NÅ�}½seuFvwnFxwy@{-x�mey
mey���obmex¥����ye����me��|A��¨�{-xwybm�����yen��zx£�w��n�si��m�u

N?
c = 6

�z¬[�w}�xwnz��­`y�sDxwm�{�{-��m�{-xW�\����n~ye�N{-xwu~obm<p¢�J��xz�
�exzn"vz�J��u�{-nS��y��\vzuY��xwmeuFn�q

4%
|ª}¡p¢��y�Ô�mexzye�wx��ex

Nc

xwn�{"������¨e}�x�xwy@{-uFx
4
xW{

8
�z¬[�z}�xwnS�<p¢��vwuY�N{-����y<�ª©ªx

{-��m�« ���7¬�xwyÕ����ye������}¿�<p¢��vzu-�N{Y����y nYm�u
8
Ä�xwmeuFxwn)xwnF{)xzyb�[��uY��y

26.2%
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©ªx�seuF��Å�})��s�{-�����N}§�<pr�Nvwu-�/{-����y sD��meu
6
�z¬[�z}�xwn��<pr�Nvwu-�/{-����y xwn�{�uFxwseuFvwnYxzy@{-v¾nYm�u�}¦� h½��¤e� × � ×

­\¤@��me�:ÄexJµW�ªÍ£meu-��y@{�}�xwn��exzm�«¾seuFxw����xzuYn`�W¬��z}�xznw|ª}¦���w��ye�zxwy@{-uY�N{-����y¾���/«�������}�xS�exwn�uFx´ÒFxW{-n��<p¢�f�w�N{-x
nF��}�me¨�}�x�­ × � Ö µ5y<p¢xznF{)s���n¥�z��y@{-u-�N��¤�y��Nyb{Yx�xz{¥}�xwn�{:�Nm�« �<p¢��vwuY�N{-����y�nY��yb{)����ye�����Nm�«i��©¶���w��y@{Yu-����yb{Yx
y<p�xwn�{��/{Y{-xz��y@{-x�obm<p¢��m¸{-xwuF��x���m�{-uF����nF���z��x"�z¬[�w}�x�­ah½��¤e� × � × ��uY���k{-x7µ ��� s���u�{-��u���x��zx�sD����yb{w|<}�xzn
{-��m�« �<p¢��vzu-�N{Y����y ��m�¤���xzy@{-xwy@{)nYxzyenY��¨e}�xz��xzy@{£sD��meu����N��uYx`���N�wxSq�}¦���:Ä���uF¤�x���ye�z���exzy@{-x��<p¢�f�w��{Yx��

©¶�¸�z����s���u-�N��nY��y ��xwn�uYx´ÒFxW{-n��<p¢�f�w��{Yx�nF����m�}�vwn��Nm ���7¬�xwy �exwn������e�z}�xzn�uFvw�em���{�xz{ �D���
1����y@{-uFx)obmex£}�xznH��xwm�«�seuF��Å�}�n�nzp¢vz�J��u�{-xwy@{5seuY��¤�uYxwnFnY�k��xw��xwy@{w�e 5xzn5�e�k��vzuYxwy��wxwnHnY��yb{±xwy�s���u�{-��x¥}���vwxzn

qÕ}¦�Õ�\uY���z{Y����y¸�<p¢�f�w�N{-x�s��NuF{-���wme}�����uFx��Y�~}�}�xwnSuYvznYme}k{-xzyb{�vw¤@�N}�xw��xwy@{"�exwn�nY����se}���Å��w�N{-����yen����e��s�{-vzxwn
s��Nu§}�x`�������w}�x£uYvz�eme��{�­�xwuFuYxzmeuYn¥�<p�xwn�{-�����N{Y����y���xwn§s���uY�����z{-uFxwn§nFsivz�w��Åeo[m�xwnw|¿�NseseuY�J«������N{Y����y���xwn
�z��yevW{-��obmexzn��ex �evwuY�����N{Y����y<|¥®W²´³w¯3µ �� 5xwn�vw�w��uF{Yn�uYxwn�{-xzyb{�����}�¤�uFv�{Y��m�{�}������k{-vzn�­ ≤ 1

��¤e�¢©
−1 µ�xz{nFxwme}�n)��x�{YuY�zn¥���N��¨e}�xwn§�evzs���nYnFxw��xwy@{-n)�ex�}¦��}�������{-x)uYvz¤�}�xz��xzy@{:����uYx�­
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−1 µ5xzy�uFvwnYm�}�{-xzy@{J�
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�z¬[�w}�xwn��exÕ�\��ye�z{Y����yey�xw��xwy@{À­ih½��¤e��¤@��m��:Äex7µ�xz{
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sD��meu

8
�z¬[�w}�xwnH�<p¢��vwuY�N{-����y<� � �N}�¤�uFv§�wxz{F{-x

�e�k��vzuYxzye�wxN|D}�xwn¥{:��m[«Õ����ye������m�«����7¬�xwyen£�<pr�Nvwu-�/{-����yÕnF��y@{·������nF��yen)�J��xz�
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1
ÂªseuF��Å�}���s�{Y������m�«t�<p¢��vzu-�N{Y����y ­ih½��¤e�<¤@�Nme�:Äex7µ�xz{"uYx1ÒFxz{Yn��<p¢�f�w�N{-x�{-��{-��}

�z��uYuFxwnYsD��ye�e��y@{-n�­ih½��¤e���euF����{Yx7µ �
 5������x�seuYvz�wvw��xw����xzyb{w|<}�xzn�uYvznYme}k{:�N{Yn`��¨�{Yxwybmen�����yen��zx�s���uY��¤�u-�NseÄex��N��}����exwy@{·�w}¦�N��uYxz��xzy@{

}¡p¢m�{Y��}���n-�/{-����y��emt�������w}�x�uYvw��me��{�sD��meu`}�x��J��}��wme}½�exwn�sD��}��k{-��obmexzn·��s�{-������}�xwn·��pr��vzu-�N{Y����y�|�nYm�uS��xwn
Äe��uY�r�z��yen)�ex�obmexz}�obmexzn�ÄexwmeuFxwnz|�����y�n·}�xS�J�N�euYx"�ex�}�������ye������n-�N{Y����y��ex�}����w��yenY�������N{-����y vwyexzu��
¤�vW{-��o[m�x��

E'FHGIF�� � UcM �]e�� QSK�UcMNQ

©¶��seuYxz�����wuFx�s���uF{Y��x`��xS�zx��:Ä���se�k{-uYx��z��ye�zxwuYye����{)}�x·�J��}��wme}<��xwn)si��}���{Y��obmexwn±��s�{Y������}�xzn��<p¢��vwuY�N{-����y
��m¸���A¬�xwy��em»�������w}�x�uFvw�em���{��\��uY��me}�v����Nyen�}�x��:Ä���se�k{-uFx=g���©ªxzn"uFvwnYm�}�{:�/{-n���¨�{Yxwybmen���ye�e��o[m�xwy@{
obmex��zx����[�e�z}�xSxwnF{�xzy¾��xznYmeuFx��ex�����yeyexzu`�exwn�s�uY��Å�}�n·��s�{-������m�«��<p¢��vzu-�N{Y����y�seuY�[�:Äexwn���x��wxzm�«
�w��}��zme}�vzn~q`s���u�{-��u��em����[�e�z}�x ���
�

1
nYm�u~�exwn~Äe��uY�r�z��yen���x§o[m�xw}�obmexzn�ÄexwmeuFxwnz� x }�n���s�si��u�{-xzyb{~����yenF�

mey�x��N��}������/{-����y�nYmes�se}�vz��xzyb{-����uFx���m�« nF����se}��kÅ��J�/{-����yen5�N�e��s�{Yvwxwnz�
Í`��y�n�}¦� sixzuYnFsixz�z{-�k��x���x�}>p�����se}�vw��xwy@{:�N{Y����y ®W¹ º3¼k°�¹�®��em��J��}��wme}H�exzn�sD��}��k{-��obmexzn���s�{-�����N}�xwn

�<p¢��vzu-�N{Y����y<|½��}§xwn�{�����sivzu-�N{Y���)�<p�vz{-m��e��xzu�}��¾nYxwy�nY��¨���}��k{-v���x��zxwn��w��ye����{-����yen���s�{-������}�xwn��ex �\��ye� �
{Y����yey�xw��xwy@{��[��n´�´q/�>����n5�exzn§xwuFuYxwm�uYn¥�<p�xwnF{Y�����N{-����y��z��������nYxwn5nYmeu§}�xwn�s��Nu-�����z{YuYxwnz|�}�xwn§�w��ye�e��{Y����y�n
��ye��{Y�¦��}�xwn�xz{¥}�xwn�sDxwu�{-meuF¨��N{-����yen���ye�w���exwy@{Yxwn§�em�n�¬�n�{-�z��xN�¿©¶xzn§��vW{-Äe�[�exzn§sixzuY��xz{Y{-��y@{§�ex`�w��}��zme}�xzu
�zxwn)nYxwy�nY��¨���}��k{-vzn5�\��y@{¥}>p���¨[ÒFxW{£��xS}���s���u�{-��x�nFme���N��y@{Yx��

� ��� �W.�/�9�� 4Y( 3>( 9�/ 4)(5.�4Y-�� -191-1&)$ 3>(54 	 0`.�3>-:&)-�02.�4 026>&)-�+ /@91(54
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©~p���¨[ÒFxw�W{-�k�"��x¾�wxz{F{-xts���u�{-��x�xwn�{ �<p¢vW�N��}�mexzu�����yen�obmexz}�}�x���xznYmeuFx¾}�xzn�vw�J�NuF{-n�xzy@{-uYxt}�x�seuY�[�wvz�ev
xW{£}�x����[�e�z}�x`m�{Y��}���nYv·si��m�u§}�x�uYxzseuYvznYxzyb{Yxwu£sixzm���xzyb{·�N�ixw�W{-xwu¥}�xwn§uYvznYme}k{:�N{Yn¥�ex�}>p���s�{-������n-�N{Y����y��em
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nF��meÄ����k{-x£uYxws�}¦���zxwu�}�xwn5uFvwnFme}�{-�N{-n���¨�{-xzy[m�n§����yen�m�y��w��y@{YxW«[{-x��ex·�\��ye�z{Y����yey�xw��xwy@{�uFvwxw}¡|i¼�¯�®w¯��e��yen
}�x�sixzuYnYsDxw�W{-�k��xS�ex�}¦���w��������ye�ex���s�{-������}�x·�emÕseuF���zvw�ev�xwyÕ¨D��me�w}�x`�\xwuF��vzx��

E'F	
 FHG � U,TSK�UIM VNX QSXYM QSK	�NKHe�K T 
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}¡p¢��y�Ô�mexzye�wx±�exwn½�N��uF�¦�N{Y����y�nP��m�s���uY�����W{-uFx±nFmeu½}��)�N��uY����¨e}�x�� � �N{YÄevw���N{Y��obmexw��xwy@{w|N�zxz{Y{Yx5¤�uY��ye�exzmeu
�z��uYuFxwnYsD��ye�Õq�meyex���vwuY�k��vzx�s���uF{Y��xz}�}�xN� x }�xwnF{¥sD��nFnY��¨�}�x`�ex�����nF{Y��ye¤�mexwu±}¦��nYxzyenY��¨e��}���{Yv�Æ�
WÐ7É/º
��®�xz{¥}��
nFxwyenF��¨e��}���{Yv�È-®WºkÆ�²¡¼XÌ�®W�
����� q�� q���q���������� ���"!iq�#}q�$5q��%�'&(#)!*��$,+(�.-�� ���"!�q�# q�$!q��%�0/%��$,&1��q32��)4

• 5 ÆtÐ7®W¹�ÐW¼6
w¼Xº3¼X²	7À��¨enF��}�mex98": �[¹�®�°�ÈFÆ�¹ 8[®;��È
z
Ç�Æ�È�ÈFÆWÇ@Ç�É/È ²=<0�[¹�®�°�ÈFÆ�¹ 8[®;��È

p
®:ÐW²>8,7@?�¹�¼>®

³:É/Ë�Ë�®�ºkÆA8,7WÈW¼XÌB7:®5Ç�Æ�ÈW²�¼>®WºXº�®=C
∂z

∂p
D ®W²�²´®FEJÉ/È Ë�®�®FÊzÇDÈ ¼XË�®Sº�®:ÐSÌ/Æ�È ¼�Æ�²¡¼>É/¹�Ð���¨enY��}�mexznG8[®

z
³:É/¹�ÐH7:³;��²�¼XÌ�®:Ð�<I8[®:ÐSÌ/Æ�ÈW¼�Æ�²�¼>É/¹�Ð��N¨��

nF��}�mexznJ8[®
p

• 5 ÆtÐ7®W¹�ÐW¼6
w¼Xº3¼X²	7�uYxz}¦�N{Y����x98": �[¹�®�°�ÈFÆ�¹ 8[®;��È
z
Ç�Æ�ÈÕÈFÆWÇ@Ç�É/È ²=<0�[¹�®�°�ÈFÆ�¹ 8[®;��È

p
®:ÐW²>8,7@?�¹�¼>®

³:É/Ë�Ë�®�ºkÆA8,7WÈW¼XÌB7:®5Ç�Æ�ÈW²�¼>®WºXº�®=C
∂ ln z

∂ ln p
=

p

z

∂z

∂p
D ®W²�²´®KEJÉ/È Ë�®�®FÊzÇDÈ ¼XË�®"º�®:Ð�Ì/Æ�È ¼�Æ�²�¼>É/¹�Ð�uYxz}¦�N{Y����xznL8[®

z
³:É/¹�ÐH7:³;��²�¼XÌ�®:Ð><M8[®:Ð�Ì/Æ�ÈW¼�Æ�²�¼>É/¹�Ð�uYx �

}��N{-�k��xwn�8[®
p

• N º5®:ÐW²O7>°@Æ�º�®WË�®W¹�²�Ç�É7Ð:ÐW¼6
wº�®L8":8®FÊzÇDÈ ¼XË�®WÈ�ºkÆÕÐ7®W¹�ÐW¼6
w¼Xº3¼X²	7`Ç�Æ�È�ºP: ��¹�®A8[®:ÐQ8[®;��Ê�EJÉ/È Ë�®:Ð�¼X¹�²1®WÈ;RËA7P8�¼�Æ�¼XÈ-®:Ð·Ð;�[¼XÌ/Æ�¹�²1®:Ð�C
p
∂z

∂p

ÉS� 1

z

∂z

∂p

©ªx5�w��}��zme}b�exwn��w�[xzÎ��w��xwy@{-n��ex±nFxwyenF��¨e��}��k{-v�sixzm�{�nYx±���N��uYx�ybme��vwuF��obmexw��xwy@{���m��Ny���}�¬b{Y��obmexw��xwy@{w�
©~p¢��seseuF���:Äex·y[m���vzuY��obmex�­:®w¯3°@¯ � xz�\xwuF}���n±xW{UT£u�¬[���BV¿| ÖHWXW jSn � {ZY�uFxwy�xW{UT£xzuF{ �w¨DxwuY¤�| ÖHWBWXW µ~�w��yenF��n�{-x
q���seseuF�J«�����xzu§}�xzn)��vwuY�k��vzxwn·se��uF{Y��xw}�}�xzn�seuYvz�wvz�exwy@{-xzn`s���u¥�exzn£�����ivwuYxzye�wxzn)Åeye��xznw|�}�x�se}�men¥nY��m���xwy@{
�exzn§�e���ivwuFxwye�zxwn¥�wxzy@{-uYvzxwnz�iÁP��meu§�zxw}¦��|�}�xzn�vwobm��/{-����yen�uYxz}�����y@{�}�xzn§¤�u-�Nye�exwm�uYn

z
xz{
p
nF��y@{¥uYvznY��}�mexwn

sD��meu)�e���ivwuFxwy@{-xzn£�N��}�xwmeuFn·�exzn·s���uY�����z{-uFxwn)sixzuF{YmeuY¨Dvwn·��m�{-��meu£��p¢mey�x��N��}�xzmeu¥�e��{Yx�¹�É/Ë�¼X¹DÆ�º�®W�¿©¶�
�z����s�}�xW«��k{-v¾�em �J��}��wme}��evzsixzye����x�}�� ye�N{-meuFx���x�}����N��uF�¦��¨�}�x�xW{À�em s���uY�����W{-uFx¾�w��yenF���evzuYvznw|
����yenY�~obmex��emt{1¬[six��ex�uYxw}��N{-����yen`����ye��seme}�vwxwnz�ªÍ`��y�n"}�x��w���euFx���x�}�� �z��������y��ex���s�{Y������}�x���xwn
seuF���zvw�evznw|¶}>p¢��ses�uY�J«������N{-����yÀ�ex�}���nYxwy�nY��¨���}��k{-v�se��u��exwn��e�k��vzuYxzye�wxzn�Åeye��xznSy�p¢xznF{S�wxzsixzye����y@{"s���n
¨e��xwy������Ns�{-vzx�� � �:Ä���obmex)seuY��¨e}��z��x�sDxwu�{-meuF¨iv¥�z��uYuFxwnYsD��ye��xwy�xz�ixz{H}��`uYvwnF��}�m�{-����y��<p¢m�yL[¥Á]\_^`Á�|
�zxSobme�ª�����k{§obm<p�meyex�{-xw}�}�x`��vz{YÄe�[�ex��ex�uYvznY��}�m�{-����y�xwn�{£{YuY�wn¥�z��Ó�{-xzmenYxSxwy {-xz��s�n)��xS�w��}��zme}>�

¬£y�x���}�{YxwuYye�N{-�k��x`�Nm��J��}��wme}Dybme��vzuY��o[m�x��exwn�nFxwyenF��¨e��}��k{-vwn±�w��y�nY��n�{-x�q���vz��xz}���s�sixzu¥��y���}k¬[{Y��obmex �
��xwy@{§}�xwn�x «�s�uYxwnFnY����yen§obme�<�evWÅ�ye��nYnYxzy@{¥}�xwn5�evwuF����vzxwn§s��NuF{-��xw}�}�xwnHseuFvw�wvz�exwy@{Yxwnw�}­`y��e��nF{Y��ye¤�m�x·�exzm�«
��s�seuY�[�:ÄexwnSÂ

ÖA×X`
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nF��}�m�{-����y���s�{-�����N}�x·y�������y���}�x·s���u§}�xwn§�N��uY����¨e}�xwn§���AÒF����y@{-xzn§xz{)}�x�Äe������}�{Y��ye��xzy<�
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sD��}��k{-��o[m�x£��s�{-������}�x)�e��yen�}�����xznYmeuFx`����xz}�}�x·m�{Y��}���nYx)}>p���y��\��uY���N{-����y��w��y@{Yxwybmex�����yen5}�xwn±���NuY�¦�N¨e}�xzn
�em�Á~uY��ye�w��six��em � �/«�����me�Õ�� ·p�xwnF{£�wxz}�}�x`obme�¶xwnF{£��s�se}���o[m�vwx�����y�n)}�x��J����uYx��ex��wxW{Y{-xSvz{Yme�exN�

E'F	
 F	
 ��UIQpK TSKHUcM V �
	NZ�U]�Ne��)OPX
� ����{�}�x`seuF��¨e}��z��x·�ex��w��������ye�ex`��s�{-������}�x"­ × �l��µ±nFme���N��y@{J|�uYxw}��N{-�k�¶q�}>p���s�{Y������nY�N{-����y���¬�ye������obmex
�<p�meyÕnF¬[nF{Y�w��x"se��u-����vz{YuYv��e��nY�z��y@{-��ybm n-�Nyen£�z��y@{-uY����y@{-x�
`Â

min
u(t),p

J = G (x (t1) , . . . ,x (tns
) ,p, θ) +

∫ tf

t0

L (x (t) ,u (t) ,p, θ)
�
t

­
5.2a

µ

nF��me����n¥q�Â
ẋ = f (i) (x (t) ,u (t) ,p, θ) , ∀t ∈ [ti−1, ti] , i = 1 . . . ns

­
5.2b

µ
x (t0) = x0

­
5.2c

µ
x
(
t+i
)

= x
(
t−i
)
, i = 1 . . . ns

­
5.2d

µ
si

(
p, t−i

)
= 0 , ti ∈ [t0, tf ] , i = 1 . . . ns

­
5.2e

µ
���

x ∈ R
n �evwnF��¤�yex�}¡p¢vW{:�N{¥��mÕn�¬[nF{-�z��xN| u ∈ R

m xz{
p ∈ R

` }�xwn���xw�z{YxwmeuFn£��x��w�������Nye�ex`xW{£��xwns��Nu-�����z{YuYxwn§��p¢��s�{-������nY�N{-����y<|@xW{
θ ∈ R

q }�x·��xz�z{-xzmeu)�exwn§s��Nu-�����z{YuYxwn§��m����[�e�w}�x���©¶xzn��\��ye�W{-����yen��xw�z{Y��uY��xw}�}�xwn
f (i) ­ 1 ≤ i ≤ ns

µ�xz{SnY�w��}¦����uYxzn G | L xz{
si

­
1 ≤ i ≤ ns

µ`nY��y@{"�ex��z}¦��nFnYx C1 se��u
uY��sesD��uF{`q�}>p�xwyenFxw��¨e}�x��exzn`���NuY�¦�N¨e}�xzn·�em¾seuF��¨e}��w��x��i©¶xzn

ns

��yen�{:��y@{-n·�ex��w������m�{-�N{-����y
ti
nY��y@{

nFmesesD��nYvzn`��uY����yeyevzn·xz{����������������������� !�`�e��yeyevzn`s���u)}�xzn£�z��ye�e�k{-����yen"­
5.2e

µW|¿�wx"obme�½�NnYnYm�uYx�obmex
}�x�seuY��¨�}��w��x��<p���s�{Y������n-�/{-����y���¬[y�������obmex�xznF{£uYvz¤�me}���xwu�­-³@Ez¯Y�N��� Ö |es��kg � µW�

Í`��y�n`}¦��nYme�k{-x�|
OCPn

��vwnY��¤�yex"}�x�s�uY��¨e}��w��x"��p¢��s�{-������nY�N{-����y�uYxz}¦�N{Y������m�«��w��y��e��{Y����yen)ye�����k�
y��N}�xwn§��x��\��ye�z{Y����yey�xw��xwy@{S­\��xw�W{-xwm�u£�ex�s��Nu-�����z{YuYxwn

θn

xz{)�w��ye�e��{Y����y�n���ye�k{-����}�xzn
x0n

µ5xz{
OCPp

|
}�x�seuY��¨e}��z��x�uFxw}��N{-�k�¥��m�« �w��ye����{-����yen�sDxwu�{-meuF¨ivzxwn�­\��xw�W{-xwm�u���x�s���u-�N���W{-uYxzn

θp = θn + δθ
xz{

�z��ye�e�k{-����yen���y���{-����}�xzn
x0p = x0n + δx0

µW�¿Í·x��=tw��x�|�}�xwn§nF��}�m�{Y����y�n��emÕseuY��¨�}��w��x���nFnY�[�w��vwxwn)��m[«
�z��ye�e�k{-����yen�se��u-����vz{YuY��o[m�xwn5¹�É/Ë�¼X¹DÆ�º�®:Ð±nF��y@{~��ye�����wvzxwn

n
­:®w¯3°@¯

un (t)
|
pn

|�®W²´³w¯3µ¶xz{��zxw}�}�xwn�uYxz}¦�N{Y����xzn
��m[« �w��y��e��{Y����yenHÇ�®WÈW²6�[È 
;7:®:Ð"��ye�e���zvwxzn

p
�

©ªxwn"�w��ye����{-����yen��<p���s�{Y������}��k{-v���m»seuF��¨e}��z��x
OCPn

­ × �l��µW|~¼�¯�®w¯P}���uFnYobmex�}�xwnSs���uY�����z{-uFxwn��em
�������w}�x�xz{�}�xwn"�w��ye����{-����yen"��ye�k{-�¦�N}�xwn�nF��y@{�ye������y���m[«�|¶��y@{���v´ÒYq�vz{Yv�vz{-��¨e}���xwn"����yen�}�x��:Ä���s���{-uFx
�t­:³@Ez¯ �`�����[����|�s<�Ygmj@µ �ª©ªx�s�uY��Å�}

un (t)
xz{S}�xznSse��u-�����z{YuYxzn

pn

��x��z��������y��ex���s�{Y������m�«ÀnY��y@{
nF��}�m�{Y����y�n��em nF¬[n�{-�w��xÕ��}�¤�vw¨euF�N�1�e�k��vzuYxzyb{Y��xz}±�Nm�«�}�������{-xzn"se��uF{-��¤�vwxznÕ­ ���l�f�@µ |�����y@{�}>p�xW«�seuYxznYnF����y

"�#�$&%('�)!*+)-,&.0/21�)435'�/6%&*87�%(14/2'�3+)-96:4%&:43;/<.>=4.0)-,�3@?<$&.A'�)B1�?6CDCE/<%F'�)
u (t)

)G*�H5I014I2,�3@IJ*�)G%K1�?2C(,�H+)!'&/<%&*L.NM )�O�,�3@)G*@*+IP?2%'�7Q,�3@?6R�.0S4CD)2TVUW%X3@/6,�,F)G.P.0)�YZ7�)�.0)G*[,&3+?2R�.PSGCD)G*\'�M ?6,�H+I0C(IJ*@/]H+I0?6%X:4H+7&'�I0:G*K%�)^14?6CD,F?23�H@)4%ZH\,&/2*\'�)E_]/<3@I0/6R�.0)G*\'�)1�?2C(CE/6%&'�)['�)\1�)�H�`A,�)6=�CE/<IJ*a7�%�IJYZ7�)4CD)G%2Hb'�)G*a,&/63@/6C(S4H+3@)G*a'�M ?6,�H@IPCDIJ*+/<H+I0?6%
p c ,&/<3;/<CDS4H+3@)G* ak

)4H
`k d T

ÖA×F�
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xznF{)u-��s�sixz}�vwx��z�k�1��xwnYnF��men�Â

�
1×m =

∂H(i)

∂uT
, i = 1 . . . ns

­
5.3a

µ

�
1×` =

∂G
∂pT

−
ns−1∑

i=1

(
H(i)

t−i
−H(i+1)

t+i

)
σT

i −H(ns)

t−ns

σT
ns

+
ns∑

i=1

∫ t−i

t+i−1

∂H(i)

∂pT

�
t

­
5.3b

µ

λ̇
T

= −∂H
(i)

∂xT
, ∀t ∈

(
t+i−1, t

−
i

)
, i = 1 . . . ns

­
5.3c

µ

λT
(
t−ns

)
=

∂G
∂xT

∣∣∣∣
t−ns

­
5.3d

µ

λT
(
t−i
)

= λT
(
t+i
)

+
∂G
∂xT

∣∣∣∣
t−i

, i = 1 . . . ns

­
5.3e

µ

���Õ}�xzn��\��ye�W{-����yeyexw}�}�xzn H(i) ­�Ä�������}k{-��y���xwy�n:µ~nY��y@{£�evzÅ�y���xwn¥s��Nu�Â

H(i) (xn,λn,un,pn, θn) = L (xn,un,pn, θn) + λT
n · f (i) (xnun,pn, θn)

­ × � gbµ
xW{£}�xwn���xw�z{YxwmeuFn

σi

s���u�Â

σi =



(
∂si

∂t

∣∣∣∣
t−i

)−1
∂si

∂pT

∣∣∣∣
pn




T

­ × � × µ

©ª��uYnFobmex�}�x�seuF��¨e}��z��x��<p���s�{Y������nY�N{-����y¾��¬[y�������obmex��w����si��uF{-x��exzn��w��yb{Yu-����y@{-xwnz|�m�yex������z��y
�ex§s�uY�[�wvw��xwu~�w��yenY��nF{-x¥q`x «�seuY����xzu��:Ä���obmex¥�w��yb{Yu-����y@{-x

j = 1, . . . , r
nF��men~mey�x��\��uY��x5�w��ye��ye��obmex�|

ye�N{-vwx
Jj

|�nY������}¦����uYx)q��zxw}�}�x`�emÕ�wuF��{Y�wuYx��<p���s�{Y������nY�N{-����y¾­
5.2a

µ·Â

Jj = Gj (x (t1) , . . . ,x (tns
) ,p, θ) +

∫ tf

t0

Lj (x (t) ,u (t) ,p, θ)
�
t

­ × �lj@µ
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j = 1 . . . r
|�m�yÀ��xz�z{-xzmeu

λj�ex§�N��uF�¦��¨e}�xwn½���/ÒF����yb{Yxwnz|��exwn~�\��y��z{-����yeyexz}�}�xwn Gj

xz{ Lj

|�xW{��exwn�Ä�������}k{-��y���xwy�n H(i)
j

� � �e}>p���y��evznY��¤�yex
}�xwnS¤�u-��y��exwmeuFn�uFxw}¦�/{-����xwn"��m»�zuY�k{-�wuFx���p¢��s�{-������nY�N{-����y¾s���uS}>p���y��e���zx

j = 0
|¶xz{"nY�H}>p���y»�evWÅ�ye�k{�}�xwn

�N��uF�¦��¨e}�xwn�xW{¥�\��ye�z{Y����y�yexw}�}�xwn���me¤���xwy@{-vzxwnSÂ

λ = λ0 +

r∑

j=1

νj λj

­
5.7a

µ

G = G0 +
r∑

j=1

νj Gj

­
5.7b

µ

H(i) = H(i)
0 +

r∑

j=1

νj H(i)
j , i = 1 . . . ns

­
5.7c

µ

���À}�xwn·�w�[xzÎ��w��xwy@{-n
νj

­
j = 1, . . . , r

µ¥�z��uYuFxwnFsi��y��exwy@{S��m�«À��me}k{-��se}����J�N{YxwmeuFn)��x�©¶��¤�u-�Nye¤�xSxz{��ex
��meÄey[�	[Pme� V�xzuH��s�{-������m[«"��nYnF���z��vwn�q£}¦�·nF��}�m�{Y����y"��s�{Y������}�x�ye������ye��}�xH�em�seuF��¨e}��z��x

OCPn

|��N}���uFn
}�xwn��w��y��e��{Y����yen��<p���s�{Y������}��k{-v"�em»seuF��¨e}��w��x�nF��menS�w��y@{Yu-����yb{YxwnSnY��y@{"�e��yey�vwxwn"s���uS�exwnSuYxz}¦�N{Y����y�n
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νj Jj = 0 , j = 1 . . . r
­ × � � µ
ÖA×BW
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�J��xz�
νj ≥ 0

­�uFxwnYs��
νj ≤ 0

µ5}���uYnFo[m�p¢��}<nwp¢��¤��k{§�ex��w��y@{Yu-����yb{Yxwn¥�<p���yevz¤@��}���{-v
Jj ≤ 0

­\uYxznYs<�
Jj ≥ 0

µ �
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­
i
µ ©ªx��J��n���� }¦���w�������Nye�ex�xz{�}�xwn�se��u-�����z{YuYxzn���s�{Y������m�« ¹�É/Ë�¼X¹DÆB�NÊ

un (t)
xz{

pn

nY��yb{
m�{-��}���nYvwn��z������x�nY��}�m�{Y����y¸�em»s�uY��¨e}��w��x�Ç�®WÈW²6�[È 
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OCPp

� x }±nzpr��¤���{"��}���uYn��<p���y@{-vz¤�uYxzu"mey
seuY��¨e}��z��xÀ��m�«&�z��ye�e�k{-����yen���ye��{Y�¦��}�xwn�­ x ^`Á�|`¼X¹�¼X²�¼�Æ�º£Ì/Æ�º
��®�ÇDÈ:ÉB
wº�®WË�µ�­-®w¯3°@¯��)�3VN��}¦����m xz{
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��sese}���obmevzx���m�s�uY�[�wvw��vSsDxwu�{-meuF¨ivN�

­
ii
µ ©ªx§�J��n~����}��·�w��������ye�ex�xW{�}�xzn~s���u-�N���W{-uYxzn���s�{Y������m�«SÇ�®WÈ ² �[È 
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up (t)
xW{

pp

nF��y@{�m�{-��}��]�
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}¡p¢��y�Ô�mexzye�wx)�exwnHxwuFuYxzmeuYn±�exwnHs���uY�����W{-uFxwnHxz{H�w��y��e��{Y����yen���ye��{Y�¦��}�xwn½��m������e�z}�x§nFmeu5}�x§�wuY�k{-�zuYx)�<p¢��s��
{Y������n-�/{-����y<�~ 5xW{Y{-x�¤�u-�Nye�exwm�u�xwn�{�xzy xz�ixz{�}�xÕnYxzme}£vz}�vz��xzyb{�obme�)sixzuY��xz{Y{YxÀ�exÕ�J�Nu-���W{-vwuF��nFxwu�}��
nF��}�m�{Y����y¸��s�{Y������}�x��em»seuY��¨�}��w��x��PÍ·xzn���y��e���zxwn

S
θk

0

xz{
S

x0l

0

�ex��evz�[�¦�/{-����y�nF��y@{��evzÅeye��nz� x }�n�uYx �
seuFvwnFxwy@{-xzyb{`}�xwn¥�N��uY���N{-����yen§uFxw}¦�/{-����xwn)�emÀ�zuY�k{-�wuFx"sDxwu�{-meuF¨iv

J0p

s��Nu£uY��sesD��uF{£��m��wuY�k{-�zuYxSye������y���}
J0n

Â

S
θk

0 =
J0p

(
θkp

)
− J0n (θkn)

J0n (θkn)
, k = 1 . . . q

­
5.9a

µ

S
x0l

0 =
J0p

(
x0lp

)
− J0n (x0ln)

J0n (x0ln)
, l = 1 . . . n

­
5.9b

µ
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}�xwn½uFvwnFme}�{-�N{-n���s�{-�����Nm�«i�A©�p¢��y��N}�¬[nYx±�ex�}�xzmeuPnYxwy�nY��¨���}��k{-v�xwn�{~�e��y��5��y��e��nFsixzyen-��¨�}�x��/©ªxwn½�w��y@{-uY����y@{Yxwn
���W{-�k��xwn�vW{:��y@{Hybme}�}�xwn����Nyen�}�xwn~�z��ye�e�k{-����yen���s�{-������}�xwn½y�������y���}�xwn¥­

Jjn (x0n, θn) = 0
µW|�ye��uY��xwu½}�x
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Jjn

y<p¢�§s���n¶�ex�nYxzyenw� �~ySuYxz�N��y��:Äex�|A��}�xwnF{PsD��nYnF��¨e}�x~�<p�xW«�seuY����xzu
�zxwn)vw�J�NuF{-n)��m ���7¬�xwy��<p���ye�e���wxzn

Sj
�evWÅ�ye��n¥s��Nu�Â

S
θk

j =
νj Jjp

(
θkp

)

J0n (θkn)
, j ∈ Iact , k = 1 . . . q

­ × � Ö�� µ

S
x0k

j =
νj Jjp

(
x0lp

)

J0n (x0ln)
, j ∈ Iact , l = 1 . . . n

­ × � Ö�Ö µ
��� Iact ⊂ [1, r]

��vwnY��¤�yex£}>p�xwyenFxw��¨e}�x£��xwn��z��y@{-u-�N��y@{-xzn����W{-����xwn±�em�seuF��¨e}��z��x)����y�n5}�xzn5�z��ye�e�k{-����yen
��s�{-������}�xwn·y�������y���}�xwn)�ex��\��ye�z{Y����y�yexw��xwy@{J� ¬£yex��Nm�{-uFx������w��yt�<p�xW«�seuF����xwu`}���nYxzyenY��¨e��}���{-v"�<p�meyex
�z��y@{-u-�N��y@{-x£��y@{-vz¤�u-��}�x¥�w��yenF��n�{-x`qS�w��y�nY����vwuYxzu5}�x£�evzs���nFnYxw��xwy@{¥���/«�������}���m��w��m�uYn��ex£}>p���sDvwu-�/{-����y
­X������}¦�/{-����y��ex�}¦���z��y@{-u-�N��y@{-xJµW�
©¶���evzÅeye��{Y����yt�exzn"��ye�e���zxwn

S0

xz{
Sj

�\��meuYye�k{�}�xzn�vw�J�NuF{-n�ye��uY����}���nYvwn·�exwnS¤�u-�Nye�exwm�uYn��w��uFuYxznYsD��y��
���Nyb{Yxwnz|§xwy �\��ye�z{Y����y&��xwn ��ye�zxwu�{-��{Yme�exzn�nYmeu }�xzn�s���uY�����W{-uFxwn�xz{ }�xwn��z��ye�e�k{-����yen���ye�k{-����}�xznw�H©ªxwn
sDxwu�{-meuF¨��N{-����yen

∆θ
xW{

∆x0
nF��y@{§vw¤���}�xz��xzyb{5ye��uF����}���nFvwxwn±xwy�}�xwn5x «�seuY������y@{¥�Nm����7¬�xwy �ex`uFxw}¦�A�

{Y����yen£�em¾{1¬[six
∆θ = ε θn

xz{
∆x0 = εx0n

�<©¶��nFxwyenF��¨e��}���{Yv"uFxw}��N{-�k��x���xwn���y��e���zxwn`�<p���s�{Y������}��k{-v
xznF{£����y�nY�<�evWÅ�ye��xSse��u¥}¦��sDxwy@{-x��exzn£�z��meuY¨Dxwn

S0 (ε)
xz{

Sj (ε)
}���uFnYobmex

ε→ 0
�

©¶��nYxzyenY��¨e��}���{Yv"uFxw}¦�/{-����x��em¾�zuY�k{-�wuFx��emtseuF��¨e}��z��x"xwy¾seuFvwnFxwye�zx���x�sixzuF{-m�uY¨��N{Y����y�n·nYm�u�}�xwn£s���uY�/�
���z{YuYxwn�xz{�}�xzn��w��ye�e��{Y����y�n���y���{-����}�xzn��em ���[�e�w}�x�sDxwm�{���menYnF�'tz{YuYx�xznF{-����vzx��ex���� �w��y�se}�men���ye�/�
}k¬[{Y��obmexN|�xzy �z��yenF���evzu-��y@{�}�x��evW��xw}���sesDxw��xwy@{���m�seuFxw����xzu"��uF�euYx��exwn��N��uF�¦�N{Y����yenS�em��zuY��{Y�wuFx���m
������nF��y���¤�x��exwn¥�w��ye�e��{Y����y�n§��s�{-�����N}�xwn±ye������y��N}�xwn·Â

δJ0 = J0p (x0n + δx0, θn + δθ) − J0n (x0n, θn) ≈ ∂J0

∂θT
δθ +

∂J0

∂x0
T
δx0

­ × � Ö ��µ

©ªx)�J��}��wme}��exzn±�N��uF�¦�N{Y����yen
δJ

�em��zuY��{Y�wuFx£�<p���s�{Y������nY�N{-����y�}���uYnYobmex)}�xzn�s���u-�N���W{-uYxzn
θ
xz{±}�xzn±�z��ye�e�]�

{Y����yen¥��ye��{Y�¦��}�xwn
x0

��m��������w}�x�nF��y@{·sDxwu�{-meuF¨ivzn£xznF{£xwyÀ{Y��men¥si����y@{-n¥nY������}¦����uYx·q��zxw}�m��P��xwn¥���NuY�¦�A�
{Y����yen£�emt�wuF��{-�zuYx"xwyt�w��y��e��{Y����yen)ye������ye��}�xznw� ­�yÀ����y@{YuYx�obmex�}¡p¢xW��xW{`�ex��zxwn�sDxwuF{YmeuY¨e�N{-����yen·nFmeu
}�x��wuY�k{-�zuYx��<p���s�{Y������n-�/{-����y�nwp�xW«�seuF����x�nY��men)}¦���\��uY��x�Â

δJ0 = λT
∣∣
t+
0

· δx0 +
∂G0

∂θT

∣∣∣∣
(x,p,θ)n

· δθ +
ns∑

i=1

∫ t−i

t+i−1

∂H(i)
0

∂θT

∣∣∣∣∣
(x,λ,u,p,θ)n

· δθ
�
t
­ × � Ö �@µ

©~p�xW«�seuYxznYnF����y �exzn��w�[xzÎ��w��xwy@{-n��ex�nYxwy�nY��¨���}��k{-v��
θ
J0

∈ R
q xW{�� x0

J0
∈ R

n uFxwnFsixz�z{-�k��xz��xzyb{�uFxw}��N{-�k�\n
��m[« s���uY�����W{-uFxwn§xz{£��m[« �w��y��e��{Y����yen§��ye��{Y�¦��}�xwnH�emÕ���[�e�w}�x`xwn�{`�N}���uFn�������vz�e�¦�/{-x�Â

� θk

J0
=


 ∂G0

∂θk

∣∣∣∣
(x,p,θ)n

+

ns∑

i=1

∫ t−i

t+i−1

∂H(i)
0

∂θk

∣∣∣∣∣
(x,λ,u,p,θ)n

�
t


 , k = 1 . . . q

­
5.14a

µ

� x0l

J0
= λT

l

∣∣
t+
0

, l = 1 . . . n
­
5.14b

µ
Í`�Nyen�}�xH�J�N�euYx±�<p¢m�y�seuY��¨�}��w��xH�<p¢��s�{-������n-�N{Y����y�nF��men��z��y@{-u-�N��y@{-xznw|�}�xwn¶�N��uY���N{-����yen¶�exwn½�w��y@{-uY����y@{Yxwn
Jj

­
j ∈ Iact

µ½����n��1q/� �[��n~��xwn�sixzuF{YmeuY¨��/{-����yen
δθ

xW{
δx0

nwp�xW«�seuY����xzy@{5nF��men�meyex¥�\��uY��x�vzo[m����N��}�xzy@{-x
qÕ­ × � Ö ��µone}�xzn¥�w�[xzÎ��w��xwy@{-n¥�ex�nYxzyenY��¨e��}���{Yv`�exwn)�w��yb{Yu-����y@{-xwn¥nF��y@{£����yeyevzn£s��Nu�Â

� θk

Jj
=


 ∂Gj

∂θk

∣∣∣∣
(x,p,θn)

+
ns∑

i=1

∫ t−i

t+i−1

∂H(i)
j

∂θk

∣∣∣∣∣
(x,λ,u,p,θ)n

�
t


 , j ∈ Iact , k = 1 . . . q

­
5.15a

µ

� x0l

Jj
= λj

T
l

∣∣
t+
0

, j ∈ Iact , l = 1 . . . n
­
5.15b

µ
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∂xT
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Â

� θ
x

(
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(
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=
� θ
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)
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)
, i = 1 . . . ns
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�
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∂

∂xT
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]
· � θx +

∂

∂λT

[
∂H(i)

∂u

]
· � θλ +

∂

∂uT

[
∂H(i)

∂u

]
· � θu � 5.23a �

+
∂

∂θT

[
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]
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m×n =

∂
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]
· � x0

x +
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∂λT
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· � x0
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t+i

· σi

• � ®W¹�ÐW¼6
w¼Xº3¼X² 7O8B� Ð��7ÐW² �WË�®�8": 7W²>Æ�²`Â

˙
�
θ
x =

∂

∂xT

[
∂H(i)

∂λ

]
· � θx +

∂

∂λT

[
∂H(i)

∂λ

]
· � θλ +

∂

∂uT

[
∂H(i)

∂λ

]
· � θu +

∂

∂θT

[
∂H(i)

∂λ

]

� 5.25a �
˙
�
x0

x =
∂

∂xT

[
∂H(i)

∂λ

]
· � x0

x +
∂

∂λT

[
∂H(i)

∂λ

]
· � x0

λ +
∂

∂uT

[
∂H(i)

∂λ

]
· � x0

u � 5.25b �
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˙
� θ
λ

= − ∂

∂xT

[
∂H(i)

∂x

]
· � θ

x
− ∂

∂λT

[
∂H(i)

∂x

]
· � θ

λ
− ∂

∂uT

[
∂H(i)

∂x

]
· � θ

u

­
5.26a

µ

− ∂

∂θT

[
∂H(i)

∂x

]

˙
� x0

λ
= − ∂

∂xT

[
∂H(i)

∂x

]
· � x0

x
− ∂

∂λT

[
∂H(i)

∂x

]
· � x0

λ
− ∂

∂uT

[
∂H(i)

∂x

]
· � x0

u

­
5.26b

µ
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w¼Xº3¼X²	7:Ð 8[®SºP: 7W²>Æ�²`Â
� θ
x

(
t+0
)

=
�

n×q � 5.27a �
�
θ
x

(
t+i
)

=
�
θ
x

(
t−i
)

+

(
f (i)

∣∣∣
t−i

− f (i+1)
∣∣∣
t+i

)
· σT

i · � θp � 5.27b �
�
x0

x

(
t+0
)

= 	 n×n � 5.27c �
�
x0

x

(
t+i
)

=
�
x0

x

(
t−i
)

+

(
f (i)

∣∣∣
t−i

− f (i+1)
∣∣∣
t+i

)
· σT

i · � x0

p � 5.27d �
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w¼Xº3¼X²	7:Ð 8[®SºP: Æ�8��JÉ/¼X¹�²·Â

�
θ
λ

(
t−ns

)
=

∂2G
∂θ∂xT

∣∣∣∣
t−ns

+
∂2G
∂x2

· � θx
∣∣∣∣
t−ns

+
∂2G

∂p∂xT

∣∣∣∣
t−ns

· � θp � 5.28a �
�
θ
λ

(
t−i
)

=
�
θ
λ

(
t+i
)

+
∂2G

∂θ∂xT

∣∣∣∣
t−i

+
∂2G
∂x2

· � θx
∣∣∣∣
t−i

+
∂2G

∂p∂xT

∣∣∣∣
t−i

· � θp � 5.28b �

λ · ∂f (i)

∂xT

∣∣∣∣∣
t−i

− λ · ∂f (i)

∂xT

∣∣∣∣∣
t+i




T

· σT
i · � θp

� x0

λ

(
t−ns

)
=

∂2G
∂x2

· � x0

x

∣∣∣∣
t−ns

+
∂2G

∂p∂xT

∣∣∣∣
t−ns

· � x0

p � 5.28c �
� x0

λ

(
t−i
)

=
� x0

λ

(
t+i
)

+
∂2G
∂x2

· � x0

x

∣∣∣∣
t−i

+
∂2G

∂p∂xT

∣∣∣∣
t−i

· � x0

p � 5.28d �

λ · ∂f (i)

∂xT

∣∣∣∣∣
t−
i

− λ · ∂f (i)

∂xT

∣∣∣∣∣
t+
i




T

· σT
i · � x0

p
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5.7b
µ5xW{"­

5.7c
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νj
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Í·x�ye��m���xw��m�«t�z��xWÎ��z��xzyb{Yn��ex�nYxwy�nY��¨���}��k{-v �

θ
ν

xz{ �
x0

ν

�Nses���uY����nFnYxwy@{��e��ye������yen�}�xwn�uYxz}¦�N{Y����y�n·�em
n�¬�n�{-�z��x"��}�¤�vw¨euF�N�1�e�k��vzuYxzyb{Y��xz}�­ × �����@µ − ­ × ��� � µ·Â

� θ
ν

=
∂ν

∂θT

xW{ � x0

ν
=

∂ν

∂x0
T

­ × ��� W µ
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ns∑

i=1

∂G
∂xT

· � θ
x

∣∣∣∣
ti

+
∂G
∂pT

· � θ
p

+
∂G
∂θT

=
�

1×q

nF�
j ∈ I ����� ­

5.30a
µ

� θ
νj

=
�

1×q

nF�
j ∈ [1, r] \ I ����� ­

5.30b
µ

ns∑

i=1

∂G
∂xT

· � x0

x

∣∣∣∣
ti

+
∂G
∂pT

· � x0

p
+

∂G
∂θT

=
�

1×n

nF�
j ∈ I ����� ­

5.31a
µ

� x0

νj
=

�
1×n

nF�
j ∈ [1, r] \ I ����� ­

5.31b
µ
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µ·Â

� θk

J0
=

ns∑

i=1

[
∂G0

∂xT
· � θk

x

]

t−i

+
∂G0

∂pT
· � θk

p +
∂G0

∂θk

­
5.32a

µ

+

ns∑

i=1

∫ t−i

t+i−1

[
∂L
∂xT

· � θk
x +

∂L
∂uT

· � θk
u +

∂L
∂pT

· � θk
p +

∂L
∂θk

] �
t+ L|t−ns

· σT
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· � θk
p

� x0l
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∂G0
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x

]
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· � x0l

p
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∂L
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t
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}Qr3�em�pCh�tOj�g<h¾��w¿j����Qmnh��km��afÁ{_fv}1hZpam�j#���#�
Î;w�mkhZp��ap�nsfAhZp�j�g��km�lnmwn¾fv����j�}spChZ·���mwn��xw¿mwnQhspa��fAhZp�j�g
l3jvg��Qj�pag<hsm3��m3g<h¾f�m#¥
fv�a��jv}sp�hs·���mwni��w�j�{#hZpa��pC�

nsfAhZp�j�g��k�$g_fA��p�o[mkm&�em�{�}sj$l3rn��r�mznQhBmng<�#p�nZfv�vr��_fvg�ni��f���m3}Qg�pa�n}sm&{_fv}Qhspam��emLl9·�fv{�p�hs}smÁÄ�� jk�l��Æ��#Àimwn
��mn}sg�p�m3}Fn�mkhZp��ap�nsm3g<hi�amwn�mwn1hZpa��fAhspaj�gen@��mE� w�r�h9fAhimnh���mzn�{_fv}sfv����hZ}Qmwni��m
��j$���3��m�}Qr3�em�pChB��mE��fvg�p��3}Qm
y�fvl�h-m_fA�ap�nQm3}@�amznB{qjv�ap�hspaobm�mzn�j�{#hZpa��fv��mwn@�xwzfAr3}ZfThZpajvgL�em
}sr3fvlnhsmwm�}n~�mnh�nsj�g<h��_f�nQrwn§nFm�}B�amznBl3jvg�l3mn{kh-n
��mF�afÁl3j�����fAg���mE{�}Qr3��p�lnhZpC��mF��mzn¾{k}sj$l3r3�krwn3�

� �"! � � 4Y('*��D/D&)(5<>* 3 B $'& /�&

¶�j�m�}���mwn|}Zfvp�nsj�genEhsm3l9·�g�p�obm�mwn|j�mÌrnl3j�g�jv��p�o[mkmwn3~���mwnF��}ZfAg���mwmk}YnSnYmenQl3m3{#hZpa�k�amwn|�xw tnhZ}Qm���mwnFm�}srnmwn
��Ê�º5ÉC�vÊ���nFm�}"��mwnF{qm�hZpChZmwnSm�g�pChZrzn|��m�hZ}sfvp�hsm3��m3g<h|y¢�+j�m�mzn"fAlnhZpC��rnmwn
ÄOmnh|{���m�n|��rng�r3}sfv�amn��mng<h"nFm�}
��mwn��kpaj�{�}Qj#lnr3��rzn9Æ¥nsj�g<hE{+mwm¤gkj��Á��}QmwmenQmwn3�)T&j�}Q��p�n&�af���mwnFm�}sm|��mÁ��f�l3j�gkl3m3g<hs}ZfAhspaj�g¸m3g½j0¥$�#�v�3g�m
��p�nYnQj�men3~xf�m��Qj�m�}Q�xw¿·[mkp;��fv}Q��m3��m3g<h-}Qr3{_fAg��em�mA~ªnsmwmk�amwnF��mwn-lnj�g�l3mng<hZ}ZfThZpajvgenEm3g ff�njvhZm�fv����j�g�p�fAl0fv�
m�hBm3g
gkp�hZ}sfAhZm)nsjvg>h�fvl3lnmwnYnQpa����mwnBmng
�ap���g�m&y�m�gLlnj��kh���j#�kr3}srA~$f��vm3l-hsj�mkhZm�tOj�p�nHm�g
��rn��fvp+��m&��w¿j�}s��}Qm
��m
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��pagbmkhZmzn3����mzn���rnhs·�j#�kmwn¾{qmn}s��mnhshZfvg<h¾��m|�krnhZmn}s��pag�mn}��amwn¾l3jvg�l3mng>hs}ZfAhspaj�g�n&��mzn&lnj���{qj�nQrwn

j�}Q�<fvg�p�obm�mwn���p�j#�kr3��}sfv�_fv����mwn�mnh¾ff�njvhZrzn�m�¥#p�n1hZm3g<h�{+j�m�}1h9fvg<h|Äu�kj�nZfv�vmv~�nQ{qmnlnhs}sj���rnhs}spamA~����H¦3Å5Æ�~k��fvp�n
��mwnL�emk}sr3mzn
g�r3lnmwnFnZfvp�}smwn£{+j�m�}Ljv�khZmng�pa}��amÍ}QrwnFm���hZfAh�nsjvg>hL}sr3�k·�pa��pChZj�p�}smzn3~@�_fvgen�mkg lnj�g<hZmc¥#hsm½��m
lnj�����fvg��kmv~�{_fA}�}Zfv{�{+j�}1h¾y��afÁ�#pChZmznYnsmF�xw¿rn�vj���m#hZpajvg¢��m¸{�}Qj#lnr3��rA�

� Ë_gÍ�xw¿mwn1hZp���mn}¾��mwn�l3jvg�l3mng>hs}ZfAhspaj�g�n&g�jvgÍ��mwnYmk}sr3mzn3~+pa�µmznQh&g�r3lnmwnYnsfvpa}Qm"�xw�mkhspa�ap�nsmn}§m�gÍj���nsm3}1�AfT�
hsmwm�}|l9·_fv}s�vr���m�}sm3lnj�gen1hZ}Ymkpa}sm���w¿rnhZfAh|�em nQ�[n1hZ�3��mLy¢{_fv}1hZpa}F��mznÁ��}sfvg���mzm�}Yn|��mznYm�}Qr3mwn¢��Ê�º5ÉC�vÊ����
Î;w�mkhZp��ap�nsfAhZp�j�g���m-l3m-hH�${+mE�xw�fv�a��jv}sp�hs·���m&mznQh�l3j�m�}Zfvg<hsmEm3g��Er3g�p�m-��mwn�¶;}Qj#lnr3��rzn n_��w¿mwn1hZpa��fAhspaj�g���m
� w�r�h9fAh���mzn"{�}Qj#lnr3��rzn"l9·�p���p�o[mkmwn3~�{+rnhs}sj$l9·�pa��paobm�mzn3~µ��p�j#l9·�p���p�obm�mwnFj�m�m3g�lnj�}sm�r3��m3lnhs}sj$l9·�pa��paobm�mzn
f�tufvp�h�� w�jv���Qmnh¾��m�g�j��Á�k}smwm$¥£hZ}Zf0�Af�m#¥¢�km3{em�p�n��amF��p��ap�mwm
��mzn�fvgkg�r3mzn
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Ä � jv}sj�menQ·x~ ÏHWXW�� Æ��.¬¾g

fv{+m3} �wm���mwn¡{�}Qpag�lnpa{_fNm#¥�fA�a��j�}Qp�hs·���mzn��xw¿j��enQm3}1�vfThZpajvg�mwnQh@��jvg�g�r��_fvgen;��m�{_fv}sfv��}ZfA{�·�m jk� Ï � Ï �<¶�j�m�}
��mzn¡}Zfvp�nsj�gen;�km�hsm3��{en3~@nQmwm���m���w¿pa��{��arn��mng<h9fAhspaj�g|g[mk��rn}spaobm�m���m�Ë_�ChZ}Qm���m��Ffv�a��fvg�rnhsm3g���m�mznQh@palnp
mng>�$p�nZfv��rnmv�<Îµmzn¡f�ns{+m3l�h-n;}smn��fAhsp�t\n�y-��w¿pa��{��arn��mng<h9fAhspaj�gFgbm���r3}sp�obm�mB��mBlnmBhH�${qm��xw¿j��enQm3}1�vfThZmwmk}~nsj�g<h
��r�h9fvp��a��rwn��_fvgen&�am�{_fv}sfv��}ZfA{�·�m2jk� Ï ���#~°m�h-�amzn&}QrwnFm���hZfAh-n&j��khZmngbmen-�_fvg�n��am�l0fA��}sm|��m"� w�j���nsm3}1�AfAhZp�j�g
��mzn�{qm�hZp�hsmwn§n1h9fAhspaj�geni�xw�rn{em�}sfAhZp�j�g¢yÁ�qj�mkmwn¾fvlnhsp��vr3mwn¥nQj�g<h�{�}srznsm3g<hsrwn���fvgen��am�{_fv}ZfA��}Zfv{k·�m�jk� Ï �l�#�
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Îµmwn���rnhs·�j#�kmwn���m�nYm�{+m3}1�$p�nsp�j�g£mnh¾��mFl3jvg>hs}�����mEg�r3lnmwnFnsp�hsm3g<h&��mF��p�nQ{qj�nQm3}���m�nYm ��nsfv����mng>h¾�xw¿pag$�
tOj�}Q��fThZpajvg�nYm�}���w¿rnh9fTh���w¢m�g�{�}sj$l3rn��rv~°ÉuÅu�3Å#lnj�g�g_f���hZ}Qm¾��mwn¡�Afv}spafv���amzn¡�xw�r�h9fAh�obm�p+�am���rnË�g�p�nFnsm3g<h�y�m�g
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p�genQhZfvg<h|�kj�g�g�rA���;g�{�}ZfAhspaobm�mA~µpa�;mwn1h"}sfv}sm�obm�m���w¿m3genQm3�Á�k�am���mwnF�Afv}spafv����mwnE�xw¿rnhZfAh"��w¢m�g�{�}sj$l3rn��r
nQj�p�h���mwnFm�}srA~_mnh¾j�g£mwn1h�fA�aj�}Fn�fv��mng�rFy�mwnQhspa��m3}�lnmwn��Afv}spafv���amzn�y���w�fvpa��m��xw�jv�ensmn}Q�AfAhZmzm�}Yn¾�xw¿rnhZfAh0�
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ẋ = f (x,u,p) y = h (x)

u (t) + p

x (t)
y (t)

ymes (t)

x̂ (t)

prq:sut jk� Ïyv ­-�enQm3}Q�AfAhsmwm�}¾�xw¿rnhZfAh��xw�m�gÀn1��n1hZ�n��mF�k�$g_fv��paobm�mA�
¬¾gLj��enQm3}Q�AfAhsmwm�}i�xw�r�h9fAhimwn1h�m�g�n1��n1hZ�n��m-�#�#g�fv��p�obm�m-y"�afFtOjvp�n@��rnhsm3}s��pagkp�nQhsm&m�h§nQhsj#l9·�f�nQhspaobm�m

{_fA}�lnm3}QhZfvpag�n�f�nQ{qmnlnhYn3~@�_f�nsr�nYm�}�m�g'��j$���3��m
��fAhs·�r3��fAhspaobm�m£mnh�l0fv{�fv���am¢��m¢}smnl3j�gen1hZ}Fm�pa}QmÍ�amzn
�Afv}Qp�fv����mwn¾�xw¿rnh9fThEpag_fAl3l3mznYnQpa����mwn-y�{_fv}Qhspa}&��mÁ��mwnYmk}smwn�{���men¾tufvl3p��amn��mng>h&��p�ns{+j�g�pa�k�amwnn�+Î�m�nsl9·�rn��f
��mE{k}spagkl3pa{+m���w¢m�g¢j��enQm3}1�vfThZmwmk}�mwnQh��kj�g�g�r�nFm�}���f h�pa���Sjk� Ï � [�}sj�p�nB��}sj�m�{qmzn�nsjvg>h�}Qm3{�}QrwnQm3g<hZrzn-,k��m
{�}Qj#lnr3��rA~_�amE��j#�k�3�amE�#�#g�fv��p�obm�mEmnh¾��w¿j��enQm3}1�vfThZmwmk}��xw�r�h9fAh3�

� Ë_g���w�mc¥k{k}spa��m3}¡��m�{�}sj��k�a�3��m��xw¿j��enQm3}Q�AfAhspaj�g�nQj�men¡tOj�}s��m���fThZ·�rn��fAhspaobm�mA~v��fEln��f�nFnsm���mwn@{�}QjA�
lnr3��rzn���j�g<h���m¡��j$���3��m¡�k�$g_fv��paobm�mimznQh���rnË_gkp�nQj�men��af�tOjv}s��m���rng�r3}sfv�am�Äij#�/.�ÆxmznQh�p�l3p>l3jvgensp���r3}Qr3m&
0,

ẋ (t) = f (x (t) ,u (t) ,p)
Ä
6.2a
Æ

y (t) = h (x (t))
Ä
6.2b
Æ

j��
x ∈ R

n ~ u ∈ R
m ~ p ∈ R

` mnh y ∈ R
p �krwnsp���g�mng>hi}smzns{+m3lnhsp��vm3��m3g<h��amzn��vm3lnhsmwm�}Fn���mwn��vfA}sp�fA���amzn�xw¿rnhZfAh0~q��mwnEmng<hZ}srnmwnE��mwnFm�}Zfv�k�amwn�ÄOhZmn��{+j�}Qm3�a��mwn¾j�m¤��p�nsln}s�nhsmwnZÆ�mnhE��mzn`nsjv}QhZp�mwn-��mwnFm�}ZfA���amzn n

f
mnh

h
nsjvg>hi��mwn�l9·_fv��{eni�km&��mnlnhsmwm�}Fn�}sr3��m��ap�m3}Yn�Ä C∞

Æ�� � gkjvhZmn}�rn�<fv�amn��mng<hiobm�m&�amwn@��mnlnhZmzm�}Yn
u (t)

mnh
p
pag�ln��m�mng>h�yF��fEtOj�p�n;��mwn;�Afv}spafv����mwn;��fvg�pa{�m���fv�k�amwn�mnh��amwn¡{+m3}1h-m�}Q�_fAhZp�j�gen¡��mwnYmk}Zfv����mwn¡�em�nQ�[nQhs�3��mv�
��mF��fvg�p��3}sm���r3g�rn}Zfv��mv~�m�g¢j��enQm3}1�vfThZmwmk}¾��w�r�h9fAh¾mwn1h)m�g�n1�[nQhZ�n��m��k�$g_fv��paobm�mE�km��afÁtOj�}s��m1,

η̇ (t) = F (η (t) ,y (t) ,u (t) ,p)
Ä
6.3a
Æ

x̂ (t) = H (η (t) ,y (t))
Ä
6.3b
Æ

j��
x̂ ∈ R

n l3j�}Q}smzns{+j�g��
f�m$¥��vfA}sp�fA���amzn;�xw�r�h9fAhimwn1hZpa��r3mzn3~ F m�h H nsj�g<hB�kmwnil9·�fv��{�n���m���mnlnhsmwm�}Fn
}Qr3��m���pamn}Yn3~�m�h

η
}Qm3{�}QrwnQm3g<hZm
��m��vm3lnhsmwm�}���w�r�h9fAh"��m�� w�mznQhZp���fThZmwmk}3��Î;w�mn}s}Qmwm�}Á��w�j���nsm3}1�AfAhZp�j�g

e
mznQh

��r�Ë_g�p�m�{�fv}2,

e (t) = x̂ (t) − x (t)
Äij#��g>Æ

"�3W/6%&* .0) 14/2'�3+)a'�) 14)�H�H@)�:�H@7&'�)6=2.0/ '�) *+143+I0,�H@IP?2% 92:4%�:G3@/6.P) c '�/6%&* .>M ) *�,F/61�)�'�M :�H;/]H d '�)G* ,&3+?�1�: '�:G*5R&IP?6H+)G154&%�?6.0?692I0YZ7�) *,&/<3�.0) CD?A'�S4.0)[%�?6%�6 .0IP%�: /<I03+) c*7 T98 d ,�3+?2,F?Z*�:G) ,&/<3;:a/6*�H+I0% )�H<3b?�154&/6IP% c 8>=?=A@ d =Z%�M ) *�H ,&/2*a7�H+I0.0I0*+:4)CB
ẋ (t) = K · ϕ (x) −D · x − Q + F c*7 TD8 d??E

x ∈ R
nx
=
ϕ ∈ R

nϕ
=
K ∈ R

nx×nϕ
=
D ∈ R

nx×nx
=
Q ∈ R

nx
)�H

F ∈ R
nx

'�: *�I096%&)4%ZH\3+) *�,�)G1�H+I0_6)GC()G%ZHK.P)_6) 1 H+)G7�3 '�M :�H@/<HG=].0)!_2)G1�H+)47&35'�)G*51�I0%�:�H@I0YZ7�) *53+: /61�H+I0?6%�%�)G.P.0)G*G= .0/WCE/]H+3@IJ1�)a'�)G* 14?Z)GF�1�I0)4%ZH@*5'�)a3@)4%&'�)GCD)4%ZHG= .J/bCE/]H@3+IJ1�)'�)G*BH;/<7�O '�)['�I0.P7�H@IP?2%8=&.0) _6) 1 H+)G7�3 '�) *BH@/<7�O�'�M /<.0IPCD)G%2H;/]H@IP?2% )4H .P) _6) 1 H@)47�3 '�) *BH@/67�O�'�) 3@)IH�)4H@*�9Z/�J4)G7�O�T
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Àij�g�nQhZ}Fm�pa}Qm·m�g�j��ensmn}Q�AfAhsmwm�}B��w�r�h9fAhi}smn�$p�m3g<h���j�gkl-y"l9·�jvp�nsp�}���mwn@tOj�g�lnhspaj�g�n
F
m�h

H
��m£nsj�}1hZm-obm�m

e = 0
nQj�p�h`m�g�{+j�p�g>h-�xw�rnobm�pa��pa��}Qm�f�nQ�$��{khZjAhZpaobm�mn��mng<h�nQh9fA���am�{+j�m�}-�afL�k�$g_fv��paobm�m���m�� w�mn}s}smzm�}

�xw¿j��enQm3}1�vfThZpajvgx~�mnh¾obm�m���fÁlnj�g<��m3}Q��m3gkl3m|�vm3}Fn&lnm�{+j�p�g>h¥nQj�p�h-È;����È��v¼�¼���Ê �i}sfv{�pa�kmv�

� ���Z� ��« �V��� �- 
 ������� �2���������  
�- ��]���+ � � ���&���
T¾p�nQhsj�}sp�obm�m3��m3g<h���r���m3��j�{�{+rwn�m3g {�}smn��p�m3}���pamwm�{+j�m�}�� w�mznQhspa��fAhZp�j�g���m£��w¿rnhZfAh���mzn�n1��n1hZ�n��m£�k�<�
g_fA��p�o[mkmwnF�ap�g�r0fvp�}smzn3~���mwnFj��enQm3}1�vfThZmwmk}Yn���m ��fA�a��fvg Ä+�Ffv����fvg�~ ÏHW j � n��Ffv�a��fvg¤m�h>\±m�ln�+~ ÏHW j Ï Æ
m�h���m|Îªm�m3g>�+m3}Q��m3}ÁÄ Îªm�m3g>�+m3}Q��m3}n~ Ï W jfg>Æ�nsmSnsjvg>h&}ZfA{�pa��mn��mng<h&}Qrn�vr3�arzn�p�g_fv�_fv{#hZrwn¾{+j�m�}�j��enQm3}Q�vm3}
� w�r�h9fAhi��mwn�n1�[nQhZ�n��mzn�g�j�gL��pag�r3fvpa}Qmwnn� �&m-g�j��Á�k}smwm�nsmwn���rnhs·�j$��mwn�j�g<h�fvpag�nsp+rnhZr�{�}sj�{+j�nQr3mwni��m3{emkp�n
��m|��rn�emkh&��mwn-fvg�g�rnmwn

1970
{+j�m�}��£}sm3��r3�kpam3}n���#m3��j�gÍ��mwn¾l3j�g�lnm3{khYn·nQj�men1� �sfvl3mng<h-n-obmxw¿pa��n¾��mnhQhZmng>h

mng �Qmzmx~_l3mzn&j���nsm3}1�AfAhZmzm�}Yn¾{qmzmk��mng<hNt�hZ}smFln��f�nFnsrwn¾m3g
3
l0fThZr3�vj�}sp�mwn�Ä	�$j�}sj�m�ns·x~ ÏHWBW�� Æ ,

• Îµmwn�{�}smn��p�m3}FnÁ}srznYm��ChZm3g<h���m
� w�mc¥$hZm3g�nspajvg �kpa}smnlnhsm
��mwn�j��enQm3}1�vfThZmwmk}Yn��ap�g�r0fvp�}smznÁf�m�l3f�n���mwnnQ�[nQhs�3��m g�j�g#���apagkr0fvp�}smwnn~F�3Å5�<Å��am¸Ë_��hs}sm½��m �Ffv����fvg´rnhZmng��em Ä>l�f�
 ��pagen�V>p�~ ÏHWX` g>Æ�j�m � w�j��$�
nsmn}Q�AfAhZmzm�}���m�Îªm�m3g>�+m3}s�vm3}�rnhsm3g��em�Ä	��mnp�h

A~ ÏHW���` Æ�� x ��n�j�g<h�rnhsr�fv{�{���paobm�rwn�f0�vm3lSnYm�lnl3�wn&y���m
g�j��Á�k}smwm$¥"{k}sj$l3r3�krwn�m�h�tOj�g<h��xwzfApa�a��mwm�}Fnµ{_fv}1hZpam@��mzn�{���men�lnj�m�}ZfA����m3g<h�}smng�l3j�g<hs}srwn�m3g �Er3g�p�m
��mwn@¶;}sj$l3rn��rwnn���Ífv����}srB��mwm�};{+j�{emk��fv}Qp�hZrA~A{k��menQpamwmk}Yn�r�h-m���mzn¡j�g<h¡l3m3{+m3gk�_fvg<hi}Qrn�vr3�ar�obm�m�� wzfv{$�
{�}sj0¥#pa��fAhspaj�g¤��pag�r3fvpa}QmÁ��mzn"n1��n1hZ�n��m�g�j�g$�H�ap�g�r0fApa}smzn-{+j�mk�Afvpamng<h��nhZ}Qm�pag_fv��fv{khZrnm¸Ä9�3Å5�<Å���m��kp
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Ä9�3Å5�<Å �Ff�mkhZ·kpam3}�mnh@fv� ��~ Ï('�' . � �Fp��qjvg#�*)°fv}Q��m3jvh�m�h@fv���C~ Ï('�'�+ Æ�m�h¡��w¿j��ensmn}Q�AfAhsmwm�}¡f�n1�$��{khsjvhZp�obm�m
Ä�,BfNnQhZp�gÃm�h �&j#l9·_fApagx~ Ï('�'�-�� ��j$l9·_fvp�g´m�h�fA���C~ Ï('�' .�Æc�;Î�f {k��m�{_fA}Qh���mwn�}srznYm��Ch9fAhYn�}Qr3lnm3g<h-n
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�����3��mwn�nQj�g<h���rng�r3}sfv�amn��mng>hB��f"lnj�gensrnobm�m3g�lnm|��w¢m�gkmEpagen1hZ}Ymk��mng>hZfAhZp�j�g�p�g_fv�_fA{khZrnm-�em
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{���menE{�}Qr3l3p�nsrn��mng>h�{+j�nYnQpa����mv~�ÉuÅu�3Å¶mkhspa��p�nsmn}���mznFj��ensmn}Q�AfAhsmwm�}Fn�¼��$º � É����	�������µÎµm��qmznsj�p�g �km�lnm�hH�#{+m
�xw¿j��enQm3}1�vfThZmwmk}YnÁf¢�xw�fvpa���amwmk}YnErnhsr�}Qm3lnj�g�gbm�y£��m�g�jv�Á��}smzmensmzn"}Qm3{�}Qp�nsmzn3~�{+j�m�}��amwnF{�}Qj#lnr3��rzn"l9·�pI�
��paobm�mzn3~�{qr�hZ}Qj#l9·�p���p�obm�mwnFmnh|��p�j#l9·�p���p�obm�mwn�ÄZ�3Å5�<Å �;�a�ap�nEmnh"fv���C~ Ï('�F�F�� ��mk��p;mnhÁfv���C~ Ï('�'�+ ~ Ï('�'�� ~
Ï('�'��!� ��mkhs·_f|m�hBfA���C~ Ï('�'������ fAhspa}sf �Fm�m�hBfA���C~ Ï('�'�' fk~��_Æ�� ��mznim�¥#mn��{���mwn@��m¾��mznYm�}Qmwn¡tO}sr3obm�mng<hZmwnimnh
nsfvgen¡��r3�afvp�n½nsj�g<h¡��f�hsm3��{qrn}ZfAhYm�}smA~���f-{k}smwnFnsp�j�gx~��af-l3j�g�lnm3g<hZ}sfAhZp�j�g�m3g�j0¥#�$���ng�m���p�nFnsj�m�n@j�m�mng�l3jv}sm
��m�{+jvhZmng<hZpamn�¡}sm3�kj�¥ � ��wzf�m#hZ}sm�{_fv}1h0~���f£l3j�g�lnm3g<hZ}sfAhZp�j�g�mng���pajv��f�nFnsmzn|{+j�m�}��amzn"��p�j�{�}sj$l3rn��rwn|j�m
��m|��f���f�nFnsm|��j���r3lzm���fvp�}smF��j²�vm3g�gkmÁ��mwn&{qjv���$���n}smzn�m3gÍ{qj��C�$��rn}sp�nsfAhZp�j�g nsj�g<hE�kmwn-mc¥kmn��{k�amwn&��m
��mwnFm�}smzn&{+mwm£tO}srno[mkm3g<hZmzn&m�h&obm�pµ{k}srwnQm3g<hZmng<h-��mzn&��rn��fvp�n�nsp���g�pCË_l0fAhsp�t\nn�
Îµm�{�}sjv���a�n��mB�vr3g�rn}Zfv�_��m�� w�j���nsm3}1�AfAhZp�j�g�g�j�g#���apagkr0fvp�}sm@��m���hspC��h9f�m#¥"l3jvgensp�nQhZm¾yE��r�Ë_g�pa}~mkg�n1��n1hZ�n��m
��mF�af"tOj�}s��m ,

η̇ (t) = F̃ (η (t) ,y (t) ,u (t) ,p)
Ä
6.5a
Æ

x̂ (t) = H̃ (η (t) ,y (t))
Ä
6.5b
Æ

{+j�m�}§m�g¢{�}Qj#lnr3��r�g�j�g#���ap�g�r0fvp�}sm¾��r3ln}spCh&{�fv}��amE��j#�k�3�am·nYm�pC�vfAg>h ,

ẋ (t) = f (x (t) ,u (t) ,p)
Ä
6.6a
Æ

yi (t) = hi (x (t)) , i = 1 . . . p
Ä
6.6b
Æ

y′i (tik) = h′i (x (tik − τi)) , i = 1 . . . p′ , k = 1, 2, . . .
Ä
6.6c
Æ

f0��mnl
y′ ∈ R

p′ �am£��mnlnhsmwm�}
��mznL��mwnYmk}smwnÍºa��Ê �/�9È�~ tik Ä k = 1, 2, . . .
Æ��amwn�pagen1h9fvg<hYnL��mÍ��mwnFm�}sm

lnj�}s}Qmwns{+j�g���fvg<h-n3~
τi
�am���r3�afvpifNnYnsj$l3p�r�fNm#¥���mwnFm�}smzn

y′i
mnh

F̃
~
H̃
~
h′ ��mwn|l9·_fv��{enÁ��m���mnlnhZmzm�}Yn}Qr3��m���pamn}Yn3���&g�m¡l3jvg���p�hspaj�gEgkr3l3mznYnsfvpa}Qm�y�� w�j���nsm3}1�AfAhZp�j�gE��m¡l3m;hH�${qm@��m~n1��n1hZ�n��mzn�mwn1h�o[mkm@��m;{�}sj$l3rn��r

nQj�p�h���j#l3fv�amn��mng>h�jv�ensmn}Q�Afv����m�{�fv}�}Zfv{�{+j�}1h¾f�m#¥¢��mwnYmk}smwn�»$�
 +É %$�9È 2 7Áf�m$¥¢��mznYm�}Qmwn�ºa��Ê �/�9È��6�H��mznQh
mng m �qmnhLtO}Qr3obm�m3g<h£mng {k}ZfAhspaobm�mÍobm�m½��mwn�nsmwmk�amwn
��mwnFm�}smzn¤»$�
 +É %$�9È½g�m½{+m3}Q��m�hshsm3g<h
�xw¿j��enQm3}Q�vm3}
obmxw�m�g�m�{_fv}1hZpamE�km�� w�r�h9fAhB�em�n1�[nQhZ�n��mA�
Î;w¿j��ensmn}Q�AfAhspaj�gÃ��m���hspC��h9f�m#¥Âf�pagkp�hZpafv�amn��mng<h�rnhZr¸rnhYm���parnmÍ�_fAgenL�am¢l0fA��}sm¸�em´Ë_�ChZ}sm¢��m"!Ffv����fAg
r�hZm3gk�emx~µ{+j�m�}�m�g {�}Qj#lnr3��r���m�{+j����$��r3}Qp�nZfThZpajvg�Ä �¡���ap�n�mnh�fA���C~ Ï('�F�F Æ � ��m���p�mnh�fv� �;Ä Ï '�'�+ ~ Ï('�'�� ~
Ï('�'�� Æ"j�g<h�{�}sjv{qj�nQr m�g´fA�a��j�}Qp�hs·���m�nsp���p���fvp�}smv~µp�g<hZr3�v}Zfvg<h���mwm$¥ r3l9·�mn�a�amzn���m
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��mzn£n1�[nQhZ�n��mzn�g�jvg#�H��pag�r3fvpa}Qmwn�nQm|}QmnhZ}Qj�mk�vm3g<h�lnm3{+m3g���fvg<h-f0��mnl"� w�j���nsm3}1�AfAhZmzm�}���m#!Ffv����fAgLrnhsm3g��em
��mk��hZpI��hZf�m#¥ Ä9¦%$nÅ;{_fv}ZfA��}Zfv{k·�m£{�}srnl3r3�km3g<hcÆc�BÀimznLf�nQ{qmnlnh-n�j�g<h���jAhZp��vr
�am£��r���m3��j�{�{+m3��m3g<h��xw�jv�#�
nQm3}Q�AfAhsmwm�}Fn|gkj�g#�H��pag�r3fvpa}Qmwn&��m���hspC��h9f�m#¥q~q��p�mwm#¥½fv�_fv{khsrwn�f�m#¥½l0f�nF��m�tOj�}1hZmwnFg�jvg#�H��pag�r3fv}spChZrwnÁÄ9�3Å5�<Å
� fAhZp�}Zf �FmÍmnhFfv� ��~ Ï('�'�' fk~¿�°Æ��&�&g�mÁf�mkhZ}Qm�fv{�{k}sj$l9·�mv~xlnj�m�}sfv����m3g<h·mkhZp��ap�nQr3m�m3g �Er3g�p�m(';�amnlnhs}spaobm�mA~
lnj�gensp�nQhsm yÂlnj��Á��p�g�m3}���mwn¢fv����j�}spChZ·���mwn¢º5ÉaÈ9È��vÊ �XÈ f0��m3l ��mznLË_��hs}smwn
�km)!�fA�a��fvg Ä+*¾j�g���~ Ï('�'�+��
� p��a�apafv��nsj�� m�h¾fv���C~ Ï('�'�� Æ��
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��fAhZp�j�g���m�� w�r�h9fAh���m��i��paj�{k}sj$l3r3�kr��EÄZ�3Å5�<Å �Ff��khZ·kpam3}@mnhBfv���C~ Ï('�' . � )°fv}$
0f�mnh�fA���C~ Ï '�'�� Æc� �;gL}sfvp��Qj�g
��m+�sf�tufvl3p��apChZr��xw�p���{k�ar3��m3g<hZfAhZp�j�gx~°��w¿j����Qm3}Q�AfAhsm���}-f��Q�$��{khZjvhspao#��m�f�tufAp�h-� w�jv���QmnhE�km�g�j��Á��}Qm����Qm��
fv{k{��ap�l0fAhspaj�g��&m3g hZ}sfvp�hsm3��m3g<hE��m���m3f��#¥ y
�+j���m��|fAlnhZpC��rnm���Ä�,Bf��1hZp�g½mnh ��j$l9·_fvpag�~ Ï('�'�-!� �Ífv}��sp��apC�
Îµpa�+m3���apxm�h �Epaj��Afvg�gkpag�p ~ Ï('�'���� ���$l-,Tfvm3}1h0~ Ï('�'�F!� *�fv���/�*�kfv��j�,
mnh �Fj���
3rv~ . -�-#Ï Æ��°Î;w¿pag<hZrn}#�nh&��m|l3m
hH�${+mÁ�xw¿j����smn}Q�AfAhsm���}Em��QhE��m.����{�{+j��Qm3}E�am���lnpag�r�hZpao#��m��-}sr3fvlnhspaj�gkg�m3���am��¾g�j�g/�QhZ}���lnh���}srnm��n� �-fvg��-��m
l3fv��}sm��km�� w!�#hZpa��p��sfAhZp�j�g£������j$���3��m"}srn����pCh�Ä + �D. Ï Æ&lnm3{+m3g���fvg<h0~µ�am��El3j�gk��p�hspaj�g����xwzfA{�{��ap�l0fAhspaj�g¸��m
� w�j����sm3}1�AfAhZm���}�f��Q�$��{khZjAhZpao#��m£g�m0�Qj�g<h�{_f��1�ZfAhsp��1tufvp�hsm��3�;Àij�����mL��mL��m3l�hZm���}

ϕ
��m���l3pagkrnhZp�o#��m��

}Qr0fvl�hZpajvg�g�m3���am��i���£��j#���n�am&}sr3����p�h�Ä + �D. Ï Æ@m��Qh���mE�kpa��m3g��Qpaj�g
5
~k��m-g�j��Á�k}sm-��mE��m�����}sm���Ä

m = 3
Æ

m��Qh�mng�m �qmnh�p�gktOr3}Qpam���}"f��Ì}ZfAg��¤��mL�af¢��fAhs}spalnm K ��m��Ál3j$m���lnpam3g<h��Á��mL}Qm3g���mn��mng<h¢Äu}Q� K = 5
Æ

ÄZ¦%$nÅ¡g�jAhZm£��m£�_f�����m£{_fv�vm 1 ~;{x� Ï(FLK Æ��;¶�j���}���w�fv{�{���pao#��mn}3~�p��&�3w�fv��p�}ZfvpChÁ��m2����{�{+j��smn}�lnm3}QhZfvpagkm��
lnpag�r�hZpao#��m��B}sr3fvlnhspaj�gkg�m3���am���l3j�gkg��km��3~kl3mEo#��p���pa��p�hsm3}ZfAp�h¡fv��j�}��3�sj�g
p�g<hZr3}$�nh3��Î;w!�#hZpa��p��sfAhZp�j�g��xw�jv���smn}1�
�AfAhsm���}����_f��Qr��4����}��af&�ap�g�r0fA}sp��sfAhZp�j�gFm�¥kfvl�hZmB���.�Q���Qhs�3��m��k�$g_fv��pao#��mij����v»$�vÊ&%&���vÉXÊ�m3gÁ}Qmn�Afvg�l9·kmv~
m��Qh¾}sm��QhZrnm|��fv}Q��pag_fA�am �����so#�xw�y�{�}Qr��Qm3g<h-mng¢hs}ZfvpChZm3��m3g<h��km��¾m0f��#¥0���srnm��"Ä����#l-,Tfvmn}Qh3~ Ï '�'�F Æc�

�H�ql3j�g<�$pamng���}ZfAp�h���m�l3j���{_fv}Qm3}B��m��B{+m3}1tOj�}s��fvg�lnm��B��mElnm�����pC��mn}���j����Qm3}1�vfThZm��k}����_fvg�����m�l3f�����m
Ë_����}smLr�h����kparv�1)°f��khsm���m�hsm3��{��"lnm3{+m3g���fvg<h0~4�Qm�����m���w��khspa�ap �ZfAhspaj�g½����Ë_��hs}sm��km !Ffv�a��fvg rnhsm3g����
���k��hZpI��hZf��#¥�f�{����nhZ}Qm¡m3g<�$p��ZfA��r3mA���¸fv�a��}Qr��am��µ{�}sjv���a�n��m���m3g<hspaj�g�gkr���{�}srnl3rn��m3����mng<h�y�{�}Qj�{+j��µ��m
lnmBhH�#{+m��xw¿j����Qm3}Q�AfAhsm���}��3~<��m���}Qr����k��h9fTh���j��#hZm3g#���5�Qj�g<h¡l3j�gkl3����fvg<h��3���H�km��1h;hZj��#hZmntOjvp����$}sfvp��Qm3�Á���afv����m
o#��m¢��w¿pa��{��arn��mng<h9fAhspaj�g �xw¿j����smn}Q�AfAhsm���}���g�j�g$�H�ap�g�r0fApa}sm��"{+j���}Q}Zfvp�m3g<h�{qmn}s��mnhQhZ}sm£�xw�fv��r3��paj�}Qm3}"lnm��
{+m3}1tOj�}s��fvg�lnm��3�+Àim��¾f��s{+m3l�h��¾��mn�$}sjvg>h¾tufvp�}sm-� w�j�� �Qmnh��xw¿rnh�����m�������hsr3}Qpam��k}sm��n�

6 2#7>3	8!0 2:9 7(5�7 ?<; 9>=18>7>3 ;$? 8�=@8

)°f��khsmL��m
��p �s{+j��smn}���m�����m�����}sm���m�¥#{qrn}sp���mng>hZfv�am��Ág�rnl3m����Zfvp�}sm��3~;�am�{�}sj$l3rn��r£m��Qh�}Qm3{�}Qr��Qm3g<hZr¸f��
��j���m3g"��m���j$���3��m�����fThZ·�rn��fAhspao#��m��iÄO��j$���n�am � �6�

1
j��"��j#���n�am¡}srn����pChA�Qm3�ajvg"�am¡l3f��9Æc~vf��$¥ko#��mn���

��m��;{qmn}Qh���}s�_fThZpajvg��4�Qhsj#l9·�f��Qhspao#��m��B�Qj�g<hB����{+m3}Q{qj��Qr3m��3�>Î�f-g�j�g#��pa��r3fv�apChZr@����{�}Qj#lnr3��r�}Qr3m3�km��Qh@fApag��Qp
}Qm3{�}Qr��smng<hZr3m|{_fv}���m��C�1���QhZ�n��m��&�km��afÁtOj�}s��m1,

ẋ = f (x,u,p, t) + ω (t)
Ä
6.7a
Æ

ymes = h (x) + ν (t)
Ä
6.7b
Æ

kTlIi�[yg�_Yrtoqi�[�b/_srED `v] Z�lIZ�6 lIzmr+_/[�{ ]
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j��½��m��-{+m3}1h���}Q�_fAhspaj�g�� �QhZj$l9·_f��1hZp�o��km��
ν (t)

m�h
ω (t)

�Qj�g<hF��m��E��}���p�h��-���afvg�l��E��f������Qpamng��El3mng>hs}sr��
��mFlnj²�Afv}Qp�fvgkl3m���}Qm��s{+m3l�hZpC��m�� Rf (t)

m�h Qf (t)
,

�
[ω (tk)] = 0

Ä
6.8a
Æ

� [
ω (tk) · ωT (tk)

]
= Qf (tk)

Ä
6.8b
Æ

�
[ν (tk)] = 0

Ä
6.8c
Æ

� [
ν (tk) · νT (tk)

]
= Rf (tk)

Ä
6.8d
Æ

Î;w¿pag�pChZp�fA�ap��sfAhZp�j�gE��m�����}ZfAg���m��k}�� Qf

m�h Rf

o#��pkl3fv}Zfvl�hZrn}sp��Qm3g<h¡��f&g_fAh��k}sm&�1hZj$l9·_f��Qhspao#��m�������j$���3��m
m��Qh¾�_f��Qr3m"����}��am���r3l3fv}Qh��1��hH�${+m��&��m���m3}Q}sm���}��¾pa��{��ap�o#��r3m�� ,

Qf =
�kp�fv� [

(σẋi
)2]

1≤i≤n

Ä
6.9a
Æ

Rf =
�kp�fv� [

(σyi
)2]

1≤i≤q

Ä
6.9b
Æ

§ 2�� = 7 3 2 =>2�� 5 = : 5 9 8 7 2�9@=18��	�
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�

Î�fÁhZmnl9·�g�pao#��m���m��¾Ë_�ChZ}Qm�����m !Ffv�a��fvg Äy!�fA�a��fvgx~ Ï '���-�� !Ffv����fAgLmnh , ��l��+~ Ï '��kÏ Æ�m��Qh���g�mEhZmnl9·#�
g�p�o#��m���mBË_�ChZ}ZfA��mi��rng�r3}sfv�am�fA{�{��ap�l0fv�k�am�y-��m��¡{�}Qj����a�n��m����xw¿m��1hZpa��fAhspaj�g|j�{khZp���fA�amv~²��m�{k}sr3�kpalnhspaj�g�~
��m&Ë_��hs}Zfv��m&��m-��}���p�h�j��
mng�l3j�}Qm-��m-lnj�����fvgk��m �1hZj$l9·_f��Qhspao#��mA�_Îµm���}Blnj�g��1hZ}��klnhZp�j�gLm��Qh��_f��sr3m�����}
�af�}Qm3lnj�{�pamF��m���f��k�$g_fA��p�o��km����/�Q���1hZ�3��m�j�}sp���pag_fA�xf���o#��mn����g¸hsm3}s��mF��m�l3j�}Q}sm3l�hZp�j�g£m��Qh�f �Qj��#hZr
mng¢tOj�gklnhZp�j�g£��m�����m�����}sm��&��p �s{+j�g�p����am��3��¶�j���}��am��1���QhZ�n��m��k�$g_fv��pao#��m�Ä � �D.�Æi{_fv}�m�¥#mn��{���m ,

˙̂x (t) = f (x̂ (t) ,u (t) ,p, t) + Kf · [ymes (t) − h (x̂ (t))]
Ä � � Ï(- Æ

j�����f���fAhZ}Qpal3m;�km�{_fA}Zfv���nhs}sm���f �����Qh9fA���am�� Kf ∈ R
n×q ~²fv{�{+m3��r3m@��fThZ}sp�l3m;��mi���vÉXÊ_~0m��Qh��krnhZmn}s��pag�rnm

��m �sj�}1hZmÁo#��m|�am��&�Afv}spafvg�lnm����km��-mn}s}sm���}�����m"��m�����}sm|mnh-��w�m��QhZp���fThZpajvg �Qj�pamng>h���p�g�pa��fv��m��3� �¡gÍl3m
�Qm3g��n~��amÍË_�ChZ}QmÍ��m)!Ffv����fvgÃm��1h �kg ¹���È���»��9� �H�
�$» ¹� �uÉX¼ �vº5� ,i}1�:�Qj�g mnh *¾j Ä Ï('���� Æ�{�}Qr��Qm3g<hZmng>h
�xw�fvp��a�am���}�����m�Ë���hZ}Qm|�km#!Ffv����fvg£�_fAg�� ��gkmÁfv{�{k}sj$l9·�m"��mnhQh9fvg<h¾m3g¤{�fv}Zfv���a�n�amE��f�g_fAh���}sm�j�{khspa��fv�am
��mFlnmnh¾j����Qm3}Q�AfAhsm���}¾mnh�� w�jv{khZp���p �ZfAhspaj�g��k�$g_fv��pao#��mv�
��p ��rn}smng>hsm���tOj�}s��m������ Ë_��hs}sm �B! ) �sj�g<h���p��1hZp�g�����rnm���m3gÃtOjvg�lnhspaj�g ��m¢��f½��fAg�pa�n}sm£��j�g<h*�sj�g<h
lnj�g��sp���r3}Qr3m���Ä

i
Æ¡��f�{�}sj�{�fv�<fAhspaj�g���m-� w�r�h9fAh�m��1hZpa��r¾m3g<hZ}Qm-��m��$¥
��m����k}sm��imnh0~�Ä

ii
Æ¡��f|lnj�}s}Qm3l�hZpajvgL��m

� w�m��QhZp���fThZpajvg�f��£��j���m3g<hB��mE�af"��m����k}smv� �-fvg����am�l3j�g<hZmc¥$hZmF��m-� w�r�h�����mA~��am �Q���Qhs�3��m��#�#g�fv��p�o#��m
r���j�� ��mi}sfv{�pa�km3��m3g<h0~²mnh��am���{+r3}sp�j#�km����xw�rnl9·_fvg<hZp��a��j�g�g_fv�vm���m�����m�����}sm���{qm��k��mng<h �nhZ}Qmip���{+j�}QhZfvg<hZm��
ÄO{������Qpam���}��µ��pag#�khsm��9Æ � l3m���f��s{+m3lnh���pa��{qj��Qm3g<h���f���p �sm;m3g%)%�k�$}sm¡�xw¿j����Qm3}1�vfThZm��k}�����m�hH�${qm-¦9¹TÊ �uÉXÊ��?�
%vÉaÈ�¦�»Z���u�
� ? = 7 392��
��� 0 ? : 71= 2 �$7(5 8BA�� Îµj�}��Qo��km���w¿m3g��Qm3�Á����m"��m��E��m�����}Qm��-m��QhF��p �s{+j�g�p����am|f��#¥Í�;�n��m��

p�g��QhZfvg<h��
tk
~��am��|rnhZfv{qm��"��m�{�}sj�{�fv�<fAhspaj�g mnh"��m�lnj�}s}Qm3lnhspaj�gÌ���ÌË_�ChZ}sm!�B!�) �sj�g<h���m��"����pI�

�Afvg<hsm���,
Ï �
��»Z¹� ������ �uÉ�¹TÊ %$�9È¸�9È�� ÉX¼ � �uÉ�¹TÊkÈ %$�
º������	� �"��� %$�Lº � ¼ � � »cÉ�¦9� %$�¸¦9¹��9�v»cÉ �vÊ�¦9� %$�Lº�� ��»��
»Z�
�$» ,
����}Zfvg<h�l3m�hshZm¾{�·_f��smv~>��m��¡r3o#�_fAhspaj�g��@�kp"�qr3}smng<hZpamn�a��m��;��rnl3}spC�Afvg<hi��m��;�Afv}spafAhZp�j�g���������mnl��
hsm���}��xw¿rnh9fThBm��1hZp���r

x̂
mnhB�km���f���fThZ}sp�l3m¾��m�lnj��vfA}sp�fAg�l3m&��m�� w�mn}s}sm���} P �Qj�g<h�pag<hZrn��}srnm��

mng<hZ}sm
t+k−1

m�h
t−k
fAË�g ��w�mngÌj��khsm3g�p�} ��g�m�{�}Qr3��p�lnhspaj�gx~xfv�aj�}��-o#��m���fL��m�����}sm�gxw�f
{_f��

mng�l3jv}smFrnhsr�}Qr0fv��p��Qr3m ,
˙̂x (t) = f |x̂

Ä
6.11a

Æ
Ṗ (t) = P (t) · fT

x

∣∣
x̂

+ fx|x̂ · P (t) + Qf

Ä
6.11b

Æ
Ï(F��
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j��
fx = ∂f

∂xT

mnh P ∈ R
n×n }smn{�}sr��smng>hsm ��fÌ��fAhZ}Qpalnm¸��mÍl3j��Afv}spafvg�l3mÍ��m¤��w¿m3}Q}sm���}

��w�m��QhZp���fThZpajvgL��rnË�g�pamF{_fv}2,

P (t) =
� [

(x̂ (t) − x (t)) · (x̂ (t) − x (t))T
] Ä

6.11c
Æ

.$����¹T»c»Z�9¦��uÉ�¹TÊ %$�9ÈF�9È�� ÉX¼ � �uÉ�¹TÊkÈ %$�&º������ � �;��� %$�&º �"¼ � �u»cÉ�¦9� %$�E¦9¹��9�v»�É �vÊ�¦9� %$�¾º�� ��»c»Z�
�$»1,
Îµm��&��m�����}sm���m �qm3l�h���rnm��Ey���w¿pag<h9fAg>h

tk
�sjvg>h �khZp��ap �sr3m���{qj��k}¾lnj�}s}Qpa��mn}��am��¾m��1hZp���fAhspaj�g��

x̂
(
t−k
) m�h P (t−k

) mng¸��pag�p���p �Zfvg<h���w¿m3}Q}sm��k}��xw�m��Qhspa��fAhZp�j�g ,

x̂
(
t+k
)

= x̂
(
t−k
)

+ Kf k ·
[
ymes

(
t−k
)
− h|

x̂(t−
k )

] Ä
6.12a

Æ

P
(
t+k
)

=
[ �

n×n − Kf k · hx|x̂(t−
k )

]
· P
(
t−k
) Ä

6.12b
Æ

Kf k = P
(
t−k
)
· hT

x

∣∣
x̂(t−

k ) ·
[
hx|x̂(t−

k ) · P
(
t−k
)
· hT

x

∣∣
x̂(t−

k ) + Rf

]−1 Ä
6.12c

Æ

j��
hx = ∂h

∂xT

�
Î;w¿rn�vj����khspaj�g ��m �afÂ��fAhs}spalnm½��m l3j��Afv}spafvg�lnm P m��Qh¢��j�g�gkr3m {_fv}£��w¿r3o#�_fAhspaj�g ��m ��palnl0fAhsp
Ä
6.11b

Æ�� � �����Qp�~<�am�l3fv�al����_�����<fvp�g���m !�fA�a��fvg Kf
{qm��kh �nhZ}Qm�l3j���{_fv}Qr�f��vm3l¾l3mn����p_�����<fvp�g

����}srn������fThZm��k}"j�{khspa��fv�;�xw���g �1�:�1hZ�n��mL��pag�r3fvpa}Qm�yÍl3}Qp�hZ�n}sm�o���fv��}ZfThZpao#��m¤Ä�,i}1���sj�g�m�hp*&jk~
Ï '���� Æc~�l3mFo#��pµ}ZfA{�{qmn�a��m �sj�g¢l0fA}Zfvl�hZ�3}QmFj�{khZp���fA���
ÎµmEtufvpCh�o#��m P gkm�lnj�g��1hZp�h���mFo#�xw!�kg�m"fA{�{�}sj0¥#pa��fAhspaj�g
��mF�afÁ��fAhs}sp�l3mE��mFl3j��Afv}Qp�fvg�lnmE}srnm3�a��m
�km��Ímn}s}Qm���}��Í��m {�}srn��pal�hZp�j�g mc¥#{��ap�o��km�o#�xw¿pa�Eg�m �sjvp�h¢{_f��¸{qj����sp����am ��m �<fv}sfvg<hZpa}
�af {+m3}/�
tOjv}s��fvg�l3m�����Ë_��hs}smv~�g�pB� �3��mL��m
{�}Qj��k�vm3}1�Zf �QhZfv��p��ap�hsrv��Îµm���r3o#�_fThZpajvg�������Ë_��hs}sm �B!�)
����{�{+j��smng<h��xw�f��khZ}Qm�{_fA}Qh�o��km��am¾��j#���n�am�����{�}sj$l3rn��r�m��QhBmc¥kfvlnh � f���l���g�m�}Qj������1hZm����smEg�w�m��Qh
�kj�g�lF�<fv}sfvg<hZpam�l3j�g<hZ}Qm|��m���mn}s}sm���}��¾��mF��j#��rn�ap �ZfAhspaj�gx�

� ? = 7 392��
��� :<8>= 7 ? �$7(5 8BA � Îµj�}��Qo��km"�am��&��m�����}sm����Qj�g<h-��p �s{+j�g�p����am���y���m���pag��Qh9fAg>h��
tk
��p ��rc�

}Qm3g<h��n~�� wzfA{�{��ap�l0fAhspaj�g½���ÌË_��hs}sm���m !�fA�a��fvg m��Qh.�sp���p���fvp�}sm"��fvg��"�af¢��m�����}sm�j��Ì��m���j$���3��m
�#hZpa��p��Qr-m��1h�j����sm3}1�Afv���amF{+j���}��am�����p"�qr3}Qm3g<h��¾m3g��Qm3�Á�k�am��¾��m���m�����}Qm��n� ��fvg��¾�amEl3jvg>hsm�¥$hZm|��m
� w�r�h����kmv~���m�����m�����}Qm�����mEl3jvg�l3mng>hs}ZfAhspaj�g£mng¢j0¥$�$���3gkm��kp����Qj���� �sjvg>h��kp��s{+j�g�p����am��itO}srno#��m3���
��m3g<h3~<fv�ajv}��;o#��m��am��;��m�����}Qm��¡��m��@l3jvg�l3mng>hs}ZfAhspaj�g��;m3g�f�
3jvhsm¾fv����j�g�pafvl0fA�$m�h@m3g�g�p�hs}ZfAhsmBg�m
��m �Qj�g<h�o���wzy���m���{qrn}spaj$��m��B{������B�aj�gk����m��EÄu�����ChZp�{��am�����m���{qrn}sp�j#��m��i��m�����m�����}Qm���}ZfA{�pa��m��9Æc�
*¾j�}s��p��@�am��i{+r3}Qpaj$��m��@�xw�fvg_fvrn}sj���p�j��sm&����}sfvg<h��am��so#��m3���am��Bf���l���g�m-lnj�}s}Qm3l�hZpajvg���m-�af|lnj�g�l3mng#�
hs}ZfAhspaj�gÌ��m���lnj���{+j��Qr���j�}Q�<fvg�p�o��km���gxw¿m��1h�{qj����sp����amA~��am���j$���3��m�}Qr3����pCh�m��1h�j����Qm3}Q�Afv�k�am£y
{�fv}Qhspa}���m����sm����am��&��m�����}sm��"»$�
 +É %$�9È£ÄOl3j�gk��p�hspaj�g���fAr3}sjv��pam��9Æ�mnh&��m����sm��k�am��&��m�����}Qm��|ºa��Ê �/�9È
ÄOl3j�gk��p�hspaj�g��i�xwzfAg�j0¥kp�m�Æc�
�;g<hZ}Qm���m��$¥�{qjvpag<h����kmB��m�����}Qm ����lnl3m����spCt<�3~>��f&{�}sj�{�fv�<fAhspaj�g|��m���w¿rnhZfAh

x̂
mnh;��m��af���fAhZ}Qpal3m P�kmil3j��Afv}Qp�fvg�lnm��kmi��w¿m3}Q}sm���}�m��Qh���j�g�g�rnmB{_fv}��am �Q���1hZ�3��mEÄ � � Ï�Ï Æ�� � �#¥|pag��1h9fvg<h�����mi��m�����}smA~A�af

��fAhs}spalnmB��m��<fApag���m !Ffv�a��fvg Kf k

m��Qh@l0fv��l�����r3mB{�fv};��f-}Qm3��fThZpajvg£Ä
6.12c

Æc�<Î�fEhZfvpa���am@��m�l3m�hshZm
��fAhs}spalnm��Afv}sp�m �smn�aj�g¢�am&hH�#{+m���mF��m�����}QmEm �qm3lnh���r�mnh¾�am���l3j�g��kp�hZp�j�g���f�� �Qm3pag£���¢}sr3fvlnhsm���}n~
�3Å5�

dim Kf = 5 × 1
�ajv}��so#��m �sm����am|��f�l3j�g�lnm3g<hZ}sfAhZp�j�g¤mng¤j0¥#�$���ng�mÁ��p ���Qj�����m��QhE��m�����}srnmv~

dim Kf = 5 × 3
��j�}��Qo#��m��am��-l3j�gkl3m3g<hs}ZfAhspaj�g��Emng j�¥$�$���ng�m���p����sj����n~µfv����jvg�p�fvo#��m�mnhFgkpC�

hs}ZfAhsm �Qj�g<h-��p �s{+j�g�p����am��C�Qpa���k��h9fAg�r3��m3g<h0~����H¦3Å�Î�f�lnj�g�g_fAp����sfvg�lnm"���¸�<fvpag¢{+m3}s��mnh&m3g�����pChZm
�km¾lnj�}s}Qpa��mn};��w¿rnhZfAh@mnh@��m���fE��fAhZ}Qpal3m��km¾lnj��vfA}sp�fAg�l3m���m¾��w¿m3}Q}sm��k}5�sm3��j�g��am��¡}Qm3��fThZpajvg��¾Ä

6.12a
Æ

m�h"Ä
6.12b

Æ��

Ï(F�F
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Îµm���}sr������Ch9fAh��F}sm3�afAhZpCt<�Ey
��w¿pa��{��arn��mng<h9fAhspaj�g¸��� Ë���hZ}Qm �0!�) �����ChZpI��h9f��#¥¤{+j���}F� w�j����sm3}1�AfAhZp�j�g½��m
� w�r�h9fAhF��� ��j#���n�amÁ}Qr3���kp�h�Ä + �/. Ï Æ&tOj�g<hF��w¿j����QmnhF�km�lnm�{�fv}Zfv�v}Zfv{�·kmv�µÎ;w¿j����Qm3l�hZpCtim��Qh|�xw�m��Qhspa��m3}E�am��
lnj�g�l3mng<hZ}ZfThZpajvg��µ��m���lnj���{+j��Qr��µj�}Q�<fvg�p�o��km��µ��p�j#��rn��}ZfA�_fv����m��

Xba
DCO

mnh��xw�f�
njvhZm;j�}Q�<fvg�p�o#��m4�sjv��������m
Sba

ND

y-{_fv}1hZpa}���m���l3j�gkl3m3g<hs}ZfAhspaj�g���m3g�j0¥$�#�v�3g�m���p ���Qj����
Sba

O

~vmng�fv����j�g�pafvo#��m
Sba

NH

mnh;mngÁg�p�hs}ZfAhsm
Sba

NO

�
Îµm��@{+m3}QtOjv}s��fvg�l3m�����Ë_�ChZ}sm �B!�) �Qj�g<hir��Afv����rnm���y�� wzfApa��m���mC�sp������afAhZp�j�g�����mnhQh9fvg<h@m3g �Qm����km��

mn}s}sm���}��C���k}¾� w�m��Qhspa��fAhZp�j�gL��mF��w¿rnhZfAh�pagkp�hZpafv�
x̂ (t0)

�°Î;w¿pag
� �km3g�lnm��km��¾m3}s}Qm���}��&�km���j$��r3��p��ZfThZpajvg����
{�}Qj#lnr3��rEm��Qh�rn�<fv�amn��mng<hBrnh�����p�r3mv�_Àim���rnh�����m��C�Qj�g<h�g�r3lnm����Zfvp�}sm���{+j���}Br�h9fv�k�apa}�Ä

i
Æ���f|l0fv{_fAl3p�hsr-���

Ë_�ChZ}Qm�y
}sm3lnj�g��1hZ}��kpa}sm�� w�r�h9fAh���� �Q���Qhs�3��m¸ÄO�$p�hsm����Qm���m�l3j�g<�vm3}s�vm3g�lnmv~B���/¦3Å5Æ�m�h�Ä
ii
Æ �Zf
}Qj������1hZm����sm

�$p��/�/yT���$p��;��m&��w¿pag�mc¥�fAlnhZpCh����km�������j#�k�3�am�}Qr3���kp�h-Ä fv{�{k}sj0¥#pa��fAhZp�j�g���}Qm3��fThZp��vm���f��#¥��Qpa��{��apCË_l0fAhspaj�g��3~
mn}s}sm���}�� ����}B��m��B{�fv}Zfv���nhs}sm��3~µ���/¦3Å5Æc�
�-fAg��B�am��i��m��#¥
l3f��3~#�am��i{_fv}sfv���nhZ}Qm������
��j$���n�am¾}sr3����p�h �sj�g<h
����{�{+j��sr��&lnj�g�g#��� ,_�am����Afv��m���}���{�}sr3fv��fv�k�am3��m3g<h�m��Qhspa��r3m��-Ç_¹T»ZÈ�º5ÉC�vÊ��F��jvg�g�r3m��&��fvg����am � fv�x� + � K
ÄO{x� Ï +�K Æ.�Qj�g<h �khspa��p��srnm���mnh���m���{qmn}Qh��k}s�_fAhspaj�g���p�g�l3p���m3g<hsm������ �1���QhZ�n��m�Ä

Qin ~ X in
DCO

~
Sin

NH

mnh
Sin

ND

Æ&�sj�g<hC����{k{qj��Qr3m��&��m�����}srnm�����Ê½º5ÉC�vÊ����
Î;w¿pag�pChZp�fA�ap��sfAhZp�j�g-���ÁË���hZ}QmC�B!�)¤g�r3lnm����sp�hsm���f¾��j�g�g�rnm���m��;rnl0fv}1h��/��hH�${qm��;��m��;mn}s}Qm���}��;��mB��m����k}sm

σy

~���m@��j$��rn�ap��sfAhZp�j�g
σẋ

mnh��xw¿m��1hZpa��fAhspaj�gFpagkp�hZpafv�am
σx

�TÎµm����Afv�am���}����khspa��p��srnm����sjvg>h�{�}Qr3l3p �srnm�����fvg��
��m � fv��� � � Ï �

������� � � Ï�� �Hg�p�hsp�fv��p��ZfThZpajvg���mF� w�j����sm3}1�AfAhZm���}���m !�fA�a��fvgx�
�x*3G1*3D��Z,HG/798 ��*32I7Z=<G/8

σy

[
2.10−1 2.10−1 10−1

]T

σẋ

[
2.5 10−2 2.5 10−3 2.5 10−3 5 10−3 2.5 10−3

]T

σx

[
5.10−1 5.10−1 5.10−1 5.10−1 5.10−1

]T

• Îµm���r3l3fv}Qh��1��hH�${+m��&��m���m3}Q}sm���}��¾��mF��m�����}Qm
σy

�sj�g<h¾��r�Ë_g�p���{_fA}2,

σy =
[
σSba

NO
σSba

NH
σSba

O

] Ä
6.13a

Æ
�;g {k}ZfAhspao#��mv~�l3m��L�vfA�am��k}��L��jvp���mng<h �nhZ}Qm¤}smn{�}sr��smng>hZfAhZpC��m��¸��mÍ��fÌ{�}Qr3lnp��sp�j�g ��m��
��m�����}Qm��
tOj���}Qg�pam��E{_fv}-��m��El0fA{khZm���}��%�khspa�ap �sr��3� ��fvg��E�am�l3fv��}Qm���m�l3m�hshZm�r�h�����mA~µm3���am���l3j�}Q}sm��Q{qjvg���m3g<h
f��#¥£�k}���pCh���f �Qj��#hZr��¾f��$¥£��m�����}Qm�� �sp�������r3m���{�fv} ��g£��j$���n�am-��mF}QrntOr3}Qm3g�lnmLÄO��j$���n�am-}Qr3����pCh
j��¢��j$���3��m � ���

1
�Qm3�ajvg¸��mEl0f��ZÆ��

• �"w�f��khZ}QmF{_fv}Qh3~_�am���r3l0fA}Qh��/��hH�${+m|��m���m3}s}Qm���}��&�km���j$��r3��p��ZfThZpajvg
σẋ

�sj�g<h&��rnË�g�p���{_fA} ,

σẋ =
[
σẊba

DCO
σṠba

NO
σṠba

NH
σṠba

ND
σṠba

O

] Ä
6.13b

Æ
ÎµmÁl9·�j�pI¥Í�km"l3m��-�Afv�am���}��&m��Qh-{������&��r3��pal3fAh0� �H����j�p�h&}sr������ChZmn}��xw���g½l3jv��{�}Qj���p���m3g<hZ}QmÁ��m��#¥
f��s{+m3l�h��£���'Ë_�ChZ}Qmv��Àijvg��sp���r3}Qm3}
��m��L�vfA�am��k}��Lrn�amn�vr3m��¢{+m3}Q��m�h
�xw�fv��r3�ap�j�}smn}��af��$p�hsm����Qm½��m
l3j�g<�vm3}s�vm3g�lnmÍ��m£��w¿j����Qm3}1�vfThZm��k}3~���fvp��Áf�������m3g<hZm
mngÃlnj�g<hZ}Qm3{_fv}1hZp�m
��f �smng��sp���pa��p�hsrL��m���m��1�
hZp���fAhspaj�g��F�$p �1�/y²���$p��F��m��Á��}��kp�h��|��m���m�����}smA~iÉuÅu�3Å��kpa��pag#��m���j�g�l���f¸}Qj������1hZm����sm
���ÌË_��hs}smA�
Îµm����vfA�am��k}�����j�g�gkr3m����_fvg�����m � fv�x� � � Ï j�g<h�rnhZr¢j��khsm3g#��m���{_fv}+�kg�mÍfA{�{�}sj$l9·�m¢��m£hH�#{+m
m����Zfvp �DCAmn}s}sm���}��n�

Ï(F�'
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• �;gkË_gx~$��w¿pag�pChZpafv�ap �ZfAhspajvg���m&��fE��fThZ}sp�l3m���m¾l3j��Afv}spafvg�lnm P (t0)
m��Qhi�_f��srnm ����}���m��@r3l3fv}Qh��1��hH�${+m��

��m��¾m3}Q}sm���}����xw¿m��1hZpa��fAhspaj�g
p�g�p�hsp�fv��m(,

σx =
[
σXba

DCO
σSba

NO
σSba

NH
σSba

ND
σSba

O

] Ä
6.13c

Æ

P (t0) =
��pafv� [

(σxi
)2]

1≤i≤n

Ä
6.13d

Æ
Àim��i�Afv��m���}���lnj�g���pChZp�j�g�g�mng>h@�af|l3jvg>�vm3}Q��m3g�lnm-����Ë���hZ}Qm&mng���rn���kh���w�j�{+r3}sfAhZp�j�gx~<��fvp��¡j�g<h�m3g
}sm��vfAg�l9·�m�{+m��¤�xw¿pagkl3pa�km3g�lnm�����}���f�{k}sr3lnp��Qpaj�g¤�km��-m��QhZp���fThZpajvg��3�°Îµm��&�vfA�am��k}��-fA��j�{khsr3m��E{�fv}
��f ����p�hsm£Ä � fv�x� � � Ï Æ¾j�g<hErn�<fv��m3��m3g<hErnhsrÁl9·�j�p �sp�m�� ����}-��f��_f��sm��km��E}sr������Ch9fAh��-��mÁ�kp"�qr3}smng<h��
m����Zfvp �3�

� 3 3 2�8>3 =�� 2�0 7 ? : 5�7(?
; 9 =>2 =�� 8 7(5�7 ? 9 ?@7 ? 5 =

Àij�g��spa�kr3}smn}i��m��imn}s}sm���}��i�xw�m��Qhspa��fAhZp�j�g1����}���w¿rnh9fThip�g�p�hsp�fv��{+m3}Q��m�hi��w�r��vfA����mn}��af�l3fv{_fvlnp�hZr¾����Ë���hZ}Qm
y�}sm3lnj�g��1hZ}��kpa}sm|��w¿rnhZfAh����Í{�}Qj#lnr3��rA~xfvp�g��spµo#��m��sf��$p�hsm����smÁ��m|l3j�g<�vm3}s�vm3g�lnmv� � Ë_g¤��m �3w�f���}sfvg�l9·�p�}
��m��
m3}Q}sm��k}��£��m½��j#��rn�ap �ZfAhspaj�g ��� {�}sj$l3rn��rv~i�am���hZ}Zf �Qm3lnhsj�pa}Qm��
��m½}QrntOrn}sm3gkl3m �sj�g<h2�Qpa������r3m��
f��
��j���m3g�������j#�k�3�am�}Qr3����pCh@mnhB��m��@��m�����}Qm��3�sj�g<h�j��khZmng#��m��Bmng ����{qmn}s{+j��ZfAg>h ��gL��}���p�h@���afvg�l&y�lnm��
hs}Zf �QmnlnhZjvpa}sm��3�vÎ�m���l3jvg���p�hspaj�g���pagkp�hZpafv�am��µ��m�}sr�tOr3}Qm3g�lnm�mnh;m��QhZp���rnm�� �sj�g<h¡��j�gkg�r3m��;�_fvg�����m � fv�x� � �/.$�

������� � �D. � Àijvg���p�hspaj�g���pag�pChZp�fA�am��@���¢��j$���n�am-��mF}QrntOr3}Qm3g�lnm|m�h¾��mF��w¿m��Qhspa��fAhZp�j�gx�
��*32I7Z=<G/8

x (t0) [114.93 4.06 0.47 2.05 3.60]T

x̂ (t0) [229.86 8.12 0.94 4.10 7.21]T

Îµm��;mn}s}Qm���}��@��w�m��QhZp���fThZpajvg"mnh¡�af�l3jv��{_fA}Zfvp �sj�gÁ�km��¡{�}sjAË_���B» �9��ºzÈ�m�h¡m��1hZpa��r�����m��¡��}sfvg���m���}��;��m����#�
}Qr3m��

Sba
O

~
Sba

NH

mnh
Sba

NO

�sj�g<hi}sm��Q{qmnlnhsp���mn��mng<h�}smn{�}sr��sm3g<hsr3m�� ����}B�am�� )�p���� � �D.��<f���l9·�m���m�hB��}Qj�p�hsm��n�
�;g´}sfvp��Qj�g ���´g�jv�Á��}sm£p���{+j�}QhZfvg<h���m¢��m�����}Qm��3~¡� w�m��QhZp���fThZpajvg���m¸�af½l3j�g�lnm3g<hZ}sfAhZp�j�g���m3gÃj�¥$�<�
���ng�m���p����sj����|l3j�g<�vm3}s�vm�}ZfA{�pa��mn��mng<h��vm3}��"��f
hZ}sf �Qm3l�hZj�p�}sm���m�}sr�tOr3}smng�l3m¤Äulnj���}s�+m�� ����{+m3}Q{qj��sr3m��9Æ
m�hB�am��Br3l3fv}Qh��Bl3jv}s}sm��s{+j�g��_fAg>h��&�sjvg>hB}sr3����p�h��EÄup�gktOr3}Qpam���}��iy

0.1
������Î

−1 Æc��Àim���}sr�������hZfAh���pa�������1hZ}smng<h
rn�<fv�amn��mng<h-��f�l0fv{_fAl3p�hsrÁ��mÁ� w�jv���smn}Q�AfAhZm���}Ey�Ë_�ChZ}Qm3}-��m����k}���pCh��-��m���m�����}smA�xÎ�fLl3jvg>�vm3}Q��m3g�lnm��km��
m��QhZp���fThZpajvg��B��m��¾lnj�g�lnm3g<hZ}sfAhZp�j�g���m3g¸fv����j�gkp�fvo#��m-m�h¾m3g¢g�p�hs}ZfAhsm-m��1h�g�m�hshsm3��m3g<h¾{���������m3g<hZmA~_��m
� w�j�}Q��}sm&��m-{�� ���sp�m���}��i·�m���}sm��3�_Îµm���r3l0fA}Qh��Bf��khZj���}i��m��BhZ}sf �Qm3l�hZj�p�}sm�����m-}QrntOr3}Qm3g�lnm��sj�g<h�rn�<fv��m3��m3g<h
{�� ���Fpa��{qjv}Qh9fAg>h��E{qj���}F�am��F��m�����}sm��|��m3g<hZm��LÄOl3j���{�}sp �Em3g<hZ}Qm

0.1
mnh

0.2
�����zÎ

−1 Æc� � ������m3g<hsm3}
��m��¡�vfA�am��k}��¡��m���{_fv}sfv����hZ}Qm��

σṠNO

m�h
σṠNH

{+m3}s��mnh��xw�fv��r3�ap�j�}smn}���fFl3jvg>�vm3}Q��m3g�lnm-����Ë_��hs}smv~<��fvp �
mng>hs}Zf��ag�m �kg�mi{�� ����tOjv}QhZm �smng��sp���pa��p�hsr���m���w¿m��1hZpa��fAhspaj�gE�$p��/�/yT���#p ����m����k}���pCh�����mB��m����k}smv���¾fv{�{+m3�ajvg��
o#��mF�am��i�Afv�am���}����km���{_fv}sfv���nhZ}Qm��

σẋ
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NO
−1


��������������

0

1

2

3

4

5

6
9:

00

 1
1:

00

13
:0

0

15
:0

0

17
:0

0

19
:0

0

21
:0

0

Sba
O

−1

Smes
O − Ŝba
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���������9t

ξ (x,ν) = f (x) +
∑

i∈I

[
νi gi (x) − 1

2
pi (gi (x))2

]
+
∑

i∈I ′

ν2
i

pi
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I = {1, . . . , re} ∪
{
i | re ≤ i ≤ r, gi (x) ≤ νi

pi

}

I
′ = {1, . . . , r} \ I
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M�ªNMAx rUv |/x t0 + (j − 1)T

x v
t0 + jT

��x v �-x w+yNz+i v �~t8S+| r v���i-xN| �xt+ 8x r lr�*� i rUv yNju|/v v ikt r w�x���vm�@t r � v i�t r w0�oyN�[v�| v w+t r6r x�»

E =
12∑

j=1

[
1 +

N∑

k=1

[
αk

sin (2 k π t)

2 k π
− βk

cos (2 k π t)

2 k π

]t0+jT

t0+(j−1)T

− τ j
Q

]2

z�Lmlts��

��x[y�}�v���x�S+|/y#wEx[y
5
}6|/xN�xi�x{|/y#�{t�x�K]�{i�x rUv y αk

x v βk
s³S6iE�]i r i��xi�y?x rOv �e�tx/,E}6|/x[y?y�ikt r z�Lmlts���}�t8S+|#�-xw+y{z+i v x v ��x[y#�{t r ��x rOv |/v v ikt r y�x r DCO x v NTK i r �{i�w�x rOv y
y�t rUv w+t r+r y[x�y<w�v r y���x10]v�z0lrLmlDÄul

��x[y } x{| v S6|�z~v v i�t r y½v�}�}6|�t-,�i��xy[x[y }~v�|WwEx[y5w+y�}8x{��t8}�}MxN��x rOv y*w�x 3
x v 5 v xN|���x[y]y�t rOv }6|�y[y?x rOv y�yYy/S+|��v�hWi�j+l�Lml)Ã�l~�*�oyN�%v
| v x rOv |/x��"�tv�}�}+|~t-,6ik��v v i�t r x v �-x[y#��x[y?S+|/x�y��xt+ 8x r+r x[y�w+ik�]i r S�xDz+i-x r x rOv x r w�Sv�}8x{���"�otu|~w+|/x

N
w�S�w+y�}8xN�kt8}�}MxN��x rOv l&0�t8S v x��@tui�y{�³v�S�w�x{� ��w�x 3 v xN|~�|x�yN�4��x�y�v�}E}+|�t-,�i��|v v ikt r yY}+|~y®�y?x rOv x rUv w�x r tu�mz+|/x�S�y/x�y�t�y��Nik����v v ikt r yNl�L v r y���vuy/S+i v x w�x��e� y v S+w�x
�+��x�y�v�}�}+|~t-,6ik��v v i�t r y
v�w+t�} v y�x[y�{tu|�|?x[y/}�t r wEx rOv v
i r y~i#�(wEx[y[w+y{}�xN�kt8}�}MxN��x rOv yxw�S 3ème tu|~w+|/x )*��v�}�tui rOv xSw�x�w+y{z+i v �xt�w6yN��i-y�y�xx rUv |/x 11

x v 13
��x[S+|?x[y�x[y vDr y[v r �xtui r y¶}+��SEy�y v v��ky[x sTS�x��[x{����xDw�x���vÂ} x{| v S+|�z~v v i�t r |�y[x{���-x�l

N8Ã�s



������� � � � ����� ������� �	���
� ��� � � 
 ��� 
 � � � � � � �
�	�
� � � � ��� � � ���
� ��� � � �

@BA�C
D LmlDÄ O�� t�w+y{��i-ywv v i�t r wEx[y�} x{| v S6|�z~v v i�t r y#i r �{i�w�x rUv x[y{l

4 & 0��Z� � !<#('6�6#���%Y./���Z!$# DCO � !<#N'��6#���%�.0���,!<# NTK

Qin = 3 810
[

3
_ �
−1 DCOin = 343

[^xN_ 

−1 NTKin = 33

[@x(_ 

−1

k αk βk αk βk αk βkd
−0.325 −0.185 0.254 −0.202 −0.070 −0.014c

0.230 −0.011 −0.093 0.067 −0.018 0.005a
−0.063 −0.006 0.043 −0.020 0.006 −0.006:

0.051 −0.044 −0.016 −0.017 0.063 0.058O
−0.145 0.031 −0.039 0.015 −0.008 −0.008

0

0.5

1

1.5

2

9:
00

 1
3:

00

17
:0

0

21
:0

0

1:
00

5:
00

9:
00

���������
	���


�������������

� � �
� ��
� � �
�� �
� �
� � �
 "!#

DCO
NTK

3 $ ���������5 $ ���������

0

0.5

1

1.5

2

9:
00

 1
3:

00

17
:0

0

21
:0

0

1:
00

5:
00

9:
00

�����%�&�
	���


�%�����&�����

� � �
� ��
� � �
�
� '
( � D

C
O

 "!#

NTK

3 $ ���������5 $ ���������

0

0.5

1

1.5

2

9:
00

 1
3:

00

17
:0

0

21
:0

0

1:
00

5:
00

9:
00

�������&�
	���


�������&�����

DCO

� � �
� ��
� � �
�� '

N
T
K

 "!#
3 $ ���������5 $ ���������

� I6K DMLml)ÃPO�� t�w+y{��i-ywv v i�t r w�x�y�} x{| v S6|�z~v v i�t r y#i r �{i�w�x rUv x[yº»�w+y�}8xN�kt8}�}MxN��x rOv y�w0�otu|�w6|/x[y 3
x v 5
l

N8Ã�n



� ��� � ��� � 
 � � � � ��� ����� � ��� �"�
� � �

� #�� ( #�g�VYXcV #�d f�Z %
_
DCO

V
d�\OV
f`Z�d�X Z
� r |/v�i�y~t r w�x[y�}�v
|�i�v
z+��x�y w0� y v v v w+y®� r i�x�ymw~v r y��-x[�]t4w+�N�-x�� P�� 1

zw¾��{M��|Äul-Ä�l-Äu��}Il Ä§Ã8���
6
}~v£�

|/v��]� v |?x[y�w+tuiL}8x rOv	�{v |/xºy/}�yN�{i-��y�y�}�t8S+|��%v
|wv�� v yN|~i�y?xN|���v��Nt��|}�t8y�i v ikt r w�x���v DCO i r �Ni�wEx rOv x
l~� ��yy~t rOv |/x{��v v ik�=y�v�S , �@|/v�� v i�t r y�w�x DCO y~tu��S+z6��x�i r x{| v x�z fSI
��x v z+i�t4w+yNj�|wv�w~v
z+��x|z fSS

�p��wEx
DCO}~v
| v ik�[S+��v�i�|?x i r x{| v x¬z fXI

�
x v z+i�t4w+y{ju|wv�w�v�z+��x�z fXS
��x v w�xmz6i�tu�|v�y/y?x[y��+y v yN|~t v |~t8}���x¬z fXBH

�
x vv�S v t v |�t8}��Ex�z fXBA
��l

L�x�S , �Nt rUv |wv�i rOv x[y��ki�x rOv ��x[y�}~v�|/v��]� v |?x[yº»
• ��vÂ}+|?xN�xi��N|?x�|/x{��v v i�t r �{t r ��xN| r x���vuy�tu�x�|x wEx[y 6

�@|/v�� v i�t r y#w�x DCO »

fSI + fSS + fXI + fXS + fXBH + fXBA = 1
z�LmlonT�

• �"�tv�S v |/xx�Nt rOv |/v�i rOv x�x[y v |/x{��v v ik}�x�v�S&, 2
�@|wv�� v ikt r y�w�x DCO y�tu�-S+z+�-x��A}�S+i-y�sTS�x��-x]|/v�}�}�tu| vx rOv |?x ��x�y5�Nt r �[x rUv |wv v i�t r y½x r DCO x v DCOs

�|x�y/S+|~y[x�yW}�v�|�i-x�}Mx[S�v�S��{t8S+|?y5w�x ��v �~t8S+| r y[x
�w�x��"�otu|�w6|/x w�x
40%

z 0]v�z0lrL�l!N8� »

fSI + fSS ≈ 0.4
z�L�l!Ã8�

@"A
C�DrLml)N�ORQ�tu��}~v�|/v�i�y~t r w�x�y<�{t r �[x rOv |wv v i�t r y�x r DCO x v DCOs

i r �{i�w�x rOv x[y{l

vN&�%��,!A?A�
9
w
−11

w
13
w
−15

w
17
w
−19

w
21
w
−23

w
1
w
−3

w
5
w
−7

w q�

�kp�I{I{p
DCO

[������������ I������ �
−1

K
192 299 426 434 386 308

DCOs

�������������#I������ �
−1

K
65 125 178 158 177 143�! #"�" � �%$ DCOs

DCO 0.34 0.42 0.42 0.36 0.46 0.46 0.40

Lm�tv�S v |/x�}~v
| v ����vm�{t r ��x rOv |/v v ikt r x r z+iktu��v�y/y/x�v�S v t v |~t8}���x x�y v juy r yN|/v���x{�|x rOv#r yNj���i�j�x%v�z+�-x<w�v r y�e� i r'& S�x rUv ��x r |wv
i�y�t r wES ��v�ikz+��x v v�S ,�w�x��N|�t�i�y/y/v r ��x�wEx���x v  �}Mx�w�x��]ik�N|~t�tu|~j�v r i-y���x[y�»

fXBA ≈ 0
z�Lml)(��

� #�� ( #�g�VYXcV #�d f�Z %�* _,+ #�X Z�Ved�\OVef`Z4d�X
-�t8S+|�wEx[y |/v�i�y~t r y�wExD�Nt��|}~v v i�z6i���i v y
v�}�xN���-x<�xt�w6�N��x�� P � 1

�
4
}~v
|wv��x� v |/x[yFw+tuiL}8x rOv yNj�v��-xN��x rOv

��v |/x[w+y®� r i-y�}�t8S+| |?x[}+|~y[y?x rOv x{|m��x�y w+ikJ�yN|?x rOv x�y��@t�|���x[y w0�tv��Nt v x�}+|�y�y/x rUv x[y�w~v r y��"�oi r.& S�x rOv lAQ�x[y}~v
|wv��x� v |/x[yYy~t rOv |?xN��v v ik�=y½v�S ,[�@|wv
� v ikt r y*w�x r i v |wv v x�z fSNO
���OwI�)v��x�xt r i�v
s³SEx�z fSNH

�½x v w0�tv��Nt v xtu|~j�v r iksTS�x�y�tu�-S+z+�-x�z fSND
�¶x v }~v�| v i���S+��v
i�|/xuz fXND

��»

• ��vD�{t r ��x rOv |/v v ikt r w0�)v
�Nt v x r i v |�i�sTS�xFi r �{i�w�x rOv x¶x�y v juy r yN|wv
��xN��x rOv*r yNju�ki�j8x[v�z+��x
�cy v v rUv w6t r+r ysTS�x���x�y<|~y%v�� v ikt r y�w�x r i v |~i-���[v v ikt r�r x�y?xu}+|�t4w�S+i-y/x rUv }~v�y<w~v r y<��x�yD|�y�y/x[v�S ,�w0�)v�y/ywv
i r i-y/y/x���|x rOv ���xi���i-x[S ,]juy r yN|/v���x{�|x rOv |�yNwES+� v x[S+|?yP»

fSNO ≈ 0
z�Lml0/8�

• w0�tv�S v |?x�}~v�| v �I�-x[y �Nt r �[x rUv |wv v i�t r y�x r v��Nt v x�w�x)�J�?x[�+�kw~v�� x v x r v��x�]t r i�v�sTS�x�i r �{i�w�x rUv x[yy�t rOv ��x[y/S6|�y[x�y21���x[S6|E|wv�}�}�tu| v }�v
|�i�x } x�S�v�S��Nt�S+|/y`w�x-��v¼�~t�S+| r y�x z'0 v
z0l§Lmlts���� ��xFsTS+i�}MxN|~�|x vw0�oy{}�v���SExN|���vm�@|/v�� v i�t r w0�tv��{t v x�tu|~j�v r iks³SEx�x v w0�tv��]�xt r i�v�sTS�x�w�x��e�tx#3|SEx rOv }+|�y v |wv
i v yÂ»

fSNH ≈ 0.67
z�L�l04��

fSND + fXND ≈ 0.33
z�L�l05��
N8Ã8Ã
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@"A
C�DMLmltsuORQ�tu��}~v�|/v�i�y~t r w�x[y��Nt r �[x rUv |wv v i�t r y�x r NTK x v NH4

i r �Ni�wEx rOv x�yNl

"�� �! �#" � 9 $ −11 $ 11 $#% 13 $ 13 $ −15 $ 15 $ −17 $ 17 $ −19 $ 19 $ −21 $
NTK

�����#���CI���� � �
−1

K
33 30 30 35 34 33

NH4

�����#���CI���� � �
−1

K
20 24 21 24 23 22�! #"�" � �%$ NH4

NTK 0.61 0.80 0.70 0.69 0.68 0.67

21 $#% 23 $ 23 $ −1 $ 1 $ −3 $ 3 $ −5 $ 5 $ −7 $ 7 $ −9 $ & 

��'�(�(�'
35 37 32 36 33 28

21 23 22 22 22 19

0.60 0.62 0.69 0.61 0.66 0.68 0.67

) �"!#�"! &('*)+'-,�.�/0)+1324'5.6137-8 9D; =3' =31+* BD;EB�)-, 1�. .�; ;I. 9<;E20/m7-BD;E2 9D; )6;E,I1 )21
,IB<=%'5.�137-8

L�x�S ,Hy{���~v rOv ik����t r ymw�xSz�t8S�x�y�t rOv y v yR}+|�y{��x�}uy[y�v�S �{t8S+|?y�w�xS��v��~t�S+| r y�xSw�xS��x[y/S6|/x z
|?x[y?} x{�®�
v ik}8x{�|x rOv � 14

� x v 16
�r��w~v r y���x�|~y%v�� v x[S6|�x v ��x |/x{�  4�N��v�j8x
lJ��x�y¬v r v
�  ³y/x�y�|�y[v���i-y�y�x[y�y/S+|x�[x�yy{���~v rOv ik����t r y#�Nt r �[xN| r x rOv »

• ��x�y��{t r ��x rOv |/v v ikt r y�x r DCO � MES
x v NTK }�t8S+|��-x[y�}+|�y{����}8xN��x rOv yDw�x���iks³SEx[S+|#�xi , v xw~v r y��-x z~v�y/y~i r w0�tv�yN|/v v ikt r zehWikj+l�L�l0([j�v�S+���Ex§� 1

• ��v[�Nt r �[x rOv |wv v i�t r x r MES
S r iksTS�xN��x rOv }�t8S6|��-x[y�}+|~yN����}8x{�|x rUv y�w�x�z�t�S�x[y�w�x�|/xN�{i�|~�[S+��v£�

v ikt r zehWikj+l�Lml)(�w+|�t�i v x%��l
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�JI6K?>�Lml0(
OPQ�t r ��x rOv |/v v ikt r y�w�x[y½}6|�yN�k�{}�xN��x rOv y�w�x�z�t8S�x�yWw�S�z�v�y/y~i r wI�)v�y{|wv v i�t r x v w�S�|?xN�  4�{��v�j8x
l
��x[y#�{t r ��x rOv |/v v ikt r y�w�x�z�t�S�x[y#w~v r y���x z~v�y?y�i r wI�)v�y{|wv v i�t r x v ��x�|?xN�  4�{��v�j8xºy~t rOv w+i�|?xN� v xN��x rOv�[v�����S+��y�x[y��{}~v�| v i�|[w�x�y�}�v�|�i�v�z+��x�y]wI� y v v v w�S �xt�w+�{��x ju��t�z~v���z�Ä�l-Ä 48�[t8S w�S �xt�w+�{��x y�ik�|}+�ki-��y

z$Äul!N�s��Py/x{��t r �-x��%v�y{lY��x[yÂx.,�}+|?x[y?y�i�t r y]wEx[y[�Nt r �[x rOv |wv v i�t r y�w�v r y[��x�|~y%v�� v x�S+|�y�t rOv i�wEx rOv iks³SEx[yv�}8x{���-x[y#w�x�S , �xt�w+�{��x�y�»

DCOba (t) = Sba
I (t) + Sba

S (t) +Xba
I (t) +Xba

S (t) +Xba
B,H (t) +Xba

B,A (t)
z�LmlDÄ#@��

MESba (t) = 0.75
[
Xba

I (t) +Xba
S (t)

]
+ 0.9

[
Xba

B,H (t) +Xba
B,A (t)

] z�Lml-Ä�Ä��
NTKba (t) = Sba

NO (t) + Sba
NH (t) + Sba

ND (t) +Xba
ND (t) + iNXI X

ba
I (t)

z�LmlDÄ�N8�
+iNBM

(
Xba

B,H (t) +Xba
B,A (t)

)

N8Ã�(
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� r |?x{}�v r ���Ex��AxN�k��x[y�w+iLJIy{|/x rUv y?xN��t r �-xx�xt4w+�N�-xÂS v ik��i�y~yu}�t8S+|���x��[v�����S+�*w�xx��vS�Nt r �[x rOv |wv v i�t r x r
MES

w�x�y<z�t8S�x�y�w�x�|/xN�{i�|~�[S+��v v ikt r »
O �Y¥£´P²�· ¢�¡[²4�®±�ª�¦�±�¡�À�¥�±J»

MESrec (t) = Xdec,Nc

t

z
D.13a

�
O �Y¥£´P²�· ¢�¡[²4�®±�ª ´®©6¢�¤M±_© �¶­�»

MESrec (t) = 0.75ϑ
[
Xba

I (t) +Xba
S (t)

]
+ 0.9ϑ

[
Xba

B,H (t) +Xba
B,A (t)

] z
D.13b

�

t��
ϑ = Qrec+Qin (1−fns)+fns Qpurg

Qrec+Qpurg

�Ntu|~|/x[y?}�t r w¹v�S v v�S ,�wExx�{tu��}+|/x�y/y�ikt r w�x[y�z�t8S�x�y�w�v r y��x �{��v�|~i-���[v v x�S+|ºz�¾��{M2��ÄulDÄul n6��}0lMN /8�pl

) �"!#��� &('*)+'-,�.�/0)+1324'5.6137-8:9<;E2 )+;��U;I.�2

��x[y�y{���~v rOv ik���kt r ymwI�tx#3|SEx rOv�v |/v�i v y��Nt�|�|/x�y/}�t r w�x rOv � wEx[yu}+|~yN�k�{}8x{�|x rOv y[�]t+ �x r y�w�x 2
��x[S6|/x[y

x v ��x�y]�{t r ��x rOv |/v v ikt r y¬x r DCO � DCOs

�
MES

�
NTK

�
NH4

x v NO3

y�t rOv ��x[y?S+|�y�x[y¬y?S+|���~v
s³SExDyN����v rOv i��k��t r z
hWi�j+l8Lml /���l
	 r }Mx[S vFr t v xN| v t8S v x{�@tui-y-s³SEx r iQ�-x[y-�Nt r �[x rOv |wv v i�t r y x r DCOsw�x�yº}+|�y{���{}�xN��x rOv y�|�y[v���i-y�y�y x rOv |?x 11
���

13
�0�

15
�³�

17
�0�

19
���

21
�0�

23
���

1
�0�

3
���

5
��x v 7

���
9
��z
hWi�j+l

Lml0/�z@zr�/�p� r i���v(�{t r �[x rOv v v i�t r �xt+ 8x r+r x�x r NTK x rOv |/x 13
�³�

15
� z
hWi�j+lYL�l /�z@wr�/� r x�y�t rOv ik�Niw+i-y/}�t r ikz+��x�yNl

Lm�tv�S v |/x�}�v�| v ��S r x��|x�y/S+|?x�v�}�}~v�|/v�� v �N��v�i�|?xN��x rOv i�|�|~y%v��ki�y v x�l �Av �Nt r �[x rUv |wv v i�t r x r DCOw�x��e� y{���~v rOv ik����t r �]t+ �x r }+|�y{��x�}uy x rOv |?x 13
��x v 15

� z
57
�xj+lt�

−1 �-h�i�j+l]Lml0/�z�v��?��x[y v � x r x{J x v �y?x r y~i�z+�-xN��x rOv }+��SEy#yN��x�}uy�x�sTS�x��-x[y
v�S v |/x�y��Nt r ��x rOv |/v v ikt r y#��x[y?S+|�y�x[y��[x��~t8S+|��Ni z�x rOv |/x 29
x v 38�xj+lt�

−1 ��l � �]y/x{��z+��x
�E�¬}+|?xN�xi��N|?xm}³S�x��Is³SEx��[x v~v x�v�S6ju�|x rOv v v i�t r y~tui v �Nt r y~yN��S v iL}8xx����v�}�tui rUv xw�x<w+yNz6i v tuz�y/x{|~}�y[x x rUv |/x 11
��x v 13

�0l 0�t8S v x��@tui�y{� r i���v��{t r ��x rOv |/v v ikt r x r DCOs

z
hWi�j+lTL�l /�z@zr�/�p�
r i`��v[�{t r ��x rOv |/v v ikt r x r MES

zehWikj+l~Lml0/�z@�§�/� r �tv�S+j��|x rUv x rOv y~i��uS6� v v r yN��x rOv lE��S�y?y�i"�rS r x v xN���-x}�tui rOv x�wEx��{t r �[x rOv |wv v i�t r x r DCO r ��x[y v }~v�y �?S�y v iD��y[x
l¯Q�x v�v x���x[y?S+|/x r xºy/x{|wv]w6t r ��}~v�y�}+|�i-y/xx r �Nt��|} v x�S6� v y{|�i-x[S+|?xN��x rOv }�t8S6| �e� ikw�x rOv i-���[v v ikt r }~v�|/v��]y v |~i�sTS�x�w�x[yF�]t4w+�{��x[y*�|v v �+yN�|v v iksTS�x[y{l

��x[y�y/x�S+��x�y�}�v�|~i�v�z6��x[y wI� y v v v w�x[y��xt�w+�{��x�y ��v v �+yN�|v v i�sTS�x[yºS v i��ki�y�y�y r x�} x{|���x v�v x rOv }~v�y�w�x�[v�����S+��x{|�w+i�|?xN� v xN��x rOv �-x[y��{t r �[x r �[x rOv |wv v i�t r y�wEx[y�}+|~yN����}8x{�|x rUv y��xt+ 8x r yNl���x[�%v
���[S6�Ww0��S r x[i r �
v yNju|/v���xSw�x�}4i�x rOvxr y{�[x[y?ywv�ik|/x
��ªNM_¦OM }�t8S+|���v��{t r �[x rOv |wv v i�t r �xt+ 8x r+r x x r DCO y/S+|[��v�}�yN|~i�t4w�x
[ti−1, ti]

»

DCO
∣∣
[ti−1,ti]

=

∫ ti

ti−1

[
X

rej
I (t) + X

rej
S (t) + X

rej
B,H (t) + X

rej
B,A (t) + S

rej
I (t) + S

rej
S (t)

] 

t �����������

-�t8S+|`|/x�}+|�y�y/x rOv xN|W��x[y¼}+|�y{����}8xN��x rOv y��xt+ 8x r yN�c��v�}�v�|~i�v�z+�-x5w0�oy v v v y/S�}�}6��yN��x rOv v�i�|?x x̃1
x[y v w+y�� r i�x�»

O �Y¥£´P²�· ¢�¡[²4�®±�ª�¦�±�¡�À�¥�±J»

˙̃x1 (t) = X
dec,1
t (t)

[
1

0.75

(
p

dec,1
XI

(t) + p
dec,1
XS

(t)
)

+
1

0.9

(
p

dec,1
XB,H

(t) + p
dec,1
XB,A

(t)
)]

+S
dec,1
t (t)

[
p

dec,1
SI

(t) + p
dec,1
SS

(t)
]

�����������
x̃1 (t0) = 0 �����������

N8Ã /
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˙̃x1 (t) = fns

[
Xba

I (t − td) + Xba
S (t − td) + Xba

B,H (t − td) + Xba
B,A (t − td)

]

+Sba
I (t − td) + Sba

S (t − td) ��� ����� �
x̃1 (t0) = 0 �����������

t��
td
|/x�}+|�y�y/x rUv x��-x v xN��}�y�w�x v |wv r y~i v w�x��e�tx#3|SEx rOv w�v r y[��xS�{��v�|~i-���[v v x�S+| z�¾��{M�� ÄulDÄul n6�

}0lMN /8�
L�xS��v��{t r y�ik�]ik��v�ik|/x�}�t8S6|���x[y��{t r ��x rOv |/v v ikt r y[�]t+ �x r+r x�y|x r DCOs

�
MES

�
NTK

�
NH4

x v
NO3

�+i�� x�y v }�t8y/y~i�z+�-x w�x�w+y�� r i�|#��x�y#}�v
|�i�v
z+��x�y w0�oy v v v y?S�}�}+�kyN��x rOv v
i�|/x�y x̃2, . . . , x̃6

»
O �Y¥£´P²�· ¢�¡[²4�®±�ª�¦�±�¡�À�¥�±J»

˙̃x2 (t) = S
dec,1
t (t)

[
p

dec,1
SI

(t) + p
dec,1
SS

(t)
]

� D.19a �
˙̃x3 (t) = X

dec,1
t (t) � D.19b �

˙̃x4 (t) = X
dec,1
t (t)

[
iNXI

0.75
p

dec,1
XI

(t) +
iNBM

0.9

(
p

dec,1
XB,H

(t) + p
dec,1
XB,A

(t)
)

+ p
dec,1
XND

(t)

]

+S
dec,1
t (t)

[
p

dec,1
SNO

+ p
dec,1
SNH

+ p
dec,1
SND

]
� D.19c �

˙̃x5 (t) = S
dec,1
t (t) p

dec,1
SNH

(t) � D.19d �
˙̃x6 (t) = S

dec,1
t (t) p

dec,1
SNO

(t) � D.19e �

O �Y¥£´P²�· ¢�¡[²4�®±�ª ´®©6¢�¤M±_© �¶­�»
˙̃x2 (t) = Sba

I (t − td) + Sba
S (t − td) � D.20a �

˙̃x3 (t) = fns

[
0.75

(
Xba

I (t − td) + Xba
S (t − td)

)

+0.9
(
Xba

B,H (t − td) + Xba
B,A (t − td)

)]
� D.20b �

˙̃x4 (t) = Sba
NO (t − td) + Sba

NH (t − td) + Sba
ND (t − td) + Xba

ND (t − td)

+iNXI Xba
I (t − td) + iNBM

(
Xba

B,H (t − td) + Xba
B,A (t − td)

)
� D.20c �

˙̃x5 (t) = Sba
NH (t − td) � D.20d �

˙̃x6 (t) = Sba
NO (t − td) � D.20e �

��x[yF�Nt r �[x rOv |wv v i�t r y �xt! �x r+r x[y |?x$�?x v y[x�y�y/S6|���vº}�yN|�ikt�wEx�wI� y{���~v rOv ik����t r+r v�j8x [t+i−1, t
−
i

] y�t rOv v
i r y~iw+t r+r y[x�y�}�v�|�»

DCO
∣∣
[t+i−1

,t−i ] = x̃1 (ti) − x̃1 (ti−1)
z
D.21a

�

DCOs

∣∣
[t+i−1

,t−i ] = x̃2 (ti) − x̃2 (ti−1)
z
D.21b

�

MES
∣∣
[t+i−1

,t−i ] = x̃3 (ti) − x̃3 (ti−1)
z
D.21c

�

NTK
∣∣
[t+i−1

,t−i ] = x̃4 (ti) − x̃4 (ti−1)
z
D.21d

�

NH4

∣∣
[t+i−1

,t−i ] = x̃5 (ti) − x̃5 (ti−1)
z
D.21e

�

NO3

∣∣
[t+i−1

,t−i ] = x̃6 (ti) − x̃6 (ti−1)
z
D.21f

�
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��x }8x{� v x[S+|-w0�oy v v v y/S�}E}+��y{�|x rUv v�i�|?x x̃ ∈ R
6 x[y v w+y�� r i~}~v�|½S r y  ³y v �{�|x�w+iLJIy{|/x rUv i�x{� r t r � ��i r y%v
i�|/xw�x���vm�@tu|���xÂ»

˙̃x (t) = g (x (t) , θ)
z
D.22a

�

x̃ (t0) = 0
z
D.22b

�

t��
θ ∈ R

q w+y�y�ikj r x���x�}�xN� v x[S6|]w�x�y�}~v�|wv
�]� v |/x�y[��i�w�x rUv i-�~x{|Nl ��xS�[v�����S+� w�x�yx�{t r ��x rOv |/v v ikt r y�xt+ 8x r6r x[yFw�x<�e�tx#3�S�x rOv�v |wv�i v y
x�y v v�y/y?S+|�y�x r i rOv yNj�|wv rOv ��x�y  ³y v �N��xDw6ikJ�yN|/x rOv i�x{�¼z�Lml)N8N8�*�Nt r �~tui r �
v xN��x rOv v�S , y  �y v �{�|x�y<w0�oy v v v z�ÄulDÄ 4���t�S¹z$Äul)N�s���l

) �"!#��� &(7-8D,I=3B<2�137-8D2

�*��S r i v y�w�x v |wv�i v x{�|x rUv y v S+w+iky[x�}+|~y[y/x rOv x�S r x �{t r ��j�S+|wv v i�t r �N��v�y/y~i�sTS�x�l��-�oy v v�j8x<z+i�tu�ktujuiks³SEx�x�y v�{t r y v i v S+y�w0��S r S r iksTS�x�z~v�y?y�i r w0�)v
yN|wv v i�t r �¯v�S�y/x{i r w�S+sTS�x{�5��xPy  ³y v �N��x�w0�tv�yN|/v v ikt r z�v
yN|wv v x[S6|/yw�xºy?S+|~��v���x§���@t r � v ikt r+r x�x r v�� v x{| r v r �[x�w�x���v r i��{|/x ��v�y/y?S+|/x{|���v�w+yNj�|wv�w~v v i�t r w�x��"�tv��Nt v x�l
��x[ym�|x�y/S+|?x[yÂx{J xN� v S+y�x[y�y/S+|m�[x v~v xRS r i v y�y�t rOv w�x�wEx[S , v  �}Mx[y »¶z i ��w�x[y���x[y?S+|/x�yÂy/S+|��e�tx����

& SEx rOv }+|~y v |/v�i v y¬z@w+yNz6i v x v �{t r �[x rOv |wv v i�t r ��x v z ii ��w�x[y }6|�yN�k�{}�xN��x rOv y i r y v v rOv v r y�y�y?S+|���v[z�t8S�xx v ��v ��iksTS�x[S+|��]i , v x�v�i r y�i<s³SEx(wEx[y��|x�y/S+|?x[y��xt! �x r+r x[y y/S+|��e�tx#3|SEx rOvSv |/v�i v y�l¶��x�y�v r v��  ³y?x[yx�J¯x{� v S6y[x[y y?S+|��"��x�3�S�x rOv }+|�y v |/v�i v y�y�t rUv }~v�| v i���S+��ik�N|/x{�|x rOv ik�|}�tu| v v rOv x�y]w~v r y���v��|x�y/S+|?x t��x{����x�yÂ} x{|���x v~v x rOv w0��x[y v i���xN|��-x[y�}MxN| v S+|�z�v v ikt r y�|/x{�[S�x�y|}�v�|[��v�y v v v ikt r w�S+|/v rOv ��v|�~t8S+| r y[x�w�x��x[y?S+|/x
l ��x[yP}+|�y{����}8xN��x rOv y�|�y[v���i-y�y[yºx r w+ikJ�yN|?x rOv yP}�t�i rOv y�w�xx��vR����ik�N|/x[w�x v |/v�i v xN��x rOv ��x�y�t rOv
v t8S v v�S v v rUv � }ES+i�y~s³SI� ik��y�y�t rOv �]��v[z~v�y?xm� � ��x�wExm�"�oi�wEx rOv iD���%v v i�t r }~v
|wv��xy v |�i�sTS�x�w�x�yD�xt�w6�N��x�y�|v v �6yN�|v v iks³SEx[y
S v i���i-y�y�yNl

�Av�w�x�y��{|�i�} v i�t r w�xS��v�}6|�t4�NyNwES+|/xSw0�oi�wEx rOv iD���%v v i�t r }~v�|/v��]y v |~i�sTS�x�� v�i r y�i s³SExSw�x[y�|~y[y/S6� v v v ytuz v x r S�y{����v�i v �e� t�z³�?x v w�S }~v�|/v�ju|/v�}���x�y?S+ik}�v rOv l

� ��� ���
	���
���������
������������ �"! #�
$� ��%'&
	(�)	�*+! �,�)-/.0	�*1! ��
32
#�! ��4

���%,&)	�*

-�t8S+|`��v �xt�w6yN��i-ywv v i�t r w�x[y¼}+|~t��{yNw+y�y�wEx v |wv�i v x{�|x rUv wEx[yAx%v�S&,I�§x v x r }~v�| v i���S+��i-xN|I��xN�k��x*w�S�}+|�t4�Ny{w+yw�x v |/v�i v xN��x rOv �<z�t8S�x[y v�� v ik}�y[x[y{����v�}+�-S�}~v�| v w�x[y v |wv�}�v�S ,�|~y%v��ki�y�y�y v�Sm�Nt�S+|/y�w�x[y v |/x rUv x�w�x{| r ik�N|?x[yv r6r y[x�ySt rOv }�t�| v y�y/S+|S�e� y{��v�z�tu|wv v i�t r wEx��]t4w+�N�-x[y]w+y v xN|��xi r i�y v x[y]�Ntu��}+��x/,�x[yNl�- v�|~�]i�x[S ,�� �-x�xt�w6�N��xY��P��
1
v���v�i v �"�otuz³�?x v wI�tS r x
v v�v x rOv ikt r�v t8S v x�}~v�| v ik�[S+�ki��N|?x�l£Q�x �xt4w+�N�-x x�y v �{t r y v i v S+y���t r�e�)v }³S�z�¾��{M�Q��~v�}+i v |/x�Ä��p�4wEx<|?xN��v v i�t r y v �+y{tu|�iks³SEx[y v |���y�w+y v v�ik���ky[x[y�z@z~v�y�y�x[yJy/S+|Fw�x[yF�Ni r y v iksTS�x[y w�x��t r t�w~� }�t8S+|-w+y{�N|~i�|/x���x�y-w+ikJ�yN|?x rOv y }+|�t4�[x�y/y?S�y�w�x�w+y{ju|wv�w�v v ikt r l8� �Mvº}+|�t8S�}uy��4��w�x r tu��z+|?x[S�y?x[y|?x[}+|~i�y/x�yN�¼y�t r v�} v i v S6w�x�� |/x�}+|�t4w�S+ik|/x[w�x]��v
�Nt r } x{| v i r x rOv x]�-x]�{tu�|}�tu| v xN��x rOv w  r v��xi�sTS�xxw�S}+|~t��{yNw+y��[z�t�S�x[y�v�� v ik}�y[x�yNl

�*�oi�w�x rUv i-���[v v ikt r }�v�|wv��xy v |�iks³SEx�w�S��]t4w+�{��x���P�� 1
w+tui v ��v |/x�j�S+i�w+y�xu}~v�|Dw�x[S ,�|/x & x.,�i�t r yNl0�t8S v w0�tv�z�tu|�w0����x#�xt�w+�{��x¶x�y v-v |~�[y-�@tu| v xN��x rOv-r t r � ��i r y%v
i�|/xJx v �Nt��|}�tu| v x¶S rxr tu��z6|/x�i���}�t�| v v rUvw�x|}~v�|/v��]� v |?x[y�x v wExx}�v�|~i�v�z+�-x[y�w0�oy v v v �|v��*�Nt r+r S�yux v }~v�|%�@tui�y r t r w+i�|?xN� v xN��x rOv �|x�y/S+|/v�z+��x�yzwªNM_¦OM���vx�Nt r ��x rOv |/v v ikt r x r z+i�tu�|v�y?y/x��+y v yN|�t v |�t�}���x�t8S�v�S v t v |�t�}���x§��1¯x r y/S+i v x�����xP}+|�t�z+���{�|x�w�x�e� ikw�x rOv iD���%v v i�t r x[y vxv |~�[yx�@tu| v xN��x rOv ��i�y�����v�sTS~v��ki v ySwEx[y���x[y?S+|/x�y|x/,�}�y{|�i���x rOv v���x�y|x v �(�"�oi r ��@tu|~��v v i�t r s³SI�tx{����x�y<�{t rOv i-x r+r x rOv l �`t�|/y�sTS�x���x�y�}�v�|wv��x� v |/x�y�y~t rOv<v |��[y��@tu| v xN��x rOv �Ntu|~|�y{��y[y�x rOv |/xx�S , z�©
M�ªNM5�ktu|/y~s³SEx ��v��xt�w+iD���%v v i�t r w�xS�"��S r w�x�y�}�v�|wv��x� v |/x�yÂ}+|�t }ut4sTS�x���v �xt�w6i-���[v v ikt r w0��S r
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v�S v |/x%���U�"��S r ik�Ni v y�w�xD��v�y~tu��S v i�t rxr �tx�y v }+�-S�y j�v�|wv rUv i�x
l���x�}+|~tuz+���{�|x�}Mx�� v y/x<|/x r �Nt rOv |?xN|F��tu|?y�s���xy?x��+�-x[y5w�x�y5��x[y��6|/x[y�z+|��6i v y�x[y½x r�r tu�mz+|/xF��i��xi v y y�t rOv w+i�y?}�t r i�z+�-x[yN�c��x�s��+iEx�y v�v |���y½y�t��6}8x rUv �-xF�[v�y}�t��+|5wEx[y*w+t r6r y[x�y x/,�}�y{|�i���x rOv v���x�y½y��+| y~i v x |�y�xN�"l���x[y*y{��yN��x rOv y*|/x r w�x rOv v�i r y�i³}~v�| v i����+��ik�N|/x{�|x rOvw+y{��ik�%v v x �"�oi�w�x rUv i-���[v v ikt r }~v
|wv��xy v |�i�s���xDw�x��[x v  �}Mx�w�x��]t4w+�{��x[y{l

�Av }+|?xN�xi��N|?x�}~v�| v i-x�w�x���x }�v�|wv�j�|wv�}��Ex �Nt r y v i v ��x�� r x�i rOv |~t�w��+� v i�t r v�� , v�y?} x{� v yS��i�y�yS��e� ikw�x rOv iD�rv�z+ik��i v y w��S�xt4w+�N�-x���P�� 1 � �
Lmlts6lDÄ���l��Av�}+|~t��{yNw��+|?x�v�}�}6��i�s��+y�x�}�t��+|Jx{J xN� v ��xN|��"�oi�w�x r �
v i-���[v v ikt r }~v
|wv��xy v |�i�s���x�x[y v x r y��+i v x�w+y{�N|~i v x � �ºL�l)s6l)N�� 1��[x v�v x�}+|�t4�Ny{w��+|/xuv�z+i�x r x rOv x r w���y v yw+y®� r i-x�x r�v x r v rOv �{tu�|} v x w�x[y½}6|�tuz+�k�N��x[y`��x rOv ikt r+r y�y }+|~yN�Ny{w�xN�x��x rOv l���x[yW|~y[y��+� v v v y�w�x��e� ikw�x r �
v i-���[v v ikt r w�� �]t4w+�N�-x�ju�ktuz~v�� x v w����]t4w+�{��x�y�ik�|}6��i-�+y�y�t rUv |?x[y/}MxN� v iL}8xN��x rOv }+|�y�y/x rUv y[y<w~v r y���x�y}~v
|wv�ju|/v�}���x�y�Lml)s�l)s�x v Lmlts6lon+l

) �����%$ �u9<;E8F.�1! D' /�13=31 .�/ 9DB , 7#9#"E=3;%$%&('
1

) � r�*,+ �.-�jui v0/ - + w * | * w6yN�xt rOv | * |<ik�NiE� *�+1/ |�t / |�iky v y + wI� ikw *NrOv i324-�z+ik��i v yDw����xt�w+�{� *6587 � 1
���9-�i +

/ �:� v<;
v w * |<- /�/=* � * |�s�� * ��s�� *�+ |�y + �+� v - v�+ i�� / tu| v - rOv<+ l?>*��� + i * �+| + y v �+w *�+ t rUv@*NrA* J *�v y v y |�y�-���i + y *�+
+ �+|#� *B+ �?C *�vD�FE M�GOM4H��+��i *Nr �=I 5 5 /.1�J * iKC * | + �ML�@ @ @N� *{v � * � * � v<* �+| w+y + ik| * �&,�w0�.- /�/ |~t��@t r w+ik|�� *8/ t�i rOv
*�+~v i r }4i v y�� + �� �|~y{�@y{| * |{lO ��-mzM- +�* w *�+1/ |�t�z+���{� *�+ w0� ikw *NrOv i:24-�z6i���i v y +�*�v |�t��6} * �P-�s�� *�+%v ikt r w *6+ -�}utuik| + iEw *�+ � *�+ �+| *�+w0� *NrOv |�y *RQ�+ t�| v i *S+ �+|[� *T/ |~t��{yNw+y
� + t�� + w *�+ �Nt r w6i v ikt r�+ t / yN|�- v t�i�| *�+�r tu|~�9-�� *�+ �Ww+t r6r�*NrOvU+ ��VAW
+ -��]� *NrOv w0�oi r �@tu|~�9- v i�t rX/ t��6| *�+~v ik� * |]w * �U- r ik�N| * � r i�s�� * �e� *{r�+�* ��z+� * w *�+9/ -
|<-��x� v | *�+ w���xt�w6�N� * l�Y8- r�+ �"�.-�Vx|��U- v iL} * �O� * �]t4w+�{� *1/�* � v���v | * i�w *NrOv i32�yD� / -�| v i�|-w * � *�+ �6| *�+ |�yR-
��i + y *�+Z+ t�� +w *�+ �{t r w+i v ikt r�+ t / yN|�- v t�i�| *�+#r tu|~�9-�� *�+ l
7 i�� *�r � *�+~v[/ - + � * ��- + �*ik� + �.-�jui v w *T+�* w * �U- r w * | + i +�* �+�(� r C * �H|~yNw��+i v w *T/ -�|�-��x� v | *�+A*�+~vik� / tu| v - rOv,/ t��+|��"�oi�w *{rUv i:2���- v ikt r\*{vD+ i-� * C * � /�* � v ��v | *U*�+~v ik�]y[w * ��-��{t r � r i�s�� * l 7 i-�
� *�+~v � *��- + �4-��ktu| + � r t��6} * -��0�Q� * �xt�w6�N� *#/�* � v �{v | * i�w *{rUv i:2�y�� / -
| v ik|#w * � *�+ �+| *�+ w0� *NrOv |~y *RQ�+ tu| v i * lY8- r�+ � * �R- + �Nt rOv |�-�i�| * �0��-�s�� *�+%v i�t r w * }4i *NrOv w *]+ - }�tui�| + i^� r C * �(|�y{w��+i v w *A/ -�|<-
�]� v | *�+6/�* � v
��v | *A+ yN� * � v i�t r6r y *{v8*�+~v i��xy�� / -
| v ik|Dw *�+ � *�+ �+| *�+ l_Y8- r�+ � * �R- + �0i�� +�* |<- r y{� *�+�+ -�ik| * w * w6y�2 r ik|� rT/ |�t v t��{tu� *0* , / yN|�ik� *{rOv -����Ntu� / �kyN� *NrOv -�ik| *1/ t��+| *�+~v i�� * |�� *�+Z/ -�|<-
�]� v | *�+6� i�� / tu| v - rOv�+ � r t rikw *NrOv i32�y + l

` *�+ �xy v�a t4w *�+ w0�oi�w *NrOv i324-�z+ik��i v y /=* |~� *�v�v�*NrOv w * |�y / t r w+| * -�� , s�� *�+~v ikt r�+_+ t��+� * }uy *�+ �Ni3W�w *�+�+ � + l`*�oi�w *{rUv i:24-
z+i��ki v y *�+~v ��- / |~t / |~i�y v y�w *b/ t���}utuik|]w+y v<* |��xi r�* |9� r C * � w *c/ -
|<-��x� v | *�+ w * ��-��{t r� r i�s�� * � / t��+|B� r C * � w+t r+r y�w * � *�+ �+| *�+8* , / y{|�i�� *NrOv -�� *�+ l q<r�* w6i +~v i r � v ikt rS*�+~v j�y r y{|<-�� * � *NrOvy v -�z+�ki *8*{rOv | * i�w *NrOv i324-�z+ik��i v y v�a yNt�|�i�s�� *,*�v ikw *NrOv i:24-�z6i���i v y / |<- v i�s�� * l

d�egf�h�ikj	lnm�onj %�j	iRpqi�rgp #4s?j
t *gf
`*�oi�w *{rUv i:24-
z+i��ki v y v�a yNt�|�i�s�� *�� t�� +%v |��+� v �+| * ��� * ��t�� *Nr �{tu| *�uqv=wyx{z?wyx � *�+~v � r�*9/ |~t / |�|ky v y9| rOv |�| r W
+ �Ns�� * w����xt�w+�{� * l �*��� * �{tu|�| *�+�/ t r w �[�P- / t +�+ |kz�|��:| v y�w0�otuz v<*{r |�|1� r � r |ks�� * C * ��w *}/ -�|�-��x� v | *�+ �
/ t��+|0� r �xt�w+�{� * w+t r6r y *�v � rc*{r�+�* ��z+� * w * � *�+ �+| *�+#* , / yN|�|�� *NrOv -
� *�+B+ � /�/ t + y *�+8/ -�|%��-�| v�*�+0*{v
r t r W z+|���| v y *�+ l4>*��� + | * �+| + �xy v<a t�w *�+(* ,~| +%v<*{rUvB/ t��+|#�"�.- r -
�  +�* w * �e�.|kw *NrOv |324-�z�|k��| v y v<a y{tu|�|ks�� * w *�+
+  +%v �{� *�+ �:| r y�-�|�| *�+ �n| r }�-�|�|�- rOv<+A*�v]* , / |�|k�]y + wM- r�+ �"� *�+�/ -�� * wI� y v - vb�FE�� G � J�-�� v�* |N�ZI 5 4 /4� / t��+|��-[w *�+ �{|�| /6v |kt r w *�+ - /�/ |�t4� a�*�+ � *�+0/ ��� + �{t��+|<-
�]� *NrOv �U| +�*�+0*{rb� �6}4| * ��l=`_- + | v ��- v |kt rT*�+%v8/ �:� +�{tu� / ��|�s��+y *,/ t��6|�� *�+ �]t4w+�{� *�+�r t r W �:| r y�-�|�| *�+ l���| r sSw *�+ - /�/ |�t4� a�*�+ � *�+1/ ��� + �Nt��+|<-��x� *NrOv � v |�W�:| + y *�+(+ t rOv |~y{�@yN| *Nr �{y *�+B*�v z6|�|���} * � *{rUv w+y{�N|�| v<*�+B/ -�|0H��+��| *Nr�� I 5 5 /��#�

L (�I



����������� ������� ��
��
	 ����
 	 � ���������
������	 
 
���� 
���� 	 
 ������� 
 ����	 ��
�� � 
 �

� i � w+y�} * ��t /�/=* � *NrOvB*Nr�+ y{|�| * w * 0n-- 4��tu|21
� ii � v |<- r�+ �@tu|��U- v |�t r w��x�xt�w+�{� *#r t r W �:| r y�-�|�| *�*Nr �xt�w+�{� * �:| r y�-�|�| * }�| + W3�?W"}~| + w *�+ / -�|�-��x� v | *�+ 1

� iii � y v �+w * w * �"�otuz +�* |~}�-�z�|���| v y w��x} * � v�* �+|Fw0�oy v - v -����u� *NrOv y / -�| � r } * � v<* �+| -�� ,~|���|�-�|�| * �@tu|~�]yw *�+B/ -�|<-��x� v | *�+ �]|kw *NrOv |:2 * |21
� iv � - /�/ |�t4� a�* w * �P- + yN|�| * �uy r yN|<- v |�|k� * 1
� v � - /�/ |�t4� a�* w * �"� | + tu�]t�| /�a | + � * w0�oy v - v ��t4�R-����

� r � v |k��| + - rOv �"�.- /�/ |�t4� a�* w * �"� | + t��]tu| /�a | + � * w0�oy v - v ��t4�R-��e� H��+�:| *Nr � I 5 5 /����]t rOv | * s�� * � * �]t?Ww+�{� *[567 � 1 � �Nt�� / ��yU-�} * �9� r �xt�w6�N� * w * w+y{�R- rOv - v |�t r |�w6yR-��P� *�+~v �u��t�zM-�� * � *{rOv,+~v |��+� v �+| * ��� * W� *NrOv |kw *NrOv |:24-�z6� * ��tu| + s�� * � *�+ �Nt r � *NrOv |�- v |kt r�+ *{r t-,& ���� r�* w�| +�+ t�� + �@-��x�]t r |P-�s�� *]*{vmr | v |<- v�*
+ t rOv � *�+ �+|�y *�+ *{r W �:|
� r�* � `*�oy v �+w * w * �e�.|kw *NrOv |:24-�z�|���| v y v<a y{tu|�|ks�� * w *�+ �]t4w+�N� *�+ w+y 2 r | + wM- r�+ � *� a - / | v | * I + tu| v w�� �R-
w+| * w * � *�v |�- }�-�|k��� 0�t�� v<* �@t�| + �*� *Sr tu��z6| * |�� / t�| v - rUv w * � *�+ �+| *�+U* �PW� * � v �6y *�+[+ �6|x�e�.� r | v ySw *Sv |<-�| v<* � *{rOv y v �+w�|�y * ��� � � �9Y�� L�����-�| +�+�* � /�*{r�+�* |]s�� * � *�+A/ |~t / |�|ky v y +w0� |�w *NrOv |324-�z�|k��| v y v�a yNtu|�|�s�� *6+ t rOv |k��|0y��N-�� * � *{rOv }uy{|�|:2+y *�+ �

d�egf�h�ikj	lnm�onj %�j	iRp (ns�m�i�j�t *_f

`*� |�w *{rUv |:24-
z�|��:| v y / |�- v |ks�� * � t�� u vMz����!E wyx{z?wyx ����-�| v |�y��@yN| *Nr � * ����- / t +�+ |kz�|��:| v y�w0�otuz v�*Nr |k|8� r C * �w *]/ -
|<-��x� v | *�+ �{tu|�| * � v � / -�| v |�| w * � *�+ �+| *�+D*{rUv -�� a y *�+ wI�.| r � * | v | v �+w *�+ � q�r �xt4w+�N� *A+~v |��+� v �~W| * ��� * � *NrOv |kw *NrOv |:24-�z6� *#/=* � v1*Nr *� �*{v(+�* |�y{}�yN� * | / |�- v |ks�� * � *NrOv#r t r W |�w *NrOv |324-�z+� *B+ |0� *�+ � *�+ �+| *�+
r�*}/ tu| v�*NrOv0/ - + - +�+�*"! w0� | r �@tu|~�9- v |�t r ��`*� |�w *{rUv |:24-
z�|��:| v y / |�- v |ks�� * w6y /=*Nr w�w+t r ��w *�+ �Nt r w�| v |�t r�+
* , / yN|�|�� *NrOv -
� *�+ � x���E�� ���P-��@t�| + w�� / |~t v t4�Ntu� * w * � *�+ �+| * �Ew * �P-]s���-���| v y *�v w * �P-�s��M- rOv | v y�w *�+� *�+ �+| *�+ �
>�t��+|�� * �]t4w+�{� * w *[567 � 1 / ��� +,+�/ yN��|:2�s�� * � *{rOv ��t r�+ -�| v s��0� *Nr |�-�| + t r w * ��- +%v |��+� v �+| * w *�+��| r y v |�s�� *�+ �*w *�+U/ |�tuz+�k�N� *�+ w0� |�w *NrOv |324-�z�|k��| v y / |<- v |�s�� *T+ t rUv ���N|�-�| r w6| * 15� *�+[/ |�t�z+���{� *�+A+ t rOvw0�.-�|k��� * �+| + |<- /�/ tu| v y + w�- r�+ w *[r tu��z+| * � , v |<-�}�-�� , �FE�� G �$# - r |~tu��� * � a�* � *�v -����L� I 5 5&%.1�J * |KC * | + �L�@�@ @N��� O v | v | * w0� * , * � / � * �5t r /=* � v �{t r�+ |kw+yN| * |[� * �R- + t�� �P- w+y /�*{r wM- r � *�*NrOv | * � *�v -��&,Hw *�{|�t�| +�+ - r � * µ *{v �P- �{t r � *NrOv |�- v |kt rD*{rD+ �+z +%v |<- v �:|��[| v - rOv S *�+~v w+y{�N|�| v<* -����xt! *Nr w0� � r�* ��| r y v |ks�� *w * ��t r t�w��

µ = µmax
S

KS + S
� Y'� L)(N�

` *�+1/ -
|<-��x� v | *�+ �A|�w *NrOv |32 * | + t rUv � *�v -�� ,Sw * �N|�t�| +�+ - r � * �U- ,~|��U-�� µmax *{v �P-��{t r�+~v - rOv<* w0�.-
�PW2 r | v y KS / t��+|�� *6+ �+z +~v |<- v ��|k�U| v - rOv � 7 |E� *�+ �Nt r � *{rUv |<- v |�t r�+0*{rS+ �+z +%v |<- v#*�vB*{r z�|ktu�U- +�+�*6+ t rOv� *�+ �+|�y *�+ �c� * �]t4w+�{� * w * � t r t4w *�+~vEv<a yNtu|�|�s�� * � *NrOv |�w *NrOv |324-�z+� * �RY *^+ yN|�| * � , / |~tuz+���{� *�+ w0� |�w *{r W
v |:24-�z�|���| v y / |<- v |�s�� * - /�/ -�|�-�| +�+�*NrOv]v t�� v�* �@t�| + �ktu| + s�� * ��-(�{t r � *{rOv |<- v |�t r *Nr + �+z +%v |<- vq*�+%v z�| *Nr
+ � / y{|�| * �+| * ���P-��{t r�+%v - rOv<* wI� -�V r | v y 1 +�* �+�5� * |<- /�/ tu| v µmax

KS
*�+%v6*Nr\*� *�v |�w *{rOv |:2M-�z+� * wM- r�+ � *��- + � *�v<r t r � a -�s�� *D/ -�|<-��x� v | * | r w+y /=*Nr wM-��x� *{rUv �

Y * � , v  /=*�+ w * �]y v<a t4w *�+6/�* �6} *{rUv �{v | * � v |��:| + y +8/ t��+|��e� - r -��  +�* w * �"� |�w *{rUv |:24-
z�|��:| v y / |�- v |ks�� *w0� � r �]t4w+�N� * �`�"�.- r -��  +�* w *[+�*Nr�+ |�z�|���| v y � ��| r yR-�|k| * t�� r t r W���| r yR-�|k| * � *{v �"� *�+%v |k�9- v |�t r w *�+ �Nt }�-?W|�|P- r � *�+ *NrOv | * � *�+ w�|  y{| *NrOv�+Z/ -
|<-��x� v | *�+B� J -�� v<* |N��I 5 4 /����N� *�+ w * � ,x�xy v�a t�w *�+ + t rOv - /�/ �:|�s��+y *�+wM- r�+ �P- / |�t4�Ny{w��+| * wI�.|kw *NrOv |32��R- v |�t r w+yN�{|�| v�* ��|3W�w *�+�+ t�� + �
L (�L
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#�$��� * ���

`*� |�w *{rUv |:2���- v |kt r / -�|<-
�]y v |�|ks�� * �{t r�+ | +~v�* ��w+y v<* |��[| r�* |]� * C * � w *b/ -
|<-��x� v | *�+ s���|D�[| r |k�U| +�*�e� y{�R-�| v�*{rUv | * w *�+ }�-
� * �6| + � *�+ �+|~y *�+�* , / y{|�|k� *{rUv -�� * � *{rOvZ*�v�/ |�yNw�| v<*�+Fv�a yNtu|�|�s�� * � *{rUv �'�*�k� * w+t�| v
��v | * ����|kw+y *]/ -
|�� * ��-�| v s�� * � *�+ �]t4w+�N� *�+ w *[+ |k� �+��- v |kt r �Nt r�+ |kw+yN|~y +}+ t rOv w * �u|<- r w *�+ w�|�� *Nr W
+ |�t r�+Z*{v s��0� |�� r � *�+%v1/ - + *{r }�| + - � * -�z+� * � / t��6| � *�+ |<-�| + t r�+�+ ��|k}�- rOv<*�+ ��w0�.|kw *NrOv |:2 * |��"� *Nr�+�* �mz+� * w *�+
/ -
|<-��x� v | *�+ w * ��-��{t r +  +~v yN�U- v |ks�� * �

• � *�r tu�mz+| * w *�/ -�|<-
�]� v | *�+S*�+~v |�� / t�| v - rUv �	/ -�|�-��]� v | *�+ ��| r y v |�s�� *�+ � / -�|<-
�]� v | *�+S+%v<� W� a |�t��]y v |�|ks�� *�+ � / -
|<-��x� v | *�+ w * w+yN��- rOv - v |�t rc*�v �{tu� / t + | v |�t r w * �e�.| r'& � *{rOv �6� 26 / t��+|�� *�]t4w+�{� * �u�ktuzM-�� � I&�3I 4N� *�v 21 / -�|�-��]� v | *�+1/ t��+|#� * �xt�w6�N� *#+ |�� / �:|:2�y � I&� L (N� 1
• � * | v -�| r�+ / -�|<-��x� v | *�+@/=* �6} *NrOv �{v | * y{}�-��:�+y + w�|�| * � v�* � *NrOv � / -�| v |�|�w *�+ � *�+ �+| *�+ *� �* � v �+y *�+ �� * s���| /=* |~� *�v w * � *�+ yN�:|��[| r�* |�w * �P- / |~t��{yNw��6| * w0� |�w *{rOv |:2+�R- v |�t r � E�� G � � *�+ �@|<-�� v |kt r�+ fSI*{v fSS

w * DCO + tu�:�+z+� * 1
• w *�+ / -�|<-
�]� v | *�+ w�� �xt4w+�N� *U/ |~y +�*NrOv<*{rUv � r�* ��-�|�z6� *]+�*{r�+ |kz�|��:| v y[}�| + W3�?W"}~| + w * �P- �Nt r 2����~W|<- v |�t r w�� +  +~v �N� * � w *�+ �Nt r w�| v |kt r�+ w * �@t r � v |�t r+r�* � *NrOv w�� / |�t4�NyNw6y�t�� *Nr �{tu| * w * ��-�Ntu� / t + | v |�t r w * -S�e�.| r'& � *{rUv � -��ktu| + s�� * wI� -�� v | *�+  + t rUv �@tu| v<* � *{rUv8+�*Nr�+ |�z6� *�+,*�v w+t�|k} *NrOv
r yN� *�+�+ -�|k| * � *NrOv	�{v | *,*�+%v |��xy + 1

• *Nr 2 r ��� * | v -�| r�+1/ -�|<-
�]� v | *�+ w����xt�w6�N� *6+ t rOv �@t�| v<* � *{rOv �{tu|�|~yN�ky +0*NrOv | *D* � ,���� * s���| /=* � v| *{r w+| * w+y{��|���- v<* � * �6|(|�w *{rUv |:2���- v |kt r���� � � �BY'� (��:Ik���
� *�+ w�|  yN| *{rOv<+ - +�/�* � v<+1+ t rOvB/ |�| +�*Nr �Ntu� /6v<*#/ -�|#�P- / |�t4�Ny{w��+| * w0� |�w *NrOv |32��R- v |�t r9/ -�|<-
�]y v |�|ks�� *
+ ��|k}�- rOv<* �

(i)
Y<y�2 r |k|m� * C * � w *q/ -�|�-��]� v | *�+ / -�|�w+y���-�� v �@-�| r�+ | s�� * � *�+ �Nt r w�| v |�t r�+ | r | v |�-�� *�+ w��
+  +%v �{� * 1

(ii) % �:|��[| r�* |�w * �P- / |�t4�NyNw��+| * w0� |�w *NrOv |32��R- v |�t r � *�+8/ -�|�-��]� v | *�+ w+t rUv � *�+ }�-
� * �6| +#+ t rOv�{t r+r � *�+ 1
(iii) 7 yN� * � v |�t r+r�* | / -�|~�U|I� *�+(/ -�|<-��x� v | *�+ | *�+%v - rOv<+ ��� * � , y v - rOv � *�+1/ �:� +(+�*{r�+ |kz+� *�+ 1
(iv)

) w *NrOv |32 * |�� *�+(/ -�|�-��]� v | *�+ | *�v<*Nr � + 1
(v)

� -
�����6� * |D� *�+ | rOv<* |~}�-���� *�+8*�v |�y���|�t r�+ w * �Nt r 24- r � *]/ t��6|�� *�+6/ -�|<-
�]� v | *�+ |�w *{rOv |:2+y + �w * �U- r |��{| * �(w6yN� * � * |�� *�+U/ -�|<-��x� v | *�+ | * w+t r wM- rOv<+q*�vyQ t�� /=* � +�*Nr�+ |�z+� *�+ 1F� * �R- +y{� a yR- rOv ��� *�+ yN�:|��[| r�* |�w * �P- / |�t4�NyNw��+| * w0� |�w *{rUv |:2���- v |kt r *Nr � * �+|q2 ,�- rOv �{tu�x� *}�-�� * �+| + � * �k� *�+ w+y�2 r | *�+0/ -�|#w6y{��-�� v (i)
� *{v | *�v t��6| r�* |<�[�"�oy v - /=* (iv)

�
` *�+ w�|  y{| *{rUv�*�+ y v - /�*�+ w * � *{v~v<*}/ |�t4�Ny{w��+| *}+ t rOv w+y v -�|��k��y *�+ ��|�W w *�+�+ t�� + �

&8m�s?m,�('Niks�f�) (gm�sTe_p+* m * iqe *,).-/)�i0'.� f
` *�+Z/ -�|�-��]�21�| *�+ + 1 � � a |43u�65.187�|:9�� *�+<;+= |4>�5.1�|:9�� *�+ * 1�? * ?�5 = -@>A1F-B1�|:3C> = 3C> + |:?�5.7D5 +�/ -@7E?�52F�-���1 + 3C>A1
=�* � ,G?�5 2H>�| + ?�-@> +JI�*K= -@?�7 * ?��(L E2M$�ON$P[u�w8Q\��� � � �}I&�3I&�3I����M� *�+0/ -@7<-BRTS2187 *�+(+ 3C>A1U7<- /�/�*.I 5 + ?�-@> +
I:* 0@-@V$�4Y'�XW��
>Y3���7 I - = 3CR / 3 + |41�|:3C>Z? *[I]\ * 3[� * >A1 / 7D52187<-�|4185 ;^I:*�+ F�7�- = 1�|:3C> + ? * DCO + 3 I ��V I�* |:> * 7_1 *9* 1`V�|43�W?�5��C7<-B?M-@V I:*�/=* ��a * >A1 � 187 * ?�|:7 *.= 1 * R * >A1 *�+ 1�|:R65 *�+Tb\/ -@7c1<|47d? *�+ R *�+ ��7 *�+[*2e~/ 5.7�|4R * >+1<- I�*�+ � `_-
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����� >=Y'� W�� >n-@7<-@R6S.1D7 *�+	= |:>�5.1<|49�� *�+.;M+ 1 � =Fa |43CR65.187�|:9�� *�+0* 1U? * ?�5 = -@>A1F-B1�|:3C> / -@7	?�5.F�-���1"�

"� �  ��� $!� �
	 �  � � $! ���
 ��	 "� �  ��� $!� �
	�	 $�� � $  �#� ��$%�� ���
 �
	 "� �  ��� $!� �
	 "�� " � �  � $! �$� ���
YH 0.67

�
DCO

� �
DCO

−1 µH 4.0
�
−1 us,0 474

� � �
−1

YA 0.24
�

DCO

� �
N

−1 KS 10.0
�

DCO

� �
−3 u′

s,0 250
� � �

−1

frXI 0.08 − KO,H 0.2
�

O2

� �
−3 rh 5.76 · 10−4

�
3
� �

MES
−1

iNBM 0.08
�

N

� �
DCO

−1 KNH,H 0.05
�

N

� �
−3 rp 2.86 · 10−3

�
3
� �

MES
−1

iNXI 0.06
�

N

� �
DCO

−1 KNO 0.5
�

N

� �
−3 fns 2.28 · 10−3 −

bH 0.3
�
−1 Xmax

t 3 000
�

MES

� �
−3

ηNOg 0.8 −
ηNOh 0.8 −
κh 3.0

�
DCO

� �
DCO

−1
� �
−1

KX 0.1
�

DCO

� �
DCO

−1

µA 0.5
�
−1

KO,A 0.4
�

O2

� �
−3

KNH,A 1.0
�

N

� �
−3

bA 0.05
�
−1

κa 0.05
�

3
� �

DCO
−1

� �
−1

DCO + 3 I ��V I�* 7 *�/ 7D5 +�* >A1 *]* >+a�|47D3C> 40%
? * I - DCO 1D3@1F- I�*@;=* 1 = 3C>A1<| * >A1}- /�/ 7D3 e |:RU-B1<| a * R * >A1

5%
? * = 3CR / 3 + 5 +�+ 3 I ��V I:*�+ |:> * 7_1 *�+,� fSI

� * 1 35%
? *�= 3CR / 3 + 5 +Z+ 3 I ��V I:*�+ V�|:3$?�5"�@7<-@?M-BV I�*�+8� fSS

� �
Y *6I -[R � R * R9-B>�|:S.7 *@;
I - F�7<- = 1<|:3@> ? \ -@R6R63C>�|P-B9�� * ? *6I]\ |:> & � * >A1 = 3C> + 1<| 1<� *6I�*�+ ? * � e 1�| * 7 + ? *
I - = 3@> =�* >+1D7<-B1�|:3C> ? \ - ! 3@1 * |:> = |:? * >A1 * � �">�7 * a�-@> =Fa�*B; I�*�+ F�7�- = 1�|:3C> + ? * DCO / -B7_1<| = � I -�|:7 *[� fXI ;
fXS ; fXBH ; fXBA

� * 1�? \ - ! 3@1 * 3C7 �N-@>�|49�� *U� fSND ; fXND

�J?�3�|4a * >A1 � 1D7 *}*�+ 1<|:R65 *�+ ��` *�+ a�- I:* ��7 +
= 3C> + |4?�5<7_5 *�+B/ -B7	?�5.F�-���1 + 3C>A1U?�3C>�>�5 *�+ ?M-@> +JI:*�� -@V$�4Y'� % �

• I - DCO / -@7_1�| = � I -�|47 * |4> = |4? * >A1 *0*�+ 1 + � /�/ 3 + 5 *�= 3C> + 1�|41���5 *B* > �@7<-@>�? *B/ -B7_1<| * ? *�= 3CR / 3 + 5 +3C7 ��-@>�|:9�� *�+ V�|:3$?�5"�@7<-@?M-BV I�*�+,� XS

� 1
• I]\ - ! 3B1 * 3C7 �N-@>�|49�� * |:> = |:? * >A1 *�+ 1 + � /�/ 3 + 5 +�*\/ 7_5 +�* >A1 * 7 *�+�+�* >A1<| *.I:I:* R * >A1 + 3�� +GI -(F�3C7DR *
/ -@7c1<| = � I -�|:7 * �

������>4Y'� %��T� 3CR / 3 + |41�|:3C> ? * I \ |4> & � * >A1 / -@7J?�5.F�-���1 �
� �! � $! �#��	 " � DCO

� �! � $� ����	 " � DCO
� �! � $� ����	 "��  �� � $ �

	%� � 
"! �0� "  �%$! � 
 �   0� � � � �  �  ���
 �
fSI 5 % fXI 10 % fSNH 67 %

fSS 35 % fXS 45 % fSND 2 %

fXBH 5 % fXND 31 %

fXBA 0 %

L (BW
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>Y3���7 I \ |4? * >A1<|32 = - 1<|:3@> / -@7�-@R65.187�|:9�� * ? *�+ R63�?�S I�*�+ RU-B1 a 5<RU-B1<|49�� *�+ bD/ -@7_1�|:7�? * ?�3C>�>�5 *�+ ?	�$>M-?WR[|:9�� *�+<; | I4*�+ 1 >�5 =�*�+�+ -�|47 * ? * ?�| +�/ 3 +�* 7�? *�+�= 3C>�?�|41�|:3C> + |:>�|41<|�- I�*�+ ?�� + � + 18S.R * �M` *�+�/ 7D5 I S.a * R * >A1 +
*� *.= 1<��5 + ?M-@> + I�* 7D5�- = 1 * ��7 * 1 I:* 7 *<= � =.I - � * ? * I - + 1F-B1�|:3C>T?�3C>�> * >A1	? *�+ |:>�?�| = - 1<|:3@> + + ��7 I - = 3CRAW
/ 3 + | 1<|43C> / -B7_1<| = � I -�|:7 * ? *�+ V 3�� *�+<; RU-�| + 7 *�+ 1 * >A1 >�5R-B>�RT3�|:> + |:> + ��V + -@>A1 +,/ 3���7 *�+ 1�|:R * 7 ; R � R *�C7_3 +�+ |:S.7 * R * >A1 ;HI�*�+	= 3C> =�* >A187�-B1<|43C> + ? *�+ ?�|  5.7 * >A1 +U= 3CR / 3 + 5 + ?�5 2H>�| +1/ -B7 I�* R63�?�S I�*8587�
 1

�
�U> *q/ 7 * R[|:S<7 * - I 1 * 7D>M- 1<|4a *T= 3C> + | + 1 *[bb*�+ 1<|4R * 7 I:*�+ = 3C>�?�|41<|43C> + |:>�| 1<|�- I�*�+ ?�� + � + 1DS<R * = 3@>?C_3�|:>�W1 * R * >A10-�� e9/ -@7�-@RTS2187 *�+ ? *�+ RT3$?�S I:*�+ RU-B1 a 5<RU-B1<|49�� *�+�I 3C7 + ? * I \ |4? * >A1<|32 = - 1<|:3@> / -@7�-@R65.187�|:9�� * �� *�/�* >�?M-@>A1 ;
=�* 1�� /�* ? \ - /�/ 7D3 =Fa�* -����CR * >A1 * >�3@1<-@V I�* R * >A1 I�* >�3CR�V�7 * ? * / -B7<-@R6S.1D7 *�+ b |:? * >~W1�|:2 * 7"��Y \ -���187 *,/ -B7_1 ;�I�*�+	= 3C> =�* >A187�-B1<|43C> + |4>�|41�|P- I:*�+ ? *�+J= 3@R / 3 + 5 +(/ -@7c1<| = � I -�|:7 *�+Z+ 3C>A1JF�3C7_1 * R * >A1
= 3C7D7_5 I 5 *�+g* >A187 *Z*.I:I:*�+<; -�|:> + |A9�� \ -0a *.= I:*�+g/ -@7<-BRTS2187 *�+/= |:>�5.1<|49�� *�+_* 1 + 1 � =Fa |:3CR65.1D7�|49�� *�+ ?�� R63$?�S I:*
587�
 1 ;M+ |
V�| * > 9�� * =�*�+B*�+ 1<|4R9- 1<|:3@> + + 3@>+1 + 3���a * >A1 /=* �[a$7<-�| +�* R V I -@V I�*�+ �
5 2H>[? \ 5.a�|41 * 7 I \.*�+ 1�|:RU-B1<|43C> = 3C>?C_3�|:>A1 * ? *�+(/ -B7<-@R6S.1D7 *�+Z* 1 ? *�+ = 3C>�?�| 1<|43C> + |:>�| 1<|P- I�*�+ ?�� + � + 1DS<R *@;��> * -���1D7 *U/ 3 +�+ |4V�| I |4185 = 3C> + | + 1 *[b ��1<| I | +�* 7 I�*�+ = 3C>�?�| 1<|:3@> + |4>�|41�|P- I:*�+ | +�+ � *�+ ?�� 7D5"��|:R *[+ 1F-B1�|:3C>�W>M-�|:7 * ?�� / 7D3 = 5.?�5 ��` * 7_5"��|4R *,+ 1F-B1�|:3C>�>�-�|:7 *6*�+ 1B| = | = - I4= � I 5 / 3���7 I:*�+0/�* 7_1<��7DVM-B1�|:3C> + |4> = |4? * >A1 *�+R *�+ ��7D5 *�+ ��
 | ���MY'� %��(-0a *<= I�*�+1/ -@7<-BRTS2187 *�+1/ -@7J?�5.F�-���1U?�3C>�>�5 + ?�-@> +JI�*�+ � -@V �4Y��XW * 1#Y'� %��4` *�+
= 3C>�?�| 1<|:3@> + |:>�|41<|�- I�*�+ 3CV�1 * >�� *�+D/ -@7 =�* 1D1 * - /�/ 7D3 =Fa�*]+ 3C>A1 / 7_5 +�* >A185 *�+ ?M-B> + I�* � -@V � Y'�)(�� ) I^*�+ 1-�|4> + |$�N-@7<-B>+1�| 9�� * I�*�+	= 3C>�?�| 1<|43C> + |:>�|41<|�- I�*�+�= 3C> + |:?�5.7D5 *�+B+ 3C>A1 /�I -�� + |:V I�*�+ �

&}s � o���'�� fbe�*3j
e_f�h�i�j l���m�ikj � h

` \ |:? * >+1�|:2 = -B1<|43C>`?�� R63$?�S I:*	= 3C> + | + 1 *�b ?�521 * 7DR[|:> * 7 I:* C * �6? *B/ -@7<-@R6S.1D7 *�+ 9���| R[|:>�|4RU| +�* I \ 5 = -@7c1
* >+1D7 *TI�*�+ a�- I:* ��7 + R *�+ ��7D5 *�+ * e~/ 5.7�|:R * >A1<- I�* R * >+1 * 1 + |:R � I 5 *�+ �_`_- / 7D3 = 5<?���7 * ? \ |4? * >A1�|:2 = -B1<|43C>
*�+ 1U?�5�2�>�| * ? * I -dRU-@>�|4S<7 *#+ ��| a�-B>+1 * �

I � =Fa 3�| e ? \ ��> C * ��|:>�|41<|�- I ? *,/ -@7�-@RTS2187 *�+<; -B?�RU| +�+ |:V I:* ?M-@> +UI -dR *�+ ��7 * ?�� / 3 +�+ |:V I:* 1
L �0|4>A185"�@7<-B1�|:3C>`?�� + � + 18S.R * ? \ 5.1F- 1 / 3���7 I�* C * �T? *#/ -B7<-@R6S.1D7 *�+ * > = 3���7 +�* 1 = - I:= � I ? *�I \ 5 = -@7c1

* >A187 * I:*�+ a�- I�* ��7 +(* e�/ 5<7�|:R * >A1F- I�*�+(* 1 =�*<I4I�*�+ ?�3C>�>�5 *�+0/ -@7 I�* R63$?�S I:* 1
(��UR63$?�|:2 = -B1<|43C> ?�� C * � ? *,/ -B7<-@R6S.1D7 *�+ ? * RU-@>�|4S<7 * b R[|:>�|4RU| +�* 7 =�* 1U5 = -@7_1"�

`_-�F�3C> = 1<|:3@>G? \ 5 = -@7c1 *�+ 10��> * F�3C> = 1<|43C> 9��M-@?�7�-B1<|49�� * ? * I - F�3C7DR * �

J (θ) = (y − ymes) · W · (y − ymes) � Y'� L W��

3��
θ ∈ R

q ?�5 + |
�@> * I:* a *<= 1 * ��7[? *�+q/ -B7<-@R6S.1D7 *�+.; ymes ∈ R
p * 1 y ∈ R

p I�*�+ a *.= 1 * ��7 + ? *�+a�- I:* ��7 + R *�+ ��7_5 *�+ *2e~/ 5<7�|:R * >A1F- I:* R * >A1 * 1 + |:R � I 5 *�+ 7 *�+�/=*<= 1�|4a * R * >A1 * 1 W ∈ R
p×p ��> * RU-B187�| =�*

� ?�|P- �@3C>M- I:* �Y? *(/ 3C>�?�5<7�-B1<|43C> � 
 |:>�|4RU| +�* 7 I -�F�3@> = 1�|:3C>d? \ 5 = -@7_1�7 * a�| * >A1�?�3C> = 183���1�>M-B1���7 *.I:I�* R * >A1
L ( %
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b 7D5 + 3���?�7 * I�*6/ 7_3CV I S<R * ? \ 3 / 1<|4RU| + -B1�|:3C>T?	�$>M-@R[|:9�� *6+ ��|4a�-@>A1���� �D�

min
θ

rT · W · r

+ 3���R[| + b � ẋ (t) = f (1,2) (x (t) , θ)

˙̃x (t) = g (x (t) , θ)

y (t) = h (x (t) , x̃ (t) , θ)

θL ≤ θ ≤ θU

-0a *.= � r = y − ymes

� Y'� L %��

3��
r ∈ R

p ?�5 + | �C> * I:* a *<= 1 * ��7K? *�+ 5 = -B7_1 +#* >A187 *�I�*�+ a�- I:* ��7 + R *�+ ��7D5 *�+8*2e~/ 5<7�|:R * >A1F- I:* R * >A1 * 1
I:*�+ a�- I�* ��7 +1/ 7_5<?�| 1 *�+ 1 a 5<3@7�|:9�� * R * >A1D�

r =




A (θ) · x (t14 � ) − yba
14 �

A (θ) · x (t16 � ) − yba
16 �

(x̃ (t9 � + 2 a ) − x̃ (t9 � )) − y
rej
[9 � ,11 � ]���

(x̃ (t9 � + 12 × 2 a ) − x̃ (t9 � + 11 × 2 a )) − y
rej
[7 � ,9 � ]




� Y'� L�(N�

3�� I:* / 7D3$?���| 1 A · x (t) =
(
DCOba (t) ,MESba (t) ,MV Sba (t) , NTKba (t) ,MESrec (t)

)T
*�+ 1"?�3@>�>�5 / -B7 I�*�+ 5.9���-B1<|43C> +(� Y'�3I#@N� − � Y'�:I (N� ;?* 1 I:* a *<= 1 * ��7"? \ 521F-B1 + � /�/�I 5.R * >+1<-�|:7 * x̃ *�+ 1"?�5 2H>�|
/ -B7 I�*6+ � + 18S<R * ?�|  5<7 * >A1<| *<I � Y'� L�L����
` * / 7D3@V I S.R * ? \ 3 / 1�|:R[| + -B1<|43C> ?	�$>M-@R[|:9�� *0� Y'� L&%�� *�+ 1 7_5 + 3 I � / -@7 I - R65.1 a 3$? * SQP ��= 3$? * ����	�
��
7�=Fa |41D1�
@3�� + 
�| ; I 5 4&%�����` *�+ - +�/=*<= 1 + 7 *<I -B1<| F +^bU=�* 1D1 * RT521 a 3$? * 3C>A1�?�5 C b 52185 / 7D5 = | + 5 +1��������� L�� (�� L������`_- R65.1 a 3�? * ? *dI]\ -@??C_3�|:>A1 *�+ 16��1<| I | + 5 * / 3���7 I�*�= - I:= � I ?�� �C7<-@?�| * >A1�?�� = 7�|418S.7 * J = rT · W · r? \ |:? * >A1<|32 = -B1�|:3C> / -@7J7<- /�/ 3C7c11-�� e / -@7<-@R6S.1D7 *�+ θ

�

∇θJ = 2 rT · W · ∂r
∂θT

+

ne∑

k=1

∫ t−
k

t+
k−1

(
λT ∂f

(1,2)

∂θT
+ λ̃

T ∂g

∂θT

)
?
t � D.27a

�

���  �� 	�� � ��� "�� ��	 	  ���� " 
 � �  "  � � $ " 
 � �! )$ � � �� �  !�"�#$! �$� #��� f (1,2)
�
	 $ 
 $! �  	 � �  �$%� "�� 	  �&�" �  '$ �)(�� � � ��(  '* 
 (+�-, ���(+.�/"/0� ���#� � 
 ��� � ����/ � 	1. ��* (1)

" � 	  �2�� ���#� &3� ""� ���4(+� �5. *! �6. 
 � ��� � *! ����"� � & � �7* " 
 	18 	 * � & � "�� . � (+. *! ���� � * � � ����/ � 	1. �7*
(2)

� � (+(1�
	9/ ��� ";: � � .<(+(1= * ""� ��� "���( �� ��(�>?)@��A/"( � ! ��� & � " �  "�� �7*� '$ �). *� #��� ��	 *  �  /"( � 	1� �7*�� � � � � . ! 	9� � ��� "�� � ���7* (B.  ��7* �
	 "�� ��2 .��  '*�� φ (θ) = 0
>C@ � ( 	 � 
 � �#�
	/%.<(B. & � * (+��	D(1����. *! � 	�:��5. � ��& / � 	  '*� #��� "�� � �  ���E�
 � �7* � ���7* /6.<( *! � "�� � �  "�� ��*� '$ ��. *� #���  ����	 � ����* (+.  #�7* ��	GFH�I> JLKM "FN�O>QP�K� * FN�O> R�KSFH/�>6T�P�P�U�T�P�P�K ��
� �  � �7* ����	G/6.<(B. & � * (1�
	 	 ���7*V� . *�
 (+� ���#� & � �7*  #�7*!�)2 ( � �
	W. 
 /"( � ! ��� & �XFH�I> T�P�KM>Y�Z �D�
	 *  #& / � ( * . �7* ""� �"��* ��( ��
 � ����	 & ��* $ � "��
	 � ��� 	  " � ( � ��	  �  	 ���7* "��
	 & ��* $ � "���	�"��\[1]B^B_"]�[1^B_"]3`#a�^Bb�`#]�>Cc 
 	 	   	9��� ��� �5. � . * 
 (1�?" 
 /"( � ! ��� & � "��  "�� �7*! #$ ��. *! ���� F �"��� % � ���Ld ���  '*�� 	e� � /%.<( *! � 
 �  ��(MKM  � 	9�3/0� 
�*���
 ��� � . � 2�� (  '* $ & �� ���7d ��( 2 � d ��( 	 
"�;� / *! �&�
%& � � ��. ��/"( � � $ � " 
 / �  #�7*  ��� '*� . � � $ �  	  � *G� � . *9* �  #2�� �e/%. 	 � � � / *! �&�
%&f2 � � ! . � " 
 /"( � %! ��� & ��>hg  � � ��� 	 � 
 $ .  #* � 	�� . 	�	 
 (+��( "�� �5. 2 � � ! .��  '*�� "�� � � � / *! �&�
"&   �4�
	 *i� � ���
	�	+.  (+� ""� & � *9* (1�\� � � 
"d (1������	

& ��* $ � ""��	 "�� � / *� #&  	1. *! ����j2 � � ! .����� " ��* ��( &  #�  	 * �
	XF1]�kQl�kD.�� 2�� (  #* $ & � α mGm  �c � "�( � 
 ��.�n  	o� * .��p># hq�R�R�P�K � 
 	 *+� %� $ . 	 *! ���
 ��	oF1]�kQl�k".�� 2�� (  #* $ & � " 
 (+� � 
� #* 	  �&�
 � � FNr  (+nL/%. * (  �BnO� * . �N>� %q�R�s�t7KM �. � 2�� (+u * $ & ��	 2�v��"v�* u ��
 ��	oFNw � �5x ! ��( 2  q)R�s�R�K1KM>"yz��	 &3v�*+{"� x���	Vx � � / * u & u�	+. * u ��� u & /��#u ��
 � �7* ���)/6� � x". �7* x��
	 * � & /�	Vx�� �).�� � 
 ��	 � 
"d � �7*z* (��
	Wu & / � ( * . �7* 	�>
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3�� I�*�+ a�-B7�|P-BV I�*�+ ? \ 5.1F- 1 x ; x̃ * 1 -@??C_3�|4>A1 *�+ λ ; λ̃ + 3C>A1 + 3 I ��1�|:3C> + ?�� + � + 18S.R * ?�|  5<7 * >A1<| *<I -�� e
I |:R[|41 *�+�/ -B7_1F-)�C5 *�+ � � >����6> � + ��| a�-B>+1,�

ẋ (t) = f (1,2) (x (t) , θ) � D.27b
�

˙̃x (t) = g (x (t) , θ) � D.27c
�

λ̇
T

(t) = −λT ∂f
(1,2)

∂xT
− λ̃

T ∂g

∂xT
� D.27d

�
˙̃
λ (t) = 0 � D.27e

�

-0a *.= I:*�+J= 3@>�?�|41�|:3C> + |:>�| 1<|�- I�*�+ � x
(
t+0
)

= x0
T � D.27f

�
x̃
(
t+0
)

= 0 � D.27g
�

I�*�+	= 3C>�?�| 1<|43C> + ? * = 3@>+1�|:>���| 185A� x
(
t−i
)

= x
(
t+i
) � D.27h

�
x̃
(
t−i
)

= x̃
(
t+i
) � D.27i

�
λT
(
t−i
)

= λT
(
t+i
)

+ 2 rT · W · ∂r

∂x (ti)
T

� D.27j
�

λ̃
T (
t−i
)

= λ̃
T (
t+i
)

+ 2 rT · W · ∂r

∂x̃ (ti)
T

� D.27k
�

* 1 I�*�+	= 3C>�?�|41�|:3C> + 1 * 7_RU|4>M- I�*�+ � λT
(
t−ne

)
= 2 rT · W · ∂r

∂x (tn)T
� D.27l

�

λT
(
t−ne

)
= 2 rT · W · ∂r

∂x̃ (tn)T
� D.27m

�

3��
ti ; i = 1 . . . ne ; ?�5 + |
�@> * >A1 I�*�+ |4> + 1<-@>A1 + ? *c/ 7D5 I S.a * R * >A1 + 3�� I:*�+ |4> + 1<-@>A1 + ? * ?�5<V���1 * 1? * 2H> ? *�+,/ 5.7�|:3$? *�+ ? \ 5 =Fa -@>A1<| I:I 3C>�>M- � *�+8+�*<I 3@> I:*d= - + � 	 > /�* ��1 7 * RU-@7_9�� * 7K9�� *`I�*�+ a�-B7�|P-BV I�*�+-@?�C_3�|:>A1 *�+ λ̃

? *�+ 5.1<-B1 +_+ � /�/�I 5<R * >A1F-�|47 *�+ x̃
7 *�+ 1 * >A1 = 3C> + 1<-@>A1 *�+n* >+1D7 * ? * � e |:> + 1F-@>A1 + ti + � =.=�*�+�+ | F +<;* 1�> *0+ 3C>A1ERT3$?�|:2�5 *�+ 9�� *B/ -B7 I�*�+"= 3C>�?�| 1<|43C> +0� D.27k

���NY \ -���187 *1/ -B7_1 ;@I�* � >����6> / 7D5 = 5<? * >A1 > *
/ 7_5 +�* >A1 *(/ - + ? * ?�| +D= 3C>A1<|:>���| 185 + -�� e |4> + 1<-@>A1 + tkb * 1 tkc ? * = 3CRTR ��1F-B1�|:3C> ?�� + � + 18S.R * ? \ -@5.7<-B1�|:3C> ;521F-@>A1U?�3C>�>�5 9�� * =�*�+ |:> + 1F-@>A1 +1+ 3C>A1B| = | 2 e 5 + �

� h_m � -/)�fce_f )�f�hY)Rj	o@j �
j ikp
` \ -@>M- I � +�* ? *B+�* > + |4V�| I |4185 *�+ 1 ��> 3���1�| I4/ -@7c1<| = � I |4S<7 * R * >A1 |:>A185.7 *�+�+ -@>A1 / 3���7 = -B7<- = 185<7�| +�* 7 I:*�= 3CRAW
/ 3C7_1 * R * >A1 ? \ ��> RT3$?�S I:* ? *\+ |:R � I -B1<|43C> ��� I:I:*c/�* 7DR * 1 ? \ *2e~/ 7�|:R * 7 I \ |4>��M� * > =�* ? \ ��> * F�-�|:V I:*a�-@7�|P-B1�|:3C> ? * I]\ ��> ? *�+9/ -B7<-@R6S.1D7 *�+[+ ��7 I�*�+ a�-@7�|P-@V I�*�+ ? \ 5.1<-B1 ; * 1 /=* ��1q-�|:> + |J?�3C>�> * 7 ? *S/ 7D5yW
= | * � +�*�+ |:>�?�| = - 1<|:3@> +^+ ��7 I�*�+Z/ -B7<-@R6S.1D7 *�+ ?�|3V = | I:*�+Eb |4? * >A1<|32 * 7 �	* > 7�-�| + 3C>T? *�I \ |4>��M� * > =�*UI |4RU| 185 *9�� \ | I:+ 3C>A1 + ��7 I�*�= 3CR / 3C7c1 * R * >+1�?�� + � + 18S<R *]/ -@7 * e~* R /�I�* ��� � *�+ -@>M- I � +�*�+�= 3C> + 1<| 1<� * >+1 ?�3C> =��> * 521F- /=*,/ 7D5�- I -BV I�*Kb`I]\ 5.1<- /=* ? \ |:? * >+1�|:2 = -B1<|43C> ?�5 = 7�| 1 * ?M-@> +UI:*6/ -@7�- �C7<- /�a�*,/ 7D5 = 5.? * >A1 �
% 1F-B>+1E?�3@>�>�50��>6C * � ? *1/ -B7<-@R6S.1D7 *�+ θ ;AI - +�* > + |:V�| I | 185 ?�� = 7�|41DS<7 * J

? \ 3 / 1<|4RU| + -B1�|:3C> / -@7�7<- /�/ 3@7_1
bd=�*�+B/ -@7<-@R6S.1D7 *�+(*�+ 1U?�3@>�>�5 *,/ -B7 I:*8+ � + 18S<R * ? \ 5.9��M-B1<|43C> +D� Y�� L�}�����) I *�+ 10|:R / 3@7_1F-B>+1 ? * >�3@1 * 79�� *6=�*�+D+�* > + |:V�| I |41D5 +6+ 3C>A1 7 *<I -B1<| a *�+ b ��>TC * � e � hghgp ? *]/ -B7<-@R6S.1D7 *�+,* 1 > * F�3���7D>�| +�+�* >A1 ?�3C> =9�� * ? *�+ |:>�F�3C7_R9- 1<|:3@> + � � ��m �	f$) � 	 7q| I#*�+ 1 V�| * > * >A1 * >�?�� >�5 =�*�+�+ -�|47 *@;(/ 3���7 = 3C> =.I ��7 *�+ ��7 I -
+�* > + |:V�| I |41D5 ? \ ��> / -@7�-@RTS2187 *@; ? *	= 3C> + |:?�5.7 * 7 I \ |4>��M� * > =�* 9�� \ | I - + ��7 I]\ * > +�* R�V I:* ? *1+ 3@>[|4>A1 * 7ca�- I:I:*? * a�-@7�|�-B1<|43C> �_>^3���7 =�*�+ 7�-�| + 3C> +<; ��> *q/ 7D3 = 5.?���7 * ? \ 5 =Fa -B>+1�| I4I 3C>�>�- � * ? * 1�� /=*! 3u �
x M N#"FvME w��%$ L E
��u@P#v& �x M G � LHS � -d52185 RU| +�*6* > � ��a$7 *,+ ��7 I]\ *�+�/ - =�* ? *�+1/ -B7<-@R6S.1D7 *�+ �
L0|('
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 	 ��� ���
`_- / 7_3 = 5<?���7 * LHS ; ?�5.a *<I 3 /�/ 5 * / -@7 
 = �0- � * 1^- I � � I��C}��N� ;�*�+ 1^��> *�*2e 1 * > + |:3C>d? * I - / 7D3 = 5<?���7 *
 3u ���
x��FE ��u@P#v& �x M G}|:>�|41<|�- I�* R * >A1 / 7D3 / 3 + 5 *(/ -@7@>@-B1_1 * 7 + 3@> � I�� %BWN����� * 1D1 * 1 *.=Fa >�|49�� *@; 7D5 / ��1D5 *(/�I � +
/=* 7cF�3C7DRU-@>A1 * 9�� *UI�*�+ R65.1 a 3�? *�+�=<I - +�+ |49�� *�+ ? \ 5 =Fa -@>A1�| I:I 3C>�>M-)� * - I 5�-B183�|47 *,�<E�� G �	
 3@>+1 * � -B7 I 3N� ; -?�5 C b F�-�|41 I]\ 3CV�C * 1J? *6/�I � + | * ��7 + - /�/�I | = -B1�|:3C> +Z* >�-@>M- I � +�* ? *6+�* > + |:V�| I | 185 �<E�� G � ) RU-@> * 1B� 3C>�3 a * 7 ;I��(' @���J * |KC * 7 +.; L�@ @�@N��� 7 3C> / 7�|:> = | /=*8*�+ 1UV�7�|4S.a * R * >A1�?�5 = 7�|41 = |3W ? *�+�+ 3�� + �

� �kz?x � [θL, θU
]q  ��KE�� v�u �FE
	�E�� v�u�w�u@P�����w<E�� E����kz?x � z  �E�
�E���� E%$~w
	�� � MMx�v�u�w z = [0, 1, . . . , nech − 1]� z�� nech 	���� x G M E  �EKM z P L wFE�	�E(vMz?x M � ��	������ON�u@M ��x   �z MHM=u G E �Fz M�� x�	�� w��������

� E2M�	���� x G M=u@M �_v�u�w π1, . . . ,πq � q vME w P $ � u ��x{z M��Au( ���u �!z?x w<E��Dx M�	�� vME2M�	Nu@M �!E�� 	($!
�E����!E%$�w z �
 �E��"���ON�u@M �
x   �z M�� θ̌

j �
j = 1, . . . , nech � �kz M �#	�z MHM$����v�u�w %
θ̌1

i = θL
i +

πi
1 + 1

2

nech

(
θU

i − θL
i

)
���

θ̌nech

i = θL
i +

πi
nech

+ 1
2

nech

(
θU

i − θL
i

)





i = 1 . . . q � Y'� L('N�

` *�+B+�* > + |4V�| I |4185 + P9z "NE2MHM E�� & [θL
i ,θU

i ] + 3C>A16- I 3C7 +U= - I4= � I 5 *�+B* > RT3 � * >�>M-@>A1 I�*�+B+�* > + |4V�| I |4185 + 3CV�1 * W>�� *�+B+ ��7 I]\ * > +�* R�V I:* ? *�+0/ 3�|:>A1 + ? \ 5 =Fa -@>A1<| I:I 3@>�>M- � * θ̌
j � j = 1 . . . nech

�8�

& [θL,θU ] =
1

nech

nech∑

j=1

∣∣∇
θ̌

jJ
∣∣ � Y'� L��N�

5 a *.= =�* 1�� /=* ? \ 5 =Fa -@>A1<| I4I 3C>�>M- � *B; ��> * V 3C>�> * 7 *�/ 7D3$?�� = 1<|:V�| I | 185	? *�+ 7D5 + � I 1F-B1 +�*�+ 1 3@V�1 * >�� *8/ 3���7��>d>�3CR�V�7 * 7D5.?���| 1�? *Z/ 3�|4>A1 +<; 1�� / |:9�� * R * >A1 bB/ -@7c1<|47 ? * nech = 100 / 3�|:>A1 + ��` *�+ / -@7�-@R6S.187 *�+ ��* 1
= 3C>�?�| 1<|:3@> + |:>�| 1<|�- I�*�+ � + 5 I:*<= 1�|:3C>�>�5 +Ub`I]\ | +�+ � * ? * =�* 1D1 *D/ 7_3 = 5<?���7 *}+ 3C>A1 =�* � e ?�3C>A1 I - +�* > + |4V�| I |41D5R63 � * >�> *q*�+ 1A|:R / 3C7_1<-@>A1 *@; 1�� / |49�� * R * >A1A��> *q+�* > + |4V�| I |4185`R63 � * >�> *q+ � / 5.7�| * ��7 * b 0.20

� � * 1D1 *a�- I:* ��7 ; 9���| /�* ��1('2187 * a~� * = 3CR6R * ��> * a�- I�* ��7 P9z "NE2MHM E ? * I - +�* > + |4V�| I |4185U? \ ��> / -B7<-@R6S.1D7 *#+ ��7
I \ |4>+1 * 7ca�- I:I�* & [θL

k
,θU

k ]
-G5218567 * 1 * >�� *[+ ��7 I -[VM- +�* ? *6= 3C> + |:?�5.7<-B1�|:3C> +6/ 7<-B1�|:9�� *�+ � � I:I�* /�* 7DR * 1 ? *

+ 5 / -@7 * 7 I \.* > +�* R�V I:* ? *�+@/ -B7<-@R6S.1D7 *�+n* >�? * � e + 3�� + W * > +�* R�V I:*�+ 5.9���|41F-BV I�*�+ � 7~* � I�+ I:*�+n/ -@7<-BRTS2187 *�+?�3@>+1 I - +�* > + |:V�| I | 185 R63 � * >�> *}*�+ 1 + � / 5.7�| * ��7 * bd=�* 1D1 * I |:R[|41 *B+ 3C>A1�7 * 1 * >�� +0/ -@7 I - + ��|41 * �

� h_m � -/)�fce_f$)Uj�h�ikf�s�)�m����	f$) fNiUs�p+*=j � hY)]egf � � h l@m�h���f
` \ -@>M- I � +�* ? *S+�* > + |4V�| I |4185[?�5 = 7�|41 * = |�W ? *�+�+ � +9/=* 7_R * 1 ? \ *� �*<= 1<� * 7q��> *S/ 7 * RU|4S<7 *�+ 5 I�*.= 1<|43C> ? *�+
/ -B7<-@R6S.1D7 *�+/I:*�+g/�I � + |4>��M� * >+1 + � 7 ��| 1 *�bU=�*<I - ; I�* >�3CR V�7 * ? * / -@7�-@RTS2187 *�+_/�* ��1^R9- I �C7D5^183���1^7 *�+ 1 * 7
= 3C> + 5.9�� * >A1 � ? *dI \ 3@7D?�7 * ? * 15 / -@7�-@R6S.187 *�+ � * 16| I > \.*�+ 1 / - + 7<-@7 * 9�� *d=�* 7_1F-�|:> *�+ = 3CR V�|:>M-�| + 3@> +7 * ?�3C>�?M-@>A1 *�+(+ ��V + | + 1 * >A1"�M` *�+ R65.1 a 3�? *�+ ? * = - I4= � I ? *�+ |:>A1 * 7_a�- I4I�*�+ * 1	? *�+ 7D5"��|:3C> + ? *�= 3C>�24-B> =�*
/=* 7_R * 1D1 * >A1K? * ?�521 *.= 1 * 7 =�*�+ 7 * ?�3C>�?M-@> =�*�+ � � I:I:*�+#+ 3C>A1 VM- + 5 *�+6+ ��7 I \ -@>�- I � +�* ? *�I - R9- 187�| =�* ? *
= 3 a�-@7�|P-@> =�* ? *�+B/ -B7<-@R6S.1D7 *�+ �
,.-0/2143�57698$6:57;�<=->143?->@�576BA `_-(RU-B1D7�| =�* ? * = 3 a�-@7�|�-@> =�* ? *�+T/ -@7<-@R6S.1D7 *�+\� Cθ ∈ R

q×q � *�+ 1?�5�2H>�| *,/ -@76�

Cθ =

[
J

ν

(
∇θy

T · W · ∇θy
)−1 · ∇θy

T · W 2 · ∇θy ·
(
∇θy

T · W · ∇θy
)−1
]

θ=θ?

� Y'� (DCN�

L0|D�
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3��
θ? ?�5 + |
�C> * I:*�+1/ -@7�-@R6S.187 *�+ 3 / 1�|:RU-�� e 3CV�1 * >�� +#* > 7D5 + 3 I a�-@>A1 I:*6/ 7D3@V I S.R * ? \ |:? * >A1<|:2~W

= -B1<|43C> � Y'� L %�� * 1 ν ; I:* >�3CR V�7 * ? * ? * �C7D5 + ? *dI |4V * 7_1D5 ?�� / 7D3CV I S<R *@;gx���E�� ν = p − q − r
� -0a *<= r I:* >�3CR�V�7 * ? *`= 3C>A187�-�|:>A1 *�+}* >A187 *6I:*�+,/ -@7�-@R6S.187 *�+ ��� ` * �C7<-B?�| * >+1 ?�� a *.= 1 * ��7 ? *
+ 3C7_1�| * y / -B7	7<- /�/ 3C7c10-�� e / -B7<-@R6S.1D7 *�+ θ +<\ 5 = 7�| 1D�

∇θy =
∂y

∂θT
+

∂y

∂xT
· & θ +

∂y

∂x̃T
· &̃ θ � Y'� (~I��

3�� I:*�+ RU-B187�| =�*�+ ? *,+�* > + |4V�| I |41D5 +(& θ * 1 &̃ θ + 3C>A1U?�3C>�>�5 *�+B/ -B76�

˙& θ (t) =
∂f (1,2)

∂θT
+
∂f (1,2)

∂xT
· & θ � D.32a

�

˙̃& θ (t) =
∂g

∂θT
+

∂g

∂xT
· & θ � D.32b

�
& θ (t0) = � � D.32c

�
&̃ θ (t0) = � � D.32d

�
��@ /�6414<�-�����6
	!8 6 57;=@���-0@ 5�6BA >^3���7D��>Z>�|4a * -��Z? *6= 3C>�2M-@> =�* (1 − α)

?�3@>�>�5 ;/I:*6= - I:= � I ? *�+|4>A1 * 7ca�- I:I:*�+ ? * = 3C>~24-@> =�*D/=* 7_R * 1�? \.*�+ 1<|4R * 7 I�*�+ V 3C7D> *�+ |:>�F�5.7�| * ��7 *�+1* 1 + � / 5<7�| * ��7 *�+#* >A1D7 *
I:*�+ 9�� *<I:I:*�+[I:*�+ a�- I�* ��7 + 7D5 *<I4I�*�+ ? *�+ / -@7�-@RTS2187 *�+ + 3C>A1 + � +D=�*�/ 1<|4V I�*�+ ? *�+�* 1D7D3���a * 7��0� *�+V 3C7_> *�+1+ 3@>+1U?�5 2H>�| *�+1/ -@7,�

Θ =
{
θi , i = 1 . . . q | θi = θ?

i ±
√
Cθi,i 
 1−α,ν

} � Y'� ( (N�
3�� 
 1−α,ν = 3C7_7 *�+�/ 3@>�? bZI \ |4R9-)� * 7D5 = | / 7D3$9�� *@; / -@7[��> *GI 3�|	? *c7 1<��? * >A1 b ν ? * �C7D5 + ? *
I |:V * 7c185 ; ? *�I - ? * > + | 185U? *0/ 7D3CV�-@V�| I |41D5 P = 1−α * 1 Cθii

?�5 + |
�C> *UI�* ième 1 * 7_R * ?�|P-)�C3C>M- I? *dI - RU-B187�| =�* ? *d= 3 a�-@7�|P-@> =�* ? *�+6/ -@7<-BRTS2187 *�+ � ` \ *2e~/ 7 *�+�+ |:3@> � Y'� ( (N��?�3C>�> * ? *�+ V 3C7D> *�+
/ 3���7 =Fa -@9�� * / -@7<-BRTS2187 *}/ 7�| + |:>�?�| a�|:?�� *.I:I:* R * >A1 ;~* 1 ?�5�2H>�| 18-�|:> + |g��> a � /=* 7_7 *.= 1F-B>�� I�* ? *?�|:R * > + |:3C> q ?�-@> +JI]\ *�+�/ - =�* ? *�+0/ -@7<-@R6S.1D7 *�+ �) I_*�+ 1 / 3 +�+ |:V I�* ? * ?�5<?���|:7 * =�* 7_1<-�|:> *�+ |4>�F�3C7DRU-B1�|:3C> + b[/ -B7_1<|47J? * I - = 3C>�>M-�| +�+ -@> =�* ? *�+ |:>�W1 * 7ca�- I:I�*�+ ? *U= 3C>~24-@> =�* � �"> / -@7_1�| = � I | * 7 ;BI�*�+"I -@7 � *�+ |:>A1 * 7_a�- I4I�*�+ ? *J= 3C>~24-@> =�*�= -@7<- = 185.7�| +�* >A1�@5<>�5.7<- I:* R * >A1Y? *�+g/ -@7�-@RTS2187 *�+ 7 * ?�3C>�?M-@>A1 + �?`_-U7 * ?�3C>�?M-@> =�*�*�+ 1 -�|:> + | /�I ��1 ; 1 = -B7<- = 185<7�| + 5 *
/ -@7(��> * |:> =�* 7c1<|41���? * 9�� *,/ -@7(��>S|4>+1 * 7ca�- I:I�* ? * = 3C>�2M-@> =�* �

|4> =�* 7_1<| 1<��? * θi = ±
√Cθii 
 1−α,ν

θ∗i
× 100% � Y'� (@W��

� 3���1 * F�3�| +<; V�| * >`9�� * ? *�+ 7 * ?�3@>�?M-@> =�*�+ / ��| +�+�* >A1 -�|4> + |�'.187 * ?�5.1 *<= 185 *�+<;$I - R65.1 a 3�? * ? *J= - I W
= � I ��1<| I | + 5 *�/ 3���7^?�5.1 * 7_RU|4> * 7 I�*�+ |:>A1 * 7_a�- I:I:*�+ ? *	= 3@>�24-@> =�* > * ?�3@>�> * -�� = ��> * |4>�F�3C7_R9-B1�|:3C>
+ ��7J? \ 5.a * >A1<� *.I:I�*�+ 7 *<I -B1<|43C> + * >+1D7 * I�*�+(/ -@7<-BRTS2187 *�+<;@E�� G � θ1 = f (θ2, . . . , θn)

�

�����=3�;�@�	!8 6 57;=@���-0@ 5�6BA O / -@7c1<|47�? *�I - RU-B187�| =�* ? *�= 3 a�-@7�|�-@> =�*B; | I�*�+ 1	5��N- I:* R * >A1 / 3 +�+ |:V I:*? *�= - I:= � I�* 7 I - 7D5���|:3C>T? *�= 3C>�24-B> =�* 9���| = 3C>A1�| * >A1 I]\ * > +�* R�V I:* ? *�+ = 3CR�V�|4>M-�| + 3C> + * >A187 * I�*�+
/ -@7<-@R6S.1D7 *�+}/ 3���76��>Z>�| a * -��Z? *6= 3C>�24-B> =�* (1 − α)

?�3C>�>�5)�@� * 1D1 * 7_5"��|43C> ? *`= 3C>~24-@> =�*
*�+ 10��> a � /=* 7 *<I4I | /�+ 3��]? * ? * ?�|:R * > + |:3@> q ?�5�2�>�| / -@76�

Θ =
{
θ | (θ − θ?)T · C−1

θ · (θ − θ?) ≤ `21−α

}
� Y'� (&%��

3�� I:*6/ -@7�-@RTS2187 * `21−α *�+ 1 = - I:= � I 5 b[/ -B7_1<|47 ? * I -�7 *<I -B1<|43C> + ��| a�-@>A1 * �

1

Γ
(

q
2

)
∫ t= 1

2
`2
1−α

t=0

* −t t
q
2
−1 ? t = 1 − α � Y'� (�|N�

L�}�C
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7 | I]\ 3C>[?�|P-)�C3C>M- I | +�*�I]\ |:>Aa * 7 +�* ? * I -dR9- 187�| =�* ? * = 3 a�-B7�|P-B> =�* �

C−1
θ = Q · Λ · QT � Y'� (�}��

3�� I�*�+�= 3 I 3C>�> *�+ ? * I - RU-B187�| =�* Q =
[
q1 · · ·qnθ

] + 3C>A1 I:*�+ a *.= 1 * ��7 +1/ 7_3 / 7 *�+ ? * C−1
θ * 1 Λ ;

I -[R9-B1D7�| =�* ?�|�- �C3C>M- I�*�= 3C>A1 * >�-@>A1 I�*�+ a�- I�* ��7 +,/ 7D3 / 7 *�+q� λ � ? * C−1
θ ; * 1 + | I \ 3@> = 3C> + |:?�S.7 *

I:*�+ >�3���a *.I:I�*�+	= 3$3C7D?�3C>�>�5 *�+ h1 . . . hq � 3�� = 3CR / 3 + -@>A1 *�+(/ 7�|4> = | / - I:*�+ � I�* I 3C>��d? *�+ - e~*�+ ? *
I \.a � /=* 7 *.I:I | /�+ 3�� ? * �

h = QT · (θ − θ?) � Y'� (('N�

I -�7 *.I -B1�|:3C> � Y'� (&%�� /�* ��1 '.1D7 * 7D5.5 = 7�|41 *}+ 3�� +JI -�F�3C7_R * �

hT · Λ · h ≤ `21−α � Y'� (4�N�
` \ *2e~/ 7 *�+�+ |:3C> � Y'� (D�N�A|:>�?�|:9�� * =<I -�|:7 * R * >A169�� * I:*�+6= 3CR / 3 + -@>A1 *�+U/ 7�|:> = | / - I�*�+ (hi

� + 3C>A1|4>Aa * 7 +�* R * >+1 / 7_3 / 3@7_1<|43C>�> *.I:I:*�+ -�� e a�- I�* ��7 +1/ 7_3 / 7 *�+ �

hj = ± `1−α√
λj

, j = 1 . . . q � Y'� W CN�

7 | 0 < λ1 ≤ λ2 ≤ · · · ≤ λn ;^I - = 3CR / 3 + -@>A1 *q/ 7�|:> = | / - I�*6I - /�I � + |:>A185.7 *�+�+ -@>A1 *T*�+ 1 h1?�-@> +�I -TR *�+ ��7 * 3
� *<I4I�*,*�+ 1,- +�+ 3 = |:5 *�b6I]\ |:>A1 * 7_a�- I:I:* ? * = 3C>�24-B> =�*�I:*D/�I � +�I -@7 � * �4Y \ - / 7_S +
� Y'� ( 'N� ; h1 *�+ 1�?�5�2H>�| *,/ -@76�

h1 = ν1,1 (θ1 − θ?
1) + ν1,2 (θ2 − θ?

2) + · · · + ν1,q

(
θq − θ?

q

) � Y'�XW�I��
3��

ν1 = (ν1,1, ν1,2, . . . , ν1,q)
T ?�5 + |
�C> *	I:*�/ 7 * R[| * 7^a *.= 1 * ��7 / 7_3 / 7 *6� x���E��CI�* a *<= 1 * ��7 / 7D3 / 7 *- +�+ 3 = |45 b I -(a�- I�* ��7 / 7D3 / 7 * λ1

��� 5 |:> + | ; I:*�+[= 3@R / 3 + -B>+1 *�+ ?�3CR[|:>�-@>A1 *�+ ? * h1 = 3C7_7 *�+ W
/ 3C>�? * >A1Z-�� eA/ -@7<-@R6S.1D7 *�+ θj

- �N-@>A1E? *�+E= 3 * V = | * >A1 + ν1,j

�C7<-@>�? + ��� *�+Z/ -@7<-@R6S.1D7 *�+�= 3C> + 1<|�W1�� * >A1B��> * = 3CR V�|:>M-�| + 3@>[7 * ?�3C>�?M-@>A1 * �=) I
= 3C>Aa�| * >+1�? * I�*�+ 5 I |4RU|4> * 7 ? * I \ |4? * >A1�|:2 = -B1<|43C> * >
I:* ��7�?�3@>�>M-@>A1 ��> * a�- I:* ��7 �	/�a � + |:9�� * ��9���| + 3�| 1 = 3C> + 1F-@>A1 * ���"> / 7D3 = 5<?�-@>A1 -�|4> + | ;AI�*�+ |4>A1 * 7!Wa�- I4I�*�+ ? *K= 3C>�24-@> =�* ?�� R63�?�S I�*B+ 3C>A1 +�* > + |4V I�* R * >A1	7D5.?���|41 + �4� * 7�-�| + 3C>�> * R * >A1	?�3�| 1 V�| * >
* >A1 * >�?��!'2187 * - /�/�I |49���5 b`I \.* > +�* R�V I:* ? *�+U= 3CR / 3 + -@>A1 *�+1/ 7�|4>�| = | / - I�*�+ ?�3CR[|:>M-B>+1 *�+ �

��� h�� � �Y)Rj � hY)
`_- / 7D3 = 5.?���7 * ? \ |:? * >A1<|:2 = -B1�|:3C>}-J5.185�?�5 2H>�| * ?M-B> +^=�* / -@7<-)�C7<- /�a�* � �U> * ? *�+ 3C7�| ��|:>M- I |41D5 + ? *�=�* 1_1 *
/ 7_3 = 5<?���7 * *�+ 1"? \ *� �*<= 1<� * 7 ; -���R63 � * >�? * I]\ -@>M- I � +�* ? * +�* > + |4V�| I |41D5 * 1^-0a�-@>A1 1D3���1 * |:? * >A1<|:2 = -B1�|:3C> ;��> *A/ 7 * RU|4S<7 *D+ 5 I�*<= 1<|43C>�? *�+6/ -@7<-BRTS2187 *�+ ?�� R63�?�S I�* I�*�+8/�I � + |:>	�M� * >A1 + � >Y3���7 I \ |4? * >A1<|32 = - 1<|:3@>? *�+#/ -B7<-@R6S.1D7 *�+�b]/ 7D3 / 7 * R * >A1 / -@7 I�* 7 ; ��> * RT521 a 3$? * ? * �@7<-@?�| * >A1U? * 1�� /=* SQP -T52185 / 7D52F�5 W7_5 * -�� e RT521 a 3$? *�+ ? \ 3 / 1<|:R[| + -B1<|43C> ?�|:7 *.= 1 *�+U� R65.1 a 3�? * ?�� + |:R /�I:*2e~* * > / -B7_1<| = � I | * 7F� ; ?M-@> + I -R *�+ ��7 * 3
� I - = 3C>�>M-�| +�+ -@> =�* ? *�+ �C7<-@?�| * >A1 +Z* 1 ?��TR � I 1�| /�I | = -B1 * ��7 + ? * `_- �C7<-B>�� *1* 1 ? *������ ?��
/ 7_3CV I S<R *Z/=* 7_R * 1�? * a@5<7�|:2 * 7�9�� \ ��>d3 / 1<|4R ��R I 3 = - I -�V�| * >�5.1D5(-B1D1 * |4>+1"� ��>~2H> ;CI:*�+ 7 * ?�3@>�?M-@> =�*�+
* >+1D7 *	I:*�+@/ -@7<-@R6S.1D7 *�+@+ 3@>+1�?�5.1 *<= 1D5 *�+ - / 7DS +�=Fa -@9�� * |4? * >A1<|32 = - 1<|:3@> ;�/ -@7 I:* = - I:= � I ? *�+ |:>A1 * 7_a�- I4I�*�+
* 1�7_5"��|43C> + ? * = 3C>~24-@> =�* � I�*�+1/ -B7<-@R6S.1D7 *�+ 7 * ?�3C>�?M-@>A1 +0+ 3C>A1#-�|:> + |
5 I |:R[|:>�5 + ? * I - / 7_3 = 5<?���7 *}* 1��> * >�3���a *.I:I:* |4? * >A1�|:2 = -B1<|43C> *�+ 1�7_5R- I | + 5 * �
�"> / 7D3 = 5<?�-@>A18-�|4> + | ; | I -652185 / 3 +�+ |4V I�* ? * 7D5.?���|47 * ? * F�-��<3@> + ��V + 1<-@>A1<| *<I:I:* I�* >�3CR�V�7 * ? *,/ -@7�-?WR6S.1D7 *�+Ub |:? * >A1<|32 * 7��4� *�+ 7D5 + � I 1F-B1 + F�3@>+1 I \ 3@V�C * 1J?�� / -@7�- �C7�- /�a�*6+ ��|4a�-@>A1 �

L�}~I
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` \ |:? * >+1�|:2 = -B1<|43C> / -B7<-@R65.1D7�|:9�� * ?��6R63$?�S I:* � I 3@VM- I � I&�3I 'N� *�+ 1 *� �*<= 1<��5 *B+ ��7 I - VM- +�* ? *�+�= 3C> =�* >~W1D7<-B1�|:3C> + ? *�+ 7 * C * 1 + RT3 � * > + ? \ *�� � * >A1Y187�-�|41D5 * 1/? *�+ / 7D5 I S2a * R * >A1 + |4> + 1<-@>A1F-@>�5 + ? *"I |49�� * ��7#RU| e 1 *
* 1K? * V 3�� *�+ ? * 7 *.= |47 = � I -B1�|:3C> ;M* 1 * >�1 * >M-B>+1 = 3CR / 1 * ? *�+6/=* 7c1<��7_VM-B1<|43C> + |:> = |:? * >+1 *�+ R *�+ ��7D5 *�+
�������z� Y'� L����~` *�+ = 3C>�?�| 1<|43C> + |:>�| 1<|P- I�*�+ -B?�3 / 1D5 *�+6� � -@V �~Y'��|�� + 3@>+1 =�*<I4I�*�+ ?�� 7D5"��|:R *B+ 1F-B1�|:3C>�>�-�|:7 *3CV�1 * >�� * > + |4R � I -B>+1 I:*8/ 7_3 = 5<?�5D-0a *<= I�*�+(/ -@7�-@RTS2187 *�+1/ -@7	?�52F�-���1 � � -@V �4Y��XW * 1BY'� %�� �
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*� * 1 ; |4>+1 * 7ca * >�|:7 I:*�+ 1 * 7DR *�+ ?�|P- �@3C>M-�� e ? *KI - RU-B187�| =�* ? * = 3 a�-@7�|P-@> =�*]�������g� Y'� (@W�� ;~/ �ML0}4CN� ; 9���|?�5 /�* >�? * >+1 * � e R '.R * ?�|47 *.= 1 * R * >A1�? * I - a�- I�* ��7	?�� = 7�| 18S<7 * ? \ |4? * >A1�|:2 = -B1<|43C> J? bdI]\ 3 / 1�|:R ��R �
` *�+`= 3CR / 3 + -@>A1 *�+A/ 7�|:> = | / - I�*�+ ?�� + � + 18S<R * � h1 ≥ · · · ≥ h4

� -�|4> + | 9�� \ ��> * VM- +�* >�3C7_RT5 * ? *a *<= 1 * ��7 +,/ 7D3 / 7 *�+ ? *�I]\ *�+�/ - =�* 7D5.?���| 1 ? *�+6/ -@7<-BRTS2187 *�+A� R9-B1D7�| =�* ? * / - +�+ - � * Q � + 3@>+1 ?�3C>�>�5 *�+
= |3W ? *�+�+ 3�� + �

h1 = 1.747 h2 = 0.512 h3 = 0.0201 h4 = 0.0051 +-,/. 0�132

Q =




−0.365 0.931 −0.000 −0.003

0.000 0.000 1.000 −0.009

−0.931 −0.365 0.000 0.002

0.001 0.003 0.009 1.000



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*�+ 1<|4RT5 + > *6+ 3C>A1 / - + 7 * ?�3C>�?�-@>A1 + �4Y#-@> +	I]\ *�+�/ - =�* ? *�+(/ -B7<-@R6S.1D7 *�+.;�I�*�+ ?�|47 *<= 1<|43C> + ? *�+ a *.= 1 * ��7 +
/ 7_3 / 7 *�+}+ 3C>A1 ;g* > *� �* 1 ;g/=* �Z?�|  5<7 * >A1 *�+ ? *6=�*.I:I:*�+ ? *�+D/ -@7�-@RTS2187 *�+U� - e~*�+ �[� I:*[/ -@7<-@R6S.1D7 * bH/ 3���7 I:*6/ 7 * RU| * 7 a *.= 1 * ��7 / 7D3 / 7 *U� = 3 I 3@>�> * 1

? * Q � ; YH ; iNBM * 1 fns / 3���7 I�*�+1+ ��|4a�-@>A1 + �
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8:9<; � Y�� ' �S� 3CR / -@7<-�| + 3C> + ? *�+ = 3@> =�* >+1D7<-B1�|:3C> + R *�+ ��7D5 *�+8* 1 + |4R � I 5 *�+ - a *<=�I:* R63$?�S I:* � I 3CVM- I
� I�C = 3�� =Fa�*�+ ? * ?�5 = -@>A1F-B1�|:3C>4� * > DCO ; MES * 1 NTK / 3���7 I - I |49�� * ��7�R[| e 1 *D� 
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8:9<; �(Y'� � � � 3CR / -@7<-�| + 3@> + ? *�+ a�- I�* ��7 + R *�+ ��7D5 *�+ * 1 + |:R � I 5 *�+ -0a *.= I:* R63�?�S I�* � I 3CV�- I � I�C
= 3�� =Fa�*�+ ? * ?�5 = -@>A1F- 1<|:3@>4� / 3���7 I�*�+ 7 * C * 1 + ? * DCO ; DCOs ; NTK ; NH4 ; NO3 * 1 MES
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C > /=* ��1 >�3@1 * 7 9�� * =�* 1D1 * + 5 I�*<= 1<|43C> *�+ 1 / 7D3 =Fa�* ? *Z=�*.I:I�* 3CV�1 * >�� * -0a *<= I:* R63�?�S I�* � I 3CVM- I
� � -@V$�(Y'� ' ;(/ �1L�})(N��� � * 7_5 + � I 1<-B1 > \ *�+ 1 / - + + ��7 / 7 * >M-@>A1G?M-@> + I -ZR *�+ ��7 * 3�� I:*�+T/ 7_3 =�*�+�+ � +? * ?�5��C7<-B?M-B1<|43C> + 3@>+16?�5 = 7�|41 +]/ -B7 I�* R63�?�S I�*q587�
 1

?M-@> +`I�*�+ ? * � e = - + � O =�* + 1F-B? * ? * I -
/ 7_3 = 5<?���7 * ? \ |:? * >+1�|:2 = -B1<|43C> ; 11

? *�+ 30 / -B7<-@R6S.1D7 *�+ ?��GR63�?�S I�*8+ 3C>A1B-�|:> + | + 5 I�*.= 1<|43C>�>�5 + �

&}s � ��p�e��_s�fceA@:j�e_f~h=i�j	l ��m�i�j � h
` *}/ 7 * RU| * 7 / -@7�-@RTS2187 * ?�� R63�?�S I�*,+ |4R /�I |:2�5 9�� \ | I_+<\ - ��|41U? * ?�521 * 7_RU|4> * 7 *�+ 1 I:* ?�5 = - I - � * 1 * RAW
/ 3C7 *.I td * >+1D7 *�I:*�+U+ 3C7c1<| *�+ ? * I]\ -@5<7�-B1 * ��7 * 1[?�� =<I -B7�|:2 = -B1 * ��7�� ) I0+<\ - ��| 1 V�| * > * >A1 * >�?�� ? \ ��> *- /�/ 7D3 e |:RU-B1<|43C> ; 5.1<-@>A1 ?�3C>�>�5d9�� *6I�* 1 * R /�+ ? *A+ 5 C_3���7 ? *`I]\ *�� � * >A1 ?M-@> + I�*d=.I -@7�|:2 = -B1 * ��7 *�+ 1F�3C> = 1<|43C> ?�� ?�5.V�|41U|:> = |:? * >A1 � ��> *S*�+ 1<|:RU-B1�|:3C> /�* ��1TR9- I �C7D5[1D3���1 '.187 * 3CV�1 * >�� * ? * I - F�-��.3C>
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Qin

?�5 + |
�C> * I�* ?�5<V�| 1�R63 � * >X|4> = |4? * >A1 ; Hdec I - / 7_3@F�3C>�? * ��7�? \ - I |:R * >A1F-B1�|:3C> ?M-@> +�I�*T=<I -�W7�|:2 = -B1 * ��7 * 1 Sdec I - + ��7_F�- =�* -�� R[|:7D3�|:7 ?�� =<I -B7�|:2 = -B1 * ��7�� ` \ |4? * >A1�|:2 = -B1<|43C> ?�� RT3$?�S I�* - 52185
*� *.= 1<��5 * / 3���7U? *�+ 1 * R /�+ ? * + 5!C_3���7�? * 2 a ; 4 a ; 6 aS* 1 8 a ��` *�+ 7_5 + � I 1<-B1 + 3CV�1 * >�� + = 3C>�2H7_R * >+19�� * I�* 1 * R /�+ ? *,+ 5 C_3���7JRT3 � * > *�+ 1�? * I]\ 3C7_?�7 * ? * 6 a�* ��7 *�+ � � -BV �4Y'�3I�I����

��������Y'�3I�I �T) >���� * > =�* ?��G1 * R /�+ ? *}+ 5 C_3���7J?M-@> +�I:*K=<I -B7�|:2 = -B1 * ��7 + ��7 I:* 7D5 + � I 1F-B1U? * I]\ |:? * >A1<|3W2 = -B1<|43C> ?��GRT3$?�S I:*8+ |4R /�I |:2�5 �
� �
�'��� ��� �
� & � ��� td 2 � 4 � 6 � 8 �

� ����	
�
�
� � ( �����
� 	�� ! � ��	�� � �
J 74 850 71 830 68 570 73 400

�"> *� �*<= 1<�M-@>A1 I]\ *�+ 1<|4R9-B1�|:3C> ? *�+T/ -@7<-@R6S.1D7 *�+T* 1 * > = - I:= � I -@>A1 I�*�+ |4>A1 * 7ca�- I:I:*�+9* 1 7D5���|:3C> + ? *
= 3C>�24-@> =�* ? *�+T/ -@7�-@RTS2187 *�+9*�+ 1�|:R65 + ? * F�-��<3@> |41D5<7<- 1<|4a * � -�2H>,? \ 5 I |:R[|:> * 7 I:*�+T= 3CR�V�|:>M-�| + 3C> +7 * ?�3C>�?M-@>A1 *�+ � ;�+�* � I�+ 4 / -@7<-BRTS2187 *�+ + 3@>+1J7 * 1 * >�� +<; YH ; iNBM ; bH * 1 fns

��) I *�+ 11|4>+1D5<7 *�+�+ -@>A1J? *>�3B1 * 7 9�� * I - / 7D3 = 5<?���7 * ? \ |4? * >A1<|32 = - 1<|:3@> = 3@>�?���| 11-�� R '<R * C * �[? *8/ -@7�-@R6S.187 *�+ / 3���7 I�*�+ ? * � eR63�?�S I�*�+ �
` *�+�/ -@7<-BRTS2187 *�+�*�+ 1<|4RT5 +<;�I�*�+ |:>A1 * 7_a�- I4I�*�+ ? *�= 3C>�2M-@> =�* -�|:> + |�9�� * I:*�+Z+�* > + |:V�| I | 185 + 7 *<I - 1<|4a *�+Z+ 3C>A1?�3@>�>�5 + ?M-@> +�I�* � -@V ��Y'�3I�L���Y \ ��> * RU-@>�|4S<7 * �@5<>�5.7<- I:*@;+I�*�+Z*�+ 1<|4R9- 1<|:3@> + ? *U=�*�+Z/ -@7�-@RTS2187 *�+ + 3C>A1
= 3 a 5<7 * >A1 *�+ -0a *<= I�*�+ a�- I�* ��7 +A/ -B7�?�5.F�-���1`?�� RT3$?�S I�*9587�
 1 �<D0* > !�*�* 1[- I � ; I�� 'C}�� * 1 =�*.I:I:*�+?�5 2H>�| *�+ ?M-@> +�I:* L E2M$�ON$P[u�wOQT� � -@V ��I&�XW ;�/ ��L4CN� � C > /�* ��1E7 * RU-@7_9�� * 7�? \ -���187 *(/ -@7c1�9�� \.*.I:I�*�+ + 3C>A11D7DS +1/ 7_3 =Fa�*�+ ? * =�*<I4I�*�+ 3CV�1 * >�� *�+ -0a *<= I�* R63$?�S I:* � I 3CV�- I^� � -@V$�4Y'� � ;�/ �=L�}BWN���

����� �4Y'�:IkL �q>@-B7<-@R6S.1D7 *�+1*�+ 1<|4RT5 + �

�����������
	��
� �������
��� ����	
�
��������������� �
�
���
����������	
�
� � �"!#��� � �%$ 90% δJ/J?

δθi/θ?
i

YH 7.58 10−1 − 79.7% 1 360%

iNBM 6.78 10−2 − 25.3% 67%

bH 9.41 10−1 & −1 265.8% 87%

fns 2.45 10−3 − 164.4% 18%
� ����	
�
�
��$'�)( � ��	�������� (J?) * 68 570

` \ |:> =�* 7_1�|41���? *�+ ��7 I:*�+ a�- I�* ��7 + ? *�+q/ -@7<-@R6S.1D7 *�+ YH ; * 1 + ��7c183���1 bH * 1 fns ; *�+ 1q|:R / 3C7_1<-@>A1 * �` *�+ 7<-�| + 3C> + ? * =�*�+ |:> =�* 7c1<| 1<��? *�+#+ 3C>A1 + |:R[| I -�|:7 *�+	bT=�*<I4I�*�+ -0a�-@> = 5 *�+ I 3C7 + ? * I]\ |:? * >A1<|:2 = -B1�|:3C> ?��R63�?�S I�* � I 3CVM- Ig�������4� Y�� (�� (N� �	�"> / -@7_1�| = � I | * 7 ; | I > *#+.\ - ��|41 / - + ? *�= 3CR�V�|4>M-�| + 3C> + ? *B/ -@7<-BRTS2187 *�+7 * ?�3C>�?M-@>A1 +U= 3CR6R * I�* R63C>A187 *KI�*K= - I:= � I ? *�+J= 3@R / 3 + -B>+1 *�+1/ 7�|:> = | / - I:*�+ ?�� + � + 18S.R * �
h1 = 0.552 h2 = 0.348 h3 = 0.0317 h4 = 0.0069 +-,/. 0��32

Q =




−0.227 0.973 0.040 −0.004

0.002 −0.041 0.999 −0.004

−0.974 −0.227 −0.007 0.002

0.001 0.004 0.004 1.000




+-,/. 0��32
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Y \ -���1D7 *S/ -@7_1 ;�I - a�- I�* ��7T?�� = 7�| 18S.7 * ? \ |4? * >A1�|:2 = -B1<|43C> J bZI]\ 3 / 1�|:R���R *�+ 1 +�* > + |:V I:* R * >A1 /�I � +5 I�* a@5 * 9�� *�I 3C7 + ? *�I \ |4? * >A1<|32 = - 1<|:3@> ?�� RT3$?�S I:* � I 3CVM- I � % 1F-@>A1[?�3@>�>�5�9�� * J *�+ 1���> = 7�| 18S.7 *9��M-@?�7<-B1�|:9�� *@;�I�*�+ 5 = -@7_1 + + 3C>A1(| = | * >Aa�|:7_3C> 1.5
F�3�| + + � / 5.7�| * ��7 +Jb =�* � e 3CV�1 * >�� +(/ 7_5 = 5<? * RTR * >A1 �

= 3CR / 1 * 1 * >�� ? *�+`= 3 * V = | * >A1 + ? * / 3C>�?�5.7<-B1�|:3C> - /�/�I |49���5 +<; I]\ 5 = -B7_1`7D5 + |4?�� *<I R63 � * > * >+1D7 * I�*�+
= 3C> =�* >A187<- 1<|:3@> + R *�+ ��7D5 *�+q* 1 = - I4= � I 5 *�+q*�+ 1 ? *�I \ 3@7D?�7 * ? * ±1

R ���.`
−1 / 3���7 NO3 ; NH4 * 1

NTK ;M* 1 ±3.5
R ���.`

−1 / 3���7 I - DCO * 1 DCOs

�
� *�+ 7D5 + � I 1<-B1 +@/�* 7DR * 1D1 * >A1"? * = 3C>�2�7DR * 7 I \ |4>���� * > =�* ?�� =<I -B7�|:2 = -B1 * ��7 + ��7 I�* = 3CR / 3C7c1 * R * >A1 � I 3?WVM- I ?�� / 7D3 = 5.?�5 ;�* 1_| I4I � + 187 * >A1 I -�>�5 =�*�+�+ |41D5E? * ?�| +�/ 3 +�* 7
? * R63$?�S I:*�+ ? * ?�5 = -B>+1<-B1<|43C> QB=.I -@7�|:2 = -B1<|43C>
/=* 7cF�3C7DRU-@>A1 + �

�qp$) ��� ikm�i[e_f ��@3j�egf�h�ikj	l ��m�i�j � h
` *�+ 7D5 + � I 1F-B1 + 3CV�1 * >�� +B/ 3���7 td = 6 a ? * 1 * R /�+ ? *}+ 5 C_3	��7�?�-@> +UI�* =<I -@7�|32 = -B1 * ��7 + 3C>A1�?�3@>�>�5 +
+ ��7 I�*�+ 
 |
����Y'�3I�I * 1(Y'�:I C(� I�*�+ |:>A1 * 7_a�- I4I�*�+ ? *K= 3@>�24-@> =�*6+ ��7 I:*�+ R *�+ ��7 *�+ 9���| + 3C>A1J7 *�/ 7_5 +�* >A185 +
+ 3C>A1B|4? * >A1�|:9�� *�+Ub`=�* � e = 3@> + |4?�5<7_5 +0/ 3	��7 I�* R63�?�S I�* � I 3CVM- I�
������G� Y'� (��XW�� �O >�3	��a * -�� ;�I:*�+ = 3C> =�* >A187�-B1<|43C> +(* > DCO ; MES * 1 NTK 7 *<I - 1<|4a *�+ -�� eT/ 7D5 I S.a * R * >A1 +Jb 14 a
* 1 16 a ?M-B> +�I:* V�- +�+ |:> ? \ -@5.7<-B1�|:3C> + 3@>+1 = 3C7_7 *.= 1 * R * >A1 + |4R�� I 5 *�+

�
 |
���MY��:I�C �N-�� =Fa�* ����>^3���7 I:*�+R *�+ ��7 *�+ ? * MES *� *.= 1���5 *�+D+ ��7 I - V 3	� * ? * 7 *<= |47 = � I -B1�|:3C> ; 9���|�> \ 3C>A1 / - + 52185���1<| I | + 5 *�+ I 3@7 +? *dI \ |4? * >A1�|:2 = -B1<|43C> ; I�*�+ = 3C> =<I � + |:3@> +6+ 3C>A1 + |:R[| I -�|:7 *�+�
�
 | ��� Y��:I�C ?�7D3�| 1 * �}� I - a�- I:* ��7 + |4R�� I 5 *db
14 ac*�+ 1 * > = 3C>A187�-@?�| = 1<|43C>S- a *<=dI - = 3@> =�* >+1D7<-B1�|:3C> R *�+ ��7_5 * � 9���| - /�/ -@7<-?B410|:7D7_5R- I | + 1 * � ; - I 3C7 +9�� * I - a�- I:* ��7 + |:R�� I 5 *Kb 16 a�*�+ 1 = 3@R / -B7<-@V I:*Kb`=�*<I4I�* R *�+ ��7D5 *D* e~/ 5.7�|:R * >A1<- I�* R * >+1"�
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8:9<; �?Y'�3I�C�� � 3CR / -@7�-�| + 3C> + ? *�+/= 3C> =�* >A187�-B1<|43C> + R *�+ ��7D5 *�+n* 1 + |:R
� I 5 *�+ -0a *.=�I:* R63$?�S I:* + |4R /�I |:2H5

 6 a ? * 1 * R /�+ ? *q+ 5 C_3	��7 ?M-@>�? I:*T=.I -@7�|:2 = -B1 * ��7�� * > DCO ; MES * 1 NTK / 3���7 I - I |49�� * ��7R[| e 1 *�
 
 |
�����N-�� =Fa�* � * 1 * > MES / 3	��7 I -`V 3	� * ? * 7 *<= | = � I -B1�|:3C> 
 
 |
����?�7D3�|41 * ���

5 � = 3C>A187<-�|:7 *B; I�*�+ 5 = -B7_1 + ? * / 7_5<?�| = 1�|:3C> +\* >+1D7 * I�*�+ = 3C> =�* >A187�-B1<|43C> + R63 � * >�> *�+ 7 * C * 185 *�+�* 1
I:*�+ R *�+ ��7 *�+A*2e~/ 5<7�|4R * >A1F- I:*�+ + 3C>A1 +�* > + |4V I�* R * >A1 /�I � + |:R / 3C7_1<-@>A1 + 9�� \ -0a *.= I�* R63$?�S I:* � I 3CVM- I

 
 |
���.Y'�3I�I�� ;g* 1 = 3@> + 1�|41�� * >A1 I]\ *�+�+�* >+1�| *.I ? * I - a�- I�* ��7 ?�� = 7�|418S.7 * J

? \ |4? * >A1<|32 = - 1<|:3@> �gY * 183���1 *52a~|4? * > =�*@; =�*�+ 5 = -@7c1 +0+ 3C>A1B|:R / ��1F-BV I�*�+ -�� e�+ |4R /�I |:2 = -B1�|:3C> + -@?�3 / 1D5 *�+ ?M-B> +�I -6? *�+D= 7�| / 1<|43C> ? *�+R65 = -@>�| + R *�+ ? * ?�5 = -@>A1F-B1�|:3C> Q =<I -B7�|:2 = -B1�|:3C> � Y * � e 7<-�| + 3C> + / 7�|4> = | / - I�*�+ /=* ��a * >A1 '2187 * |4>+a@3�9���5 *�+ �

 i � I�*�+}/�a 5.>�3CR6S<> *�+ ? * RT5 I -@>�� * ?M-@> + I�*`=<I -@7�|32 = -B1 * ��7 > *U+ 3C>A1 / - +}/ 7�| +D* > = 3CR / 1 * ?�-@> + I:*R63�?�S I�*#+ |:R /�I |:2H5 * 1 
 ii � I�* 1 * R /�+ ? * 1D7<-@> + |41J?�-@> +JI�*K=.I -@7�|:2 = -B1 * ��7	?�5 /=* >�? ?��G?�5<V�|411|:> = |:? * >A1
* 1	a�-B7�| * ?�3C> = ? * F�-��.3C> |:R / 3@7_1F-B>+1 * -�� = 3	��7 + ? *KI -0C_3	��7_>�5 *�
 F�- = 1 * ��7 2 b 3 ;	
 |
����Y'� W / �4L&% (�� ;- I 3C7 + 9�� * td *�+ 1�| = | + � /�/ 3 + 5 = 3C> + 1F-@>A1 ��Y \ -���187 *#/ -B7_1 ;+=�* 1 * R /�+ ? * 187<-B> + | 1�|4>�?���| 1���> ?�5 = - I -)� *
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? *�+�= 3C>�?�|41<|43C> + |4>�|41�|P- I:*�+.;�x���E�� | I�*�+ 1E>�5 =�*�+�+ -�|:7 * ? \ |4>�|41�|P- I | +�* 7 I�*(+ � + 18S.R *Ub I]\ |:> + 1F-B>+1 t0 = t9 � − td �C 7 * >A187 * I \ |4> + 1<-@>A11|:>�| 1<|�- I t0 * 1 t9 � ;HI:*�+1/=* 7_1���7DV�-B1<|43C> + |:> = |:? * >A1 *�+ > *}+ 3@>+1 / - +U= 3C>�>�� *�+#/ 7_5 = |�W+ 5<R * >A1 ; =�* 9���| * e�/�I |:9�� *,/ 3	��7_9���3�| I�*�+U= 3C> =�* >A187�-B1<|43C> +1+ |4R�� I 5 *�+ ?���7<-@>A1 I�*�+0/ 7 * R[|:S.7 *�+(a�* ��7 *�+

	* >A187 * 9 a�* 1 13 a � + 3C>A1U5 I 3�|
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