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OVERVIEW

Consider a large network with n > 1 vertices.

Part 1
There are natural matrices associated to the network.

Part IT

(i) Some geometric properties of the network can be recovered
from the spectrum of these matrices.

(ii) Some algorithms or processes running on the network can
be studied thanks to the spectrum of these matrices.

Part IIT
In the regime n > 1, it is often possible to study the asymptotic
properties of the spectrum.



PART I : NETWORK MATRICES

Matrices on the conductance model




CONDUCTANCE MODEL

Let V' ={1,...,n} and consider a collection of non-negative
conductances

{Xw: u,veVvV}

Xuw may for example represents an affinity of u for v.

The associated directed graph G = (V, E) is defined by uwv € E
it X, > 0.



ADJACENCY AND DEGREE MATRICES

Define the n x n matrices

X = (Xijh<ij<n  and

N = O
S O O
S O = O

1
0
0
0
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MARKOV TRANSITION MATRIX

Associate a Markov chain on V with transition matrix P

Xii
Pi= ——7"—.
Y 22:1 Xiﬁ
We have
P=D'X.

If X,y €{0,1}, P is the transition matrix of the random walk
on G.

Google matrix : for a € (0,1], aP + (1 — a)11*.



HYPERTEXT LINKS

Eigenvalues of transition matrix P for hypertext links of
Cambridge University in 2006.

Frahm, Georgeot, Shepelyansky (2011).



LAPLACIAN MATRIX

For i # j,
Lij = Xij and Ln = — ZXZZ
01

The Laplacian L is the infinitesimal generator of the Markov
process where the jump intensity from i to j is Xj;.

We have

Normalized Laplacian : D~V/2LD~Y2 = DV/2(P — 1) D~/



NON-BACKTRACKING MATRIX

There are many other related matrices, more or less well
understood.

If e=wv, f=xyarein F,

Bep=1(v = 2)1(u # y),

defines a |E| x |E| matrix on the oriented edges.




NON-BACKTRACKING MATRIX

Used notably for community detection.

Karate =2
Overlap: 1

Adjnoun g=2

Overlap: 0.6250 Polbooks 4-3

Overlap: 0.7571

Krzakala/Moore/Mossel/Neeman/Sly/Zdeborovd/Zhang (2013)



PART I : NETWORK MATRICES

Basic Properties of the Spectrum




SPECTRUM

For A € M,(R), we denote its eigenvalues by

AM(A)] = = [Aa(A)]-

If A is symmetric, then the eigenvalues are real and there is an
orthonormal basis of eigenvectors.
If Xy = Xy then X and L are symmetric matrices and

P= D71/2(D71/2XD71/2)D1/2

has also real eigenvalues.



PERRON-FROBENIUS THEOREM

Assume that the graph G of X is strongly connected. Then X
and P are said to be irreducible.

Then A; is positive and is a simple eigenvalue. Its left and right
eigenvector have positive coordinates.

For the transition matrix P, A\;(P) =1 and 7P = 7 with
>, ™(v) =1 is the invariant probability measure of the Markov
chain.



EXAMPLE

7 ~ (0.18,0.06,0.28,0.22,0.05,0.03,0.08,0.11).
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LAPLACIAN MATRIX

Assume that the graph G of X is strongly connected.

Then 0 is a simple eigenvalue of L. Its left and right eigenvector
have positive coordinates.

Then IIL = 0 with > II(v) = 1 is the invariant probability
measure of the Markov process. We have IT oc 7D~

All other eigenvalues have negative real part (from Gershgorin
Theorem, all eigenvalues are in U; B(—Dy;, Dy;))



EXAMPLE

IT ~ (0.18,0.06,0.28, 0.22, 0.05,0.03, 0.08, 0.11).
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REVERSIBLE CASE

When X, = Xy, the graph G is undirected.

Then P and L are reversible processes and we find

1 1 1
WZE(DII,-.-,Dnn) and H:<’...7>’

n n

with

n
S=> Duu=> Xu.
u=1 u,v



INCIDENCE MATRICES

For simplicity, from now on

Xy €{0,1} and X, =0.

Then

Dy = Z 1= deg+(u),
(wv)eE

is the outer degree of w.

deg, (u) =3




REGULAR GRAPHS

If for some d and for any v € V,
deg, (v) =d.

then G is an outer-regular graph.

We have D = dI and the matrices X, L =dl — X, P=d 'X
have the same spectrum up to translation/dilation.

Also A (X) = d and the vector 1 is its eigenvector.



PART II : SPECTRUM AND GRAPH PROPERTIES




TYPICAL VS EXTREMAL EIGENVALUES

There are essentially two types of information encoded on the
spectrum.

- the largest eigenvalues (and their eigenspaces) give some
information on global graph properties (expansion, chromatic
number, maximal cut, etc...),

- the typical eigenvalues give information on local graph
properties (typical degree, partition function of spanning
trees, matchings, etc...).



PART II : SPECTRUM AND GRAPH PROPERTIES

Typical Eigenvalues and Partition Functions




EMPIRICAL SPECTRAL DISTRIBUTION (ESD)

The empirical distribution of the eigenvalues / density of states
is the probability measure on C,

1 n
= z; Oxi(a)

i.e. for any set I C C

n

lzl
=1

is the proportion of eigenvalues in I or equivalently, the
probability that a typical eigenvalue is in [.

[ gdna =13 s
=1

3



KIRCHOFF MATRIX-TREE THEOREM

If G is an undirected connected graph then the number of
spanning trees of G is equal to

RS | ]

;70

where )\z = )\Z(L)

In particular,

1 0 1
Elogt(G) = / log [A|dur(N) — . logn.

— 00



CLOSED PATHS

For t integer, let
Sy = [{closed paths of length ¢ in G}

We have
=Tr{X"} =) A(X)f = n/)\td,ux.
=1

In particular, for z € C, Jm(z) > 0,

1
Zt+1 Z/ 1 / 3 dmx
0

t> t>0

is the Cauchy-Stieltjes transform of px.



RETURN TIMES

If Z; is the Markov chain with transition matrix P,

n

1
> P(Z=v|Zy =) = 5Tr{P?f} = /actd,up.

1
n
v=1

Similarly, for ¢ > 0 real, if Z; is the Markov process with
generator L,

1 n
—ZIP’(Zt =v|Zy=v) = /etLduL.
n

v=1



PART II : SPECTRUM AND GRAPH PROPERTIES

FEigenvectors



LOCALIZATION/DELOCALIZATION OF EIGENVECTORS

Take X or L in the reversible case. Let 1, ..., be an
orthonormal basis of eigenvectors.

Then, for any k£ > 1,

(IR, [oe()]?)

is a probability vector on V.

Eigenvectors are of prime importance for the study of quantum
mechanics in disorder media Anderson (1956), quantum
percolation De Gennes, Lafore, Millot (1957).

Eigenvectors of the largest eigenvalues of the Google matrix are
also studied, e.g. Frahm, Georgeot, Shepelyansky (2011).



DELOCALIZATION OF EIGENVECTORS

How far is a typical eigenvector from a uniform vector on
Sl ={zeR":|z] =1}7

For example, do we have quantum ergodicity, i.e.

1
mz (Ak €1) Zf )¢k (v N*Zf



PART II : SPECTRUM AND GRAPH PROPERTIES

Local Notion of Spectrum




SPECTRAL MEASURE AT A VECTOR

Let A be a symmetric matrix, (e.g. X or L in the reversible
case). Let 91, ..., be an orthonormal basis of eigenvectors.

Take 1 < x < n, define the probability measure,

n

wh = [on(@)]?ox,.

We have
/ N, = (A),

and

%Zuf‘ %ZZ [tk (2)%65, = %Z%k D k(@) = pa.
r=1 k=1  a=1

r=1k=1



PART II : SPECTRUM AND GRAPH PROPERTIES

Extremal Eigenvalues and Expanders




CHEEGER'S CONSTANT

Assume that G is undirected and connected.

For XY C V, define

vol(X Z deg(z

rzeX

EX,Y)= Z 1(uv € E).

zeX,yey
]
)

Isoperimetric / Expansion constant :

h(G) = min B(X, X°)

XcV min (vol(X), vol(X¢))



CHEEGER'S INEQUALITY

Let
I1=M>X >N\, =1

be the eigenvalues of P.

1 — Ay is called the spectral gap of P.

Theorem




CHEEGER'S INEQUALITY

Since
pP—pDlx — D_1/2(D_1/2XD_1/2)D1/2,

the \; ’s are also the eigenvalues of S with § = D~1/2XD~1/2,

Since P1 =1, y = D'/21 is the eigenvector of S associated to
A =1.

Hence, from Courant-Fisher formula,

Ao = max (Sw,?.
z:{x,x)=0 ”I‘H
Or equivalently,
1—X= min M

zex)=0  []?



CHEEGER'S INEQUALITY

We set 7(z) = deg(z) = (D1)(z). Since 7 = D'/?x with the
change of variable f = D~'/2z, after some algebra,

1— )\2 = 1in zuwv(f(u) — f(v))2
ffm=0 Y, deg(v)f(v)?

Let X such that

B E(X,X°)
WG) = min (vol(X), vol(X¢))’

We take
C1lveX) 1vgX)

fw) = vol(X)  wvol(X¢)




CHEEGER'S INEQUALITY

We have

_ deg(z) deg(z) _
(f,m) = Z vol(X) mez); vol(X¢)

reX

and

_ S () = F(0))?
I1-X < S, deg(v) f(v)2
1/vol(X) — 1/vol(X¢))>2

N ¢ (
= 2B X)) T vl (X9

E(X,X°)
min(vol(X), vol(X¢))
< 2h(G).




ALON-BOPPANA BOUND

If G is a d-regular undirected graph on n vertices, then
A (X) =d and
A2(X) = 2vVd—1+40(1).

Consequently,

d—1
d

1—-X\(P)<1-2 +o(1).



RAMANUJAN GRAPHS

Let G be a d-regular undirected graph.

G is Ramanujan if
A2(X) <2vd—1.

They are the best possible expanders. There is a generalized
definition for non-regular graphs (lifts of graphs).



EXISTENCE OF RAMANUJAN GRAPHS

Sequence of Ramanujan graphs G1,Ga,- -+, with |V(G,,)|
growing to infinity, are known to exist when

- d=q+1 with ¢ = p* and p prime number Lubotzky,
Phillips & Sarnak (1988), Morgenstern (1994).

- any d > 3, Marcus, Spielman, Srivastava (2013).



PART II : SPECTRUM AND GRAPH PROPERTIES

Extremal Eigenvalues and Combinatorial Optimization




COMBINATORIAL OPTIMIZATION

Assume that G is undirected and connected

If A is the maximal degree and deg the average degree

max(VA, deg) < \(X) <A.

If x is the chromatic number and A\, (X) < ... < A\ (X),

<x <1+ M (X).



PART II : SPECTRUM AND GRAPH PROPERTIES

Spectral Gaps and Convergence to Equilibrium




SPECTRAL GAP

The spectrum of P and L contain many information on the
behavior of the Markov chain/process.

Notably through the spectral gap

— max Re\(L)
A£0

1 — max ReA(P)
A£L

Even more connections for reversible Markov chain/process. For
simplicity we only consider L.



SPECTRAL GAP

Assume that X is reversible. Let Z; be a Markov process with
generator L,
Ptx — etLex

is the probability distribution of Z; given Zy = .

Let A1 =0 > Ao > --- > A, the eigenvalues of L and
Y1 =1/y/n, ..., ¥, an orthogonal basis of eigenvectors.

From the spectral theorem
n
=) ey
i=1

1 n
P:E - tA; i
t " + ;:2 e ipini(z)



SPECTRAL GAP

Recall that IT = 1/n is the invariant distribution. We get

Py — TP Ze“ i) < 2l

Recall

Iz <D lwil < Vall]l.
7

So,

o (z)|e™P2lt < 2| PF — 10|y < v/ne™ P2l

where the total variation norm is

1
I =vllrv =5 > (@) -
x



SPECTRAL GAP

The mixing time of a Markov process is usually defined as

1

= inf max || PF — T|rv < 5.
7= inf max [" — Ifirv < 5

max, [t (x)] logn
Az

(Note that max, |[19(x)| = 1/y/n).

There are similar developments for reversible Markov chains and
also partially in the non-reversible case.

(Levin/Peres/Wilmer 2009).



PART III : SPECTRUM OF LARGE RANDOM GRAPHS

Simple models of random graphs




AVERAGE DEGREE

The number of directed edges is

|E| = Z deg, (v Z deg_(v) = —Tr{L}.

veV veV

Hence

deg(c) = &

n
is the average degree of a vertex.



THREE ROUGH CLASSES OF (GRAPHS

Let G = (V, E) with n = |V| > 1. We say that G is

Dense if L
deg(G) = O(n).
Sparse if o
1 < deg(G) = o(n).
Diluted if



THREE ROUGH CLASSES OF (GRAPHS

The spectrum of large dense and sparse random graphs can be
studied with tools from random matrix theory.

The spectrum of large diluted random graphs can be studied
(hopefully) with tools from random Schrédinger operators.



ERDOS-RENYI RANDOM GRAPH

Taking p € [0,1]. A random variable X has a Ber(p) law if

- Reversible model : (X;j)1<i<j<n are independent Ber(p)
variables and X;; = X;.

- Non-reversible model : (X;;)1<i£j<n are independent Ber(p)
variables.

More generally, we could consider a general dependence of
(Xij, Xji)-



ERDOS-RENYI RANDOM GRAPH

We have
Edeg(v) =E>  Xyy = (n—1)p.
UFV

p € (0,1) : dense
np — 00, p = o(1) : sparse

p = ¢/n : diluted.



INHOMOGENEQOUS RANDOM GRAPHS

Let W : [0,1]?> — [0, 1] be a constant by block function
(independent of n). For example,

Wi = [ .

For the non-reversible case, we set (X;j)1<i j<n are independent
Ber(p;j) variables with

L
Dij =D w ( >
n’'n
and p = p(n) gives the order of the average degree.

In a sense, for p =1, these graphs are dense among dense
graphs.



UNIFORM d-REGULAR GRAPHS

Take dn even, we may define G as a random d-regular sampled
uniformly at random (provided the set is not-empty).

If d = o(y/n), G can be studied thanks to a simple probabilistic
model, the configuration model, Bollobds (1981).

The configuration model can also be used to study uniform
random graphs with given degree sequences.



WHY STUDYING TOY MODELS ?

Very simple models of random networks : no underlying
geometry.

Their study may help to understand what is due to noise in a
real world network.

They are natural candidates for best expanders, best mixing
times, graphs with delocalized eigenvectors, etc.



PART III : SPECTRUM OF LARGE RANDOM GRAPHS

Dense undirected random graphs




DENSE ERDOS-RENYI

We fix p € (0,1).
Reversible model : (Xj;)1<i<j<n are independent random
variables Ber(p) and X;; = Xj;.

Eigenvalues of X for n =100, p = 1/2.



DENSE ERDOS-RENYI

Histogram of eigenvalues \o(X) > ... > A\, (X) for n = 100 and
p=1/2.
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DENSE ERDOS-RENYI

Histogram of eigenvalues A2(X) > ... > A\, (X) for n = 1000 and
p=1/2.
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WIGNER’S SEMI-CIRCLE LAW

Wigner matrix :
Y = (Yijh<ijs<n

with (Yj;)i~; iid random variables, independent of (Yj;);>1 iid
and Yj; = Y,

Theorem
IfEY1; = EYi5 = 0, EY = 1 then with probability one, for any
interval I C R,

N%(I) = :lzl(/\%) S I> = pise(]).

where pisc(dz) = 1jy1<2V4 — 2?dx. In other words, a.s. [y m
converges weakly to fisc.



SECOND MOMENT
Assume Y;; = 0.
1, (Y
2
d = ~Tr| —
/1: Hom n r<\/ﬁ>
1 2
- mLY
0]
2 2
= 3 > Y3

1<i<j<n
Taking expectation, from EY = 1,
9 _n(n—-1)

Hence, from the law of large numbers, with probability one,

/a;zd,uy — 14 o(1).
vn



METHOD OF MOMENTS

We have
/kaHdusc =0 and /x%dusc = cg,
where ¢, is the k-th Catalan number
1 2k
T rri\k )

By a combinatorial argument, we can prove that

k
/@wuyzlﬁ<y>
viooon vn

. k
= iRz > 1Y

U1, i £=1

= /I’kd,usc + 0(1)



SEMI-CIRCLE LAW FOR ADJACENCY MATRIX

Theorem
Fix p € (0,1) and let 0 = p(1 — p). With probability one, for
any interval I C R,

I

=

n
o

1 Ai(X)
(H==%"1 e 1) = peoll).
n Z; ( o\/n > B

B

7




FrOM WIGNER MATRIX TO ADJACENCY MATRIX

We have

O'2 = Var(X12) = E(Xlg — EX12)2 = E(X%z) — (EX12)2 = p(l —p).

Also, with J = 117%,
EX =p(J —1I).

Now,
X (X —EX) pJ pl

a\/ﬁ: o\v/n +a\/ﬁ_a\/ﬁ‘




FrOM WIGNER MATRIX TO ADJACENCY MATRIX

X _(X-EX), pJ ol
ovn - oynoyn oyn

- (XU_\%X) is a Wigner matrix, its ESD converge to the

semi-circular law.

% has rank one (but norm of order y/n!).

% has norm of order 1/+/n (but full rank!).



INTERLACING INEQUALITIES

Take A € M, (R) symmetric and A" € M,,_1(R) a minor,
/
A (A* v)
vt ou

Ait1(A) < Ni(A') < Ni(A).

Then, if >\i+1 < )\i,

Take A, B € M, (R) symmetric and rank(A — B) = k then

Airk(A) S Ai(B) < Ak (A).



INTERLACING INEQUALITIES

Define, the Kolmogorov-Smirnov distance as

dics (s v) = sup|p((—00,)) = v((=00,1))].

If dis(pin, ) — 0 then p,, converges weakly to p.

Lemma
If A, B are Hermitian n X n matrices, then

drs(pa, piB) < mnk(fl_B).



FrOM WIGNER MATRIX TO ADJACENCY MATRIX

X _(X-EX), pJ ol
ovn - oynoyn oyn

- (XU_\%X) is a Wigner matrix, its ESD converge to the

semi-circular law.

% has rank one (but norm of order y/n!).

% has norm of order 1/+/n (but full rank!).



INHOMOGENEOUS RANDOM GRAPH

A similar study can be done for the ESD of dense undirected
inhomogeneous graphs, where

Xij 4 Ber(W(i/n, j/n)),

and W :[0,1]2> — [0,1] is a constant by block function.

The limit is the semi-circle if

1
2(2) = x - W(x
o*(z) /0 W (2, y)(1 — W(z,y))dy

is a constant funciton of x.



EXTREMAL EIGENVALUES IN DENSE ERDOS-RENYI

We fix p € (0,1). (Xij)i<i<j<n are independent random
variables Ber(p) and X;; = Xj;.

0.8

0.6

04

Eigenvalues of X for n =100, p = 1/2.



FUREDI-KOMLOS THEOREM

Wigner matrix
Y = (Yij)icij<n

with (Yj;)>; iid random variables, independent of (V3;);>1 iid
and Y]Z - YL])
Theorem

IfEY;; =EYi1s =0, EY3 = 1, EY4 < o0, EY}} < oo, then with
probability one,

M (\2) — 24 o(1) = -\, (\2)

Recall that supp(psc) = [—2,2].



EXTREMAL EIGENVALUES OF DENSE ERDOS-RENYI

Theorem
Fix p € (0,1) and let 0 = p(1 — p). With probability one,

A (X) =pn+ O(V/n),

Na(X) = 2037 + o(v/7) = —An(X),

and, if ¢y is the Perron eigenvector,

lbr = 1/v/nll = O(1/V/n).



BAUER-FIKE THEOREM

Theorem
If A, B is n x n Hermitian,

[Ai(A+ B) = Ai(A)| < ||B].
For general B, for some permutation o,

[Ai(A+ B) = Ay (A)] < | BI].



EXTREMAL EIGENVALUES OF DENSE ERDOS-RENYI

X =p(J —1I) + (X —EX).

The eigenvalues of J — I are : n — 1 and —1 with multiplicity
n — 1.

From Firedi-Komlés Theorem, || X — EX| = 20+v/n + o(y/n)

Hence,

M(X) =p(n=1)] = O(/n)
A2(X) +pl < (240(1))ov/n.

However, from the semi-circle law, we already know that
X(X) = (24 0(1))oyn.



RANK ONE PERTURBATION OF EIGENVECTOR

Assume that
B = A+ uw*.
If X is an eigenvalue of B and not of A then
1+v*(A=X)"tu=0

and

Y= (A—-N"tu.

is an eigenvector.



RANK ONE PERTURBATION OF EIGENVECTOR

Apply this
X = (X —EX —pI) + p11™,

and
A=\ (X)=pn+O(/n).

From | X — EX — pI| = O(y/n), we get

[br = 1/v/nll = O(1/Vn).



MARKOV TRANSITION MATRIX

A similar analysis can be done for P = D71 X.

Xo(P) = L"n + o<\}ﬁ> — —M\u(P).
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Eigenvalues of P for n = 100, p = 1/2.



MARKOV TRANSITION MATRIX

T T 1
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Histogram of A\, (P) < ... < A2(P) for n = 1000, p = 1/2.



LAPLACIAN

L=X-D.

0.8

0.6

04 4

Eigenvalues of L for n = 100, p = 1/2.

-10

10



LAPLACIAN
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Histogram of A\, (X) < ... < A2(L) for n = 1000, p = 1/2.



LAPLACIAN

Theorem
Fix p € (0,1) and let 0 = p(1 — p). With probability one, for
any Interval I C R,
/lzL-‘,—an (I) — ILL(I)
ov/n
where i = pus. B N(0,1). Moreover, with probability one,

Xo(L) = —np+o(1+0(1))y/2nlogn.

(Ding/Jiang 2010), (Jiang 2012)



HEURISTICS

L+ npl X-EX D-ED pJ

oy/n  oyn  oyn +U\/ﬁ'

X—EX . Wigner matrix : its ESD converges to the
a\/Nn

semi-circular law.

Dg\}EﬁD diagonal matrix with approximately iid Gaussian
N(0,1) coefficients, D;; = Z Xij.

pJ
oyn -’

: one eigenvalue 2 \F — 00, all others 0.



FREE CONVOLUTION

Let A, be a sequence of deterministic Hermitian n x n matrices
such that for any bounded continuous function f,

/qu,L — /fdu~

Then, if Y is a Wigner matrix, with probability one,

/f,ujﬁJFAn%/fdl/.

V= lsc B p.

and

In high dimension, the spectra add up!!



MAXIMUM OF (GAUSSIAN VARIABLES

oy/n  oyn  oyn ov/n’

L+ npl X-EX D-ED  k pJ

If (Z;)i=1 are iid N(0,1) variables then with probability one,

max Z; = (14 o(1))y/2logn.

In particular,

HWM = (1+0(1))/2logn,

and ...

Xo(L) = —np+o(1+0(1))y/2nlogn.



PART III : SPECTRUM OF LARGE RANDOM GRAPHS

Sparse undirected random graphs




SPARSE ERDOS-RENYI

The above results remain valid as long as
np — o9,
for the ESD of X or

np
logn

— OQ.

for all other statements.

Note that o = \/p(1 — p) ~ /p when p = o(1).



SPARSE ERDOS-RENYI

A key technical statement is Khorunzhy (2001), Vu (2007) :
with probability one,

X —EX
HH =2+0(1)
o\/n
when n
{d — 0
logn
However, when p = 0(105”>, ‘ X XH > 1.
a\/Nn




PART III : SPECTRUM OF LARGE RANDOM GRAPHS

Sparse/dense directed random graphs




DIRECTED ERDOS-RENYI

[rreversible model : (Xjj)1<izj<n are independent random
variables Ber(p).

Eigenvalues of X for n =100, p = 1/2.




CIRCULAR LAw

Theorem
Assume that (Yj;); j>1 are iid random variables EY15 = 0, and
E|Y12|? = 1, consider the matrix

Y = (Yij)i<ij<n-
Then, with probability one, for any Borel set I C C,
MY/ﬁ(I) — IU'C(I)7

with 1
pe(dzdy) = ;1\z|<1d2‘

(Mehta 1967), (Girko 1984), (Bai 1997), (Pan/Zhou 2010),
(Gétze/Tikhomirov 2010) ..., (Tao/Vu 2010).



CIRCULAR LAW FOR ADJACENCY MATRIX

Theorem
Assume (logn)%/n < p < 1—6 and let 0% = p(1 — p). For any
Borel I C C, in probability,

M%U) — pe(I).

(Bordenave, Caputo, Chafai 2014)



HEURISTICS

X _(X-EX), pJ pl
ovn  oyn oyn  oyn’

- XEX) 55 a random iid matrix, its ESD converges to the

oV

circular law.

- f has rank one (but norm of order /n! ).

azjﬁ has norm of order 1/y/n (but full rank! ).




PERTURBATION OF NON-HERMITIAN MATRICES

Take

All eigenvalues of N are 0,

N = Op.

For £ = 1, the eigenvalues of C' are e2™*/" 1 <k <

[sane o= [ s

0

True as soon as e/ — 111

n:



MARKOV TRANSITION MATRIX

For (logn)%/n < p < 1— 4, there is a circular law for
P = D~'X with radius o/(pv/n).

Eigenvalues of P for n = 100, p = 1/2.

le-01

2 %
L)
0e00 { 8 )o o
.~ ..
‘- T

-le-01

T T T T T T T T T T T T
-02 -01 o0 01 02 03 04 05 06 07 08 09 1 11 12



LAPLACIAN

In the same regime, there is a convergence for the ESD of
L = X — D shifted by pn and rescaled by o+/n.

Eigenvalues of L for n = 100, p = 1/2.

-70 -60 -50 -40 -30 -20 -10 0 10



INVARIANT MEASURES

Theorem.
If p > (logn)/n, then, a.s. for n > 1, the Markovian generator

L is irreducible and

o [logn Vo logn
m-1 —o(2y/ ,
| /1|y O<p n ) +O( p n3/4>

Similarly, for the Markov transition matrix P,

o vologn
1 — _ VY Yo
| /nllpy =0 (pﬁ) +O< pn3/4 )’

(Bordenave, Caputo, Chafai 2014)



PART III : SPECTRUM OF LARGE RANDOM GRAPHS

Diluted undirected random graphs




KESTEN-McKAY Law

Fix integer d > 1. Let G = G, be a sequence of d-regular graphs
on n vertices such that for any k,

[{cycles of lenght k}| = ox(n).

In words, G is locally tree-like.

For example, with probability one, a sequence of uniformly
sampled d-regular graphs on n vertices is locally tree-like.



KESTEN-McKAY Law

Theorem
Fix integer d > 2. Let G = G, is a sequence of locally tree-like
d-regular graphs on n vertices then for any I C R,

LS IR(X) € 1) = () = e (D)
k=1

where

d /4(d—1) — a2
% d2 — :UQ 1‘x‘<2 /d_ldx.

pr v (dr) =

We have puas(IvVd) — pse(I) when d — oco.



SIMULATION

Take d = 4, n = 2000 and G a uniformly sampled d-regular
graph.

1.8e-01 4
1.6e-01 JR— —
1.4e-01 o T —
1.2e-01 4
le-01 o
8e-02 4
6e-02 o
4e-02 4

2e-02 4

0200 =



IDEA OF PROOF

Since G is locally tree-like, T is the infinite d-regular tree.
k 1 k
/)\ dux = —TrX
n

1 n
= - Z [{closed walks of length & starting from v in G}|
n

v=1

= |{closed walks of length k starting from the root of T'}| + o (1)
= /)\kd,uKM + ox(1).

It is then fairly easy to compute the number of walks on the
infinite regular tree.



FRIEDMAN’S THEOREM

We have A\ (X) = d, supp(prr) = [-2vVd — 1,2v/d — 1] and
A2(X) = 2vd—1+0(1). Recall that A2(X) < 2v/d — 1 for
Ramanujan graphs.

Theorem

Fix even integer d > 4. Let G = G, is a sequence of uniformly
distributed d-regular graphs on n vertices, then with high
probability,

A (X) =2Vd — 1+ o(1) = =\ (X).

Most regular graphs are nearly Ramanujan !

(Friedman 2004)



ERDOS-RENYI

Theorem
Fix integer ¢ > 0. Let G = G,, be an Erdds-Rényi graph with

parameter p = ¢/n. Then, with probability one, for any interval
I CR,
1 n
px(D) = S 10W(X) € 1) = (1),
k=1

for some probability measure u. with support R.



ERDOS-RENYI

Histogram of eigenvalues for ¢ = 4 and n = 500.

3.5e-01 4
3e-01 4
2.5e-01 o
2e-01 4
1.5e-01 o
le-01 4

5e-02 4

0e00 T T T N T T T T T T n 1

I
—
—
+
S
—~
—
SN—
N—
=
O e
R
B3
3

The maximum eigenvalue is A\ (X)
(Sudakov and Krivelevich 2003).



ERDOS-RENYI
There is no explicit expression for ..
Let A = {\;,i > 1}, be the atoms of p,, i.e.

pe({A}) > 0if and only if X € A.

Then A is the set algebraic numbers

S o)) <1

A€A

if and only if ¢ > 1.
Also p1.({0}) has a closed-form expression.

Bordenave/Lelarge/Salez (2012), Salez (2013), Bordenave/Virdg/Sen
(2014).



ERDOS-RENYI

Eigenvalues for ¢ = 4 and n = 500 of the non-backtracking
matrix B.

No theorem yet !



IN SUMMARY



IN SUMMARY

The spectra of well-chosen graph matrices contain a lot of
meaningful information and spectral algorithms are reasonably
fast.



IN SUMMARY

Understanding the spectra of random graphs may notably help
to sort meaningful information from noise.



IN SUMMARY

As long as the average degree of a vertex grows to infinity,
general spectral graph theory, theory of perturbations and
random matrices are very useful.



IN SUMMARY

The spectrum of diluted random graphs is very far from being
understood.
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