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Solver interface

@ Interface to direct and iterative solvers: MUMPS, SuperLU_Dist, Hypre, Petsc, pArms,etc
@ SLSI [Nuentsa Wakam et al 2010] available on demand

@ System solver in H20Lab platform [Erhel et al 2009]

@ Application to CFD problems

GMRES(m): a Krylov method

@ combining Domain Decomposition and deflation

PCG: a Krylov method for SPD matrices

@ combining Domain Decomposition and deflation




Preconditioned GMRES Z

SAGE-
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Ax=b, AER™ x,beR" B=AM! ) &
GMRES
GMRES(m): a Krylov subspace method :u‘m”“

deflatior

@ [Saad and Schultz 1986, Meurant's book 1999, Saad’s book 2003, Simoncini and Szyld 2007, Erhel 2011, ...]

@ Fix xp, then rp = b — Axp

@ Km(B, ro) = span{ro, Bro,...B™ 'rp}

® Find xm € x0 + Km(B, ro) such that ||rm|l2 = [|b — Bxmll2 = minyexg1 1,8, |16 — Bull2

Building blocks of GMRES

@ |Initial step: choose xp, compute ry

@ First step: generate an orthonormal basis V11 = [w, . . ., Vim] of Kmy1(B, ro) such that
w=r/B, B=lrnl2 BVn=VniiHn
@ Second step: approximate solution x, = xo + Mt Vimym

= rm =1y — BVypym = m+1(ﬁel - F”m)’m)

= Ym = mi”yeR"””Bﬁ - F’m}’Hz




1:vo = ro/lIroll2
2: fork=0,...do
5 p = By

fori=1: kdo

hix = v p

p=p — hivi

hy1,k = |lpll2

4
5
6:
7: end for
8:
9

Vk+1 = P/ h

10: end for

k+1,k

4

BVin = Vi1 Fm
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GMRES ... practical issues

Arnoldi process

1 vo = ro/llroll2

2: for k =0,

3:

4:

5:

6:

7:

8: hira,k = |lpll2

9 k1 = p/hii,k

10: end for )
4

BV = Viny1Hm J

Granularity issues in parallel algorithms

= Communication-avoiding strategies
@ Generate the basis vectors [Reichel 1990, Bai et al 1994]
@ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

@ Improve the strategy [Hoemmen 2010, Demmel et al 2011]
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GMRES ... practical issues

Granularity issues in parallel algorithms

= Communication-avoiding strategies

@ Generate the basis vectors [Reichel 1990, Bai et al 1994]

Arnoldi process @ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

@ Improve the strategy [Hoemmen 2010, Demmel et al 2011]
1 vo =no/llnoll2 4
2: for k =0, .
3: p = By
4: fori=1": deo Complexity issues with restarted GMRES(m
5: § g . . X X
6: P => Use deflation to recover possible loss of information
: p=p— hixv;
7: @ Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
8: hira,k = |lpll2 1998, ...]
9: Vicr1 = P/ hit1,k @ Deflation by augmented basis [Morgan 1995, Morgan 2002, . ]
10: end for J
p
4
BV = Vimi1Hm )
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GMRES ... practical issues

Arnoldi process

1:v = fo/l\fol\z
.d

2: for k =
3:
4:
5:
6:
7:
8: hira,k = |lpll2
9 k1 = p/hii,k
10: end for
4

BV = Vimi1Hm

J

Granularity issues in parallel algorithms

= Communication-avoiding strategies
@ Generate the basis vectors [Reichel 1990, Bai et al 1994]

@ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

Improve the strategy [Hoemmen 2010, Demmel et al 2011]

Complexity issues with restarted GMRES(m

= Use deflation to recover possible loss of information

Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
1998, ...]

Deflation by augmented basis [Morgan 1995, Morgan 2002,...]

Preconditioning issues

=> use multilevel methods to deal with large systems

Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout
2010, Giraud-+Haidar 2009, Smith et al's book 1996,...]

Filtering and Schur complement [Li et al 2003, Grigori et al 2011]

Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...]
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GMRES ... practical issues

Granularity issues in parallel algorithms

= Communication-avoiding strategies

@ Generate the basis vectors [Reichel 1990, Bai et al 1994]

Arnoldi process @ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

@ Improve the strategy [Hoemmen 2010, Demmel et al 2011]

1: Vo:ro/l\fol\z 4
: for k =
3
4 Complexity issues with restarted GMRES(m
5 . . . .
6: => Use deflation to recover possible loss of information
7: @ Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
8 hy1,k = |lpll2 1998, ..]
9 Vicr1 = P/ hit1,k @ Deflation by augmented basis [Morgan 1995, Morgan 2002, . ]
10: end for y
p
4 P
Preconditioning issues

BVim = Vi1 Am J => use multilevel methods to deal with large systems

@ Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout

2010, Giraud-+Haidar 2009, Smith et al's book 1996,...]
@ Filtering and Schur complement [Li et al 2003, Grigori et al 2011]

@ Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...]

Work in the team SAGE

Combine 'communication-avoiding’ GMRES ... and Deflation ... and domain decomposition preconditioners
[Nuentsa Wakam et al 2013 and to appear]
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Communication-avoiding strategy: Newton basis

building blocks

@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis
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Communication-avoiding strategy: Newton basis

building blocks

@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis

@ First step: build a basis K11 = [ko, k1, - -

., km] of the Krylov subspace Kp,41(B, rg) such that

BKm = Km+1Tm
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Communication-avoiding strategy: Newton basis

building blocks

@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis

@ First step: build a basis Ki,11 = [ko, k1, - - - , km] of the Krylov subspace KCp1(B, rg) such that

BKm = Km+1Tm

@ Second step: compute an orthonormal basis of KC,11(B, ro)
Compute the QR factorization K11 = Vinp1 Ry
RODDEC [Sidje 1997, Erhel 1995] or TSQR [Demmel et al 2011]

= BKm = Vint1Rmi1 Tm = BVin = Vet R1 TmRy
N— ——

Hm
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Communication-avoiding strategy: Newton basis

building blocks

@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis

@ First step: build a basis Ki,11 = [ko, k1, - - - , km] of the Krylov subspace KCp1(B, rg) such that
BKm = K1 Tm
@ Second step: compute an orthonormal basis of KCp,11(B, rg)

Compute the QR factorization K11 = Vinp1 Ry
RODDEC [Sidje 1997, Erhel 1995] or TSQR [Demmel et al 2011]

7 + p—1
= BKm = Vmy1Rme1Tm = BV = Vi1 Rmia TmR,,
Am
@ Third step: approximate solution X, = xp + m—1 VmYm

= rm =g — BKnym = Vmy1(Ber — Amym)  with B = ||ro|l2

= ym = min,cpm||Ber — HAmy|l2
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Deflation strategies

SAGE-
solvers
JE
Restarted GMRES(m)
@ xm = xg + M~ Vinym where y,, minimizes | rml2 Newton basis
The convergence rate depends on the spectral distribution in B :;T;:::

Smallest eigenvalues slow down the convergence

Deflation occurs when the Krylov subspace is large enough

With restarting : loss of spectral information, risk of stalling
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Deflation strategies

Restarted GMRES(m)

Xm = X0 + M_leym where y;, minimizes ||rm||2

The convergence rate depends on the spectral distribution in B
Smallest eigenvalues slow down the convergence

Deflation occurs when the Krylov subspace is large enough

With restarting : loss of spectral information, risk of stalling

Accelerating the restarted GMRES

@ Approximate the smallest eigenvalues and the associated invariant subspace U,

@ Explicit deflation technique [Erhel et al 1996; Burrage et al 1998; Moriya et al 2000 |:

B X=b

with and
Augmented techniques [Morgan 2000, 2002, Giraud et al, 2010]:

xm € xo + span{ U} + Km(B, ro)

A\
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DGMRES: GMRES with adaptive preconditioning deflation
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Newton basis

@ Perform one cycle of restarted GMRES(m) and compute a coarse subspace of basis U, dAdfTPt_ive
leflation

@ Build MY = I + U (|1Xa| T~ = 1)UT, T =UTBU,

@ At each restart, update r and the basis U,




DGMRES: GMRES with adaptive preconditioning deflation .“
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DGMRES(m, r)
Newton basis
@ Perform one cycle of restarted GMRES(m) and compute a coarse subspace of basis U, dAdfTPt_ive
leflation

@ Build M~ = Iy + Ur(|1Aa| T~ = 1)U], T =UTBU,
@ At each restart, update r and the basis U,

”
Adaptive DGMRES(m,r)
] [Nuentsa Wakam Erhel 2013]
(] [Sosonkina et al 1998]
”




DGMRES: GMRES with adaptive preconditioning deflation

DGMRES(m, r)
@ Perform one cycle of restarted GMRES(m) and compute a coarse subspace of basis U,
@ Build M~ = Iy + Ur(|1Aa| T~ = 1)U], T =UTBU,
@ At each restart, update r and the basis U,

A\

Adaptive DGMRES(m,r)

] [Nuentsa Wakam Erhel 2013]
(] [Sosonkina et al 1998]

Module DGMRES

(]
A\

@ Distributed with Petsc
@ Application to CFD problems [Nuentsa Wakam Pacull 2013]
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DGMRES combined with Domain

Decomposition
SAGE-
solvers
JE
Implementation in PETSc GMRES
Newton basis
Adaptive
Options for DGMRES accelerator ASM Preconditioner deflation
-ksp_type <dgmres>, -ksp_dgmres_eigen <1>, ParMETIS partitioning, RAS preconditioner (D = PCG
-ksp_dgmres_smv <0.5>, -ksp_gmres_restart <48,

16, 32, 64, 128), overlap = 1, Sequential MUMPS
64>, -ksp_maxit <1000> in subdomains.

Cluster Parapide @ GRID'5000; 25 nodes ( 2 CPUs Intel@2.93GHz, 4 cores/CPU, 24GB RAM), Infiniband network J




DGMRES combined with Domain Decomposition

SAGE-
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Implementation in PETSc GMRES
Newton basis
Adaptive
Options for DGMRES accelerator ASM Preconditioner deflation
-ksp_type <dgmres>, -ksp_dgmres_eigen <1>, ParMETIS partitioning, RAS preconditioner (D = [PLete
-ksp_dgmres_smv <0.5>, -ksp_gmres_restart <48, 16, 32, 64, 128), overlap = 1, Sequential MUMPS
64>, -ksp_maxit <1000> in subdomains.

Cluster Parapide @ GRID'5000; 25 nodes ( 2 CPUs Intel@2.93GHz, 4 cores/CPU, 24GB RAM), Infiniband network J

RMO7R : n = 381,689; nz = 37,464,962

D GMRES(48) DGMRES(47,1) GMRES(64) DGMRES(63,1) Memory
Matvecs Time Matvecs Time Matvecs Time Matvecs Time (MB)
16 551 230 212 173.4 355 193.8 208 168.9 1,070
32 - - 533 109.2 2217 244.6 455 94.6 513
64 - - 410 56.8 - - 453 50.8 299
128 - - 791 51.5 - - 638 44.3 225




AGMRES: deflation with an adaptive augmented basis

Building blocks

@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis
Compute Uy = [ug, ug, - . .

, ur—1] a basis of a coarse subspace
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AGMRES: deflation with an adaptive augmented basis »“ 

SAGE-
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Building blocks
@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis ;;“'“‘" b
Compute U, = [ug, us, - . ., u,_1] a basis of a coarse subspace it
@ First step: build a basis Kj,11 = [ko, k1, - - - , km] of the Krylov subspace Kp,+1(B, rg) such that

BKm = m+1 Tm
Define the augmented subspace Cs = K (B, rg) + span{ U, } with s = m + r with the basis

[ Km U]

9/15



AGMRES: deflation with an adaptive augmented basis 2 “ 

SAGE-
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Building blocks
@ Initial step: run one cycle of GMRES(m) and compute shifts for the Newton basis ;;“'“‘" b
Compute U, = [ug, us, - . ., u,_1] a basis of a coarse subspace it
@ First step: build a basis Kj,11 = [ko, k1, - - - , km] of the Krylov subspace Kp,+1(B, rg) such that

BKm = Kmt1 Tm
Define the augmented subspace Cs = K (B, rg) + span{ U, } with s = m + r with the basis

[ Knm U]

@ compute .
BU, = KD,

Define the augmented subspace (fs+1 = Km+1(B, ro) + span{BU, } with the basis

[ K1 Kr ]

9/15



AGMRES: deflation with an adaptive augmented basis “‘,'
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Building blocks
Newton basis
@ Second step: Compute an orthonormal basis of és+1 dAdprt_ive
leflation

QR factorize the augmented basis [ Km+1 K, 1 = Vst1Rs i1
= = o1
= BKm = Vmi1Rm11Tm = BVm = Vimp1Rmi1 TmR,,
= BUr = (Vp+1Rmt1,r + VrRr)Dr

Define the basis Ws = [ Vi, Uy ]
= BWs = V511 Hs




AGMRES: deflation with an adaptive augmented basis “‘,'

SAGE-
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Building blocks
Newton basis
@ Second step: Compute an orthonormal basis of és+1 dAdprt_ive
leflation

QR factorize the augmented basis [ Km+1 K, 1 = Vst1Rs i1
= = o1
= BKm = Vmi1Rm11Tm = BVm = Vimp1Rmi1 TmR,,
= BUr = (Vp+1Rmt1,r + VrRr)Dr

Define the basis Ws = [ Vi, Uy ]
= BWs = Vs 1Hs
@ Third step: xs = xp + M_leys

= rs = — BWsys = Vey1(Ber — Hsys) and 8 = [Irol2

¥s = min, cgs||Ber — Hsyll2




AGMRES: deflation with an adaptive augmented basis “‘,'

SAGE-
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Building blocks
Newton basis
@ Second step: Compute an orthonormal basis of és+1 dAdprt_ive
leflation

QR factorize the augmented basis [ Km+1 K, 1 = Vst1Rs i1
= = o1
= BKm = Vmi1Rm11Tm = BVm = Vimp1Rmi1 TmR,,
= BUr = (Vp+1Rmt1,r + VrRr)Dr

Define the basis Ws = [ Vi, Uy ]
= BWs = V511 Hs

@ Third step: xs = xp + M_leys

= rs = — BWsys = Vey1(Ber — Hsys) and 8 = [Irol2

¥s = min, cgs||Ber — Hsyll2

@ Final step: Adaptively update r and the coarse basis U,




AGMRES in PETSc 2 .‘

SAGE-
solvers
New KSP type : AGMRES JE
figure
e - Newton basis
| APPLICATIONS CODES | e | GMRES | Other KSP .. Adaptive
= T deflation
=] PC KSP
; (Preconditioners) (Krylov Subspace Methods)
o
I FGMRES| LGMRES i S
@ EXTERNAL PACKAGES | | H DGMRES AGMRES
=
w
3 MATRICES ‘ VECTORS H INDEX SETS H
w
-
Ml BLas ‘ LAPACK |[SCALAPACK H BLACS ‘ MPI ‘

| A

Usage in Petsc

@ Use AGMRES just as GMRES

@ = KSPSetType(ksp, KSPAGMRES) or -ksp_type agmres, -pc_type asm, ...
@ Options : -ksp_gmres_restart m, -ksp_agmres_eig r,
o

-ksp_max_its maxits, -ksp_agmres_smv smv -ksp_agmres_bgv bgyv, ...

A\
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AGMRES combined with Domain Decomposition “‘,'
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Newton basis
Main steps when using AGMRES Adaptive
deflation
@ Partition the weighted graph of the matrix in parallel with PARMETIS.
@ Redistribute the matrix and right-hand-side according to the PARMETIS partitioning.

@ Perform a parallel iterative row and column scaling on the matrix and the right-hand side vector
[Amestoy et al, 2008].

@ Define the overlap between the submatrices for the additive Schwarz preconditioner.
—1 2 0 T 5
s = O (RR) (A2)IRY
k=1

@ Setup the submatrices (ILU or LU factorization).

@ Solve iteratively the preconditioned system using either AGMRES or GMRES.




Augmented Conjugate Gradient

PCG
@ A Symmetric Positive Definite (SPD) matrix
@ Krylov method
@ short recurrences and minimization properties
@ preconditioning m—1

Coarse grid and balancing

| A\

[Nicolaides 1987, Mandel 1993, DD proceedings, Giraud et al.]
@ Z basis of a coarse subspace
@ A= ZT AZ restriction of A nonsingular small matrix
@ P=1—AZAZ'ZT and PT =1 — ZAZ}(AZ)T
@ C,=P M7 Ip4zAZ1ZT

Coarse grid and augmented CG

| A\

[Erhel et al 2000, Saad et al. 2000, Tang et al. 2009, Poirriez 2011, Nataf et al]
@ x=2AZ'ZTb
@ =P M?!
@ G, is equivalent to C,

A\
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SIDNUR: AugCG and Domain Decomposition “‘,'
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Balancing Neumann Neumann
PCG

@ PCG applied to a Schur complement
@ Neumann-Neumann preconditioning M1t

@ Balancing with a coarse grid Z

A\

SIDNUR

[Poirriez 2011, Pichot et al. DD21 proceedings to appear]
@ domain decomposition provided by the user
coarse grid : signature of subdomains [Frank and Vuik 2001]
C++ library soon available
mutual factorization of local Schur complements and local matrices

management of floating subdomains

numerical experiments with 3D fracture networks

A\
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Conclusion

GMRES

DGMRES KSP module: deflation in GMRES(m) with or without Newton basis
AGMRES KSP module: augmented Newton basis in GMRES(m)

Deflation combined with Schwarz domain decomposition preconditioning
Robustness: reduce the restarting effects and the domain decomposition effects
Efficiency: increase granularity and scalability

Numerical experiments with CFD problems: DGMRES and AGMRES faster than GMRES

Deflation combined with Schur domain decomposition

SIDNUR: Balancing Domain Decomposition

Robustness: reduce the domain decomposition effects

Efficiency: parallel Schur and Neumann Neumann computations

Numerical experiments with 3D fracture networks: faster than multigrid and PCG

Library soon available as free software
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