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Numerical Strategies for MHD and Reduced MHD :
Toroidal geometries (Tokamaks).

1 Spectral Finite Element/Spectral method
for the two fluid Braginskii model
(S. Minjeaud , R. Pasquetti)

2 C1-Finite Element/Spectral method.
(J. Costa, G. Huijsmans, B. Nkonga)

3 Finite Volume/Finite Volume
(H. Guillard, B. Nkonga,

A. Sangam, G. Vides, E. Audit)

4 C1-Finite Element/C1-Finite Element.
(M. Bilanceri, J. Costa, H. Guillard,

B. Nkonga, M. Martin )



ANR-11-MONU-002, ANEMOS 2011-2015.
Advanced Numeric for elm’s : Models and Optimized Strategies

Goals.

1 Developed and improved numerical tools
(JorekX/PlaTo −− > Anemos? )

2 in order to simulate physical mechanisms of elm’s

3 and qualified some strategies for their control.

4 Design numerical Strategies that are efficient on the most
advanced computers available

5 such as to contribute to the science base underlying of
proposed burning plasma

6 tokamak experiments such as ITER



ANEMOS 2011-2015 : Toward elm’s control.

Main tasks.

1 elm’s control by Resonant Magnetic Perturbations.
(irfm)

2 Modeling of pellets elm’s pacing.
(mds & inria)

3 Numerical algorithm optimizations and parallel scaling.
(bacchus & irfm & jad )

4 Higher-order-of-continuity advanced meshing.
( jad & inria)

5 Variational multiscale stabilization for compressible MHD.
(jad & iter)

6 Visualization, data management and software integration.
(mds & inria)



Fluid Models for MHD

1 Single Fluid MHD:eee ' −vvv × bbb + ηjjj + · · · , jjj ' ∇× bbb
∂tρ+∇ · (ρvvv) = 0
∂tmmm +∇ · (mmm ⊗ vvv + piii + πiii− bbb⊗ bbb) = µ∇ · τττ + · · ·
∂tp + vvv · ∇p + ρc2∇ · vvv = 0
∂tbbb +∇× eee = 0

2 Reduded MHD : ∂tρ ' 0, ∂tp ' 0
bbb ' F∇φ+∇ψ ×∇φ, vvv ' r2∇φ×∇u,

General formulation
MMM (∂∂∂, ∂tw) +LLL (∂∂∂,w) = 0 for t > 0. xxx ∈ ΩΩΩx ⊂ Rd



Approximations, Poloidal/Toroidal : ψψψψψψψψψ
h

(ξξξ, φ) =ϕϕϕϕϕϕϕϕϕh (ξξξ)⊗TTTh (φ)

MMM (∂∂∂, ∂tw) +LLL (∂∂∂,w) = 0

wh (t, ξξξ, φ) =

Nφ∑
`′=1

Np∑
j=1

wwwj`′ (t)?(ϕϕϕϕϕϕϕϕϕj (ξξξ)⊗TTT`′ (φ) ) = wwwwwwwww
h

(t)?ψψψψψψψψψ
h

(ξξξ, φ)

wwwwwwwww
h

(t) ≡



www11 · · · www1`′ · · · www1Nφ
... · · ·

... · · ·
...

wwwj1 · · · wwwj`′ · · · wwwjNφ
... · · ·

... · · ·
...

wwwNp1 · · · wwwNp`′ · · · wwwNpNφ


ϕϕϕϕϕϕϕϕϕj (ξξξ) ∈ Rϑp , TTT`′ (φ) ∈ Rϑφ , wwwj`′ ∈ RNv × Rϑp × Rϑφ



Time Integration ,MMM (∂∂∂, ∂tw) +LLL (∂∂∂,w) = 0

Find a function wwwwwwwww
h
(t) such that

MMM
h

(
dwwwwwwwww

h

dt

)
+ KKK

h

(
wwwwwwwww

h

)
= bbbbbbbbb

h

with wwwwwwwww
h

(t = 0) given.
NG = Nv ? (Np ? ϑp) ? (Nφ ? ϑφ),

Time step : δwwwwwwwww
h
=wwwwwwwwwn+1

h
−wwwwwwwwwn

h
and δt = tn+1 − tn

1

δt
MMM

h

(
δwwwwwwwww

h

)
+ KKK

h

(
θδwwwwwwwww

h
+wwwwwwwwwn

h

)
= bbbbbbbbb

h

with wwwwwwwwwn
h

= wwwwwwwww
h

(tn).

Usually MMM
h

is linear and KKK
h

is nonlinear.



Resumed Linearized time step for given wwwwwwwwwn
h

1 Elements contributions :
dependent to physical models and numerical strategies

I ∀i ∈ τττ , ∀` ∈ γ Compute
[
KKKτττγ

i`

]n
I ∀i ′ ∈ τττ , ∀`′ ∈ γ. Compute MMMτττγ

i`,i′`′
and

[
∂KKKτττγ

i`
∂wwwwwwwww

i′`′

]n
.

2 Assembling

MMM
h

=
⊎
γ

⊎
τττ

MMMτττγ

i`,i ′`′
,
[
KKK

h

]n
=
⊎
γ

⊎
τττ

[
KKKτττγ

i`

]n
,

[
∂KKK

h

∂wwwwwwwww
h

]n
=
⊎
γ

⊎
τττ

[
∂KKKτττγ

i`

∂wwwwwwwww
i ′`′

]n
3 Other Contributions and BC : bbbbbbbbb

h

4 Solve the linear system(
1

δt
MMM

h
+ θ

[
∂KKK

h

∂wwwwwwwww
h

]n )
δwwwwwwwww

h
= −

[
KKK

h

]n
+bbbbbbbbb

h

5 Update : wwwwwwwwwn+1
h

= wwwwwwwwwn
h

+ δwwwwwwwww
h



PlaTo/Jorek : Compressed Storage for WWW h and AAAn
h

According to Fortran storage

WWW h ≡
[

1 : ϑp, 1 : ϑφ, 1 : Nv , 1 : Np, 1 : Nφ

]

AAAn
h ≡

[
1 : ϑp, 1 : ϑφ, 1 : Nv , 1 : Np, 1 : Nφ

]2

Tipical Vectors sizes : O (105), long term target O (109).

ϑp ' 4−6, ϑφ ' 2−4, Nv ' 2−10, Np ' 104−6, Nφ ' 101−2

Ordering : (1 : Np)× (1 : Nφ) =⇒ [1 : (Np ∗ Nφ)]



Rearrangement and Storage needs for AAAn
h

Compressed Storage needs for AAAn
h

• FE/Fourier : (Nv × ϑp × ϑφ)2 ⊗ (2Nseg + Np)⊗ (Nφ)2

Quadratic dependency to Nφ!

• FE/B-Splines : (Nv × ϑp × ϑφ)2 ⊗ (6Nseg + 2Np)⊗ Nφ
Linear dependency to Nφ.

wwwwwwwww
h
as a vector WWW h : (ϑφ × ϑp × Nv )⊗ (Np × Nφ)

• jorek/pastix :: FE/Fourier.

I AAAn
h dense matrix of AAA``′ blocks.

I AAA``′ sparse matrix of dense blocks of size ϑφ × ϑp × Nv

• plato/????? :: FE/B-Splines.

I AAAn
h tridiagonal block circulant matrix : AAA``′ blocks

I AAA``′ sparse matrix of dense AAAij
``′ blocks. of size ϑφ × ϑp × Nv



Linearized Implicit scheme

(
1

δt
MMM

h
+ θ

[
∂KKK

h

∂wwwwwwwww
h

]n)
δwwwwwwwww

h
= −KKK

h

(
wwwwwwwwwn

h

)
+bbbbbbbbb

h

After ordering
AAAn

hδWWW h = −RRRn
h

Some questions to be addressed

1 How to “optimally” order wwwwwwwww
h

as a vector WWW h?

2 What is the corresponding structure and properties of AAAn
h?

3 How to seed-up the resolution of the linear system
AAAn

hδWWW h = −RRRn
h?, Preconditioning PPP−1AAAn

hδWWW h = −PPP−1RRRn
h?

4 How to manage “high order FE” data outputs?

5 Parallel and multilevel visualization.


