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MMG3D : vue d’ensemble

Logiciel basé sur:
des tenseurs de métriques pour prescrire les
tailles/directions des arêtes du maillage,
des opérateurs modifications locales,
un inserteur de Delaunay anisotrope
un modèle géométrique basé sur des triangles de Bézier de
degré 3.

Actuellement 2 versions :
MMG3D4.0 : adaptation volumique iso/anisotrope
MMG3D5.0 : adaptation surfacique et volumique isotrope

http://www.math.u-bordeaux1.fr/˜dobj/logiciels/mmg3d.php



MMG3D5.0 : le modèle de surface

1 Identification des éléments géométriques
(points singuliers, arêtes ...)

2 Calcul des normales en chaque point P à la surface discrète

n(P ) =
∑

T⊃P αT × nT

||
∑

T⊃P αT × nT ||
avec

∑
T⊃P

αT = 1

3 Reconstruction locale de la géométrie :
surface de Bézier de degré 3
∀(u, v) ∈ T̂ ,

σ(u, v) =
∑

i,j∈0..3

3!
i!j!k!

(1− u− v)iujv1−i−jbi,j,k



MMG3D5.0 : le modèle de surface

In the following, we make the assumption that each triangle T = (a0 a1 a2) 2 ST accounts for a smooth
portion of S, whose boundaries may be ridge curves, reference curves, etc... The portion of @⌦ associated
to T is modeled as a cubic piece of surface �( bT ), where

bT :=
�

(u, v) 2 R2, | u � 0, v � 0, w := 1� u� v � 0
 

stands for the reference triangle in the plane, and each component of � : bT ! R3 is a polynomial of total
degree 3 in two variables u, v 2 bT . It will turn out convenient to write � under the form of a Bézier cubic
polynomial [18]:

(2) 8(u, v) 2 bT , �(u, v) =
X

i,j,k2{0,...,3}
i+j+k=3

3!

i!j!k!
wiujvk bi,j,k,

where the bi,j,k 2 R3 are control points, yet to be specified. See figure 1 for an illustration.
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Figure 1. A piece of parametric Bézier cubic surface, associated to triangle T , with control
points bi,j,k.

We also denote as �0, �1, �2 the boundary curves of �( bT ):

8t 2 [0, 1], �0(t) = �(1� t, t), �1(t) = �(0, t), �2(t) = �(t, 0).

The choice of the control points bi,j,k is dictated by the geometrical features of @⌦ we approximated in
section 3.1, or by other requirements we may want our local geometry to meet.

3.2.1. Choice of the three ‘vertex’ control points. The natural requirement that ST should interpolate @⌦
prompts the choice of the three vertices of T as the three vertices of �( bT ), that is:

b3,0,0 = a0, b0,3,0 = a1, and b0,0,3 = a2.

3.2.2. Choice of the six ‘curve’ control points. We required �( bT ) should be a smooth piece of surface. In
particular, �( bT ) enjoys a tangent plane TaiS at each vertex ai, whose normal vector ni should match the
reconstructed geometric information at ai.

On the other hand, it is well-known (see [18] for instance) that the whole geometry of Bézier curves and
surfaces can be expressed in terms of their control points; for instance, the tangent vector at a0 to the
boundary curve �2 is 3(b2,1,0 � b3,0,0), and the tangent at a0 to �1 is 3(b2,0,1 � b3,0,0).

Hence, the tangent plane to �( bT ) at a0 is the expected tangent plane Ta0@⌦ provided b2,1,0 and b2,0,1 are
chosen in such a way that (b2,1,0� a0) and (b2,0,1� a0) are non colinear, and both orthogonal to n0. Similar
relations hold when it comes to a1, a2 and control points b0,2,1, b1,2,0, b1,0,2 and b0,1,2.

This still allows some latitude as for the choice of these coe�cients. In [43], the authors propose to take,
for instance, b2,1,0 as the orthogonal projection over Ta0@⌦ of point a0 + (a1 � a0)/3. Instead of this, we
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Opérateurs de modifications locales

P

Insertion de points par une procédure de Delaunay anisotrope
et par découpage de tétraèdre.



Opérateurs de modifications locales
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Figure 2. Swap of edge pq : triangles T1, T2 are updated to fT1, fT2, a configuration more
consistent with the geometric data.

Thus, the number of possible swapped configuration equals the number of triangulations of the
pseudo-polygon, that is the Catalan number Cn, defined as:

Cn =
1

n + 1

✓

2n

n

◆

,

which grows dramatically with n.
So as to avoid a very tedious enumeration of the di↵erent configurations until a valid one is found,

we adopted a somewhat di↵erent approach, less general yet much easier to implement. Swapping
edge pq is achieved within two steps (see figure 3(c)):
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Figure 3. Swap of pq, introducing its midpoint m in the mesh, then collapsing it on one
of the vertices of the pseudo-polygon associated to Sh(pq).

step 1: pq is split at its midpoint m. All the connections mai, i = 1, ..., n are created in the process.
step 2: Point m is collapsed onto one of the ai: each one of the collapses of edges ma1, ..., man is tested

in turn, and the first valid operation is retained.

4.1.4. Node relocation. This last operator is mainly devoted to improving the quality of the mesh. A vertex
p 2 T is moved to a new position ep so that the quality of the local configuration results improved. Computing
the position of ep follows a di↵erent heuristic depending on whether p belongs to ST or not:

• If p 2 ST , the surface ball BS(p) is projected onto the tangent plane Tp@⌦, and a local parametriza-
tion of @⌦ by a part of Tp@⌦ is generated along the lines of section 3.2. A new position is then
computed on Tp@⌦ as the center of mass of the projected ball of p onto Tp@⌦ (of course, one may
think of other choices as for this new position). Finally, the corresponding point ep is taken on @⌦.

• If p is not a surface point, the ball B(p) of p is enumerated, and ep is taken as its center of mass.
8

Procédure de retournement d’arêtes



Opérateurs de modifications locales

In both cases, the resulting configuration of the vertex relocation procedure has to be checked, so that no
element ends up invalidated in the process and the quality of the mesh is indeed enhanced.

•p

TpS

@⌦

ep •

Figure 4. Relocation of vertex p: BS(p) is projected onto TpS, and an optimal position is
sought on TpS, then projected onto S (right).

4.2. Local size feature.

At this point, we still lack a global vision to drive our remeshing strategy, that is to identify (and possibly
classify) those edges of T that should be split, collapsed, or swapped. Since [21] [26], a very convenient
means to encode such information has been that of a size function h : ⌦ ! R, so that for each x 2 ⌦, h(x)
accounts for the local desired size for edges of T lying around x. The final aim of the process is then to
produce a new mesh eT of ⌦, whose edges pq have (as far as possible) unit length `h(pq) with respect to h,
that is:

8 pq 2 eT , `h(pq) :=

Z 1

0

||pq||
h(p + t(q � p))

dt ⇡ 1.

In numerical practice, h is defined and stored at the vertices of T :

• If x 2 ST , the size prescription h(x) in a neighborhood of x stems from a heuristic based on the
following theorem (see [11] for a precise statement, and a proof):

Theorem 1. Let ⌦ ⇢ Rd a domain, and T a mesh, whose associated surface mesh ST is ‘close
enough’ from @⌦. Denote as d⌦ the signed distance function to ⌦. Then

dH(@⌦,ST )  1

2

✓

d� 1

d

◆2

max
T2ST

max
x2T

max
y,z2T

h|H(d⌦)(x)|yz, yzi.

Since, for all x 2 @⌦, the Hessian matrix H(d⌦)(x) is nothing but the second fundamental form
IIx : Tx@⌦⇥ Tx@⌦ ! R, this leads us to the choice:

8x 2 S, h(x) =

s

9"

2 max(|1(x)|, |2(x)|) ,

where 1(x), 2(x) are the principal curvatures of @⌦ at x. This formula may be truncated according
to the minimal and maximal authorized (Euclidean) sizes for edges of eT , hmin and hmax.

• If x /2 ST , there is no particular size to impose near x, whence: h(x) = hmax.

Of course, this is to be coupled with the possible datum of a user-defined size function m : ⌦ ! R - which
may stem from an error estimate associated to a numerical method performed on T , for instance.

Unfortunately, conforming to such a size prescription is not a su�cient criterion to guarantee the resulting
mesh eT will enjoy a fine mesh quality. As noticed in [5], shocks in size prescriptions between close areas on
T may impose ill-shaped elements to a unit mesh with respect to h. For this reason, it may be desirable
to drive our remeshing operators so that two adjacent edges ap, bp in eT have Euclidean lengths satisfying
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Bougé de points sur la surface



Algorithme

1 Analyse du maillage de surface (MMG3D5.0)
2 Contrôle l’écart à la surface (MMG3D5.0)

3 Analyse de toutes les arêtes surfaciques et volumiques
4 Optimisation du maillage (retournements d’arêtes, bougé

de points)



Quelques éléments d’appréciation du maillage

Si M est une métrique qui définie la taille et la direction
des arêtes.
Longueur d’une arête

−−−→
P1P2 :

`M( ~P1P2) = ‖
−−−→
P1P2‖M =

√
〈
−−−→
P1P2 ,M

−−−→
P1P2 〉 .

Qualité d’un tétraèdre P1P2P3P4 :

QK = β

√
Det(M) VK ∑

1≤i<j≤6

t−−→PiPjM
−−→
PiPj

 3
2



Remaillage isotrope avec respect d’une fonction de taille

Définition de la taille des arêtes :

h = min(hmax|ρ− 0.1× θ1|+ hmin

, hmax|ρ− 0.1× θ2|+ hmin, hmax|ρ− 0.1× θ3|+ hmin)

avec ρ =
p

x2 + y2, θ1 = θ + ρ/π, θ2 = θ − ρ/π et θ3 = θ − ρπ/20 où θ = atan(y/x) + π.

hmax = 0.4, hmin = 0.0003



Remaillage isotrope avec respect d’une fonction de taille

384 182 tetras,
97 656 triangles

bôıte englobante : [−0, 6; 0, 6]3

36 064 851 tetras,
166 550 triangles
99, 97% Q < 3



Remaillage isotrope avec respect d’une fonction de taille



Capture d’interface: formulation level-set1

Contexte : domaine avec 2 sous-domaines
(plusieurs composantes connexes)

⇒ existence d’une interface.

But : Capture précise de l’interface.

Formulation : définition implicite de l’interface comme
l’isovaleur d’une fonction Φ avec Φ est la fonction distance
signée à l’interface (‖∇Φ‖ = 1).

La métrique suivante permet le contrôle de l’erreur pour
une isovaleur :

M =
DΦDΦt

h2
min

+
(D2Φ)

ε

1V. Ducrot, P. Frey, C. R. Acad. Sci. Paris, Ser. I 345 (2007)



Capture d’interface: définition de la métrique2

Φ = 0

ε

hmin

hmax

1

ε une erreur fixée
hmin (resp. hmax) la
longueur minimale (resp.
max.) pour une arête.

Pour contrôler l’isovaleur 0 :
prescrire M pour les points appartenant à l’isovaleur 0,
pour tous les autres points, incrémenter linéairement hmin

et ε jusqu’à hmax en fonction de la distance à l’isovaleur 0.

2V. Ducrot, P. Frey, C. R. Acad. Sci. Paris, Ser. I 345 (2007)



Capture d’interface: exemple de surface

Surface définie par :

r(θ, φ) = 0.45+0.3 sin(6θ)∗cos2(3φ)

ε = 0.001
hmin = 0.001
hmax = 0.1
438 506 points
5 208 470 tetraèdres
98, 96% Q < 3



Capture d’interface: coupes dans le maillage



Adaptation à une solution physique

Refroidissement de déchets nucléaires.



MMG3D : mailleur iso/aniso tétraédrique

Actuellement 2 versions :
MMG3D4.0 : adaptation volumique iso/anisotrope
MMG3D5.0 : adaptation surfacique et volumique isotrope

http://www.math.u-bordeaux1.fr/˜dobj/logiciels/mmg3d.php


