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Numerical method
@ Define a mixed finite element method for deformed cubes
@ 1 pressure per cell

@ 1 flux per face

Mixed finite element methods Deformed cube

High performance computing
@ Implementation in Traces (ANDRA)

@ Parallelism and optimization
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Mixed finite element methods

RTN| for tetrahedra and cubes (Raviart-Thomas-Nédélec [1])

Tetrahedron Cube

Composite element for hexahedron (Sboui-Jaffré-Roberts [2])

Hexahedron Hexahedron split into 5 tetrahedra
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Composite mixed finite element method

Composite element with 5 tetrahedra

@ Assume the faces are planar —

@ Choose the splitting

Cube split into 5 tetrahedra

Composite element with 24 tetrahedra

@ Works with curved faces

@ Single splitting
@ Symmetry

@ Conforming tetrahedral submesh Culve gl Tiis 20 et
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Composite mixed finite element method

Incompressible Darcy flow

Find u € H(div;Q) and p € L?(2) such that

u=-KVp in
V-u=f in
D = Po on 02

Weak formulation
Find u, € W, and py € M}, such that

| A

fK_luh-vh—fphV~vh=—f PoVy - 1 Vv, € Wy
Q Q N

_ L an V- up =—| fan Vg € My,

Define the approximation spaces W), and M,
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Composite mixed finite element method

Conditions to meet for the approximation spaces W, and M,,

uhEWh and phe./\/lh

@ pp must be constant on each hexahedron E of the mesh 7j

@ V-uj; must be constant on F

@ uy, must be in RTNj inside the tetrahedral submesh Tz of E

@ uy must be uniquely defined by this value on each face F' of the mesh

v

Definition of the approximation spaces W, and M,

My, ={qeL*(E) : q|g is constant on E,VE € Tp}

@ Fj, is the set of faces of the mesh Tj,

@ W), is defined as a vectorial space with the basis functions wp, F' € F},
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Composite mixed finite element method

Definition of the approximation spaces W, and M,

Wy, = Vect {wp, F € F}, : wp|g is solution of (Pg r)}

@ A local problem (Pg r) is defined to meet the conditions for each wp

@ The basis function wg will solve the local problem (Pg r) inside E

v

The local approximation spaces WE and ME

@ 7Tg is the tetrahedral mesh of £

@ Wpg and Mg are the mixed finite element spaces
Mg = {qe L*(E) : q|r is constant on T,V T € Tz}
Wg = {ve H(div; E) : v|r € RTNo(T),VT € Tg}
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Composite mixed finite element method

The local problem (Pg r) inside the composite element

Find wp € WE and pp € /\7;; such that
JKIWF-§—JﬁFV'§=O V;’GWE

~ 1 . N~ ’
—J qV-wp :—f —q Ve Mg
E g |E|

Explicit solution with 5 tetrahedra

Neumann boundary condition
ny normal of the face F

1 . _
S Ty = m |fF—F
0 else

Cube split into 24 tetrahedra
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Composite mixed finite element method with curved faces

Problem with curved faces

Constant velocities are not inside the approximation space W,

Proof (Nordbotten-Haegland [3])

@ [ is the union of 4 sub-faces F;

@ ny = ng, on the triangular sub-face F;

@ u is a constant velocity

u-nFi;éu-nFj

Deformed cube Constant velocity u
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Composite mixed finite element method with curved faces

Neumann boundary condition with curved face

@ wp|p solves a local problem inside £
o wp-npm =0if FF # F

Constant velocity u Approximated velocity uy,

@ The error between u and uy, depends on the mesh
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Composite mixed finite element method with curved faces

Neumann boundary condition with curved face

u - ng is not constant if F' is a curved face
u-np, 7 U-ng
Adapt the Neumann boundary condition

L Deformed cube
| F|

np is the mean of the normal ng, Neumann boundary condition

Wgr-Np =

I_IF-IIF

4
— Zi=1’Fi|nFi Wp-Np = +————
SFnF'nF

ngp = 1
HZi=1 |F:| nF,

L2
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Numerical Experiment

Exact solution

Convergence error inside the domain Q = [0; 1]3 with different meshes.

2 2z
p=2a:z+%+z u=— Y
20+ 1
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Numerical Experiment

Regular mesh Convergence error on the regular mesh
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—— RTNj on hexaedral mesh
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Numerical Experiment

Regular mesh Convergence error on the regular mesh
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Numerical Experiment

Deformed mesh Convergence error on the deformed mesh
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Numerical Experiment

Deformed mesh Convergence error on the deformed mesh

\\HH‘ T T 1 T 17171
oo
:_5 10 1 //%
=
;i 10-2
10—3 | [ N RN
101 10°
h

—_—y =0.2 —— RTNj on tetraedral mesh
—y=08 —o— Composite RTN|
—— RTNj on hexaedral mesh

T T TTII T T T T T 77T
Ll vl

Nabil Birgle ( Inria - UPMC ) C2S©@Exa, ANDRA July 10, 2014 16 / 26



Numerical Experiment (Fixed aspect ratio)

Hexahedral mesh Convergence error on the hexahedral mesh
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Numerical Experiment (Fixed aspect ratio)

Hexahedral mesh Convergence error on the hexahedral mesh
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Numerical Experiment (Fixed aspect ratio)

Random mesh Convergence error on the random mesh
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Numerical Experiment (Fixed aspect ratio)

Random mesh Convergence error on the random mesh
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Numerical Experiment (Hybrid form - pcg - Traces)

Deformed mesh CPU time to build the linear equation
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Numerical Experiment (Hybrid form - pcg - Traces)

Deformed mesh CPU time to solve the linear equation
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Conclusion

Convergence error

@ The convergence is optimal for planar faces

@ If the curved faces are fixed, the velocity converges

@ The composite error is between the two RTN errors
Prisms and pyramids

@ The same methodology can be apply for prisms and pyramids

@ Local and conforming refinement

Projection of the solution into the RTIN| tetrahedral space
e With pr in (Pg,r) the pressure is defined on the tetrahedral submesh

@ A posteriori error estimation (Vohralik [4])
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Traces

Implementation in Traces

@ Put the composite method in Traces (hexahedron, prism, pyramid)

@ Check the matrix

@ Check the method with basic test cases

@ Build a specific test case

@ Study the parallelism

@ Try another solver

@ Do a posteriori error estimation
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