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Abstract. We consider Large Deformation Diffeomorphic Metric Map-
ping of general m-currents. After stating an optimization algorithm in
the function space of admissable morph generating velocity fields, two
innovative aspects in this framework are presented and numerically in-
vestigated: First, we spatially discretize the velocity field with conform-
ing adaptive finite elements and discuss advantages of this new approach.
Second, we directly compute the temporal evolution of discrete m-current
attributes.

1 Introduction

The Large Deformation Diffeomorphic Metric Mapping (LDDMM) approach ini-
tiated in [4, 18] has attracted considerable attention over the last few years in
medical imaging. It allows to match highly deformed objects and as such is ca-
pable of performing inter-individual registration. LDDMM constructs a space
mapping by evolving a displacement field along a velocity field, we call wind.
Depending on the regularity of the wind, either diffeomorphisms [1,12] or home-
omorphisms [21] of the embedded space can be obtained. Thus, it provides a
basis for many applications of anatomical shape analysis, where a one-to-one
correspondence between different spatial objects is required.

The LDDMM technique is commonly applied for matching currents [5]. Cur-
rents provide a unified mathematical description of geometrical objects of dimen-
sion 0 (points), 1 (curves), 2 (surfaces) or 3 (volumes) [7, 14] which are embedded
in R3. The spaces of m-currents are linear and equipped with an inner product
and hence are a suitable tool for statistical shape analysis [5]. The induced norm
provides a similarity measure for matching of source and target objects.

In [3] a particle-mesh method has been applied to 1-currents in 2D. Therein
curves of same topology represented by a parameterization were approximated
by a finite point set without any tangential information regardless of some ge-
ometrical level of detail for matching. Although attaching a momentum vector
at each vertex of the source shape can be proven to be the optimal wind pa-
rameterization, Cotter proposes to use cubic B-splines on a fixed grid. In an
enclosed efficiency discussion this sub-optimal parameterization is still compet-
itive due to the simpler wind structure. However the numerical scheme there
relies on equidistant cartesian grids with constant diffusity in order to apply
FFT techniques.
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In contrast to [3] we apply in 3D the Orthogonal Matching Pursuit (OMP)
proposed in [6] to obtain a sparse representation for general m-currents at a
given geometric resolution (spectral length) in terms of a sum of discrete Dirac
delta m-currents. Currently, the LDDMM evolution of this representation is only
done indirectly via an approximative scheme [5, Rem. 4.13] as depicted in Figure
1 (left) for m = 2, because it would otherwise require the computation of the
Jacobian of the diffeomorphism, which is a challenge when discretizing the wind
using Gaussian kernels [8,9, 19]. Furthermore, one looses the connectivity of the
input mesh structure in this case. However, this is not a significant problem,
since the connectivity can be recovered by applying the final displacement field
to the input meshes afterwards.
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Fig. 1. Usual discrete 2-current deformation (left) versus the direct approach (right)

In this paper, we study the direct evolution of Dirac delta m-currents (right
of Figure 1). We show that the direct approach allows to uniformly treat m-
currents for m = 0,...,3 (Sec. 2), which to the best of our knowledge has
not been shown before. We show also how to compute the Jacobian in this
setting by using finite elements (FEM) to discretize the wind in the LDDMM
framework (Sec. 3). Since the compactly supported basis functions are fixed
in space the computation is significantly simplified. Although equidistant grids
can of course be incorporated, we also in contrast to [3] consider locally refined
meshes and exploit the decoupling of the wind and current discretization for
an adaptive current representation, giving a significant reduction of degrees of
freedom (Sec. 4). Based on our results, the increased spatial flexibility of adaptive
FEM may be exploited in the future by implementing hierarchical schemes, error
estimators and non-constant spatial anisotropic diffusity.

2 Continuous Matching Problem

For given shapes S, 7 C R3 we aim at constructing a sufficiently smooth bijection
¢ of R3 such that the distance between ¢(S) and T is minimal. Here we fix the
formalisms to describe the matching problem as an optimization task.

2.1 Currents

Currents are mathematical tools suited for describing geometrical objects such
as points, space curves, surfaces and volumes embedded in R3. Their precise
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definition from [7,14] requires notation for differential forms taken from [15].
Let for m = 0,1,2,3 the set D™ := C°(R3, A™R3) denote the vector space of
all C*> differential m-forms on R3 with compact support. A m-current is an
element of D,,, the dual space of D". The elementary Dirac delta m-currents
Jurh--Num € Dact on w € D™ as

6;1/\.../\714771 (w) = w(l‘)(’u,l TANAN Um) .

Following the discussion in [5, Sect. 1.5.1] it turns out that for the purpose of
matching currents the testspace of all C'* differential m-forms is not suited due
to a missing bound in variation. Moreover the space D° can be identified with
scalar C2° functions on R?. For m = 1 and m = 2 the space D™ is isomorph to
the space of vector-valued C2° functions from R? to R®. An element of D3 can
be written as a scalar C2° function times the determinant form on R3.

Both aspects motivate the use of Reproducible Kernel Hilbert Spaces (RKHS)
W™ as testspaces.

Definition 1. Let d,,, = 1 for m € {0,3} and d,, = 3 for m € {1,2}. For
m =0,1,2,3 let W™ denote the dense span of d,,-vectorfields of the form w(zx) =
km(z,y)a, where x,y € R3, a € R and ky,(z,y) = exp(—||x — y||*/02,). The
space W™ can be equipped with the inner product (kuy, (-, z)a,kn (-, y)b)wm =
a*km(2,y)b. Here the symbol x denotes the transpose operation.

An m-current in R® is a continuous linear functional on W™. W,, denotes
the vector space of all m-currents in R3.

For x € R? and attribute a € R% we define the elementary Dirac delta
m-currents 0¢ € Wy, acting on w € W™ as §%(w) = a*w(x).

The above inner product induces a norm on W™, which can be computed effi-
ciently via FGT even for a large number of linear combinations of the above basis
functions. The chosen Gaussian kernel k,,, can be considered as Green’s function
for some differential operator Ly (see [1,6,8]). With the above objects at hand
the Riesz representation theorem provides a unique operator Ky : W, — W™
reflecting the canonical isometry between W™ and W, defined via

(K £y g)wm = (f, ) w,,.wn = [(g)

for all f € W,, and ¢ € W™. It provides for the m-current S™ the Riesz
representant K{j;S™ as unique d,,-vectorfield on R3.

2.2 Homeomorphisms and Diffeomorphisms

Let £2 be an open bounded subset of R? and consider functions v; : 2 — R3
that vanish on 0f2. For given final time 7" > 0 and a time-dependent wind
v = (Vt)¢ejo,7] We consider the temporal evolution of the identity map

8 U
OO — vu(a) with gj(a) = . 1)
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In what follows it will be useful to define the trajectory x; := ¢} (z) for some fixed
space point x € R? and the map ¢V, := ¢V o (¢?) "1, describing the movement of
a particle starting in x at time s towards ¢%(x) at time ¢. It is well known (see
[21, Thm. C.3]), that (1) is uniquely solvable when for some zy € {2 the integral
fOT l|lv¢(w0)||rs +Lip(v¢ ) dt is bounded. Furthermore its solution ¢? : R® — R3 is a
homeomorphism of {2 for all times ¢t € [0, T]. Under more restrictive assumptions
onto the spatial smoothness of the wind, i.e. v, € C}(2,R3) V¢t € [0,T] and
fOT [lvell1,00 dt < 0o the unique solution of (1) is even a diffeomorphism of (2 for
all times ¢ € [0,T] (see [21, Thm. 8.7]). For convenience we look for the wind
v in some Hilbert space V. Such spaces can be constructed by defining inner
products associated to differential operators. Let therefore L : V — L2(R?) be
a differential operator and equip the Hilbert space V' with the inner product
(v, 9)v = (Lvy, Lg)p2 = (L*Luy, g)y+,v. Here L* denotes the adjoint operator.
For this work we use

S :=L*L = (~div(6%, V) + I)f = (ot A+ 1)k (2)

and k = 1 or k = 2 giving the Sobolev spaces H” (see [8]). For given f € V*
we consider solutions v; € V' of Sv; = f with homogeneous Dirichlet boundary
conditions for v; (and v} if kK = 2). Here the real parameter oy > 0 balances
between smoothing and data fitting of the right hand side f. For other choices of
L* L and boundary conditions see [12]. Dealing with natural boundary conditions
is also possible, but requires a sufficiently large domain to keep all trajectories
therein. Analogous to Kj; we introduce the isometry operator Ky : V* — V. A
mathematically equivalent approach of constructing V' consists in defining Ky
via the Green’s function ky (z,y) of L*L, see for instance [8,9,19, 20].

2.3 Diffeomorphic Deformation of Currents

For m = 0,1, 2,3 let currents S™ € W,,, be given. Let ¢ denote a diffeomorphism
on R? and d,¢ the Jacobian of ¢ at x. The pushforward ¢4(S™) € W,, of
S™ under ¢ is rigorously defined in [15] via the pullback of differential forms.
For our purpose it is sufficient to mention that if $™ is associated to a sub-
manifold in R? its pushforward ¢4 (S™) under ¢ corresponds to the deformed sub-
manifold ¢(S8™). This important property justifies to write also ¢(S™) € W,,.
The explicitly calculated pushforwards for elementary Dirac delta m-currents
taken from [5, Table 1.2] are given in Table 1.

Table 1. Pushforwards of Dirac delta m-currents under ¢

m=0 do=1 ceR  ¢4(67) = 05
m=1 di=3 TR ¢(57) =350
m=2 dy=3 neR® ¢ (o) =0y "? “(n)
m=3 dz3=1 peR ¢ﬁ(5£):5f&3¢>\p
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Let some wind v be given and consider the family (¢}) of diffeomorphisms
generated via (1). The following theorem describes the direct evolution of m-
current attributes a,, € R%" under (¢?);, where ' denotes the time derivative.

Theorem 1. The pushforwards of 650, 679, 6720 and 68° under ¢} satisfying (1)

are 050, 07, 67 and 0%°. Their components are given via the ODEs
s s s s

xy = v(x¢) with 2(0) = zo
7 = (de,v) T with 7(0) = 79
ny = ngtr(dyg,v) — (dg,ve) ne with n(0) = ng
py = pitr(de,ve) with p(0) = po .

Proof. Abbreviating J; = dy, ¢y and Ay = dy, v, there holds (see [1]) J; = AiJy
with J(0) = Is. Observing the evolution of the Wronskian [13, Thm. 2.14] or via
Jacobi’s formula one obtains

|| = |Jeltr (J; N T)) = [Jeltr (J7 P Ay) = [Jiftr(Ay),

where tr(A) denotes the trace of a matrix A and A= = (A~!)*. Now from
Table 1 we read out

Ty = flﬂj(!ﬂo) , Te=JT0, N = |Jt|Jt_*’ﬂ0 . pe=|Jtlpo -

Differentiation of the above equations with respect to t yields

zy = @7 (x0)" = ve(#7 (20)) = vi(xt)

Tt/ = Jt/TO = AtJtTO = AtTt

ny = |Ji| Iy " no + [Tl (T ) no = [Jeltr(Ae) Ty "no — || A} Iy " no
= Tlttf(At) — A:Tlt

pr = Tl po = [Te|tr(Ae)po = petr(Ayr),

which proves the assertion. a

Remark 1. The authors emphasize the striking advantage that Theorem 1 en-
ables to find the final position and attribute of a Dirac delta m-current without
computing the Jacobian of the deformation. The appearing ODEs only involve
the Jacobian of the velocity fields, which will be given in a closed form in any
case.

2.4 Optimization Problem in Function Space

Let source 8™ € W,,, and target current 7™ € W,, be given for m =0, ..., 3.
For given wind v we define the deformed current S;” := ¢7(S™) at time t.
Matching means the minimization of the distance of the deformed source current
at final time S} with its target current 7', i.e. minimizing the dual norm
|4 (S™) — T™w,, = |SE — T™|lw,, in the space of m-currents.
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Given a regularization parameter v > 0 and matching weights w,, > 0 we
consider for v € L%([0,T], V) the following optimization problem:

T 3
J(v) = / lodld dt+ 3 wnllh(S™) — T3, —min . (3)

m=0

Here the first summand involves the kinetic energy of the wind. The existence of a
solution for (3) is proven in [10], however it is generally not unique [2]. Following
[9] the gradient of J in L2([0,T], V) at fixed v is given by (V.J); = 2yv+2Kv (f:),
where f; € V* is defined by

3
few) =" wn( S VKR (SF = T™) 0 ¢ir) ww,,wm YueV .

m=0

For further discussion concerning the choice of the gradients metric we refer the
reader to [1]. With the above quantities at hand one is able to state a steepest
descent optimization algorithm in the function space of velocity fields v.

3 Discrete Matching Problem

3.1 Discretization of the Wind by Finite Elements (FE)

In the field of optimal current matching mainly wind discretizations of the form
vi(x) = kv (x;¢,x)o 4
t(2) Zj v( Jst ) Jst (4)

have been considered. Here aj; € R?® are the time-dependent momentum vectors
and ky denotes a Gaussian kernel with some global kernel parameter oy > 0,
describing the coherent movement of neighboring particles. In order to apply
Fast Gauss Transform (FGT) for efficient evaluation, oy is necessarily a con-
stant. Although (4) can be proven to be the optimal wind parameterization, the
spatial movement of non-compactly supported basis functions along trajectories
xj: may cause numerical difficulties. Too small distances between them cause
a redundant or badly conditioned description of the velocity field while the ab-
sence of trajectories in a part of the domain produces almost no wind there for
small kernel sizes. The trajectory density varies during optimization and hence
is difficult to control. Because the trajectories’ starting points are the spatial
components of the Dirac delta source currents the number of trajectories is fixed
and hence a notion of adaptivity for the velocity field can hardly be introduced.
Finally, as mentioned in Sect. 2.2, C*° smoothness is not required to solve the
evolution equation.

In [16] and [17], some of the above mentioned drawbacks are overcome by
incorporating multiple kernel shapes at different scales oy .

Similar to the particle-mesh method proposed in [3], we follow another sub-
optimal approach completely decoupling the discretization of the space of m-
currents W, from the spatial velocity space V. Keeping in mind that fast point
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evaluation of the wind is essential for performance, we consider adaptive hexa-
hedral grids for {2 with hanging nodes saved as an octree. Over such hexahedral
grids we construct either C'! conforming Hermite finite elements of third order
or simpler C° conforming Lagrange finite elements of first order. The wind for
fixed time ¢ € [0,T] in the FE basis {¢,},; takes the form

ve(z) = Z;;l ;(x)oye (5)

In contrast to radial basis functions, locally constant functions are contained in
the ansatz space and allow to represent local or even global translations with
few degrees of freedom (DOF). Due to the compactly supported basis functions
there is no need for an approximate evaluation like FGT with further unknown
tolerance parameters. Since the basis functions are fixed in space, the underlying
mesh provides a natural clustering which can be exploited via a smart parallel
octree search algorithm for point evaluation. Furthermore this approach provides
a multilevel wind hierarchy with a fraction of DOF's on the coarsest mesh level
completely decoupled from the m-current discretization. These advantages also
appear in the particle-mesh method with tensor-products of cubic B-splines for
instance. But since we do not apply FF'T for wind evaluation, we are more flexible
with adaptive meshes and do not require a box domain. Moreover non-constant
anisotropic diffusity oy (x) € R3*3 may be incorporated in future.

A difficulty arises in the computation of the L?([0, T, V)-gradient. It perma-
nently involves the solution of a second (k = 1) or fourth (k = 2) order elliptic
PDE in every time-step and every iteration. It is clear that one should employ
suited preconditioners and / or multigrid solvers. Using existing FE libraries lim-
its implementation overhead. We chose libMesh [11], which provides conforming
C! finite elements on adaptive hexahedral meshes.

The development of adaptive mesh refinement is beyond the scope of this
work. Here, we provide a proof of concept that adaptive grids can easily be in-
corporated. Therefore we simply geometrically refine near S™U7T ™ considered as
subsets of R3 equally for all times. More sophisticated error indicators suggest-
ing refinements could be the scalar fields |Kj (ST — T™) o ¢ip|, |ve| or |L* Lvy|.
The latter one measures the smoothness of v;. Moreover thinking of hierarchical
error estimators one could compute [|[vf — Invi || £2(q) or even |lvy — v || £2(g) on
hexahedrons @, where v* denote the numerical solutions for the C* conforming
FE discretization and I is the usual Lagrange interpolation operator.

All appearing ODEs are numerically integrated via the explicit method of
Heun on an equidistant decomposition of the time interval [0, T].

3.2 Current Compression and Direct Evolution

For approximating a m-current 8™ € W,, as 8™ = > o3t € Wy, we use the
Orthogonal Matching Pursuit (OMP) proposed in [6]. This method iteratively
selects the most important points x; and computes corresponding attributes a;
(i.e. ¢, T, ng, pi) of a general m-current via a greedy algorithm. It has the

advantage of compressing the current information for a characteristical spectral
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length 0, > 0 towards a fraction. This enables the design of highly efficient
numerical solution algorithms. The approximation error in OMP is controlled
by a threshold parameter and the grid size of a uniform testgrid.

The obvious drawback of loosing the connectivity between vertices (for m >
1) can be compensated by applying the obtained optimal diffeomorphism to all
connected vertices whenever it is required. This only requires one additional
forward flow computation at the end.

In [19, Sec. 3.2] two methods to deform a 2-current S? under a family of
diffeomorphisms (¢}); are described. In contrast to all previous work, we will
pursue the direct approach motivated by Theorem 1. For 2-currents, only 1
instead of 3 trajectories is needed to evolve the normal ngy (Fig. 1). In general,
the direct approach requires only one trajectory per attribute, hence decreasing
the number of variables in the computation, whereas in the indirect case an
artificial m-simplex with m + 1 vertices is attached.

Remark 2. To quote Rem. 4.13 in [5] the direct evolution of current attributes is
closer to the analytical concept of currents and is particularly suited for OMP,
where no connectivity between the points is provided. But [5] indicates the need
of Jacobi matrices (as they arise in Theorem 1) as a disadvantage for numerical
implementation. At least for the gradient computation in the next section we
benefit from the simpler structure of v; in (5), which in Lemma 2 enables easy
evaluations of d,,v; = 2?21 a;1V;i(z,)* and hence tr(dg,vt), (ds,ve)w and
(dz,v¢)*w for a vector w € R®. Note that all sums over j are local sums due to
the compact support of the basis functions ¢;.

3.3 Discrete Optimization Problem and its Gradient

Let a(-,-) denote the bilinear form corresponding to the elliptic differential
operator S from (2). We define the sparse symmetric, positive definite ma-
trix S := [a(pi, ;)] ;=1 using the FE basis {¢;}; from Sect. 3.1. Moreover
we introduce the block vectors o = [ai¢|iy, x¢ == X" = [x;4];™ and
a; :=a}" := [a;,);™ . This notation allows to write the matching terms as

m m v (Om m Sm i, Tm b
E™ = E™(x7,ar) = [|¢5(S™) = T™ %, = | 270 deir — 22570 0 i, -

Finally the discrete form of the current matching problem (3) is

T 3
J(a) = 7/0 [ve(@a)lls dt+ Y wll$(S™) = T™(IFy,, — min
m=0

or even shorter via (5) and ||vi(aw)||3 = a(ve(ow), vi(ew)) = o Sy

T 3
J(ay) = fy/ o;So dt + Z wm E™(xr,ar) — min . (6)
0

m=0

The analytical computation of the gradient at given a; becomes manageable
though the simpler wind representation (5). Numerically the computation is
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more involved due to presence of Hessians of basis functions. But these are
easily provided via the already mentioned libMesh library.

Theorem 2. The gradient of J in the L2-metric is
R 3
(V) =27Sau + ) wml(@]") nf" + (Oagl") ¢, (7)
m=0

wlth Soln = [@] (Iivt)Idm]izl...sm;jzl...n

T
C;n:vaTEer/ (Oag™)*C™ ds
t

T
n:n:VxTEm+/ (Oxgl)* ¢ ds .
t

The proof is postponed to the appendix. The remaining quantities Vx, E™, Va, E™, 0a8l", Oxg}"
and J,g;" from Theorem 2 for each m are specified in the next two lemmas.

Lemma 1. Let fo(x) = 325 km (i1, @)air — 3257 km(yj, 2)bj. There hold
VxTEm = [Q(dmi,Tfm(mi,T))*ai,T]f;nl and vaTE‘ml = [Qfm(x’LyT)]zé;nl
Proof.
(O E™)n =2 [(a:cT i 52: ;) } (fm) = 2a% (dor fm(27)) M
VJCTEm = ( l'Tfm(IT)) ar
(i (Vak (@i, wr))at s — Y52 (Vako (yy, 1)) )ar
[(0ar 3237 0252 )] (fm) = 20" fn(21) -

2
(Oar E™ ) = 2

Lemma 2. For g}* in (11) their sparse Jacobians are given via

g =0
8&&% = [(Tz tV‘PJ(xz t))IB]Z Losij=l..n
0agi = [nitV;(zie)* — Voj(zi)n i,t]izlwsmj:lmn
Bagi = 06,V i (i) i szt
Oxgl = diag{zyzl ;i Hy, (:c”)} j;l

S2

Oxgi = dlag{ j=1"1, t(a G o, (zit)) — (a;,tniat)HWJ (xzt)} i1
P S3
axg? = [ j= 1 Pi, taj tHap, (Izt)i| i—1
S1
Orgy = [ j=1 %4, tVoj(@ie)” L:l
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n % * 52
Oug} = ding| ), (03 Vs (@) Ts — Vips(wi)er, |

S3

08! = ding| ), a5 Vepy(ain)|

1=

=1

where H,,(x;:) denote the Hessian of v; at x;;.

Proof. The proof for all cases of m can easily be adapted from the case m = 2.
For this choice the derivatives of g2 follow from direct calculations starting with

S2

th = g2(at»xt’nt) = diag [tr(dmi,tvt)jg’ - (dzi,tvt)*]izl ng

. « " 82
= dlag[zyzl(%,tvw (zi4)) I3 — Vo, (xi,t)%,t] A
82

= {22;1 nit (o, Voj(zit)) — vcpj(xi,t)(a;,tnii)} _

1=

where diag[v] = [0;;v;]; ;—; for v € R® and §;; denotes the Kronecker delta. O

Corollary 1. If w,, =0 for m > 0 Theorem 2 simply provides
(V)i = 2ySev +wo(pf) Vier B

Remark 3. The L2(|0,T], V)-gradient of J is immediately obtained by applying
S~! from the left in equation (7).

4 Numerical Experiments

Since the numerical implementation is not yet fully tested, we postpone the
investigation of the cases m > 0 and only consider the case m = 0, i.e. w; = d;0.
The surfaces S and 7 are depicted in Fig. 2. To both of them we apply the
OMP with oy = 8 towards S with sy = 1746 points and T with ro = 2141
points, which are sketched as set of spheres of diameter 8 in Fig. 3.

i |
S e i o, /j
= HH
I T
Bi=== =
J\l' o T —\\J
LL 11 _\u
Fig. 2. S (dark green), 7 (light red) Fig.3. S (green), 7 (red), grid

We solve the discrete matching problem (6) on {2 = (0, 346.56) x (0, 205.76) x
(0,256.96) with v = 0 and tuned oy . For Lagrange FE (k = 1) on a hexahedral
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adaptive grid from Fig. 3 having 568 nodes (133 of them are hanging nodes) we
choose oy = 100. The result St is shown in Fig. 4. Secondly we solve problem
(6) with Hermite FE (k = 2) on a uniform coarse grid having 120 nodes, whose
solution is shown in Fig. 5 for oy = 15. Finally in Fig. 6 we compare our results
with the software ExoShape!, generating C*° wind via ansatz (4) with o = 30.
The greyscale highlights the term distyes, (2, T). One should keep in mind,
that with v = 0 the deformation norm vanishes in the example, but different
differential operators are still present for velocity field evaluation. Although a
proper comparison between all methods should use the same deformation norm
Il - v, Exoshape does not easily support its change.

Fig. 4. St for C° wind Fig.5. St for C' wind  Fig. 6. St for C*™ wind

A quantitative comparison between all different wind discretizations is issue
of Table 2. Therein the column DOFs denote the number of freely choosable
vectors a;; for fixed t. All methods provide acceptable matches with respect
to the fixed level of detail o9 = 8. Especially the surface Sy corresponding to
C! wind is also visually closest to 7 although it is obtained via less wind DOFs
compared to the approach from Exoshape. This fact stresses the potential of sub-
optimal, albeit simpler wind parameterizations and decoupling the discretization
of the spaces W,,, from V.

Table 2. One-sided surface distances between St and 7 for m = 0

vt DOFs mean stddev rms max
c° 1-(568-133) = 435  1.18 1.14 1.64 11.33
ct 8120 = 960  0.95 091 132 9.16
c 1746  0.97 093 1.34 9.70

no wind, distzes(z,T) 5.08 3.87 6.39 21.05

Appendix

In the following we prove Theorem 2.

! http://www-sop.inria.fr/asclepios/projects/Health-e-Child /ShapeAnalysis/
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Proof. First we consider the variation of the kinetic energy, i.e. w,, = 0 for all
m. One directly calculates

Let us now consider the contrary case, i.e. v = 0. We aim to compute Vo E™
for some fixed m. Variation of F = E™ w.r.t. a; in direction & gives

= (Oxp E)Xr + (Oap E)ar . 9)

There holds , ,
X = /0 Us(x5) ds = /0 pasds . (10)
From Theorem 1 the evolution of m-current attributes can be written as
a, = glay, x¢,ar) =g with a(0) =ag . (11)
Its variation in direction &; satisfies
a;, = (0agt): + (0x8t)X: + (Oagi)a; with a(0)=0 .

It remains to express a;. We therefore introduce the flow % = (Oagt)Fst with

Fy; = I and get

t
5t = / Fut((aagu)&u + (8xgu)iu) du
0

t t u
= / Fut (aagu)du du + / / Fut (axgu)cpsds ds du
0 0 JO
t t
= / (Fut (aagu) + / Fst (8xgs) ds ‘Pu) &u du .
0 u

In particular there holds

T T
ar = / <FtT(8agt) + / FsT(axgs) ds 90t> &t dt . (12)
0 t

Combining (9), (10) and (12) we have

T

T
E™ :/ (Oxp E) 0 + (0ar E) (FtT oSt +/ Fop(0x8s dsgot) oy dt
0

T T
:/ < [(GXTE) —|—/ (Oay E)For (0xgs ds} p; + (0ar F) FtT(aagt)> & dt
0 t

=:(;

*

=y

T
- / (150 + € (D)) Gt (13)
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Since Fy Fys = I and %fl = —(0a8s)* F, we have in particular the integral form
Fj, =TI+ [ (0agu)"F;, du. This helps to simplify

T
G = Fir(VarB) = (14 [ (0ug)"Fir ds) (Var )
t
T T
= VaTE+/ (Oags) Fir(Var E) ds = VaTE+/ (0ags)"C, ds (14)
t t

T T
M= Var B+ / (Og) Fir(Var B) ds = Vi E + / (Oxg)*Cods . (15)
t t

Collecting (8), (13), (14) and (15) yields the assertion. O
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