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Abstract. In patients with prior chronic myocardial infarct, some anatomic circuits formed by scars 

can create reentrant waves which lead to ventricular tachycardia (VT), a dangerous high heart rate. The 
purpose of this work was to investigate via computer modelling how the myocardial conductivity and 
anisotropy of myocardium affect the creation of unidirectional blocks (UB) and, further, the 
inducibility of reentry as well as the VT cycle length. The simulations were produced for a realistic 3D 
wedge of ventricle (3.4x3.4x1.5cm) with realistic fiber orientations included. For a given anatomic 
circuit, we define electrically inert scars, encasing a channel (named the isthmus) of slow conduction. 
We show that the VT cycle length corresponding to the re-excitation of the tissue due to a fast looping 
of a reentrant wave around the scars, is directly proportional to the square root of the isthmus 
conductivity (with curve fitting yielding a correlation coefficient of 0.99). We used the model to assess 
the re-inducibility of VT following placement of ablation lesions in the isthmus. We show that 
incomplete ablation of the principal isthmus of existing VT is not enough to stop the reentrant wave. 
Furthermore, if a secondary isthmus exists, the resultant wave may take a shorter path through this 
secondary isthmus to yield different VT.  

Keywords: Cardiac Electrophysiology, Anatomic Reentry, Computer Model, Rafiofrequency Ablation  

1. Introduction 
Sudden cardiac death is frequently a lethal complication for patients with prior myocardial 

infarction and is an outcome of arrhythmic events [Huikuri et al., 2001].  Changes in the structural and 
electrophysiological properties of the myocardium during healing in the infarct and surviving peri-
infarct (border-zone) areas are known to contribute to arrhythmogenesis [Kleber and Rudy, 2004]. An 
important pathophysiologic substrate of ventricular arrhythmias is reentry, an abnormal re-excitation of 
the myocardium which can cause the heart to beat at very rapid and potentially lethal rates [Martinez-
Rubio et al., 1999]. The mechanism of reentry can be either functional or anatomic in nature [Garratt, 
2001]. The former can be induced in excitable tissue without structural barriers but with altered 
refractory properties due to ischemic conditions and is more common in the acute phase of the infarct 
[Janse and Wit, 1989]. On the other hand, an anatomic reentry requires the presence of structural 
obstacles (e.g. infarct scars, pulmonary veins) that block the impulse conduction since they are 
electrically inert [De Bakker et al., 1993, Kawara et al., 2001]. There is abundant evidence 
demonstrating that some bundles of muscle survive the infarct episode and, together with fibrotic 
bundles, create channels encased between the dense scars [Peters and Wit, 1998]. The deposition of 
fibrosis changes local myocardial structure and architecture, and is accompanied by cellular electrical 
uncoupling and gaps closure [Spach and Josephson, 1993]. This results in a decrease of conduction 
velocity (CV), and thus a slower propagation of the action potential (AP) through the channels (called 
isthmuses). The conduction velocity of the excitation wave depends on the electro-diffusion, which is 
tuned by the ionic conductivities in the intra- and extra-cellular spaces. The diffusion term is generally 
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referred to as ‘conductivity’ [Ten Tusscher and Panfilov, 2007; Jie et al., 2008] and it is assumed that 
the CV of a planar excitation wave through myocardium varies with the square root of this (apparent) 
bulk conductivity. Furthermore, the AP wave front propagates faster in the longitudinal direction 
(parallel to the fibers) leading to an anisotropic propagation of the wave front.  

Correlation between electrophysiological and structural changes is of great importance as such 
changes are known to become a substrate of ventricular tachycardias (VT) [Bolick et al., 1986]. 
Experimental and clinical studies have demonstrated that the VT cycle length (the time between two 
consecutive reentrant waves) depends on: how slowly the electrical wave propagates through the 
isthmus and around the scars; myocardial anisotropy; and the physical dimensions of the conduction 
blocks [Pogwizd et al., 1992; Ciaccio et al., 2001; Soejima et al., 2002; Girouard et al., 2001]. Via 
voltage mapping techniques, it has been shown that clinically relevant anatomic reentries are macro-
reentries, which can be fairly large in humans, with isthmuses up to a few centimeters in width and 
length [De Chillou et al., 2002]. 

Anatomic circuits (as illustrated in Fig 1a) have five components: i) unexcitable scars (S); ii) outer 
pathways of healthy tissue; (iii) the isthmus (I) of reduced conductivity; (iv) an entrance site located at 
one end of the isthmus; and (v) an exit site located at the other end of the isthmus (the arrows show the 
direction of wave propagation around the scars).  

 
Figure 1. Anatomic reentry: (a) schematic diagram of a reentrant circuit and (b-f) example of 
reentrant wave propagation around the scars in a VT patient (images kindly provided by the Catheter 
Lab, Arrhythmias Services, Sunnybrook Health Sciences Centre, Toronto, Canada). The activation 
front of the wave (in b-f) is represented in red, normal myocardium is in blue and the scars are in grey 
(note that the isthmus allows the propagation of wave whilst the scars block the wave and force it to 
loop around this anatomic circuit).  

 
An example of surfacic measured data in a VT patient, obtained with the CARTO electro-anatomic 

mapping system (BiosenseWebster, Johnson&Johnson) after identification of scars and VT induction 
(unpublished data, CARTO images courtesy of Catheter Laboratory, Arrhythmias Services, 
Sunnybrook Health Sciences Centre, Toronto, CA) is given in Fig 1 b-f (with the scar in gray, normal 
myocardium in blue and depolarization wave front in red). The white dots represent the interrogation 
(measurement) points. Notice that in the snapshot shown in Fig 1c the wave travels right through the 
isthmus, then exits the circuit (Fig 1d) and starts to loop around the scars (Fig 1e-f). 

Currently, the attempts to characterize reentrant circuits and their VT cycle length are limited to 
data measured based on endo and / or epicardial mapping, during sinus rhythm, moderate pacing and 
sometimes on high output stimulation. Unfortunately, the electrical measurements obtained during the 
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electrophysiology (EP) procedures are recorded at a low spatial resolution (4-5mm), and fail to identify 
reentries deep in the myocardium. Moreover, the clinical protocol to induce VT is invasive and 
requires pacing the heart at high rates, where VT can degenerate into ventricular fibrillation (a fatal 
disorganized and asynchronous cardiac excitation). The measurements are taken from different 
locations by applying multiple extra stimuli delivered in decreasing time steps such that one stimulus 
will reach the circuit and initiate VT; this results in extremely long procedures [Stevenson et al., 1993, 
Ciaccio et al., 2003]. However, poor identification of reentrant circuits limits the success of radio-
frequency RF ablation, the only curative therapy that can effectively interrupt the reentry circuits by 
creating small, continuous, thermal lesions in the isthmus [Kottkamp et al., 2003]. Moreover, gaps 
within an RF lesion or the presence of bystanders (secondary isthmuses, which are “silent” prior to 
ablation) are suspected to be the cause of initial monomorphic VT re-inducibility with a new 
morphology. Therefore, better understanding of the interrelation between the intrinsic physical 
properties of the circuit (conductivity, geometry, anisotropy) as well as prediction of VT inducibility 
and estimation of the cycle length for each circuit is very important. There is a clear need to 
supplement the EP measurements with mathematical characterization; manual calculation can be useful 
[Stevenson et al., 1989] but is limited to 2D calculations due to the surfacic nature of measurements. 
Thus, theoretical models yielding fast 3D characterization may become an important non-invasive tool 
for guiding RF ablation of re-entrant VT. 

Computer modelling has been intensively used in the past decade as a non-invasive 
electrophysiology tool. Of particular interest are parametric studies which can estimate behavior that is 
difficult to measure experimentally. Simple and complex models have been proposed to simulate the 
electrical activity of the normal or pathologic heart and to predict its behavior under different treatment 
scenarios; their utility was reviewed recently [Clayton and Panfilov, 2008]. The complexity of 
computer models depends on the model scale, and is often limited by available computer resources. 
Most importantly, the models have to be versatile and accurate enough for the purpose of a given study. 
For example, the majority of the functional reentries and fibrillation-related phenomena are studied 
using cellular ionic models [Noble, 1962; Luo and Rudy, 1994, Bernus et al., 2002; Clayton and 
Holden 2003; Benson et al., 2007] as well as bidomain equations [Jie et al., 2008, Trayanova, 2008], 
the latter model explicitly solving for extracellular and intracellular voltages. The ionic models employ 
a large number of variables and equations as they calculate the transmembrane potential for each 
cardiac cell, making them computationally expensive and difficult to integrate into a clinical therapy 
platform. Therefore, most of these computations are carried out on supercomputers and parallel 
clusters [Xie et al., 2004; Potse et al., 2006]. Other models, like the phenomenological model proposed 
by FitzHugh-Nagumo (FH-N), use a simple reaction-diffusion system of equations to compute the 
propagation of AP without computing individual ionic currents [FitzHugh 1961, Nagumo et al., 1962]. 
This model was found useful by Friedman and collaborators [2004] to observe wave propagations in 
response to different stimulating pulses that could identify the reentry in excitable tissues (in 1D and 
2D simulations), as well as in [Krogh-Madsen and Christini, 2008] who studied the conditions for re-
setting and/or terminating reentry following application of stimuli at different distances from the circuit. 
The monodomain model was also found suitable for studying the propagation of AP waves in tissues 
with electrically inert scars (due to fibrosis). Such efforts include 1D and 2D simulations produced in 
[Kogan et al., 1992] to study the mechanism of unidirectional block, UB (i.e., a conducting portion of 
tissue that provides a retrograde pathway for the propagating pulse) in narrow channels, and by Sinha 
and collab. [2002a, 2002b], who proposed pacing algorithms at different frequencies in order to 
annihilate the anatomic reentrant waves. In addition, the FH-N model was also used to simulate the 2D 
and 3D propagations of excitation and anchoring of spiral waves in the presence of large unexcitable 
obstacles [Ten Tusscher and Panfilov 2003, 2005, 2007]. Other authors [Sermesant et al., 2003, 2005, 
2006] implemented this formalism to a 3D electro-mechanical model heart, with an aim to test and 
integrate fast cardiac models into clinical applications. We have recently used this model proposed by 
Sermesant and collaborators, and developed a simple 3D theoretical model (based on the FH-N 
formalism) that predicts VT inducibility in the presence of macro-reentry circuits [Pop et al., 2008]. 
We mimicked an isthmus (4 mm width, 1.8 cm length and variable cross-section) encased by two 
unexcitable scars (1.8x0.7cm each). These results demonstrated on a simplistic rectangular slab 
(2.5x2.5x1cm; 1 mm element size) that VT cycle length depends directly on the conduction velocity, 
which in turn depends on the isthmus conductivity and cross-section of the isthmus, as well as 
myocardial anisotropy. However, this model was limited in that the fiber orientations were unrealistic 
(i.e., all fibers were assigned in vertical direction and parallel through the slab) and the slab was a 
rectangle. 
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Our goal is to better understand the impact of model variables on critical reentry characteristics. 
Thus, in the present study, we use the same mathematical model but we explore a more realistic 
situation, simulating anatomic reentries on a 3D wedge of ventricular tissue, with fiber directions 
obtained from diffusion-weighted MR imaging. Via computer simulations, we studied the propagation 
of the cardiac action potentials in the presence of a simple macro-reentry epicardial circuit, with 
electrical waves circulating around two large obstacles (i.e. infarct scars). We specifically identify the 
lower and upper limits of the vulnerable window (VW) which correspond to a unidirectional block 
(UB) condition in the isthmus. We then examine how the width of VW and the VT cycle length are 
modified after we systematically change the: i) myocardial anisotropy ratio (i.e., the ratio between 
transverse and longitudinal conduction velocities) and ii) conductivity values in the isthmus. In 
addition, we alter the circuit geometry by placing virtual RF ablation lesions on the isthmus (including 
the presence of a gap in an RF ablation lesion, as well as the presence of a bystander isthmus) and 
investigate the effects on the VT cycle length. 

2. Material and Methods 

2.1. Theoretical considerations 
At a macroscopic level, the predictions of action potential (AP) propagation can be achieved by 

solving the reaction-diffusion equations originally developed in [FitzHugh, 1961] and [Nagumo, 1962]. 
To correct for the after-hyperpolarization phase specific to nerve axons, Aliev and Panfilov [1996a] 
modified this model and proposed the following equations (1-2) for cardiac tissue: 
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where: the two dimensionless variables are V, the transmembrane potential, and r, the recovery variable 
contribution (the latter determines the dynamics of the recovery phase of the action potential). Extra 
stimuli can be introduced at any instant into the tissue and are represented by the term Istim. The term –
kV(V-a)(V-1) controls the fast processes (initiation and upstroke of action potential) via the threshold 
parameter, a; ε-1 is a time constant for the recovery phase. The reaction and recovery parameters 
involved in this two-variable model (i.e., a = 0.1, ε = 0.01, k = 8, μ1 = 0.1 and μ2 = 0.3) were introduced 
in [Nash and Panfilov, 2004]. The resulting action potentials reproduce the shape, duration, 
refractoriness and restitution of action potentials obtained in [Elharrar and Surawicz, 1983] from 
experiments in canine cardiac tissue. The variables in this model are dimensionless; but they can be re-
scaled to be related to physical values. For example, the normalized AP in the model varies between 0 
and 1, which corresponds to real values between -90 and +20 mV.  

The Aliev-Panfilov model accounts for tissue anisotropy via the conductivity (diffusivity) tensor, D, 
and can be written as D = d0·diag (1, ρ, ρ) in the local orthonormal basis (i,j,k), where i is the direction 
parallel to the fiber, ρ is the ratio between the transverse and the axial conductivities and d0 is the 
normalized scalar conductivity (which is set to 1 for healthy tissue). Note also that for a planar wave, a 
simple analytical relationship between CV and the diffusivity d can be written: CV a (d)1/2  [Keener 
and Sneyd 1998]. Typically, the waves propagate approximately twice as fast in the direction parallel 
to the fibers relative to the transverse direction. Therefore, we expect an anisotropic ratio CVtransv : 
CVlongitud of approximately 1:2. In our current study, the effects of anisotropy were observed by varying 
the tissue anisotropy ratio which corresponded to gradually reducing the transverse CV (e.g. a ratio of 
1:1 corresponds to an isotropic case; for 1:2 the wave propagates twice as slow in the transverse 
direction and corresponds to ρ = 0.25; for 1:3 the wave propagates three times slower in the transverse 
direction and corresponds to ρ = 0.11).  

2.2. Wedge model preparation and computer model implementation  

Figure 2 shows the preparation of the 3D wedge model from a porcine heart scanned for fiber 
orientation using diffusion-weighted MRI. Details of the DW-MRI scanning parameters can be found 
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in [Pop et al., 2009a]. The in-plane spatial resolution for this particular scan was 0.4x0.4mm and the 
slice thickness was 1.5mm; 7 diffusion directions were acquired. 

   

 
Figure 2.  The wedge model obtained from a porcine heart: (a) the orientation of bundles derived 
from diffusion-weighted MRI acquisitions are shown as colored lines, demonstrating the expected 
rotation across the ventricle wall; (b) the 3D anatomical model is shown in gray; (c) corresponding 
tetrahedral mesh of the wedge is shown in blue and rotation angle of the fibers from the epicardium 
to the endocardium through the wedge is depicted as a color scale (cut-away lateral view). 

 
To illustrate propagation behavior for a particular pattern of myocardial damage we then defined 

zones in the mesh, particularly the scars and the isthmus creating a specific circuit geometry (Fig 3a 
and 3b depict the frontal view and cross-section, respectively). Furthermore, we assigned fiber 
directions to each vertex in the mesh. The electrically inert scars were approximately 22 mm in length 
and 8 mm in width (as measured on the epicardium) encasing an isthmus 5 mm wide with a cross-
sectional area of approximately 15mm2. We assigned zero conductivity to the transmural scar, and a 
reduced d0 to the isthmus; we also changed the anisotropy ratio to reflect the fiber directions. Variation 
in the electrical conductivity was obtained by changing the value of d0 incorporated in the diffusion 
term of equation (1). 

 

Figure 3.  The resulting 3D model after the wedge (light grey) is cropped and the infarct areas (in 
black) as well as the isthmus are defined: (a) frontal (anterior) view; (b) cross-section view; and (c) 
lateral view of the anatomical model of the wedge, respectively; (d) the fiber directions assigned to 
each node in the mesh. 

 
We solve for the transmembrane potential over a computational mesh of 61600 elements generated 

with the GHS3D package (INRIA, France) for the wedge model. The code is written in C++ and uses 
OpenGL libraries to display the results. We employed Finite Element Methods, using an explicit 
forward Euler time integration scheme. We imposed Neumann no-flux boundary conditions at all tissue 
boundaries, i.e. 0)(ˆ =Ñ× VDn , where n̂  is the unit vector normal to the boundary. For the simulations 
presented in this study, we used a computational time step of 5x10-5s. The time step was determined 
from convergence tests, such that further refinement did not significantly change the solution for 
transmembrane potential. The simulation time for one heart cycle of 0.7s on this mesh is about 40 min 
on an Intel ® Pentium 4, 3.2GHz CPU, with 1GB of RAM.  
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2.3.  Electrophysiological considerations of anatomic reentry 

In order to induce reentrant activity, certain fundamental conditions must be satisfied including:  1) 
the presence of a heterogeneous anatomic circuit with a geometry defined by unexcitable obstacles (i.e., 
scars forcing the electrical wave to propagate around them); and 2) a premature stimulus to initiate a 
perturbation in the normal electrical propagation through the given circuit, triggering a unidirectional 
conduction block (UB) through the isthmus of slow conduction [Garratt, 2001]. The extra stimulus S2 
has to arrive within a specific time interval, called vulnerable window (VW). We systematically 
changed the conductivity of isthmus and anisotropy ratio of the myocardium, analyzing the effect of 
these variables on the creation of UB and its associated VW. The perimeter of the scar and the 
conduction velocity of the outer and inner segments of the circuit determine the VT cycle length. 

 

2.4.  Simulations on the 3D wedge 

We first calculated the propagation of action potential, AP, on the 3D wedge representing 
ventricular tissue (Figure 3a). The majority of the macro-reentry circuits (mapped in animals and 
humans) have areas reported on the order of a few cm2, with the narrowest width of clinically 
significant isthmuses being on the order of a few millimeters [Ciaccio et al., 2001, Soejima et al., 2002, 
De Chillou et al., 2002]. Therefore, the size of the wedge (i.e., 3.5 x 3.5 x 1.5 cm) and the tetrahedral 
mesh (about 1-1.2 mm element size) were chosen to enable realistic characterization of macro-reentry 
circuits in a reasonable computational time for a fine mesh.  

The wedge was paced at constant 700 ms interval, via a stimulus S1 (e.g. a square pulse of 
maximum AP amplitude) applied at the bottom of the wedge, mimicking a wave propagating in the 
apex-to-base direction, after pacing the heart at the apex. In equations (1) and (2), this is accomplished 
via the initial conditions; that is, we set artificially the voltage V=constant, at maximum amplitude (V = 
1) for 10 ms to the entire surface of the bottom of the wedge. The stimulation pulse initiates a 
depolarization wave that propagates from the bottom towards the top of the wedge. As per the 
requirements described in Section 2.3, we also applied one extra stimulus S2 (5 ms duration) of 
maximum amplitude (i.e., AP = 1) close to the entrance of the isthmus (on an area of approximately 
10mm2), with a coupling interval S1-S2 which was varied until we achieved unidirectional block, UB, 
through the isthmus, initiating the VT reentrant waves. We varied the conductivity in the isthmus as 
well as the anisotropy ratio and measured the VT cycle length. Linear fitting was performed in Excel to 
derive the relationship between these variables. An additional example is also included, illustrating an 
endocardial scar with an isthmus (4 mm wide and 18 mm long) traversing the scars (6 mm in width, as 
measured on the endocardium). The conductivity of the isthmus was set to 0.5*d0, whereas the 
anisotropy ratio was set to 1:2. 

Throughout this current study, we set the longitudinal conduction velocity to a value of 25cm/s. 
This choice was due to the small size of the scars and conditions to induce VT (see 2.3.). We have 
demonstrated in our previous study [Pop et al., 2008] that, in the setting of a relatively small scar, the 
time required for a reentrant wave to complete a rotation had to be longer than APD; otherwise the 
head of the reentrant wave will encounter refractory tissue and cannot propagate. This time is equal to 
the ratio between the perimeter of the scar and the speed of propagation; thus, for a circuit of given size, 
there is a maximum value for speed we could use to simulate the wave propagation. 

To mimic a failure of the RF ablation therapy, we placed electrically inert RF ablation lesions 
along the isthmus where we set the conductivity to zero (as the lesions block the propagation of 
electrical waves). We designed circuits with gaps in the lesion, through which the reentry wave could 
escape and continue to propagate and investigated the effects on the VT cycle length. We also 
introduced a secondary isthmus within the scars (named a bystander) that forces the wave to circulate 
through a shorter path after ablation. 

3. Results 

3.1 Unidirectional block on the isthmus and inducibility of reentrant VT 

We first present an example (see Fig. 4) corresponding to a situation where the unidirectional 
block is successfully generated and the reentry is induced. A pacing stimulus S1 is applied for 10 ms 



139 
 

starting at t = 0 and, as a result, the depolarization wave (in red) propagates from the bottom of the 
wedge to the top, as seen in Figs 4a-b, both at time t = 0.01 s. The propagation is perturbed due to the 
presence of the infarct scars (in black) which are electrically inert. The conductivity in the isthmus was 
reduced by 50% relative to the conductivity of normal myocardium. As a result, the depolarization 
wave propagates through the healthy tissue, around the scars, and more slowly through the isthmus than 
through the normal tissue (Fig 4c, at t = 0.11 s). This is followed by a repolarization phase of the tissue, 
as shown in the corresponding snapshots in Fig 4d at t = 0.23 s, and Fig 4e at t = 0.37 s, respectively. 
The red represents an activated state of tissue; blue corresponds to the resting state; and yellow 
corresponds to the re-polarization phase.  

 

 
Figure 4. Inducibility of epicardial reentry: the stimulus S1 initiates the electrical excitation from the 
bottom of the wedge as seen in (a) tilted lateral view and (b) frontal view, and propagates through the 
tissue, with the red and blue colors representing the depolarized and rest phases of action potential 
AP respectively, and the yellow corresponding to the repolarization phase. Snapshots (c-j) 
correspond to the propagation of a depolarizing wave, creation of unidirectional block and the 
initiation and perpetuation of reentry through the isthmus where the conductivity was reduced by 
50% relative to the normal tissue. White arrows indicate the direction of wave propagation whilst the 
white bar (f) indicates that the wave stops when it encounters refractory tissue following application 
of the extra-stimulus S2 (at one end of the isthmus). A ‘diastolic gap’ is defined by the head and the 
tail of the reentrant wave (j). The traces (in k) correspond to the changes in AP simulated over the 
first 3 seconds (where R-R-R… denotes reentrant waves generated in response to the S2 stimulus), 
measured at the location given by the white asterisk seen in (b). 

An extra stimulus S2 is applied for 5 ms when the isthmus is still refractory (e.g. 190 ms before the 
next S1 would be applied); this creates a unidirectional block (UB) in the isthmus because this stimulus 
arrives at a time before the isthmus can conduct the impulse (that is at t = 0.41 s in Fig 4f), whereas the 
healthy tissue has recovered and can conduct the electrical impulse (Fig 4g-h, snapshots taken at t = 
0.45 s and 0.54 s respectively). Thus, the initiated wave propagates around the scars and enters the 
isthmus from the opposite end (Fig. 4i, at t = 0.88 s). The wave then propagates through the isthmus in 
a retrograde direction, from the top to the bottom, creating a reentry.  
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The tissue between the head of the wave (defined by the excitation front) and the tail of the wave is 
always refractory; however there is a so-called ‘diastolic gap’ between the tail and the head, where 
tissue has recovered and is excitable (Fig 4j, taken at t = 0.98 s). The resulting VT cycle length is given 
by the time between two consecutive excitations (R-R) at a given point in the circuit (indicated by the 
white asterisk in Fig 4b). Multiple heart cycles are shown over 3s in Fig 4k, for which we calculated a 
VT cycle length of 526 ± 13 ms (mean ± SD). The fibers’ orientation relative to the anatomic circuit 
can be observed in Fig. 8b. Variations in anisotropy ratio explored in the paper were obtained by 
reducing the transverse CV (see section 2.1 for details).   

The interval between S1 and S2 (known as the ‘coupling interval’) is a critical parameter in the 
creation of unidirectional block (UB); we gradually reduced this interval by time steps of 20 ms, 10 
ms, 5 ms, 2 ms and 1 ms, until we obtained UB. Figure 5 includes simulation results when the S2 is 
applied either below a lower limit when the isthmus and the healthy tissue are still refractory and the 
new excitation wave extinguishes (Fig 5a-b) or above an upper limit when the isthmus has recovered 
and thus the wavefront can propagate in all directions (Fig.5c-d). However, when S2 is applied any 
time between the lower limit and the upper limit, the UB is generated, as observed in Fig 5e-f. These 
two limits define a vulnerable window (VW), which is a characteristic time interval of each anatomic 
circuit. For the example given in Fig 5 (obtained when the conductivity in the isthmus was reduced by 
50% relative to that of normal conductivity, and the anisotropy ratio was set to 1:2), the VW was 
found to be between 349 ms and 396 ms after S1. Any extra stimulus (S2) applied outside this time 
interval (either before or after) did not create a unidirectional block.  

 

Figure 5.(a-f) Lower limit of VW in green panel (a-b) and upper limit, respectively, in blue panel 
(c-d) associated with the S1-S2 coupling interval that does not induce UB. S1-S2 is progressively 
reduced, until S2 induces UB (e-f). White arrows indicate the direction of wave propagation and 
white bars indicate that the wave stops when it encounters refractory tissue. 

The lower and upper limits of the VW (corresponding to UB) as a function of conductivity of the 
isthmus and myocardium anisotropy, respectively, are shown in Fig 6 (a-b); these results were obtained 
using the fiber directions as displayed later in Fig 8b. Specifically, we first set the anisotropy ratio to 
0.25 (i.e., the ratio between CVtransv and CVlongitud is 1:2), and varied the conductivity of the isthmus 
relative to that of normal myocardium; we established the lower and upper limits of VW by changing 
the S1-S2 interval. From Fig 6a, the width of the VW (when the UB is created) increases from to 17 ms 
to 55 ms as conductivity in the isthmus decreases from 1.0 to 0.15 (relative to normal myocardium). 
There is a small shift (10 ms) in the values corresponding to the lower limit (i.e., from 340 ms to 350 
ms) and a larger shift (46 ms) in the upper limit (i.e., 357 ms from to 403 ms) of the interval S1-S2, as 
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the conductivity in the isthmus decreases. In Fig 6b we set the conductivity of the isthmus to be 75% 
smaller than that of normal myocardium, and varied the anisotropy ratio. The results presented in Fig 
6b demonstrate that the width of the VW increases when the anisotropy increases. Notice that the lower 
limits shifted earlier (i.e., from 360 ms in the isotropic case to 341 ms for conduction velocity ratio of 
1:3); thus the UB was created earlier. The upper limit did change substantially as the ratio between 
CVtransv and CVlongitud went from 1:1 to 1:2 (i.e., anisotropy ratio went from 1 to 0.25), but changed 
little with greater anisotropy. 

 

 
 

Figure 6. Lower and upper limits, of the VW corresponding to the creation of the UB (dashed areas). 
The S1-S2 coupling interval is plotted as function of conductivity of the isthmus (a) and myocardial 
anisotropy (b), respectively. Grey shades correspond to the times outside the VW, for which UB 
cannot be created. 

 

 

3.2. The effect of isthmus conductivity and myocardial anisotropy on VT cycle length 

Figures 7(a-c) illustrate differences in the propagation of the wave front through the isthmus when 
the conductivity of the isthmus is reduced by (a) 75%, (b) 40% and (c) 12%, respectively. The 
snapshots were taken at the same time (i.e., t=0.157s after S1 is applied). Corresponding snapshots (d), 
(e), (f), all taken at t=1.1s after the reentry is formed, show that the diastolic gap (i.e., head-to-tail gap) 
becomes shorter as the conductivity of the isthmus (calculated relative to that of normal myocardium) 
increases. Consequently, the resulting VT cycle length is increasing with decreasing electrical 
conductivity of the isthmus. A plot of VT cycle length vs. the inverse of the square root of the 
conductivity of isthmus yielded a linear fit with a correlation coefficient of 0.99. 
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Figure 7. The effect of conductivity on the VT cycle length: (a-c) comparison between propagations 
(at t=0.157s after S1 is applied), and (d-f) differences between the diastolic gaps during the reentry 
(at t=1.1s), when the conductivity in the isthmus is reduced by 75% (a and d), 40% (b and e) and 12% 
(c and f).  A linear fit for VT cycle length vs. the square root of the inverse of conductivity was plotted 
using Excel (g). 

 

The effects of tissue anisotropy and fiber directions on the wave propagation are illustrated in 
Figure 8. For a broader study, we also provide an example where the fibers are all vertical through the 
ventricular wall (fiber directions for this case are illustrated in Fig 8a). 

 
Figure 8. The effect of fiber direction and anisotropy ratio on the VT cycle length: (a) the vertical 
fibers and (b) the realistic fibers on the wedge, (c-f) comparison between propagations (at t = 0.764 s) 
in tissues with different anisotropy ratio, where (d) corresponds to vertical fibers and (c, e-f) 
correspond to realistic fibers.  
 

The difference in propagation due to different conduction velocity ratios (CVtransv : CVlongitud) and 
fiber directions in the representative snapshots are included in Figs 8(c-f), all taken at the same time 
(i.e., t = 764 ms after the stimulus S1 is applied). Again, ratio=1:1 corresponds to the isotropic case, 
whereas for conduction velocity ratios of 1:2 and 1:3 the wave travels twice, and three times faster 
respectively, in the longitudinal direction than it does in the transverse direction. Our results showed 
that VT cycle length is longer as the conduction velocity across the fibers decreases (in the realistic 
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fibers case). For instance, the resulting VT cycle length (mean ± SD, calculated for the first three or 
four reentrant cycles) as a function of the conduction velocity ratio was as follows: 393 ± 18 ms (for 
the isotropic case), 526 ± 13 ms (for ratio 1:2) and 607 ± 11 ms (for ratio 1:3), respectively. For a ratio 
of 1:2, in the case of vertical fibers the cycle length is shorter, i.e., VT cycle length was 472 ± 19 ms 
(mean ± SD).  

Figure 9 shows two reentrant circuits formed on the endocardium (note that the infarcts are not 
transmural). The VT cycle length obtained in the case of “tubular” isthmus (illustrated in Fig. 9b-c) 
was of 386 ± 15ms. For the thin “sheet-like” isthmus (Fig 9d-e) we obtained a VT cycle length 302 ± 
10ms, which was shorter because of the size of scars. Both the thin “sheet-like” and the “tubular” 
isthmuses have equal cross-section areas of 12 mm2. However, the thin isthmus has a surface area of 
1.9 cm2 as measured on the endocardium, whereas the area of the left scar adjacent to the thin isthmus 
is of 1.5 cm2 which is smaller than the other endocardial reentry scar (i.e., 2.4 cm2).  

 

Figure 9. Example of endocardial reentry: (a) the 3D wedge model with the scars defined on the 
endocardium; (b) cross-section plane through the mesh corresponding to “tubular” isthmus; (c) 
propagation of the reentrant wave around the scars, with the depolarization wave front (in red) 
exiting the isthmus (and further propagating in the directions shown by the white arrows); (d) 
cross-section plane through the wedge with thin “sheet-like” isthmus and (e) corresponding 
propagation of the reentrant wave through the thin isthmus. 

 

3.3. The effect of RFA lesions and changes in scar geometry on VT cycle length  

We present two different cases where the changes in scar geometry affect the VT cycle length due 
to changes in: (i) cross-section area of the isthmus, and (ii) the total path length. 

In the first case, we simulated RF therapy by introducing ablation lesions (of zero conductivity) at 
different sites relative to the isthmus. Placing one small RF lesion at the exit of the isthmus (see figure 
10a-b) had no effect on VT inducibility or the cycle length; this gap in the lesion allowed the reentrant 
wave to escape and to continue looping around the scars. Obviously, the reentry was interrupted by 
placing RF lesions completely across the isthmus (Fig 10c-d). However, we noted that after placing 
more lesions along the length of the isthmus (figure 10e-f) the VT cycle length is increased compared 
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to that before ablation. For instance when conductivity of isthmus is reduced by 50% and the 
anisotropy ratio is set to 1:2, cycle length increased from an average of 526 ms prior to ablation to 590 
ms after placing lesions all along the length of the isthmus (Fig 10g). The increase was likely due to a 
decrease in the cross-sectional area of the isthmus (from ~15mm2 to ~8mm2), which decelerated the 
wave through the isthmus. 

The time taken by the wave to travel through the outside path (i.e., the healthy myocardium) 
remained the same as that prior to ablation (~324 ms), whereas the time taken to travel through the 
isthmus increased by 26% (i.e., from 199 ms to 267 ms) after ablation. Moreover, for the ratio 1:3 
(simulation results not included), the wave is considerably decelerated, such that the new VT cycle 
length is longer than 700 ms (resulting in the annihilation of the reentrant wave by the normal S1-
triggered wave). 

 
 

 
Figure 10. Re-inducibility of VT after incomplete ablation of the isthmus allowing the wave to escape 
through the gap (a-b); non-inducibility of VT after complete ablation of the isthmus (c-d); multiple RF 
lesions placed along the isthmus results in wave deceleration and an increase in VT cycle length, for 
the case presented in (e-f). 

 

Figure 11 presents the other simulated case, in which we modified the scar geometry by 
introducing a second isthmus (i.e., a bystander) within the scar (Fig 11a). The bystander is “silent” (i.e., 
has no effect) during the normal propagation and inducibility of VT (Fig 11b). After complete ablation 
of the principal isthmus, the VT is re-inducible and the wave travels around the scars through both 
paths [1] and [2], as seen in Fig 11c. The resulting reentrant wave propagated through the bystander 
and looped around the scar via the shorter path (i.e., path 1 in Fig 11c). A shortening in the cycle 
length (i.e., from 526 ms to 487 ms) is observed when the wave goes through the bystander for the 
case where the anisotropy ratio was set to 1:2.  
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Figure 11. VT re-inducibility in the presence of a bystander: (a) scar with main isthmus and 
bystander (b) propagation of wave prior ablation (red panel) and (c-h) re-inducibility of VT after 
ablating the main isthmus (green panel). In (c) the green areas denote the RFA lesions and the green 
dash lines delineate the paths for the excitation wave. 

 

4. Discussion  

The aim of this work was to develop a simple 3D theoretical model that captures the 
electrophysiology phenomena associated with some specific morpho-pathological changes in a post-
infarct heart. We sought to investigate the propagation of electrical waves in the presence of anatomic 
reentry generated by abnormal circuits comprised of chronic scars and isthmuses of viable tissue 
bundles. For this disease, of clinical relevance are the inducibility of VT as well as the VT cycle length 
in patients with prior myocardial infarction; these characteristics are ultimately associated with risk of 
sudden cardiac death. For clinical applications, it is important to use a fast mathematical model with 
attractive computational times, like the Aliev-Panfilov monodomain model (adapted from reaction-
diffusion FitzHugh-Nagumo model), so that different conditions can be reviewed for a given patient. In 
our study, it takes about 1h on one standard PC (e.g. Intel ® Pentium 4, 3.2GHz CPU, with 1GB of 
RAM) to simulate 1s of a heart cycle, compared to 2h for 1s of heart cycle simulated with the Luo-
Rudy model using thirty 1.4GHz processors in parallel [Xie et al., 2004] or 2 days with the bidomain 
model [Potse et al., 2006] on 32 processors. The latter study demonstrated that the propagations of AP 
were only 2% faster in the bidomain model than in the monodomain model, the latter solving for the 
transmembrane voltage without knowledge about the individual ionic currents and concentrations; this 
justifies our choice of (monodomain) model. 

In the current work, we first used our 3D mathematical model to study the conditions favoring the 
inducibility of unidirectional block (UB) and its associated vulnerable window. The width of the VW 
(as defined by its lower and upper limits), was found to strongly depend on the isthmus conductivity 
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and myocardial anisotropy. The width of VW (obtained by gradually reducing the S1-S2 interval) 
increased as the conductivity in the isthmus decreased. As per the CV restitution curve (appendix, Fig 
A1d), as the S1-S2 interval decreases, so does the CV; thus when S2 lies in the recovery tail of S1, the 
action potential cannot be elicited. Healthy tissue (beneath the stimulus S2) recovers before the isthmus, 
explaining the lower limit of VW. In general, a reduction in the value of isthmus conductivity triggers a 
delay of the wave propagation through the isthmus; thus the time when the S2 can actually depolarize 
again the isthmus (upper limit of VW) increases. Similar findings were provided in [Ten Tusscher and 
Panfilov, 2007], where the reduction in conductivity was specifically attributed to increased diffuse 
fibrosis (a major cause of cellular uncoupling). Specifically, in their modelling study, these authors 
obtained a variation in VW reflected in increasing size of very small, randomly distributed obstacles.  

In our study, we also found that the VW width increased by three times as the anisotropy ratio of 
the myocardium was set to 0.11 compared to the isotropic case (ratio = 1). This suggests that fiber 
directions should always be included in calculations to avoid erroneous estimates. The upper limit of 
the VW remained almost constant for anisotropy ratios greater than 0.25. This behaviour is due to the 
speed of the depolarization wave relative to the position of the S2 stimulus at the entrance of the 
isthmus, and to the fiber orientation in the isthmus. As the local anisotropy is increased (i.e., the 
transverse CV is reduced) the wave front will move slower through the isthmus; thus an effect similar 
to the reduction of conductivity was obtained (given that the fibers are not parallel with the isthmus 
axis, but rather at an angle). More generally, we calculated the S1-S2 interval at a selected location (i.e., 
node in the mesh) in the middle of the small area where S2 is applied. Therefore, for each lower/upper 
limit of the unidirectional block (UB), we subtracted the time required for the wave to travel from the 
bottom of the wedge (where S1 is applied) to that certain point. In the case where we kept the 
anisotropy constant and varied the conductivity in the isthmus (illustrated in Fig 6a), this time is the 
same for all simulations. In the case where we varied the anisotropy ratio (Fig. 6b), this time is not the 
same but rather increases as the ratio is decreased from 1:1 to1:3; therefore the lower limit for 
unidirectional block shifts to earlier times. Thus, for the particular case we modelled, changes in 
conductivity of isthmus reflect local effects, whereas changes in anisotropy reflect global effects on the 
UB. 

Once induced, the reentrant wave circulates around the scars and enters the circuit from the other 
end of the isthmus. That is because this region of tissue (i.e., “the entrance”) has already recovered and 
is excitable, in accordance with many experimental findings and clinical observations, as reviewed in 
[Kleber and Rudy 2004]. The VT cycle length is known to depend on tissue conduction velocity and 
the path length, the latter being actually the perimeter of the obstacles; the results from our study are in 
accordance with these observations. The circuit dimensions (scar and isthmus) and the electrical 
properties of the isthmus set the vulnerable window in which the VT can be induced. However, it is 
very difficult to analytically calculate the VT cycle length due to the fact that realistic scars are 
irregular in shape and the fiber orientation varies along the boundaries. Our results show that VT cycle 
length is longer in the case where the fibers were oriented at an angle to the axis of the isthmus, 
compared to the case where fibers are parallel; this result is consistent with experimental observations 
in a canine model of reentry [Ciaccio et al., 2001]. Moreover, while the speed of the activation front 
may be constant within the middle portion of the isthmus, the exit and the entrance introduce 
deceleration and acceleration. Given these issues, simulations should yield more accurate estimates of 
CV, thus can be used as a tool to help the clinician estimate VT inducibility and an expected cycle 
length. With this respect, macro-reentries of clinical relevance have dimensions on the order of a few 
cm [Soejima et al., 2001 and 2002; Ciaccio et al., 2001; Chillou et al., 2002]. This is due to the fact 
that the wave front has to rotate around the circuit in a time that is longer than the duration of the 
previous action potential (otherwise the head of the wave will reach the refractory tail). The perimeter 
of the non-conductive scars sets the physical distance that the wave has to travel in order to 
circumscribe completely the conduction block(s). However, the excitation wave travels through 
different segments of the reentrant circuit (i.e. healthy tissue, isthmus) at different conduction velocities.  

Experimental and computational studies have already suggested that the conduction velocity is 
affected by tissue conductivity and the radius of narrow paths. Particularly, with respect to the 
dimensions of the narrow paths (like isthmuses), it was showed in [Kogan et al., 1992] using 2D 
simulation studies, that the width of the narrow path (i.e., isthmus) is critical to the conduction velocity; 
notably, the wave propagates slower as the diffusion coefficient d in the isthmus decreases, and later in 
[Bub and Shrier, 2002] that the propagation will be blocked below a critical width of the isthmus at its 
exit, creating a source-sink mismatch. Another recent simulation study demonstrated that the radius of 
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a narrow channel traversing a rectangular slab of tissue (with fibers parallel to the axis of the channel 
and different degrees of uncoupling between ischemic and normal myocardium) contributes to the 
inducibility of reentry in the phase B of acute ischemia [Jie et al.; 2008]. We found a similar result in 
our previous study [Pop et al., 2008]; however, we suggested that this is also due to the current 
consumption at the boundary between infarct and isthmus. In the current study, this was again noted in 
the case where we changed the dimensions of the isthmus by placing RF lesions along it, reducing by 
almost half the cross-sectional area of the isthmus. This is also probably due to the partial-flux 
boundary condition between the scars and the isthmus, allowing some consumption of current at the 
interface between these two zones. As expected, an increase in VT cycle length observed following 
placement of RF lesions on the isthmus. As a consequence, VT cycle length increased; specifically, we 
saw a 23% increase when the conduction velocity ratio was set to 1:2. 

The presence of a small gap in the ablated lesion favors the re-inducibility of VT following therapy 
[Kottkamp et al., 2003]. However, there is clinical evidence showing that the RF lesions cause a 
“stricture” in the isthmus and decelerate the propagation of the wave [Ellison et al., 1998]. Our 
simulation results reflect this clinical observation and demonstrate that, while the VT may be re-
inducible in such cases, the actual VT cycle length can be increased after introducing the non-
conductive RF lesions. Although the new VT is less dangerous (cycle length is longer), it is still not 
terminated. The reentry was stopped when the conduction velocity ratio was set to 1:3 (i.e., anisotropy 
ratio is 0.11), which resulted in a very slow propagation through the isthmus. In this case, the wave was 
decelerated so that the next wave from stimulus S1 annihilated the reentrant wave. The model can thus 
help the clinician to test ablation strategies. Our results suggest that the ablation where the lesions are 
placed completely across the isthmus is more efficient than lesion placement all along the isthmus. An 
unidentified bystander for one VT can become the critical isthmus for another circuit; thus 
identification of all small channels is desirable prior to ablation. One could target the exit and the 
entrance of the principal isthmus, because this would interrupt the potential breakthrough of the wave 
through the bystander. In practice, clinicians often place RF lesions all along the boundaries of the 
infarct, which is time consuming; thus the potential isthmuses should be identified via an imaging 
technique and a model should be built based on such anatomical findings to reduce procedure duration.  

Computationally fast models of cardiac activity could be integrated into clinical EP applications 
and used to predict the propagation of electrical waves in the heart, and to assess the inducibility of VT 
before and following the RF therapy. Such models could also be used as aids for designing more robust 
ablation treatments, by identifying patterns less sensitive to ablation location. The ultimate clinical goal 
is to increase the procedure efficacy, shorten the procedure time and avoid further impairment of 
ventricular function. This important “translation to clinic” step requires not only realistic identification 
of infarct scars from MR data and extension to a full 3D anatomic model of the heart, but also 
experimental validation [Ciaccio et al., 2007]. Image-based models are currently being developed; 
high-resolution anatomical models of the rabbit and canine heart are available to explore genesis of and 
propagation patterns in scar-related arrhythmias [Vigmond et al., 2009]. Our recent efforts were 
focused on successfully developing a similar 3D cardiac imaged-based computational model from DW-
MRI in infarcted porcine hearts [Pop et al., 2009b]. 

 

Study limitations 

The two-variable model proposed by FitzHugh and Nagumo, and later improved by Aliev and 
Panfilov, although very attractive because it is fast (compared to ionic and bidomain models) has 
certain drawbacks. The monodomain formalism is based on the assumption that intra- and extracellular 
spaces are “collapsed” into each other; thus they are represented by the same conductivity value. In 
reality, these two cellular spaces have distinct conductivity values. The voltage solution has normalized 
values (between 0 and 1), instead of realistic values in the range -90ms and 20ms which can be 
measured experimentally.  

Regarding the model parameters associated with the action potential wave, in the current 
paper, we modelled the excitability of the isthmus and the healthy myocardium using constant values 
for the parameter k; some experimental studies reported that the isthmus might have reduced 
excitability. In another simulation study [Vigmond et al.; 2009] the border zone (i.e., the peri-infarct 
area) was modelled with a longer action potential duration (APD) and reduced excitability relative to 
the normal myocardium. Indeed, such changes are known to be very important in the acute and sub-
acute ischemic phases of the infarct; for instance, the APD is known to slowly recover within the first 
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weeks during healing (i.e., the sub-acute phase) and to return to values close to the baseline (healthy 
myocardioum). Specifically, AP of the cells in the border zone was noted to have longer duration than 
in healthy myocardium at two months after infarction (Ursell et al., 1985). However, an optical study in 
an infarct rat model has shown that there is no significant change in the APD values between the 
border-zone and remote/healthy tissue [Mills el al.; 2005]. Since our reentry circuit was artificially 
created, we have not included such regional changes in the APD, which would affect the recovery time 
of the isthmus, and consequently, the vulnerability window.  

During the infarct healing in the chronic phase of the disease, the fiber directions change in 
the isthmus due to the deposition of collagen, which generates a slower and more ‘tortuous’ 
propagation through the isthmus compared to the simplified case we modeled. Thus, a real isthmus is 
not a “homogeneous entity” with constant parameters but has segments of different conductivity values 
as well as fiber disarray and altered architecture that would contribute to different local speeds of 
propagation; in particular, the transverse component of the speed is reduced more dramatically, as 
reviewed in several seminal studies [Janse and Wit, 1989; De Bakker et al., 1988].  

Finally, the geometrical model (i.e., the specific pattern that we used) represents the typical 
clinical case with one central isthmus, which is more commonly the target for RF ablation and two 
large scars (as presented in Fig.1). However, these two scars could have different perimeters (the 
smaller scar driving the VT cycle length) and might also have various geometries due to different 
locations within the territory of other major vessels; such cases cannot be appropriately studied using a 
simplified wedge model.  

 

5. Conclusion 
To conclude, we have developed a 3D computer model that predicts the inducibility of VT 

associated with anatomic reentry around infarct scars. Via computer simulations of cardiac electrical 
activity, we studied the physical conditions favoring the inducibility of reentrant VT and found that the 
isthmus conductivity and tissue anisotropy are critical to the induction of UB, the initiation of the 
reentrant wave and the VT cycle length. RF ablation lesions placed on the isthmus can interrupt or 
modify the VT cycle length.  
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Appendix  

The restitution curves for action potential and conduction velocity  

The action potential duration (APD) and the local conduction velocity CV change with the pacing 
stimulus interval (described as cycle length, CL); which in turn determines the diastolic interval, DI. 
This property is named restitution and characterizes the dynamic response of the cardiac tissue at 
different cycle lengths, where CL is the sum between APD and DI. The restitution curves relate APD 
and CV to the preceding DI of a cycle and can be characterized by the following relationships: 

  APDn = f(DIn-1) = f( CLn-1 - APDn-1)     (A1) 
 and  CV = g(DI n-1)       (A2) 

where: n denotes a particular cycle beat.  
Both curves can be measured in simulations using different pacing protocols. In our simulations we 

paced homogeneous tissue at constant S1-S1 intervals of 830 ms followed by a stimulus S2. To avoid 
erroneous estimates of CV that could be introduced by the curvature of the realistic wedge, S1 and S2 
were delivered at the bottom of a rectangular slab (the same one that was used in [Pop et al., 2008a]), 
but with no heterogeneities in terms of zones and tissue properties. The coupling interval S1-S2 was 
reduced until no propagation of AP could be generated. We performed all the calculations as per the 
methodology provided in [Clayton and Holden; 2003] except that in their study they paced at a S1-S1 
interval of 50 0ms. 
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 For the action potential restitution curve, the APD90 (APD at 90% repolarization, which is 0.9 
times the difference between the APD’s peak amplitude and the baseline) was calculated (e.g. APD90 is 
320ms for S1-S2=700 ms). The APD90 and the CV were measured in the centre of the rectangular slab 
and plotted against the preceding DI interval. From the APD90 restitution curve (figure A1c) we 
observe that the function in equation (A1) is exponential, whereas, in the conduction velocity 
restitution curve, CV is constant for large diastolic intervals but decreases abruptly as the DI decreases 
to values lower than 100 ms (see figure A1d).  

 
 

 
Figure A1 Traces of AP obtained by pacing at basic cycle (defined by the S1-S1 interval) and 

gradually reducing the coupling interval S1-S2 until an electrical excitation could not be 
elicited (a-b); corresponding restitution curves for action potential duration (c) and 
conduction velocity (d) as a function of DI. 
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