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Abstract. NGOQP�RTSVUXW�YZW�[]\]^�_`[aWT\�bZWDbcU<[aYedZ[]OT[�\�Y,fgP�\<SFh�SVij[�O�U<SkbcO�Y,fl\<[ m.bcO�U�P�\<n�m�P<SVbZOoYZfkdcbZ\�SpP�RTiqbZr0\�Y,O�dZ[aY,O�hs bcfkn�it[�P<\�SVmISkiuYZdZ[]U]^wv�YZU<[]hxbZOXhT[.rybZ\�iuY,vTfV[lU<SVitW�fk[�zxit[ U2R�[]U]{}|�SkijWTfV[.z~ij[ U2RT[ U�YZ\<[IP<bcW�bcfkbcdZSFm�Y,fVfV�jhTn�Y,f�b,r�P<\�SVYZO��
dZn�fVY,P<SVbZO�U0Y,O�haR�Y s [�P�RT[uYZh s Y,O&P�Y,dZ[�b,r�WD[�\�ijSpP<P<SVOTd�U2ijbwb,P�R�hT[.rybZ\�iuY�P�SkbcO�UISVO�YXU<SkijWTfV[uY,O�h�[.�xm�Sk[]OcP0iuY,OTO�[�\ {� nT\j\�[]m.bcO�U2P<\�n�m�P�SkbcO�Y,fVdZbc\<SkP<RTi�m]Y,O�R�Y,O�hTfk[�U2n�\2r�Ycm.[]Ut_�SkP<RTbcn�PxY,Ow�e\�[]U2P<\�SVm.P<SVbZO�bcO�P<R�[�SV\xU2R�YZW�[�bZ\tP�bZWDbZfVbZdZ�c{� RT[Eh�Sk�D[]\<[]O&P�P�YZU<�wU`WD[�\<rybZ\�ij[]h~hTnT\<SVOTd�P<RT[0\�[]m�bZO�U2P<\�n�m�P�SkbcO~SVO�m.fVn�h�[�P�RT[EU2[]dZij[�O&P�Y,P<SVbZOxbZrLdcS s [�Oxbcv���[]m.P�UgSVO~P�RT[
U�m.[�O�[Z^�P<R�[�[�z&P�\�YZW�bcfVY,P<SVbZO�bZr�ijSVU�U2SVOTd�hTY�P�YT^9Y,O�h�P<R�[tm�bZO&P<\�bZf#b,r�U<ijbwb,P<R�OT[]U�U�^9h�[]O�U<SpP��c^"Y,O�h�dZ[�bcij[.P<\�SFm��&n�Y,fVSpP��
b,r#P<R�[E\<[ m.bZO�U�P�\<n�m.P<[ h~ij[]U<RT[ U�{ � R�[E\<[ m.bZO�U�P�\<n�m.P<SVbZO~P�Y,�c[]UgWTfFYZm�[ESkO�P�_`buU�P�Y,dZ[ U�{K�#SV\�U2P]^TP<RT[ESVOTSkP<SFY,fVSk� Y�P<SVbZO�U2P�YZdZ[
m.\�[]Y,P<[ U#Y0U<SkijWTfV[.z�it[ U2RjSVO�P�RT[ s SVm�SkO�SpP���bZr�P�RT[�hTY,P�Ylitb�h�[]fT[�SkP<R�[�\}iuY,Own�YZfkfV��bZ\7n�U<SVOTdEY,OjY,n�P�bZiuY�P�SVm`WT\�b�m.[]hTnT\<[c{� RT[]O"^#Y,r�P<[]\�Y�ry[�_�SkP<[�\�Y�P�SkbcO�U]^"P<R�[xij[]U<R�P�bZWDbZfVbZdc��m�YZO�vD[xijb�h�Sk��[]h�vw��m�\<[ Y�P�SkOTd�RTbcfk[ UEbZ\�v&��SkO�m.\�[]YZU<SVOTd�SpP�U
dZ[]Own�U�{}�#SVO�Y,fVfk�c^�Y,O�SkP<[]\�Y,P<S s [�\<[���OT[�ij[]OcPIYZfkdcbZ\�SpP�RTi�h�[ m.\�[]YZU<[]U�P�RT[�h�SFU�P�Y,O�m�[Eb,r�P�RT[Eij[]U<R�ry\<bci P<RT[�hTY�P�Y�_�R�SkfV[
WT\�[]U<[�\ s SkOTd�RTSkdcR�dZ[]bZij[.P�\<SFm~YZO�h�P�bZWDbZfVbZdZSFm�YZf��&n�YZfkSkP��Z{�|w[ s [�\�Y,f�\<[ m.bcO�U�P�\<n�m�P<SVbZOe[�zTY,ijWTfV[]UtY,\�[~WT\�b s SVh�[ h�_�SpP�R
�&n�Y,O&P�SpP�Y�P<S s [EYZO�hX�&n�YZfkSkP�Y,P<S s [0\�[]U<nTfpP�U�{
¡ [��w_`bZ\�hTU]¢£NGiuYZdZ[�|w[]dZij[�O&P�Y,P<SVbZO"^D¤I[�rybZ\�iuY,vTfV[�¥�b�h�[]fVU]^�¦c¤¨§�[ m.bZO�U�P�\<n�m.P<SVbZO"^�¥�[]hTSVm]Y,f�NGiuYZdZSVOTd�^D§�Y,OTdc[ENGit�
Y,dc[]U

1. Introduction

1.1. General Object Reconstruction

�T\�bZi©fFYZU<[�\L\�YZOTdZ[}��O�h�[�\�U�P<b s bZfVnTij[.P�\<SFm}ij[]hTSVm]Y,f&Skit�
Y,dc[�\��Z^�P<RT[�h�[ s [�fVbZWTij[�O&PxbZr�P�RT\�[�[.�Gh�SVij[�O�U<SkbcO�Y,f�Ycm��
�&nTSFU2SkP<SVbZO�hT[ s SVm�[]U�R�Y s [~U2P<\�[]U�U<[]h�P<R�[XOT[][]h�rybc\�dc[�O��
[�\�Y,f�U2R�YZW�[u\�[]m�bZO�U2P<\�n�m.P<SVbZO�P<[ m�RTOTSF�cn�[]U]{ � v���[ m�P�\�[.�
m.bcO�U2P<\�n�m�P�SkbcO�SFUEYXP�YZU<��P�R�Y�P�m�bZO�U<SVU2P�U0SVO�vTnTSVfVhTSkOTdaY
dZ[]bZij[.P�\<SFm7ijb�h�[�fcry\<bciªY�P<\�SVh�SVij[�O�U<SVbZO�YZfchTY,P�YZU<[.PLbZv��
P�YZSkO�[]h«ry\<bci¬YU�m�YZOTOTSVOTdh�[ s SVm�[Z{£|�n�m�R®P�\<SFh�SVit[]O��
U<SkbcO�Y,f0hTY�P�YZU<[.P�U~iuY
� s Y,\��QU<nTv�U2P�YZO&P<SFY,fVfk�QSVO®P<[]\<iuU
b,r�Ycm�m.n�\�Ycm.�Z^L\<[ U2bcfknTP<SVbZO"^#bZ\�h�Y�P�Y�U�P�\<n�m.P<nT\�[Z{�NGO�YZfkf
m�YcU2[ U�^�P<RT[�\<[ m.bZO�U�P�\<n�m.P<SVbZO�P�YcU2��U<RTbZnTfFh�m.\�[]Y,P<[�Yudc[.�

bZij[.P�\<SFm�itb�h�[]f�m.bc\<\�[]U<W�bcO�h�SVOTd�P<b�P<RT[�\�[]YZf�bZv���[ m�P {� RT[�O�Y,P<nT\�[�b,r}P�RTSFU�\�[]m.bcO�U2P<\�n�m�P�[]h�ijb�h�[�fLSVU�h�[�WD[�OT�
h�[�O&PjbZO�P�RT[XP��&WD[�b,rlR�SkdcR�fV[ s []f�P�YZU<�eW�[]\2rybc\<ij[ h�Y
W�b&U�P�[�\�Skbc\<S#¯�U<[�[l��dZnT\�[�°
±�^�U<n�m�RXYcU s SFU2n�YZfkSV�]Y,P<SVbZO"^wbcv��
��[]m�P�\�[]m�bZdZO�SpP�SkbcO"^cbc\�U<m�Sk[]OcP�Sp�Dm�m�bZijWTn�P�SkO�d�¯�it[ m�R�Y,OT�
SVm]Y,f9bZ\`²�b�_ªY,O�YZfk��U<SVU�±�{

NGO�P�RTSVU�W�YZW�[]\]^7_`[~YZhThT\<[ U<U0P�RT[~W�\<bcvTfk[]i³bZr�dZ[]O��
[�\�Y,fgbZv���[ m�Px\�[]m�bZO�U2P<\�n�m�P�SkbcOYcUjbZWTWDbcU<[]h�P<b�U<[�O�U<bZ\<�
h�[�WD[�O�hT[�O&PX\�[]m�bZO�U2P<\�n�m�P�SkbcOQP<[ m�RTOTSF�cn�[]U]{¨N�h�[ Y,fVfk�c^IY
dZ[�O�[�\�Y,f#\<[ m.bZO�U�P�\<n�m.P<SVbZO�U2��U2P<[�i´U<RTbcnTfVh�R�YZO�h�fV[ s bZfk�
nTij[.P<\�SFmeSkiuYZdZ[]U�YZUa_`[�fVf�YcU�P�\<SFh�SVit[]O�U<SkbcO�Y,f�\�Y,O�dZ[
hTY�P�YT^,_�SkP<R s Y,\��wSkOTd�OTbcSVU<[gfk[ s [�fTYZO�h�\<[ U2bcfkn�P�SkbcO"{L��nT\<�
P<RT[]\<ijbZ\�[Z^cSpPgU2R�bZnTfFhj\<[ m.bcO�U�P�\<n�m�P�U<itbwbZP<Rxbcv���[]m.P�U�YcU
_�[]fkf#YZU�WDbZfV�wRT[]hT\�YZf�U2R�Y,WD[]U�_�SkP<R�Y~m.bcO&P<\�bZf"b s [�\�P�RT[
it[ U2R�h�[]O�U2SkP��~YZO�hXP<RT[�m�fkb&U2[]OT[]U�U`b,r#�TP]{
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� RT[���dcnT\<[�\<[ m.b s []\<�ebZrEbZv���[ m�P�Uxry\<bci P�\<SFh�SVit[]O��

U<SkbcO�Y,f"hTY,P�YcU2[�P�U`\<[ �&nTSk\�[]U�U<[ s [�\�Y,f�P�YcU2��UgSVO�m.fVn�h�SVOTd�¢
Segmentation: P<R�[U�m.[�O�[�h�[]U�m.\�SkvD[]h©SVO©P<R�[�P<\�SFh�Sp�
ij[�O�U<SVbZO�YZf�hTY,P�YZU<[.P ^LSFU�n�U2n�Y,fVfk��iuYZh�[��nTWebZr�U2[ s [�\�Y,f
bZvT��[]m�P�UxfV�wSkOTdm.fVbcU<[�P<b�[ YZm�RQb,P�RT[�\ { � RT[�U<[�dcij[�O��
P�Y,P<SVbZO�P�YZU<��m.bZO�U2SFU�P�UISVOaSFU2bcfVY,P<SVOTdxP�RT[�bcv���[]m.PlWDbZSVO&P�U
ry\�bZi hTY�P�Y�WDbZSVO&P�U#m.bZ\�\�[]U<W�bcO�h�SVOTdgP<blOT[�SVdZRwvDbZ\�SkOTdIbZv��
��[]m.P�U�bc\�bZn�P�fkSV[�\�U]{
Filtering: \�[]Y,fDP�\<SFh�SVit[]O�U<SkbcO�Y,f"hTY,P�YcU2[�P�UgY,fV_`Y
��U�SkOT�
m.fVn�h�[�U2bcij[lY,ijbcnTO&P�b,r"O�bZSFU2[c{ � R�[�\�[.rybZ\�[Z^cSpPgSFU�bZr�P<[�O
OT[ m.[]U�U�Y,\���P�b�U<ijbwb,P<RP<R�[�\�[]m�bZO�U2P<\�n�m.P<[]h�itb�h�[]f�SkO
bZ\�h�[]\�P�b�\�[]h�n�m.[lP<RT[�[.��[]m.PgbZr�OTbcSVU<[I_�SkP<RTbcn�P�\<[]ijb s �
SVOTduU<YZfkSV[�O&Pgry[]Y,P<nT\�[]U�U<n�m�R�YZU�U<R�Y,\�WX[ h�dZ[ U�{
Extrapolation of missing data SVO�ijYZOw��m�YZU<[]U]^�¦c¤
hTY,P�YZU<[.P�U�h�b�OTb,Pt[�O&P<SV\�[�fV��hT[]U�m.\�SkvD[XY�dcS s [�O�bcv���[]m.P]{� RT[]\<[�rybZ\�[Z^�SkPISVU�OT[]m�[]U�U<YZ\<�uP�buR�Y,O�h�fk[0P�RTbcU<[EijSVU�U<SkOTd
hTY,P�Y�WDbZSVO&P�U�vw�o[.zwP<\�Y,WDbZfFY�P�SkO�deP<RT[�U<nT\2r�Ycm.[�SkO«P<RT[
ijbcU2P � SVOcP�nTSkP<S s [ � iuY,O�OT[�\ {
Mesh Density Control: _�RT[�Oªh�[�O�U2[ehTY,P�YZU<[.P�UXYZ\<[
WT\�b s SVh�[ h9^�SpPESFU0b,r�P�[�O�\<[ �cn�Sk\�[]h9^�[ U2WD[]m�SVYZfkfV��rybZ\ s SVU<n��
Y,fVSV�]Y�P�SkbcO�WTn�\<WDbcU<[]U]^�P<b�dZ\�[]Y,P<fV��\<[ h�n�m�[�P�RT[uY,ijbZn�OcP
b,rLSkO�rybc\<iuY,P<SVbZOXU2P<bc\<[ huSVOxP<R�[�dc[�bcit[�P<\�SVmIijbwhT[�f{ � O
P<R�[Xm.bcO&P<\�Y,\��Z^�_�R�[�O�U<W�Y,\�U<[xhTY�P�Y�SVU�WT\�b s SFh�[ h9^7SpP�SFU
OT[ m.[]U�U�Y,\���P<b�SkO�m.\�[]YZU<[gP<R�[Iij[]U<R~h�[]O�U2SkP��jvw��\�[.��O�SkOTd
P<R�[EdZ[�bcij[.P<\�SFmIijb�h�[�f{
Mesh Quality Control: iuY,Ow� U<m�Sk[]OcP�Sp�Dm m�bZijWTn��
P�Y,P<SVbZO�Y,fVdZbc\<SkP<R�ijU ¯�m.bcO&P<SVO&n�nTi ij[]m�R�Y,OTSFm�U]^�²�b�_
Y,O�Y,fV�wU<SFU�^������ ±a\�[]�&nTSV\�[eP<RT[Qh�[���OTSkP<SVbZO¨bZru��OTSkP<[�[�fV[.�
ij[�O&P�U�bZO�ij[]U<RT[]U0bZr`RTSVdZR�dc[�bZij[�P<\�SVmj�&n�Y,fVSkP��Z{ � RT[
�&n�Y,fVSkP�� bZr�Y ij[]U<R´iuY
� vD[ h�[���OT[ h SkO³U2[ s [�\�Y,f
P<[]\<iuU 	 
�� {���bZ\�SkO�U2P�YZO�m.[c^7bZOeP�\<SFY,OTdcnTfFY�P<[ h�itb�h�[]fVU]^
P<R�[EdZ[�bcij[.P<\�SFml�&n�YZfkSkP��uiuY
�xv�[Eij[ YZU<nT\<[ hxn�U<SVOTdtP<RT[
ijSkO�Ski�nTi�^Tij[]h�SFY,O�bZ\�Y s [�\�Y,dZ[�Y,OTdcfk[0bZr�P<\�SFY,OTdcfk[ U�{

�T[�_�[.z�SVU2P<SVOTdIYZfkdcbZ\�SpP�RTiuU�YchTh�\�[]U�U9P<R�[ � dZ[�O�[�\�Y,f,\�[.�
m.bcO�U2P<\�n�m�P�SkbcO®WT\�bZvTfV[�i � {���bZ\�SVO�U�P�Y,O�m�[Z^lSVU<bcU<nT\<r�YZm��

SkOTd 	�
��� SFUEY�m.bZijijbZO�fk��n�U<[]h�P<[ m�RTOTSF�&nT[trybZ\0\<[ m.bcO��
U�P�\<n�m.P<SVOTd�U<nT\<r�YZm.[ Uury\�bZi s bcfkn�it[�P<\�SVmabZ\~\�Y,O�dZ[aSVit�
Y,dZ[ U 	 ° �� {��Ib�_�[ s [�\ ^�vD[]m]Y,n�U<[�SkPXh�bw[]UuO�b,P~R�YZO�h�fV[
itSFU�U2SVOTd0Y,O�htOTbcSVU<��hTY�P�YT^cSpPKm�YZOTOTbZP7vD[�m.bcO�U<SVh�[]\<[ h�YcU
YEdZ[]OT[�\�Y,f�\<[ m.bZO�U�P�\<n�m.P<SVbZOjP�[]m�RTOTSF�&nT[Z{K|wSVijSkfFY,\�fV�Z^w¤I[��
fVYZnTO�Y
�jP<\�SFY,OTdcnTfVY,P<SVbZO 	 °Z^w¦ � SFUg_�SFh�[�fV�xn�U<[]h~rybZ\�U<[�\�SVYZf
U2fVSVm�[E\<[ m.bcO�U�P�\<n�m�P<SVbZO�^TbZ\l\<[ m.bZO�U�P�\<n�m.P<SVbZOXry\<bci n�OTbZ\<�
dcY,O�Sk�][]haWDbZSVO&P�UEv�n�P�SpP�m]Y,OTO�b,PE[.zwP<\�Y,WDbZfFY�P�[�ijSFU<U<SVOTd
hTY�P�Y�WDbZSVO&P�U]{

¤l[.rybc\<iuY,v�fk[jijb�h�[�fVSkO�d�SVU0_`[�fVfp�GU<nTSpP�[]h�rybZ\Edc[�OT[]\�YZf
bZv���[ m�P�\�[]m�bZO�U2P<\�n�m�P�SkbcO v�[ m�YZn�U2[SpP�iuY,�Z[ U�ry[]_qYZU2�
U2nTijW�P�SkbcO�U�Y,vDbZn�P�P<RT[uU<R�Y,WD[�P<b~\�[]m�b s []\lY,O�haSkP0m]Y,O
h�[]YZf"_�SpP�RaijSVU�U<SkOTdXY,O�h�OTbcSVU<�Xh�Y�P�Y�{ � RT[�\�[�Y,\�[�U<[ s �
[�\�Y,f�[.z�SFU�P�SkO�d�ry\�YZit[]_�bc\<��U�rybZ\Xh�[.rybc\<iuY,v�fk[�ijb�h�[�fFU]^
vTn�P�Y�m.bcijitbcO«Y,W�WT\<b&YZm�R®m�bZO�U<SVU2P�UXb,rErybc\<iuYZfkSV��SVOTd
P<RT[xh�[�rybZ\�iuY�P<SVbZOeYcU�Y s Y,\�SVY,P<SVbZO�YZf}WT\<bcvTfV[�i´SVO s bZf s �
SkOTd0Y,OtSVOcP�[�\�O�Y,fw[]OT[�\�dZ�E[]O�U2n�\<SVOTdlP<RT[�dc[�bZij[�P<\�SVm`m.bcO��
P<SVO&n�SpP��xbZrLP�RT[Eijb�h�[�f^�Y,O�h�YZOX[�zwP<[�\�O�YZf9[�OT[]\<dc�~m.bcO��
P<\�bZfVfkSVOTd®P�RT[om.fVbcU<[�OT[ U<U�b,r~�TP]{ ¥�Y,Ow� \�[]U<[]Y,\�m�RT[]\�U
R�Y s [�WT\�bZWDbcU<[]h \<[ m.bZO�U�P�\<n�m.P<SVbZOªU2��U2P<[�iuU�v�YZU<[]h bZO
h�[.rybc\<iuY,v�fk[aijb�h�[]fVU 	�� ^l° ¦T^��  ^ 
 ¦T^�� � ¯�rybc\XY�U<nT\<�s [���bZr�h�[.rybc\<iuY,v�fk[�itb�h�[]fVU�SVO�ij[]hTSVm]Y,f#SkiuY,dc[�YZO�Y,fk�
�wU<SFUEU2[][ 	 
���� ±�{���b�_`[ s [�\ ^9ry[�_�U<�wU2P<[]iuU�YZhThT\<[ U<U�P�RT[
WT\<bcvTfV[�i�b,r�dc[�OT[]\�YZfDU<nT\<r�YZm�[I\�[]m.bcO�U2P<\�n�m�P�SkbcO"^cSVO�m�fkn�h��
SkOTdtP�RT[0� s [�P�YZU<�wUgW�\<[ s SVbZn�U2fV�ufkSFU2P<[]h"{

1.2. Deformable Models

� �Z[]��SFU<U<nT[�rybZ\�Y�dZ[]OT[�\�Y,f�\�[]m�bZO�U2P<\�n�m.P<SVbZOQU2��U2P<[�i
SVUj\�[�fFY�P�[]h�P<b�P<RT[am�R�bZSFm.[�b,rEY���dcb&b�h���U2nT\<r�YZm�[�\<[]W��
\<[ U2[]OcP�Y�P�SkbcO"{t¥�bc\<[tWT\�[]m�SVU<[�fV�Z^"U<n�m�R�\<[]WT\<[ U2[]O&P�Y�P�SkbcO�U
U2RTbcnTfFhXvD[�_`[�fVfp�GU<nTSpP�[]hXrybZ\lY,fVfLU<nT\2r�Ycm.[ UgSkO�hT[�WD[�O�h�[]O&P
b,r�P<R�[�SV\tdc[�bcit[�P<\���YZO�h�P�bZWDbZfVbZdZ�c{�NGO�P<RTSFUjU2[ m�P<SVbZO�^
_�[x\�[ s SV[�_ P<RT[X[.z�SFU�P�SkOTd�dZ[�bcij[.P<\�SFmj\<[]WT\<[ U2[]O&P�Y�P�SkbcO�U
b,r�h�[.rybc\<iuYZvTfk[~itb�h�[]fVU�Y,O�h�SkO&P<\�b�h�n�m�[xbZnT\�bZ\�SkdcSkO�Y,f
U2nT\<r�YZm�[l\�[�W�\<[ U2[]OcP�Y�P�SkbcO"{

1.3. The Parameterization Problem

¥�bcU2Pt\�[]m�bZO�U2P<\�n�m.P<SVbZO�U<��U�P�[�iuUuY,\�[Xv�YZU<[]h�bcOW�Y,\�Y��
it[�P<\�SVm�\�[�WT\�[]U<[�O&P�Y�P<SVbZO�U�^�U2n�m�R©YZU�U<WTfVSkO�[]U�bZ\���O�SpP�[
[�fV[�ij[�O&P�U]{ � W�YZ\�YZit[�P<\�SVm�\�[�WT\�[]U<[�O&P�Y�P<SVbZO�WT\�b s SVh�[ U
Yem.bZO&P�SkOwnTbcn�UjP<\�Y,O�U�rybc\<iuY�P�SkbcOQv�[�P�_�[][�O®Y�W�YZ\�YZit[��
P<[�\�U<W�Ycm.[ �®[]i�vD[]hThT[]h�SVOXP�RT[ !}n�m�fkSFh�[ Y,O�WTfFY,OT[#" $&%
Y,O�h�YXP<\�SVh�SVij[�O�U<SVbZO�YZfKU2nT\<r�YZm�[Z{ � RT[j[�zwSFU2P<[�O�m.[ub,rgY
m.bZO&P�SkOwnTbcn�U"\�[�WT\�[]U<[�O&P�Y�P<SVbZOE[]O�Y,v�fk[ U"P�RT[`hT[.��OTSkP<SVbZO�b,r
dZ[�bcij[.P<\�SFmt�&n�YZO&P<SkP<SV[]U]^#U<n�m�R�YZU�Y�OTbZ\�iuY,f s []m�P�bZ\�bc\
m.nT\ s Y�P<n�\<[ESVO�rybZ\�iuY�P�SkbcO"^T[ s [�\��w_�RT[�\�[0bZO�P<R�[�U2n�\2r�Ycm.[
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ijb�h�[�f{ � RTSFU�SFUlb,r�P<[]Oa\�[]�&nTSV\<[ h�rybZ\IR�SkdcRafk[ s []f"P�YcU2��U
U<n�m�R�YcU�� � ¤ hT[]U<SkdcO"{

��b�_`[ s []\]^�W�Y,\�Y,ij[.P�\<SFm \�[�W�\<[ U2[]OcP�Y�P�SkbcO�U U<n���[�\
ry\�bZi´P�_`b�WT\�bZvTfV[�iuU]{ � RT[x��\�U2P�WT\�bZvTfV[�i SFUE\<[]fVY,P<[ h
P<btP�RT[E\<[]WT\�[]U<[�O&P�Y,P<SVbZOxbZr#m.bcijWTfk[�zXU<R�Y,WD[]U]{���[ m�YZn�U2[
W�YZ\�YZit[�P<[]\<SV��SVOTd�Y�U<R�YZW�[jSFUE[]�&nTS s Y,fV[�O&P0P<b�iuY,WTW�SkOTd
Y�U2nTv�U2[�P0bZrKP<R�[ !Kn�m.fVSVhT[]Y,O�WTfFY,OT[tbZO&P�b~P�R�Y�P�U<R�Y,WD[Z^
WT\�bZvTfV[�iuU�bwm]m.nT\�_�RT[�O P<RT[�bZv���[ m�P�SFU�OTb,P�b,rxWTfFY��
O�YZ\]^#m.�wfkSVO�h�\�SFm�Y,f^�bc\0P<bc\<bcSVhTYZf#P<bZWDbZfVbZdc�Z{~��bZ\�U<WTRT[]\2�
SFm�Y,f�U<R�Y,WD[]Utrybc\jSkO�U2P�YZO�m.[c^�Y�PufV[]YcU�PjbZOT[�h�[]dZ[]OT[�\�Y�P�[
WDbZSVOcP�bZ\�WDbZfV[�SFU�m�\<[ Y�P<[ htv&��P<R�[IiuY,WTW�SkOTd�b,r"YEWTfFY,OT[
bZO&P�b�Y�U<WTRT[�\�[Z{ � RTSFUKWDbZSVO&P�fk[ YZhTUKP<b�iuYZO&�tWT\�bZvTfV[�iuU
SVO®P<R�[�U<nT\<r�YZm.[�h�[.rybc\<iuY,P<SVbZO®vD[]m]Y,n�U<[�OTbc\<iuYZf s [ m��
P<bc\�YZO�hxm.n�\ s Y�P�nT\�[Im�YZOTOTb,P`v�[�m.bcitW�n�P<[ hxSVO~Y�U2P�YZvTfk[
iuY,OTO�[�\uY�PjP<R�Y�P s [�\<P<[�z9{ � fkbZPjbZrl_`bZ\���R�YZUtvD[�[�O
h�bcOT[0SkO�P<R�[E��[�fFh�b,r7m.bZijWTnTP<[�\lY,SFh�[]hXdZ[]bZij[.P�\<SFm0h�[.�
U<SkdcO�P<b�b s [�\�m.bZij[uP�RT[]U<[�P<bcW�bcfkbcdZSFm�Y,f`WT\�bZvTfV[�iuU]{ �
WDbZWTnTfFY,\�YZWTWT\�bcYcm�R~m.bcO�U2SFU2P�U`b,r}U2[]_�SkO�dtU<[ s [�\�Y,f�W�Y,\�Y��
ij[.P�\<SFmEW�Y,P�m�RT[ UIY,O�h�[�O�U<nT\�SkOTdxP<R�Y,PlWT\�bZWD[�\�dc[�bcit[�P2�
\�SVm�m�bZO&P<SVOwnTSkP���SFUK\�[]Y,fVSV��[]htvD[.P�_`[�[]OjP<RT[lW�Y�P�m�RT[]U]{#��bZ\
SVO�U�P�Y,O�m�[&�IbZWTWD[EY,O�h !Km�� 	 ° ��� n�U<[lP<RT[Em.bcO�U2P<\�n�m�P�SkbcO
U�m�RT[�ij[Eb,r��#[.P�[�\�U 	 
���� P�buvTnTSVfVh��
	Em.bZO&P�SkOwnTbcn�U�U2n�\2�
r�YZm�[]U7bZrDY,\�vTSkP<\�Y,\���P<bZWDbZfVbZdc�0_�RTSkfV[�b,P�RT[�\7\�[]m�bZO�U2P<\�n�m��
P<SVbZO�U<��U�P�[�iuU�U<n�m�R�YcU��"bwbcW0YZO�hE¤l[�§�b&U2[ 	 ° ��� \�[�fV�lbcO
h�Sk�D[]\<[]O&PKW�Y�P�m�Rjm�bZ\�OT[�\�U7U2n�m�RjYcUK|�Y,v�SkOjOT[�P�U]{ � OjSkit�
WDbZ\<P�Y,O&P�m�bZO�U2P<\�Y,SVO&P�SVOxbZ\�h�[�\KP<b�\�[�W�\<[ U2[]OcPK[��xm.SV[�O&P<fV�
dZ[]OT[�\�Y,f7h�[�rybZ\�ijYZvTfV[�ijb�h�[�fFU0_�SpP�R�U<WTfVSkOT[jW�Y,P�m�RT[ UISFU
P<R�Y�P�P<R�[�
	�m.bcO&P<SVO&n�SpP��®[ �&n�Y�P�SkbcO©Ycm.\�bcU�U�W�Y�P�m�RT[]U
i�n�U�P�vD[�fVSVOT[]YZ\`SVOxP�RT[Em.bcOcP�\<bcf�W�bcSkO&P�U]{ � RTbcU<[0m.bZO&P�Sp�
OwnTSkP��jm�bZO�U2P<\�Y,SVO&P�UKYcm.\�bcU�U}W�Y,P�m�RT[ U�n�U<n�YZfkfV��[]O&P�Y,SVf�P<RT[
YZh�h�SpP�SkbcO�bZrgY�fFY,\�dZ[tOwnTi�vD[�\EbZrgm�bZO&P<\�bZf7WDbZSVOcP�U�Y,O�h
rynT\<P<RT[]\<ijbc\<[gP�[�O�hjP�b�vT\�[]YZ��P�RT[IRTbcijbZdZ[]OT[�SkP���bZr�P<RT[
ij[]U<R 	 °�� � {

� RT[�U<[]m.bcO�hQWT\�bZvTfV[�i fkSV[]U~SkO®P<RT[aO�Y�P<n�\<[abZr0P<RT[
W�YZ\�YZit[�P<[]\<SV�]Y,P<SVbZO~_�R�SVm�R�dZ\�[]Y,P<fV�xSVO�²�nT[]O�m.[ UgP<RT[�h�[.�
rybZ\�iuY�P�SkbcO�U�m�RT[]it[c{ � RT[xSVO�²�n�[�O�m�[xb,r`P<RT[~W�Y,\�Y,ij[.�
P<[]\<SV�]Y,P<SVbZOebc\<SVdZSVO�Y�P�[]U0ry\�bZi P�RT[~O�Y,P<nT\�[xbZr�P<RT[~r�Y,SV\2�
OT[ U<Ugryn�O�m�P�SkbcO�Y,fFUgP<R�Y�PlYZ\<[0n�U<n�Y,fVfV�Xh�[���OT[]h�SVO�P<[]\<iuU
b,rEW�YZ\�YZij[.P<\�SFm��Gh�[�WD[�O�hT[�O&P~�&n�Y,O&P<SkP<SV[]U~U2n�m�R®YcUuW�YZ\2�
P<SFY,fKhT[�\�S s Y�P�S s []U]{ � RTSFU0SVU�P�RT[um�YcU2[c^�rybZ\ESVO�U�P�Y,O�m�[Z^9bZr
P<R�[�_�SFh�[�fV�n�U2[ hQP<RTSVO®WTfFY�P�[�rynTO�m.P<SVbZO�YZf�^Iv�YZU<[]hQbcO
��\�U�P�bZ\�h�[�\�hT[�\�S s Y�P�S s []U]{��oRT[�OeP�RT[XhT[.rybZ\�iuY�P�SkbcO�SFU
m.bcO�U2P<\�Y,SVOT[]huvw�uW�YZ\�YZij[.P<\�SFm��Gh�[�WD[�O�hT[�O&PKrynTO�m.P<SVbZO�YZfVU]^

P<RT[�\�[]m�bZO�U2P<\�n�m�P�[]h�dZ[�bcij[.P<\�SFmXijb�h�[]f�SVUuhT[�WD[�O�h�[]O&P
bZOXP<RT[EO�Y,P<nT\�[0b,rLP<RT[ESVOTSkP<SFY,f"W�YZ\�YZij[.P<[]\<SV�]Y,P<SVbZO"{
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¤I[�P�Y,SVfFU0b,r�P�RT[]U<[jP�_`b�YZWTWT\�b
zwSViuY�P�SkbcOaWT\�bZvTfV[�iuUEY,\�[
WT\<b s SFh�[]h SkO Y,W�W�[]O�h�Skz � {V°Z{ � RTSFUQ[.zTY,ijWTfV[©\<[��s []YZfVU"P<RT[`P�\�Ych�[.�+b,�jSkOtm�RTbwbcU<SkO�dIvD[.P�_`[�[�O�W�Y,\�Y,ij[�P<[�\<�
h�[�WD[�O�hT[�O&PQYZO�h�W�Y,\�Y,ij[.P�[�\<�SVO�h�[]W�[]O�h�[�O&PQU2ijbwb,P�R��
OT[]U�U�rynTO�m.P<SVbZO�YZfVU]{&�7Y,\�Y,ij[.P�[�\Eh�[�WD[�O�h�[�O&P�rynTO�m�P<SVbZOT�
Y,fFU�YZ\<[l[]YZU<SV[�\�P<btR�Y,O�hTfk[�OwnTij[�\�SVm]Y,fVfk�c^cvTnTP`P�RT[E�&n�Y,fk�
SpP���bZrIP�RT[aY,WTW�\<b
z�SVijY,P<SVbZO�hT[�WD[�O�hTUjbcO�P�RT[�ij[.P�\<SFm
h�SVU2P<bc\2P�SkbcOeb,r�SkP�U�W�Y,\�Y,ij[�P<[�\�SV�]Y�P�SkbcO"{ � OeP�RT[XbZP<RT[]\
R�Y,O�h"^9SkO&P<\�SVO�U2SFm�rynTO�m�P�SkbcO�Y,fFU�dZn�YZ\�YZO&P<[�[�Y~RTSVdZR�fk[ s []f
b,r�U<ijb&bZP<RTO�[]U�ULv�n�P}fk[ YZhEP�b0itbc\<[gm.bcijWTfk[�z�OTbZO�fkSVOT[]YZ\
WT\<bcvTfV[�iuU�{

NGO�ijbcU2Pg\�[]U<[]YZ\�m�R~W�Y,WD[�\�U�^wfVSpP<P<fV[�Y�P<P<[�O&P�SkbcOXSFUgW�Y,SFh
P<btP<RT[E[]\<\�bZ\�U�SkO&P<\�b�h�n�m�[]hXv&�~it[�P<\�SVm0h�SFU2P<bZ\<P<SVbZO�Ugv�[��
P�_�[][�OXP<RT[EW�YZ\�YZij[.P<[]\�U2W�Ycm.[EY,O�hxP�RT[�U2n�\2r�Ycm.[0SkO�YZW��
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WT\�b
z�SkiuY�P�SkbcO W�\<bcvTfk[]iuU�{ � RTSVU�SVUaijYZSkO�fk�ªv�[ m�YZn�U2[
P<R�[��0fkSVijSpPLP<RT[]iuU2[]f s []U9P�bIbcv���[]m.P�U"_�SkP<R�U2SVijWTfk[�P<bcW�bcfp�
bZdc�¨¯yW�fVYZO�Y,\�bZ\am��wfkSVO�h�\�SVm]Y,f�±�{ �Ib�_�[ s [�\ ^ !�m�� Y,O�h
��bcWTWD[ 	 ° ��� R�Y s [KYchTh�\�[]U�U2[ hIP�RTSFU"\�[�W�YZ\�YZit[�P<[]\<SV�]Y,P<SVbZO
WT\�bZvTfV[�i³_�SpP�R�P<RT[xn�U2[ubZr`R�YZ\<ijbcOTSVmtiuY,W�U�{ �`\�[]m�R��
vTnTR�fk[]\ 	���� \�[�W�Y,\�Y,ij[.P�[�\�Sk�][]U}m.fVbcU<[]hjU<nT\<r�YZm.[ U}SVOxbZ\�h�[�\
P<bjWD[�\<rybZ\�i�[.�xm�Sk[]OcP�bcv���[]m.P�\<[ m.bZdcOTSkP<SVbZO"{� U Y m�bZO�m�fkn�U<SVbZO"^³vTnTSVfVh�SVOTd W�Y,\�Y,ij[.P�\<SFm h�[.�
rybZ\�iuY,vTfV[�ijb�h�[]fVULb,r�YZ\<v�SpP�\�YZ\<�lP<bcW�bcfkbcdZ��SVU#YlhTSp�xm.n�fpP
P�YcU2�0h�nT[KP<b�P�RT[�m�bZO�U2P<\�Y,SVO&P�U9bZrTR�Y s SkOTd��
	Km.bcOcP�SkOwnTSkP��
YZm�\<b&U<UgW�Y�P�m�R�[]U�YcU�_`[�fVfLYZU��Z[�[]WTSVOTdxYuW�YZ\�YZit[�P<[]\<SV�]Y,�
P<SVbZO�_�SkP<R~fVSkP2P<fV[�h�SFU�P�bZ\<P<SVbZO"{#N+P�SVUgO�b,Pg_�[]fkf9U<nTSpP�[]h~rybZ\
P<R�[jP�YZU<�abZr`dc[�OT[]\�YZf7U<nT\<r�YZm�[t\�[]m�bZO�U2P<\�n�m.P<SVbZO�h�nT[tP<b
P<R�[�m.bZijWTnTP�Y�P�SkbcO�Y,f�[�z�W�[]O�U2[gbZrDWD[�\<rybZ\�ijSkOTd�P�bZWDbZfVbZd,�
SFm�Y,f"m�R�Y,OTdc[]U`U2n�m�R�YZU�m�\<[ Y�P<SVOTd�RTbZfV[]Ugbc\`fVb�m�YZfD\�[.��OT[.�
ij[�O&P]{

1.4. Non Parametric Deformable Models

� beb s [�\�m.bcij[xP<R�[�P<bcW�bcfkbcdZSFm�Y,fg\�[]U2P<\�SVm.P<SVbZO�b,r0W�Y,\�Y��
ij[.P�\<SFm�h�[.rybc\<iuYZvTfk[gijb�h�[�fFU]^Z\�[]U<[]Y,\�m�RT[]\�ULR�Y s [�h�[ s []fp�
bZWD[]h�Y,fkP<[�\�O�Y,P<[�\�[�W�\<[ U2[]OcP�Y�P�SkbcO�U�{���bZ\�SkO�U�P�Y,O�m�[Z^DSkit�
WTfVSVm�SpP�hT[.rybZ\�iuY,vTfV[gijbwhT[�fFU�^,_�R�[�\�[�P�RT[�U<nT\2r�Ycm.[`ijbwhT[�f
SFULh�[���OT[ hEP<R�\<bcnTdZR�YZO�SkijWTfVSFm.SkPLrynTO�m�P<SVbZO � 7��������
	 :=<� ^&R�Y s [gP<RT[0YZh s YZOcP�Y,dc[�b,r9OTb,P`\<[ U�P�\<SFm�P�SkO�dEP<RT[IP<bcW�bcfp�
bZdc�Z^,m�bZOTOT[ m�P�S s SkP��Z^,Y,O�hEP<R�[`dc[�bcit[�P<\��0b,rTP�RT[�U2nT\<r�YZm�[Z{
NGO~ijb&U�P�m�YcU2[ U�^cP<RT[lrynTO�m.P<SVbZO�SVUgh�[���OT[ hxb s []\�Y�\<[]dZn��
fFY,\�fk��P<[ U<U<[�fVfFY�P<[ h�h�bcijYZSkO�{L�Tbc\LSVO�U2P�YZO�m.[c^�¥am�NGOT[]\<O�[��
Y,O�h � [�\���bcW�bcnTfVbcU 	�
 � � hT[.��OT[ h�P<bcW�bcfkbcdZSFm�Y,fVfV�xYZhTYZW�P2�
Y,v�fk[~U<O�YZ�Z[]UEP<RT\�bZnTdcRe\<[]W�Y,\�Y,ij[�P<[�\�SV�]Y�P�SkbcO�bcO�\<[]dZn��
fFY,\�U2SVijWTfVSVm�SVYZf�h�bZiuY,SVO"{ ¥�Y,fFYZh�SEYZO�h�}[]i�nT\�S 	 
 ° �
WT\�bZWDbcU<[�P<b�h�[�rybZ\�i Y�P�_`beh�Skij[]O�U2SVbZO�Y,fIYZO�h�P<\�SVhTSp�
ij[�O�U<SVbZO�YZf�SVijWTfVSVm�SpP�ijb�h�[�fEvw�oWT\�bZW�YZdcY,P<SVOTdery\�bZO&P�U
v�YcU2[ h�bZOP<R�[Xrybc\<i�nTfFY�P<SVbZOb,r � U2RT[]\tYZO�hQ|w[.P�RTSVYZO"{
¥�nT\�Y,�wS 	�
���� YZO�h��0YZU�m.nT[]f�[.P~Y,f{ 	 ¦�� � WT\�bZWDbcU<[�Skit�
WTfVSVm�SpPKijb�h�[]fVU7v�YcU2[ h�bcO�\�YZh�SFY,f&rynTO�m�P<SVbZO�U#P<b��TPK\�Y,OTdc[
bZ\tij[]h�SFm�YZf�hTY�P�YT{ � Y,nTvTSVO�[�PjYZf�{ 	 ¦ ��� �TPuY,fVdZ[]vT\�Y,SFm
m.n�\ s []U�Y,O�hXU<nT\<r�YZm.[ Ugb,r7RTSVdZR�h�[�dc\<[][�bcOX\�Y,O�dZ[EhTY�P�YT{��nT\�fk[ U<U�Y,O�h'��[ s b�� 	 ° �� n�U2[IhTSVU2P�YZO�m.[�iuYZW�U}P�b�vTnTSVfVh
YoU<SkOTdcfk[�ijb�h�[�f�ry\<bci i�n�fpP�SkWTfV[e\�Y,OTdc[�SViuY,dc[]U]{ N+r
SVitW�fkSFm.SkPtijb�h�[]f`\�[]m�b s []\<�aR�YZU�ijYZOw��Ych s Y,O&P�YZdZ[ UESkO
P<[]\<iuUlb,rKP�bZWDbZfVbZdcSVm]Y,f"²�[.z�Skv�SkfVSpP��c^9SpP0fV[]YZh�U�P�b�YXm.bZit�
WTn�P�Y�P�SkbcO�Y,fVfk� [�z�W�[]O�U2S s [oU�m�RT[�ij[QU2SVO�m�[�SkP�h�[.rybc\<iuU
P<R�[�[]i�vD[]hThTSkOTdxU<W�Ycm.[�\�Y,P<RT[]\�P�R�Y,OXP<R�[�iuYZOTSprybcfVhXSkP2�
U<[�fkr�{���nT\2P�RT[�\�ijbZ\�[Z^"SVijWTfVSVm�SpPtitb�h�[]fVU�m�Y,O�OTb,P�\�[�WT\�[.�
U<[�O&P`U<nT\<r�YZm.[ U�_�SkP<RXRTbZfV[]U`U<n�m�R~YZU`U<nT\2r�Ycm.[ UKb,r"W�fVYZO�Y,\
P<bcW�bcfkbcdZ�c{� O�U2P<\�n�m�P�nT\�[]h�ij[]U<RT[ U�^�_�RT[�\�[�OTb~nTO�h�[]\<fV�wSkOTd~W�Y��
\�Y,ij[.P�[�\�Sk� Y�P<SVbZOeSFUth�[.��O�[]h9^KR�Y s [xvD[�[]O�n�U<[]hYZUth�[.�

rybZ\�ijYZvTfV[�U2n�\2r�Ycm.[K\�[�WT\�[]U<[�O&P�Y�P<SVbZOEYcU�_`[�fVf�{ � RT[�W�\<bcv��
fk[]i _�SkP<R�n�U2SVOTd�nTO�U�P�\<n�m.P<nT\�[]h0ij[ U2RT[ U"fVSk[ U"SVOEP<R�[�h�[�r��
SkOTSkP<SVbZOubZr�Y�U2P�Y,v�fk[IYZO�hjij[]YZOTSkO�d,rynTf�SkO&P<[]\<O�Y,f�[]OT[�\�dZ�c^
bZ\ESVOcP�[�\�O�Y,f7rybc\�m�[Z{��KYcU2SVfk[ U<m�neY,O�h � []\<�]bZWDbZnTfVbcU 	 ¦ ���
n�U2[IOTbZO��+fVSkOT[ Y,\�U<WT\�SkO�dcU�YZO�hjiuYZU�U2[ UKbcOjP<\�SVYZOTdZnTfFY�P�[]h
it[ U2R�[]U�rybZ\�P<RT[\<[ m.bZO�U�P�\<n�m.P<SVbZO bZr~\�YZOTdZ[�SkiuY,dc[]U]{
! s []O�Skr7P<RTSFU�\�[�W�\<[ U2[]OcP�Y�P�SkbcO�YZfkfVb�_�U`rybZ\lfkb�m�YZf"\�[.��OT[��
it[]O&P�YZO�h~P<RT[Eh�[�P<[]m.P<SVbZO�b,r7h�SVU�m.bcO&P<SVO&n�SpP�Sk[ U�^wP�RT[0O&nT�
it[]\<SFm�YZf�U�P�Y,vTSVfkSkP���bZr�U<WT\<SVOTd�ijbwhT[�fFUj_�SpP�R�O�bZO��+��[]\<b
\<[ U�PKfV[�OTdZP<R"^cSVU s []\<��U<[�O�U2SkP<S s [gP�bEP<RT[�ij[ U2RjP�bZWDbZfVbZdZ�c{
NGO�W�Y,\<P<SFm.nTfFY,\ ^"SkrgO�b,P�[�O�bZnTdcR�U<WT\�SkO�dcUEY,\�[xY�P<P�Ycm�RT[]h
Y s [�\<P<[.z9^�P<RT[�U<�wU2P<[]i vD[]m.bcij[]UjnTO�hT[�\<�+m�bZO�U2P<\�Y,SVOT[]h
Y,O�h�U<[ s []\�YZf"\�[]U2PIU2R�YZW�[ UIYZ\<[EWDbcU�U2SVvTfV[Z{ � O�P<RT[tm.bcO��
P<\�Y,\��Z^"Skr�P�bwb�iuYZO&��U2W�\<SVOTdcU0YZ\<[uY�P<P�Ycm�RT[]h�Y s []\2P�[.z9^
P<RT[�U2��U2P<[�i�SFU�b s [�\<�+m�bZO�U2P<\�Y,SVOT[ h�YZO�hjP<R�[IvD[�O�h�SVOTdtb,r
P<RT[EU<WT\<SVOTdjijb�h�[�f"SFU s []\<�~fkSVijSpP�[]h9{� P�RT[�\®ij[�P<RTb�hTU®rybZ\®\�[�dcnTfVYZ\<SV��SVOTd Y�P�\<SFY,OTdcnTfFY��
P<SVbZO�R�Y s [�v�[][�O�WT\<bcW�b&U2[ h9{ � P�\�Ych�SpP�SkbcO�Y,fgij[.P�RTb�h
rybZ\�r�Y,SV\<SVOTd®P�\<SFY,O�dZnTfFY�P�SkbcO�UaSFU�P<b©Y,WTWTfV����YZWTfVYcm.SFY,O
U2ijbwb,P�RTSkO�d_�RT[]\<[�[]Ycm�R s [�\<P<[.zoSFU�ijb s []h®P<b�_gY,\�hTU
P<RT[�m.[]OcP�[�\jb,rlSpP�U�O�[�SVdZRwv�bc\�U]{ � Y,nTvTSVO 	 ¦ � � \<[ h�n�m.[ U
P<RT[�U<RT\�SkOT��YZdZ[�b,r��0Y,n�U�U2SFY,O�U<itbwbZP<RTSVOTdjvw�XY,W�WTfk�wSVOTd
Yufkb�_g�+W�YcU<U���fpP�[�\ {�§�[]m.[]O&P<fV�Z^ �`b��Z[�\ 	 � � WT\�bZWDbcU<[]h�P�b
itSVOTSVijSk�][�fVb�m�Y,fVfV�QP<RT[�Y,\�[]Y�b,r�P�RT[�P<\�SVYZOTdZfV[]U�YZh
�2Y,�
m.[�O&PtP<b�Y s [�\<P<[.z9{�¥�YZfkfV[.P 	 
�
�� n�U<[]UjY�U<ijbwb,P<R�OT[]U�U
[�OT[]\<dc�abZO�Y�P�\<SFY,OTdcnTfFY�P<SVbZOeh�[���OT[ heYZU�Y��&n�Ych�\�Y�P<SFm
rybZ\�i³bZr�P<RT[XOT[�SVdZRwvDbZ\�SkO�d s []\2P�[.zeW�b&U2SkP<SVbZO�U�{ � RT[]U<[
P<RT\�[�[�SkO&P<[]\<O�Y,f�[]OT[�\�dZSV[]UIWT\�b s SFh�[�SkO&P<n�SpP�S s [�h�[�rybZ\�ijY,�
P<SVbZO"^�vTnTP}YZ\<[�bZOTfV�EU�P�Y,vTSVfVSk�][�\�U�bZr�h�[�dc\<[][I°gY,O�hEP<RT[]\<[��
rybZ\�[�P<[�O�h�P<b�²�Y,P2P<[]OQP<RT[�m.nT\ s [ hW�Y,\<P�UubZrlP�RT[�P<\�Sk�
Y,OTdcnTfVY,P<SVbZO"{'��[�fFm�R�Y,O�h �oSkP<�wSVO 	 ��° � n�U<[uijbZ\�[xU2bZ�
WTRTSFU�P�SVm]Y�P<[ h�SkO&P�\<SVO�U<SVm0ryn�O�m�P�SkbcO�Y,fFU�bcOXP�\<SFY,O�dZnTfFY�P�SkbcO�U
v&��TP<P<SVOTdYefVb�m�YZflm.bwbc\�h�SVO�Y,P<[�ry\�Y,ij[�Y�P�[]Ycm�R s [�\<�
P<[.z9^�Y,O�h0P<RT[]O�ijSkO�SkijSV��SVOTdIP�RT[Kryn�O�m�P�SkbcO�Y,f&fkb�m]Y,fVfk�c{�NGO
r�YZm�P ^#P<RTSFU�ij[�P<RTb�heWT\�bZWDbcU<[]U�OT[�_ ��OTSkP<[�h�Sk�D[]\<[]O�m.[ U
[.z�WT\�[]U�U2SVbZO�U#bcOjYZOjnTO�U2P<\�n�m�P�nT\<[ htit[ U2R�{#¤l[]U<WTSkP<[�P�RT[
dZ[�O�[�\�Y,fVSpP���b,rlP<RTSFUuY,W�WT\<b&YZm�R"^�SpPxh�bw[]UjO�b,PxU2[][�i�P�b
v�[E_`[�fVfp�GU<nTSpP�[]hXrybZ\IbZnT\�W�nT\<WDbcU<[EvD[]m�YZn�U<[ESpPISVO s bcf s []U
OTbZO�fVSkO�[]Y,\lbZW�P�SkijSV�]Y,P<SVbZOaY,O�h�O&n�it[]\<SFm�YZf�SVO�U2P�Y,v�SkfVSpP��
ijY
�jb�m�m�nT\`_�RT[�OxWD[�\<rybZ\�ijSkO�d�SVOcP�[�O�U<S s [I\�[.��OT[�ij[�O&P�U
bZ\gfVYZ\<dc[�hT[.rybZ\�iuY�P�SkbcO�U�{

|wn�vDh�S s SVU<SVbZO�U2nT\<r�YZm�[IP�[]m�RTO�SV�&nT[ U 	 ° �T^T¦Z¦ � Y,fVfkb�_oP�b
h�[]U�m.\�SkvD[jU2ijbwb,P�R�U<nT\2r�Ycm.[ UIvw��SkP<[�\�Y�P�S s [�fV�aU2n�vDh�S s SVh��
SkOTdoYZO nTO�U�P�\<n�m.P<nT\�[]hªij[]U<R"{ �Ib�_�[ s [�\ ^lU<SVO�m.[�P�RT[
fkSVijSpP�U2n�\2r�Ycm.[�m]Y,OTO�b,PXvD[�\<[ m.b s []\<[ h�[.z�WTfVSVm�SpP�fk�ovTnTP
bZOTfV�YZWTWT\�b
zwSViuY�P�[�fV��YZUxYerynTO�m�P�SkbcOob,r0P<R�[�m.bcOcP�\<bcf
W�bcSkO&P�U]^`SpPxbZr�P<[�OQfV[]YchTUtP<bem.bcijWTn�P�Y,P<SVbZO�YZfkfV��[�zwWD[�OT�
U2S s [0U<m�R�[�ij[]U`rybc\�Y,WTWT\�b
z�SkiuY,P<SVOTd�\�[]YZf9hTY�P�YT{� \�Sk[]O&P<[]htW�YZ\2P�SVm�fk[ UKWT\�bZWDbcU<[]htvw�u|w��[]fkSVO�U<�&S 	 ¦ ��� h�b
OTb,P7iuY,�Z[gY,Ow�EYZU�U<nTijW�P<SVbZO�U7YZv�bcn�PLP�RT[�m.bcOTOT[]m.P<S s SpP��c^
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bZ\�P<bcW�bcfkbcdZ�tb,r9P<R�[I\�[]m.bcO�U2P<\�n�m�P�[]hjijb�h�[�f{���b�_`[ s []\]^
SkP�SVU0OTbZP�m.fV[]Y,\ER�b�_ \<bcvTn�U2PESVU�P�RTSVU�it[�P<RTb�h�Y,d&Y,SVO�U2P
bZnTP<fVSk[]\�U�YZO�h~O�Y,\�\<b�_®bcv���[]m.P�U]{

1.5. Simplex Meshes as Deformable Models

��[«WT\�bZWDbcU<[®Y,O�bc\<SVdZSVO�YZfxU2nT\<r�YZm�[®\�[�WT\�[]U<[�O&P�Y,P<SVbZO"^
m�YZfkfV[]h�U2SVijWTfk[�zeit[ U2R�[]UtYZUEP�RT[�v�YZU<SVU�b,r�bcnT\�\�[]m�bZO��
U2P<\�n�m�P�SkbcO�U2��U2P<[]i�{�|wSVitW�fk[�z�it[ U2R�[]Utm�Y,O�\<[]WT\<[ U2[]O&P
U<nT\2r�Ycm.[ U�bZr�YZfkftP<bcW�bcfkbcdZSV[]U]^���n�U�P�YcU�P<\�SVYZOTdZnTfFY�P�SkbcO
ij[]U<RT[]U]{ ��nT\2P�RT[�\�ijbZ\�[Z^�P�RT[�dZ[]bZij[.P�\<�Qb,rtU2SVijWTfk[�z
ij[]U<RT[]U�[�O�YZvTfk[ U�P<bah�[���OT[xY,P�[]YZm�R s []\2P�[.z9^�h�SFU�m.\�[.P<[
dZ[]bZij[.P�\<SFma�&n�YZOcP�SpP�Sk[ UXU<n�m�R«YcUxij[]YZO«m.n�\ s Y�P�nT\�[abZ\
OTbc\<iuY,f s []m.P<bc\�U]{ ��[ R�Y s [®h�[���OT[ h \<[]dZnTfFY,\�SV��SVOTd
rybZ\�m.[ U`bZO�U2SVijWTfk[�z~ij[]U<RT[]U�YZfkfVb�_�SVOTdtYtRTSVdZR�bZ\�h�[]\�bZr
dZ[]bZij[.P�\<SFmum.bcO&P<SVO&n�SpP���¯�� % m�bZO&P<SVOwnTSkP���±ESkO�Y�U<SVitW�fk[
Y,O�h�[��um�Sk[]O&P7iuYZOTOT[�\ {�NGOjYZh�h�SpP�SkbcO"^,fVb�m�Y,f�YZO�h�dcfkbcv�Y,f
P<bcW�bcfkbcdZSFm�YZfLbcW�[]\�Y,P<bZ\�U�Y,\�[th�[���OT[ haP�b�\�[.��OT[tY�U<Skit�
WTfV[.z�ij[ U2RjbZ\Km�R�Y,OTdc[�SkP�U}dc[�Own�U]^�SkOuY0U<SkijWTfV[gr�YZU<RTSVbZO"{�`[]m]Y,n�U<[�U<SVitW�fk[�z~ij[]U<RT[]U�YZ\<[0OTbZPgW�Y,\�Y,ij[.P�\<SFmIijb�hw�
[�fFU]^&SkPgSVU`OTbZP`OT[ m.[ U<U�Y,\���P�b�n�WDhTY,P<[0Y�\�SVdZSFh�SpP��jiuY�P�\<Skz
bZ\�P<RT[XW�Y,\�Y,ij[�P<[�\�SV�]Y�P�SkbcO�iuYZWTWTSVOTda_�RT[]O�W�[]\2rybc\<it�
SVOTdtP<bZWDbZfVbZdcSVm]Y,fDP<\�Y,O�U�rybc\<iuY�P�SkbcO�U]{

NGO�P<RTSFU�W�YZW�[]\]^�_�[EW�\<[ U2[]OcPIY~U2R�YZW�[E\�[]m�b s []\<�xU<��U��
P<[]i v�YZU<[]h�bZO�P�RTSFUIU<nT\2r�Ycm.[E\�[�WT\�[]U<[�O&P�Y�P<SVbZO�{�NGO�W�YZ\2�
P<SFm.n�fVYZ\]^�_`[�h�SVU�m.n�U<U~P<RT[�WT\�bZvTfV[�i bZr�SkOTSkP<SFY,fVSV��SVOTd�Y
U<SkijWTfV[.z~ij[ U2R"^�bZr�P<[]O�m�bZO�U<SFh�[�\�[]hXYZU`P<R�[�_`[]YZ�uW�bcSkO&P
b,r�h�[�rybZ\�iuY,vTfV[xijb�h�[�fFU�{ � fVU<b�^7_`[xWT\�bZWDbcU<[xYaU2[]ijSp�
Y,nTP<bZiuY,P<SFm�Y,fVdZbZ\�SkP<RTi¨rybZ\�m�R�YZOTdZSVOTd0P�RT[�ij[]U<RjP<bcW�bcfp�
bZdc�«vw� m�\<[ Y�P�SkOTdQRTbcfk[ U�bZ\�SkO�m�\<[ YZU<SkO�dP�RT[�U<nT\<r�YZm.[
dZ[]Own�U�{#�#SkO�YZfkfV�Z^
_`[�h�[ U<m�\<SVvD[�Y�\�[.��OT[�ij[�O&P7Y,fVdZbZ\�SkP<RTi
v�YcU2[ h�bZO�P<RT[gijSkO�SkijSV�]Y�P�SkbcO�bZr�YIdc[�bcit[�P<\�SVm�m.\�SpP�[�\�SkbcO
v�YcU2[ h�bcOjP<RT[lh�SVU2P�YZO�m.[�P<bEP�RT[IhTY,P�Y0bZ\KP<RT[lfkb�m�YZf�m.n�\2�s Y�P�nT\<[c{� RT[gbZn�P�fkSVOT[`b,rTP�RT[gW�Y,WD[�\7SFU}YZU�rybZfVfkb�_�U]{�NGOjU2[ m�P�SkbcO
 ^9_`[tvT\<SV[.²���SkO&P<\�b�h�n�m�[�P<R�[jU<SVitW�fk[�zait[ U2R�v�bZP<R�SkO
P<[]\<iuUIb,r#P<bZWDbZfVbZdc�XYcU�_�[]fkf#YZU�dc[�bcit[�P<\��Z{`NGOaU2[ m�P�SkbcO
¦T^`_`[�SVO&P<\�b�h�n�m.[�P�RT[�SkO&P�[�\�O�Y,f�Y,O�h[�zwP<[�\�O�YZf�rybc\�m�[]U
Y,W�WTfkSV[]hxbZOuP�RT[]U<[Iij[]U<RT[ U�SVO~WT\�[]U<[�O�m.[�bZr"\�YZOTdZ[Ih�Y�P�Y
bZ\ s bcfknTij[�P<\�SVm}SViuY,dc[]U]{"NGO�U<[]m�P�SkbcO ��^
_`[�h�[ U<m�\<SVv�[KP<RT[s Y,\�Skbcn�U�m.bZijWDbZOT[]O&P�Ulb,r�bcnT\l\�[]m�bZO�U2P<\�n�m.P<SVbZO�U<��U�P�[�i
SVO�m.fVn�h�SVOTd�P�RT[uSkO�SpP�SVYZfkSV�]Y,P<SVbZOeY,O�h�P�bZWDbZfVbZdc��m.bcOcP�\<bcf�{
NGO~U<[]m.P<SVbZO��T^&_`[IWT\�[]U<[�O&P�U<[ s [�\�Y,fT[�z�YZijWTfk[ UKbZr�U2R�YZW�[
\�[]m.b s [�\��uY,O�hX_�[Em�bZO�m�fkn�hT[ESkO�U<[]m�P�SkbcO � {

2. Simplex Meshes

� RT[tWT\�bZWD[�\<P<SV[]UIYZO�hah�[���OTSkP<SVbZO�U�bZr�U2SVijWTfk[�zaij[]U<RT[]U
Y,\�[jbZOTfV��U<nTijiuY,\�Sk�][]h�SkO�P<R�SVU�U<[]m.P<SVbZO"{~|�bZij[um.bZit�

WTfk[]ij[�O&P�YZ\<��hT[.��OTSkP<SVbZO�UKR�Y s [�v�[][�OxYZh�h�[]huYcUKY,WTWD[�OT�
h�SVm�[]U�Y,O�h�YZhTh�SkP<SVbZO�Y,f#SkO�rybc\<iuY,P<SVbZOam�YZOavD[�rybcnTO�haSVO	 °c° � { |�bZij[�WT\<[]fkSVijSkO�Y,\��o\<[ U2nTfkP�U�R�Y s [�v�[][�O©WTnTvT�
fkSFU2R�[]hXSkO 	 ° 
�� {

2.1. Definition of Simplex Meshes

� RT[eh�[.��O�SpP�SkbcO�U�b,rjU2SVijWTfV[.z ij[ U2RT[ U�Y,O�h«P<\�SFY,OTdcn��
fVY,P<SVbZO�UtY,\�[Xm�fkb&U2[]fk��\�[�fFY�P<[ h9{�¥�bc\<[XWT\<[ m.SFU2[]fk�c^}P<R�[�SV\
nTO�h�[]\<fV�wSkOTddZ\�Y,WTR�UXYZ\<[�h�n�Y,f0bZr�[]Ycm�R«b,P�RT[�\ { � OT�
b,P<R�[�\�SkijWDbZ\<P�Y,O&P�WT\<bcW�[]\2P��©bZrXU2SVijWTfV[.z ij[]U<RT[]U�SFU
P<RT[]Sk\�m.bcO�U2P�Y,O&P s []\2P�[.z«m�bZOTOT[ m�P�S s SkP��Z{ NGO P<R�SVUaU<[]m.�
P<SVbZO"^�_`[0bZOTfV�xSVOcP�\<b�h�n�m.[�P<RT[�P�bZWDbZfVbZdZSFm�YZf�WT\<bcW�[]\2P�Sk[ U
b,r�U<SkijWTfV[.zuij[]U<RT[]U]{7�LSV\�U�P ^&_`[�dcS s [lYEdc[�OT[]\�YZf�h�[���OTSk�
P<SVbZO�bZr��&�GU2SVijWTfV[.z�ij[]U<RT[]U#[]i�vD[]hTh�[ h�SVOtY&!}n�m�fkSFh�[ Y,O
U2W�Ycm.[ " $ � bZr�h�SVit[]O�U<SkbcO C {

� RT[]O"^,_`[`m�bZO�U<SFh�[�\��`YZO�h� �GU2SVijWTfk[�z�ij[]U<RT[ UKb,r " $	�IYcUK\�[�WT\�[]U<[�O&P�Y,P<SVbZO�U7bZr�m.bcO��
P<bZn�\�UgY,O�h�U<nT\<r�YZm�[]U]{
2.1.1. Definition of Cells and Simplex Meshes

O-Cell 1-Cell 2-Cell 3-Cell

�T���
B�' B�
 � 	����
����$"���� 1�;��2����$�!�������� B
��[�hT[.��OT[0Y��w�+U<SkijWTfV[.zxYcU�Y�nTOTSVbZOXb,r����Gm.[]fkfFU]^ ���

� � ��{K|wSVO�m.[�P�RT[]U<[Em.[�fVfFU`YZ\<[����GU<SkijWTfV[.zxij[]U<RT[ U�^wP�RT[
h�[.��O�SpP�SkbcOXbZr7Yjm.[]fkf�SVUg\�[]m�nT\<\�[�O&P ¢
¤I[���OTSkP<SVbZOu°Z{ ��[�h�[���OT[�Y � �Gm.[�fVf,bZr " $ � YcU�Y�WDbZSVO&PK b,r " $ � Y,O�h�Y��.�Gm.[]fkf9bZr " $ � YcU�Y,O�[]h�dc[0b,r " $ � ^TS{ [c{
Y,O~n�OTbZ\�h�[�\�[]h~W�Y,SV\�b,r7h�SFU�P�SkO�m.P s []\2P�SVm�[]U 7 K ��� : { ��[
\<[ m.nT\�U2S s []fk��h�[���OT[�Y��T�+m�[�fVfE¯���� � ±! b,r " $ � YZUtY
nTOTSVbZO�b,r 7 � M � : �Gm.[]fkfFU�U<n�m�R~P�R�Y�P ¢
°Z{ ! s [�\�� s [�\<P<[.zXv�[]fkbcOTdZSVOTdtP<b� �vD[�fVbZO�dcU`P<b���h�SFU2�

P�SkO�m�P 7 � M � : �Gm.[�fVfFU�{
 { � R�[�SVO&P<[�\�U<[]m�P�SkbcO�bZrKP�_�b 7 � M � : �+m�[�fVfVU�SFU�[�SkP<RT[]\
[]ijW�P��~bc\`SFU�Y 7 � M � : �+m�[�fVf�{
� � �+m�[�fVf�SVUKP<RT[]\<[�rybZ\�[�YEU2[�PKb,r9[]hTdZ[]U}P<R�Y,P�R�Y s [gbcOT[

Y,O�h�bcOTfk��bZO�[ s []\2P�[.z�SkOam�bZijijbZO"{�N+P�SVUIP<RT[]\<[�rybZ\�[�Y
m.fVbcU<[]h�W�bcfk�wdZbcO�Y,f7fVSkO�[xb,r " $ � { !7zTYZitW�fk[ UEb,r"���Gm.[]fkfFU
Y,\�[jU<RTb�_�O�SkO���dcnT\�[j¦�{ � �Gm.[]fkfFUEY,\�[um�YZfkfV[]h s []\2P�SVm�[]U]^
�.�Gm.[�fVfFU�[ h�dZ[ U�Y,O�h � �Gm.[]fkfFU`r�YZm�[]U]{� U<SkijWTfV[.z�it[ U2R�SFU�U2SVijWTfV�Xh�[���OT[]h�YcU�¢
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¤l[.��OTSkP<SVbZO 
 { � �w�+U<SkijWTfV[.z�ij[]U<R�� bZr " $ � SFUIY7 � G �
: �+m�[�fVf9b,r " $ � {

� �&�GU2SVijWTfV[.zuij[]U<RxSVU�P<R�[�\�[.rybZ\�[IYEn�OTSkbcOxb,r �w�+m�[�fVfVU
P<R�Y�P0rybZfVfkb�_ P<RT[jWT\�bZWD[�\<P<SV[]Ulb,rgh�[.��O�SpP�SkbcO°c{ !7zTY,it�
WTfV[]UgbZr � �+U<SkijWTfV[.zXit[ U2R�[]U�Y,\�[0U2RTb�_�O�SVOX��dZnT\�[#��{
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�}\�bZWDbcU<SpP�SkbcO�°c{ � �&�GU<SkijWTfV[.zeij[]U<R�SFUjY 7 � G � : �
m.bcOTOT[ m�P<[ h�ij[]U<R"¢X[]YZm�R s []\2P�[.zeR�YZU 7 � G � : O�[�SVdZR��
vDbZ\�SkOTd s [�\<P<SFm.[]U]{

� RT[Em.bZO�U�P�Y,O&Pgm�bZOTO�[]m�P�S s SkP��uv�[�P�_�[][�O s []\2P�SVm�[]U�Skit�
WTfVSk[ U�Y�U<SVitW�fk[�\�[�fFY�P�SkbcOjv�[�P�_�[][�OjP<R�[IOwnTi�vD[�\�b,r s []\2�
P<SFm.[ U�YZO�h©P�RT[�OwnTi�v�[]\�bZrx[]h�dc[]U]{ � Y,vTfV[«°�U2nTit�
iuY,\�Sk�][]UIP<RT[um�bZOTOT[ m�P�S s SkP���v�[�P�_�[][�O s [�\<P<SFm.[ U�^�[ h�dZ[ U�^
r�YZm�[]U]^�Y,O�h�m.[�fVfFU�bZr�Y��&�GU<SkijWTfV[.z0ij[]U<R"{LN+rDY �&�GU2SVijWTfV[.z
ij[]U<R�SFU 7 � G � : �+m�bZOTO�[]m�P�[]h9^7Y,fVf 7 � G � : �Gm.bcOTOT[]m.P<[ h
ij[]U<RT[]UgYZ\<[�OTb,P�OT[ m.[ U<U�Y,\��uU2SVijWTfk[�zxij[]U<RT[]U]{}�TbZ\gSVO��
U2P�Y,O�m.[Z^wY�¦,�+m�bZOTO�[]m�P�[]hjij[]U<Rx_�RT[]\<[IP�_�b�r�YZm.[ U�SVO&P<[]\2�
U<[]m�P�YZfkbcOTd�P�_`b�[ h�dZ[ Ugm�Y,O�OTb,Pgv�[EY � �GU<SkijWTfV[.zuij[]U<R"{��[u_�\�SpP�[jP<RT[XU2[�P�b,r
	 s [�\<P<SFm.[]U0bZr
� YZU�� 7 � :
Y,O�h SkP�U�m.bcOTOT[]m.P<S s SpP�� rynTO�m.P<SVbZO YZU� 7 � : { N+r
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K�� SVU Y s []\2P�[.z bZr�Y �&�GU2SVijWTfk[�z ij[]U<R�� P<RT[]O7 K������ �! � K���"#� �! � ����� � K���$%� �& : YZ\<[aSkP�U 7 � G � : OT[�SVdZRT�
v�bc\�U]{

2.1.2. Duality with Triangulations N+PQSVUSkijWDbZ\<�
P�Y,O&P³P<b U�P�\<[ U<U P<RT[ h�n�YZf O�Y�P<n�\<[ v�[�P�_�[][�O �w�
U2SVijWTfk[�z�ij[]U<RT[]UQY,O�h �&�P<\�SVYZOTdZn�fVY,P<SVbZO�U]{ � RT[��w�
P<\�SVYZOTdZnTfFY�P�SkbcO�U]^�Y,fFU2b m�Y,fVfV[]h �&�+iuY,OTSkrybZfFhTU 	 ¦ 
�� ^�Y,\�[
U2[�P�U0b,r ���GU2SVijWTfVSVm�[]Uu¯ ��' � � �T±IP�R�Y�PErybcfkfVb�_ U2P<\�SVm.P
P<bZWDbZfVbZdcSVm]Y,f"\�nTfV[]U�U2n�m�RaYZUIP<RT[ !}nTfV[�\<� �#bcSkO�m]Y,\)(E\<[]fVY,�
P<SVbZO"{ � RT[	�&�P<\�SVYZOTdZn�fVY,P<SVbZO�U7Y,\�[gYZm�P�n�Y,fVfV��Y0U2n�v�U2[�PKb,r
itbc\<[7dc[�OT[]\�YZfZU2[�P�U9bZr ���GU2SVijWTfkSFm.[ U�^ m�YZfkfV[]h��&�GU<SkijWTfVSVm�SVYZf
m.bZijWTfV[.z�[ U�{

� �&�P<\�SVYZOTdZn�fVY,P<SVbZO SFUem.bcitWDbcU<[]h¨b,r ���GU2SVijWTfkSFm.[ U
¯ ��� � � �T±~_�RTSFm�R®Y,\�[�P<R�[����r�YZm�[]U b,rEP<R�[aP<\�Sk�
Y,OTdcnTfVY,P<SVbZO"{ � �r�YZm.[ UuY,\�[�P<RT[ s [�\<P<SFm.[ U�^��.�r�YZm�[]UjP�RT[
[]h�dc[]UgY,O�h � ��r�Ycm.[]U�P�RT[0P<\�SVYZOTdZfV[]U]{

��[�m�Y,Oth�[.��OT[�Y�P�bZWDbZfVbZdcSVm]Y,fcP<\�Y,O�U2rybZ\�iuY�P<SVbZO�P<R�Y,P
YZU�U2b�m.SFY�P�[]U�Y��&�GU2SVijWTfk[�z�ij[ U2R�P<bXY��&�P<\�SVYZOTdZnTfFY�P�SkbcO"{� RTSVUXP�\�YZO�U�rybc\<iuY,P<SVbZOoSFU�WTSVm.P<nT\�[]h«SkO ��dcnT\<[ � YZO�h
m.bZO�U2SFh�[�\�U"h�Sk��[�\�[�O&P<fV��P<RT[ s []\2P�SVm�[]U�YZO�hE[ h�dZ[ U"fVbwm]Y�P�[]h
Y�P"P�RT[KvDbZnTO�h�Y,\��lbZr&P�RT[KP�\<SFY,O�dZnTfFY�P�SkbcOlry\�bZi P<R�bcU<[KfkbZ�
m�Y�P�[]h��2SkO�U2SFh�[ ��{4�gYZU<SVm]Y,fVfk�c^TP�RTSVU�h�n�YZfkSkP��XP<\�Y,O�U2rybZ\�iuY��
P<SVbZO�YZU�U2b�m.SFY�P�[]UEY ���r�YZm�[jb,r�Y �w��P�\<SFY,OTdcnTfFY�P<SVbZO�_�SpP�R
Y 7 � M � : �Gm.[�fVf"bZr#Y �&�GU2SVijWTfk[�z~ij[]U<R"{
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� YZvTfk[ 
 U<nTijiuY,\�Sk�][]U9P�RT[KP�\�YZO�U2rybZ\�ijY,P<SVbZO0vD[.P�_`[�[�O
Y �T��r�Ycm.[�bZr�Y��&�P<\�SFY,OTdcnTfVY,P<SVbZOaYZO�haY 7 � M � : �+m�[�fVfLbZrY �&�+U<SVitW�fk[�z®it[ U2R�{��TbZ\�m�[�fVfVU�bZ\Xr�YZm�[]U�vD[�fVbZOTdcSkOTd
P<bQYeP�\<SFY,O�dZnTfFY�P�SkbcOov�bcnTO�hTYZ\<�QbZ\�Y�U2SVijWTfk[�zoit[ U2R
vDbZnTO�h�Y,\��Z^DP<RT[uh�n�Y,f#P<\�Y,O�U2rybZ\�iuY�P�SkbcOaY,WTWTfVSV[]U0h�Sk�D[]\2�
[�O&P�fk�c{��}[]\2P�SVm�[]U]^�[]h�dc[]U]^
YZO�hEP�\<SFY,O�dZfV[]ULv�[]fkbcOTdZSVOTd�P�b�Y
�&�P<\�SVYZOTdZn�fVY,P<SVbZOxvDbZnTO�hTY,\��xY,\�[�YcU<U<b�m.SFY�P�[]hu_�SkP<RXP�_�b
m.[]fkfFUKbZr"Y �&�GU2SVijWTfk[�ztij[ U2R"¢#bZO�[ 7 � M � : �+m�[�fVf�YZO�hjbZOT[7 � M � M � : �Gm.[]fkfK¯ � � � ' �T±0¯�U<[�[�P�Y,vTfV[�¦c±.{
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NGO�Y P<\�SVYZOTdZnTfFY�P�SkbcO"^jP<R�[�\�[�SFUeYª\<[ Y,fuOTbZP<SVbZO b,r
v�bcnTO�hTYZ\<�xU<SkO�m.[0Y�P�\<SFY,O�dZfV[liuY
�uOTbZPgvD[EU2n�\<\�bZnTO�h�[]h
v&��P<R�\<[][xP<\�SFY,OTdcfk[ U�{aNGO�YaU<SkijWTfV[.zeij[]U<R"^�Y�R�bZfV[~SFU
U2SVijWTfk��Y,O � [�ijW�P�� � m.[]fkf^LU<SVO�m.[j[]Ycm�R s [�\<P<[�zaSVU�U<nT\<�
\<bcnTO�h�[ h~vw� 7 � G �

: �w�+m�[�fVfVU]{� RT[]\<[l[.z�SFU�P�U�bZP<RT[]\`hTn�Y,fVSpP��jP�\�YZO�U2rybZ\�ijY,P<SVbZO�UKP<R�Y,P
R�Y s [�vD[�[]O�h�[���OT[]h�bZO �w��P�\<SFY,OTdcnTfFY�P<SVbZO�U�{ � R�[�ijbcU2P
m.bZijijbZO�fk��U�P�n�h�SV[]heR�YcU�vD[�[]OeP<R�[Xh�n�YZfkSkP���v�[�P�_�[][�O
P<\�SVYZOTdZnTfFY�P�SkbcO�U YZO�h m.[]fkfVnTfFY,\ m.bZijWTfV[.z�[ U P<R�\<bcnTdZR
P<RT[�h�n�YZfkSkP���vD[.P�_`[�[]OQ¤l[�fFY,n�O�Y
��P<\�SVYZOTdZn�fVY,P<SVbZOYZO�h
�}bZ\�bZOTb6?7hTSVYZdZ\�Y,iuU 	 ¦�° � { �}bc\<bcOTb1?}h�SFY,dc\�YZiuU`YZ\<[Em�[�fk�
fknTfFY,\�m�bZijWTfV[.z�[]UgY,O�hxP�RT[�h�n�YZfkSkP��x\�[�fFY�P<SVbZOX_�SpP�R�¤I[��
fVYZnTO�Y
�eP�\<SFY,OTdcnTfFY�P<SVbZO�SFUudZ[]bZij[.P�\<SFm�v�[ m�Y,n�U2[�SkPXh�[��
W�[]O�hTU�bcOXP�RT[EWDbcU<SpP�SkbcO�bZr#SkP�U s [�\<P<SFm.[ U�{ � OXP<R�[�m.bcO��
P<\�Y,\��Z^�P�RT[Ih�n�YZfkSkP���vD[.P�_`[�[]OjP<\�SVYZOTdZn�fVY,P<SVbZO�U}YZO�hjU2SVit�
WTfk[�z�ij[ U2RT[ UESFU�WTnT\�[�fV��P<bZWDbZfVbZdcSVm]Y,fKU<SkO�m.[uP�RT[�\�[~Y,\�[
OTb�dZ[�bcij[.P<\�SFm~vTS ��[]m.P<SVbZO�Uxv�[�P�_�[][�OoU2SVijWTfV[.z�ij[]U<RT[ U
Y,O�h~P<\�SVYZOTdZn�fVY,P<SVbZO�U]{� RT[oSVOT[�zwSFU2P<[�O�m.[ob,r�dc[�bZij[�P<\�SVmQh�n�YZfkSkP�� m]Y,O�vD[
WT\<b s [�Oavw�am�bZO�U<SVhT[�\�SkOTd~P<RT[j\�[�fFY�P�S s [�OwnTi�vD[�\EbZr�h�[��
dZ\�[�[]U�b,rXry\<[][]h�bci bZr�U<SkijWTfV[.z ij[ U2RT[ U�Y,O�h P<\�SVYZO��
dZnTfFY�P�SkbcO�U�{ � R�[~dZ[]bZij[.P�\<��b,rIYaOTbZO��Gh�[]dZ[�O�[�\�Y�P<[��w�
U2SVijWTfk[�ztij[ U2Rxbc\�Y�OTbZO��Gh�[]dZ[�O�[�\�Y�P<[	�w��P�\<SFY,OTdcnTfFY�P<SVbZO
SVUxhT[.P<[]\<ijSVOT[]hQvw��P<RT[�U<[.PxbZr�m.bwbZ\�h�SVO�Y�P�[]Ujb,r�P<R�[�SV\s [�\<P<SFm.[ U�{��Ib�_�[ s []\]^9rybc\��A@ �jP<R�[xOwnTi�vD[�\�bZr s [�\<�
P<SFm.[]U �CB(D«b,r9Y��&�+U<SVitW�fk[�z�ij[]U<RtSFUKh�Sk��[�\�[�O&P}ry\<bci P�RT[
O&n�i�vD[�\�bZr s []\2P�SVm�[]U �FEHG~b,rlY �w��P�\<SFY,OTdcnTfFY�P<SVbZO�{��Tbc\
� < � rybc\~SVO�U2P�Y,O�m.[Z^�rybZ\XY�P<\�SVYZOTdZn�fVY,P<SVbZOo_�SkP<RTbcn�P
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RTbcfk[ U�R�Y s SVOTd�dZ[]O&n�U�OwnTi�vD[�\��D^LP�RT[ !KnTfk[]\�\�[�fFY�P�SkbcO
dZS s [ U�¢

� EHG M � B(D� < � 7 � M � :

� RT[]\<[�rybZ\�[Z^g_�[�m�Y,O�OTb,PxvTn�SkfFh®Y,Oodc[�bcit[�P<\�SVm�R�bZij[.�
bZijbc\<WTR�SVU<i v�[�P�_�[][�O¨P<\�SVYZOTdZnTfFY�P�SkbcO�U�Y,O�h U2SVijWTfk[�z
ij[]U<RT[]U}U<SVO�m.[�P<RT[ s []m.P<bZ\�SFY,fwU2W�Ycm.[`\<[]WT\�[]U<[�O&P<SVOTd�P�RT[�SV\
U<W�YZm�[�b,rKWDbcU�U2SVvTfV[�m.bcO���dcnT\�Y,P<SVbZO�U�R�Y s [�hTSp��[�\�[�O&Plh�Sk�
ij[�O�U<SVbZO�U]{ � OTfV��rybZ\��.�GU2SVijWTfk[�z�ij[ U2RT[ U�^�SFUISkPlWDbcU�U<Sp�
vTfV[�P<bEv�nTSkfFhuY0dZ[]bZij[.P�\<SFmgh�n�YZf �.�P<\�SVYZOTdZn�fVY,P<SVbZOjU2SVO�m.[
P<R�[���R�Y s [EP<RT[tU<YZij[�OwnTi�vD[�\�b,r s [�\<P<SFm.[ U�{ ��[�bcit[�P2�
\�SVmE[ �&nTS s YZfk[]O�m.[�_�SkP<RaP<\�SVYZOTdZnTfFY�P�SkbcO�U�m]Y,O�bZO�fk��[.z�SFU�P
Skr�_�[`m.bcO�U2SFh�[]\Lh�[]dZ[�O�[�\�Y�P<[��&�+U<SVitW�fk[�z0ij[ U2RT[ U�^
rybc\�SVO��
U2P�Y,O�m.[�vw�t\<[ U�P�\�YZSkOTSVOTd0P�b�m.bcO s [.ztW�bcfk�&P<bcW�[ Ul¯�m.bcO s [.z
U<SkijWTfV[.z~ij[ U2RT[ U�_�SkP<R�WTfFY,O�YZ\�r�Ycm.[ U�±.{

� RT[~SVOT[.z�SFU�P�[�O�m�[~bZrIY�dZ[]bZij[.P�\<SFmjP<\�Y,O�U�rybc\<iuY�P�SkbcO
vD[.P�_`[�[�O U<SkijWTfV[.z it[ U2R�[]UaYZO�h®P�\<SFY,O�dZnTfFY�P�SkbcO�U�Skit�
WTfVSk[ UgP<R�Y�PgP<RT[Edc[�bcit[�P<\�SVm0h�[�rybZ\�iuY�P<SVbZO�b,r7YjU2SVijWTfk[�z
ij[]U<R�SVUIOTb,P�[]�&nTS s Y,fV[�O&P�P<bxP<RT[�dZ[�bcij[.P<\�SFmEh�[.rybc\<iuY��
P<SVbZOQbZr0Y�P�\<SFY,OTdcnTfFY�P<SVbZO�{ � RTSVU~SVUuP<RT[�\�[]YcU2bcO_�Rw�
U<SkijWTfV[.z�ij[]U<RT[ U�YZ\<[�Y�U<nT\2r�Ycm.[X\<[]WT\<[ U2[]O&P�Y�P�SkbcO�h�SFU��
P<SVO�m.P�ry\<bci P<\�SVYZOTdZn�fVY,P<SVbZO�U]{

2.1.3. Contours ��bcOcP�bZnT\�Ujh�[.��OT[]hbZO � �GU2SVijWTfV[.z
ij[]U<RT[]U]^}Y,\�[ �.�GU2SVijWTfV[.z�it[ U2R�[]U]^#S{ [Z{�m�fkb&U2[ h�WDbZfV�wd,�
bZO�Y,fKm.n�\ s []U]{ � RT[]��YZ\<[jU2SVijWTfV��h�[���OT[]h�YcUEY�U<[.PEbZr
OT[]SkdcR&vDbZ\�SVOTd s []\2P�SVm�[]U�U2n�m�RoP<R�Y,P�Ym.bcOcP�bZnT\ s []\2P�[.z
R�YcU�P�_`b~Y,O�h�bZOTfV��P�_�bXOT[�SVdZRwvDbZ\�U�vD[�fVbZOTdcSkOTd~P<b~P<RT[
m.bcO&P<bZn�\�¯�U2[][~��dcnT\�[ �&±�{"��bcOcP�bZnT\�U�m]Y,Ov�[�h�[���OT[]h

Y,\�bZnTO�h YZOw�©U<SVitW�fk[�z&�+ij[]U<R r�Ycm.[]U�[]U<WD[]m.SFY,fVfV� r�Ycm.[ U
m.bZ\�\�[]U<W�bcO�h�SVOTd�P�bjYjR�bZfV[Z{
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��bcOcP�bZnT\�U0Y,\�[um.bZO�U2SFh�[�\�[]h�YZUEhT[.rybZ\�iuY,vTfV[jijbwhT[�fFU

itb s SVOTd�SVO�h�[�WD[�O�h�[�O&P<fV�0ry\�bZi P<RT[`ij[]U<R"{ � RT[`U2n�\2r�Ycm.[
it[ U2RESFU9P�Rwn�U�Y,P2P�Ycm�RT[]hlP�bIm.bcOcP�bZnT\ s [�\<P<SFm.[ U9_�RTSFm�R�U2[�P
P<RT[�v�bcnTO�hTYZ\<�om.bcO�h�SkP<SVbZO�UxrybZ\XP<RT[�ij[]U<R«h�[�rybZ\�ijY,�
P<SVbZO"{ � R�[~h�[.��OTSpP�SkbcO�b,r�m.bZO&P�bZnT\�UEY,fVfkb�_�UEY�dc\<[ Y�P�[�\
m.bZO&P�\<bcfDbZr#YjU<SkijWTfV[.z�it[ U2R�U<R�Y,WD[Z{
2.1.4. Mesh Transformation |wSkijWTfV[.z©ij[]U<RT[]U�YZU
P<\�SVYZOTdZnTfFY�P�SkbcO�U#Y,\�[�nTO�U�P�\<n�m.P<nT\�[]h�ij[]U<RT[]U}YZO�h�P<RT[]\<[��
rybZ\�[0m]Y,O�vD[�fVbwm]Y,fVfk�X\<[���OT[ hXbc\Ih�[ m.SVijY,P<[ h9{�NGO�YchTh�Sk�
P<SVbZO"^�U<SkijWTfV[.z�it[ U2R�[]Uxm]Y,OQv�[�m.n�P~YZfkbcOTdem.bZO&P�bZnT\�U
Y,O�h�U2n�\2r�Ycm.[0R�Y,O�h�fk[ U�m�YZOXvD[�m.\�[]Y,P<[]h"{��[thT[.��OT[�rybZnT\0v�YcU2SFmEP�bZWDbZfVbZdcSVm]Y,f�bcW�[]\�Y,P<bc\�U�Ycm�P<�
SkOTd�bcO�YaU<SkijWTfV[.z�ij[]U<R"^�� %	 � � %% � � %� � � %� ^}h�[ U<m�\<SVvD[]hSkO���dZnT\�[ � { � R�[���\�U�PlP�_�bXbZWD[�\�Y�P�bZ\�U�^�Y,\�[ !}nTfV[�\�SFY,O
U2SVO�m.[lP<R�[��~h�btOTbZP`ijb�h�Skry�uP<RT[0ij[]U<R�dZ[�Own�U]{ � O~P�RT[
b,P<R�[�\"R�YZO�h9^�� %� YZO�h�� %� Y,\�[}ij[.P�Y��+bZWD[�\�Y�P<bc\�UDvD[]m]Y,n�U<[
P<RT[]�Xm�YZO�vT\<[ Y,�~Yjij[ U2R�SVO&P<bjP�_`btW�Sk[ m.[]U]^�bc\�m�R�Y,O�dZ[
SpP�UEdZ[]O&n�Uu¯yOwnTi�vD[�\�b,r`U<nT\<r�YZm�[tR�Y,O�h�fV[]U�±�{ � fVf}P<bcW�bZ�
fkbcdZSFm�Y,f�P<\�Y,O�U�rybc\<iuY�P�SkbcO�Ugm�YZO~vD[�h�[]m�bZijW�b&U2[ hxSVO&P<buY
U2[�PgbZrLP�RTbcU<[�rybZnT\�bcW�[]\�Y,P<bc\�U]{
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2.2. Geometry of simplex meshes

NGOXP<RTSFUgU2[ m�P<SVbZO�^&_`[�WT\<[ U2[]O&P�P�RT[0ijYZSkOXdZ[]bZij[.P�\<SFm�\�[.�
fFY�P<SVbZO�UI[�zwSFU2P<SVOTdXSVO�Y � �GU2SVijWTfV[.z�ij[]U<R�b,r " $	�,{�|�Skit�
SVfVYZ\l\�[]U<nTfkP�U�[.z�SFU�P�rybZ\ �.�GU<SkijWTfV[.z�ij[]U<RT[]U�bZr�" $	��¯yS{ [Z{
P<\�SFh�Skij[]O�U2SVbZO�Y,f"m.bcO&P<bZn�\�U�±`Y,O�h�Y,\�[Eh�[]U�m.\�SkvD[]h�SVO�Y,W��
WD[�O�h�Skz � { ¦T{ � RT[�iuYZSkOa\�[]U<nTfkPlm.bcO�U<SVU2P�Ulb,r�YxU<SVitW�fk[
[]�&n�Y,P<SVbZO�¯�[]�&n�Y,P<SVbZO � °lYZO�hx[ �cn�Y�P<SVbZO � ±�dZS s SVOTd�P<RT[
WDbcU<SpP�SkbcOub,r"Y s []\2P�[.zj\<[]fVY,P<S s []fk��P<b�SkP�U�OT[�SVdZRwvDbZ\�UKY,O�h
U<bZij[ldc[�bcit[�P<\�SVm��&n�Y,O&P�SpP�Sk[ U�¢#P<R�[0U<SVitW�fk[�zXY,OTdcfk[0Y,O�h
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" $	�c^�Y s [�\<P<[.z K � SFUuU2n�\<\�bZnTO�h�[]h�v&��P<RT\�[�[ s [�\<P<SFm.[]U7 K�� " � �& � K����#� �& � K����)� �& : { � RT[ U2[tP<R�\<[][tWDbZSVO&P�UEh�[���OT[
P<R�[�P�YZOTdZ[]O&P�WTfFY,OT[�Y�P K�� _�SpP�R~SkP�U�OTbZ\�iuY,f s []m.P<bc\�� � ¢
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� RT[lU2SVijWTfk[�zxY,OTdcfk[�R�YZUKiuYZO&�jbc\<SVdZSVO�Y,f�WT\<bcW�[]\2P�Sk[ U
P<R�Y,P}YZ\<[gh�[ s [�fVbZWD[]h�SVO 	 °Z° � {#NGO�W�Y,\<P<SFm.nTfFY,\ ^
P<RT[]\<[gSFU}Y
U2SVijWTfk[�\<[]fVY,P<SVbZO�U<RTSVWavD[.P�_`[�[�OaP<RT[jU2SVijWTfV[.zaY,OTdcfk[U, �Y,O�h�P�RT[tm�nT\ s Y,P<nT\�[
V � < 	: � ^9YZfVU<bxm�YZfkfV[]h�P�RT[�ij[ Y,O
m.nT\ s Y�P<n�\<[0Y�P s [�\<P<[.z K � ¢

V � < 7 8P9 , �% � ¯ �w±
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� RT[�U<SkijWTfV[.zaYZOTdZfV[�_�SkP<R�P�_`bxij[.P�\<SFm�W�YZ\�YZij[.P<[]\�U
¯�U<SVO�m.[uP�RT[uP�RT\<[][xij[.P�\<SFmjW�Y,\�Y,ij[�P<[�\�UEY,\�[ufVSkOT�c[]h�vw�
[]�&n�Y,P<SVbZO �~±�\<[]WT\�[]U<[�O&P�P<R�[�WDbcU<SpP�SkbcO�b,r K�� _�SkP<Ra\�[.�
U<W�[ m�P�P<bjSkP�UgP�RT\�[�[0OT[�SVdZRwvDbZ\�U�¢
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P<RT[0P�\<SFY,O�dZfV[ 7 K�� ")� �! � K�� � � �! � K�� � � �! : {� C � SVU0P�RT[xh�SFU�P�Y,O�m�[uv�[�P�_�[][�O1W � Y,O�h�P�RT[xm.[]OcP�[�\
� � b,r#P<RT[�m�Sk\�m.n�ijU�m.\�SVv�[ h~m.SV\�m.fV[Z{� �47 % � � C �
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� RT[�U2SVijWTfk[�zY,O�dZfV[�YZO�heP�RT[�it[�P<\�SVm�W�YZ\�YZij[.P<[]\�U
h�[���OT[lP<RT[�fkb�m]Y,f�U2R�YZW�[0Y,\�bZn�O�hxY�dcS s [�O s [�\<P<[�z�{ � RT[
U<SkijWTfV[.z�Y,OTdcfk[xm�bZO&P<\�bZfFU�P<RT[ufVb�m�YZfKij[]Y,Oem�nT\ s Y,P<nT\�[Z^
S{ [c^cP�RT[0RT[�SVdZR&Pgb,rLY s []\2P�[.zu_�SpP�RX\�[]U<WD[]m�P�P<b�P<RT[�P�Y,O��
dZ[]O&PXWTfFY,OT[c{ � RT[�ij[.P�\<SFm�W�Y,\�Y,ij[.P�[�\�U~m�bZO&P<\�bZfIP<RT[s []\2P�[.z�W�b&U2SkP<SVbZO�SkO�P�RT[�P�Y,OTdc[�O&PlW�fVYZOT[�_�SkP<R�\�[]U<WD[]m�P
P<b�SpP�UKP�RT\<[][IOT[]SkdcRwv�bc\�U]{�NGO~YZOTb,P�RT[�\�_�bc\�hTU]^,P�RT[Iij[�P2�
\�SVm7W�YZ\�YZij[.P<[]\�U9m�R�Y,OTdc[LP�RT[}fVbwm]Y,f��2W�YZ\�YZit[�P<[]\<SV�]Y,P<SVbZO �
_�RT[]\<[ YZU�P<RT[aU<SVitW�fk[�zY,OTdcfk[�m�R�YZOTdZ[ U�P<RT[�[�z&P�\<SVO�U<SVm
m.n�\ s Y�P�nT\�[�bZr�P�RT[�U2n�\2r�Ycm.[Z{

3. Deformable Simplex Meshes

3.1. Law of Motion

NGO�P<R�SVU�U2[ m�P�SkbcO"^�_`[�h�[ U<m�\<SVv�[�P<RT[�fVY
_©b,r}ijb,P�SkbcO�rybZ\
U<SkijWTfV[.z©ij[]U<RT[]U]{ � OTfkSV�Z[�W�Y,\�Y,ij[.P�\<SFm�h�[.rybc\<iuYZvTfk[
ijb�h�[�fFU�^TP<RT[�h�[�rybZ\�iuY�P<SVbZO�b,r}U<SkijWTfV[.z~ij[ U2RT[ U�SFUgOTb,P
v�YcU2[ hXbcO�P<RT[�O�b,P<SVbZO�bZr#W�YZ\2P�SVYZf�h�[]\<S s Y�P<S s [ U�^�vTn�PIbcO
P<R�[�\<[]fVY,P<S s [�WDbcU<SpP�SkbcOub,r"Y s []\2P�[.zt_�SpP�Rx\<[ U2WD[]m.PKb,r9SkP�U
OT[]SkdcR&vDbZ\�U]^�S{ [c{�SVOaP<[]\<iuUlb,rKP�RT[uU2SVijWTfV[.zaY,OTdcfk[jY,O�h
P<R�[Eit[�P<\�SVm�W�YZ\�YZij[.P<[]\�U]{� UlSkO�itb&U�P0h�[.rybc\<iuYZvTfk[�ijbwhT[�f7U<m�RT[]ij[]U]^�YZfkf s []\2�
P<SFm.[ Ugb,rLYtU<SkijWTfV[.z~ij[ U2R�Y,\�[lm�bZO�U<SVhT[�\�[]h~YcUgY�WTRw��U<Sp�
m�YZf�iuYcU<U�U2nTv�itSkP2P�[]h~P<btY���[]_gP<bcOTSVYZOxfFY
_�bZr�ijb,P�SkbcO

SkO�m�fkn�h�SkO�dtSVO&P<[]\<O�YZf"Y,O�hX[.zwP�[�\�O�Y,f�rybc\�m�[]U]¢
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rybZ\�m.[Em.bcO�U�P�\�YZSkO�SkOTdjP�RT[�h�SFU2P�Y,O�m.[EvD[.P�_`[�[�O�P�RT[�ij[]U<R
Y,O�h�U2bcij[lP�\<SFh�SVij[�O�U<SkbcO�Y,f"h�Y�P�YcU2[�P]{��[xh�SFU<m�\<[�P<SV��[]h�P<R�[jP<SVit[ � SVO�bZ\�h�[�\�P<bam�bZijWTn�P�[
P<RT[j[ s bZfVn�P<SVbZO�b,r�P<RT[uU<SkijWTfV[.z�ij[]U<R�nTO�h�[�\0P�RT[ufVY
_
b,r�ijbZP<SVbZO�¯ � ±.{ � U2SVOTdEm.[]O&P<\�Y,f&��OTSkP<[�h�Sk��[�\�[�O�m�[]U#_�SpP�R
Y,OE[.z�WTfVSFm.SkP7U�m�RT[�ij[c^]P�RT[`fVY
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¯�°  ±�`b,P�R�rybc\�m�[]U � ��� E YZO�h � ��� E Y,\�[`m�bZijWTn�P�[]htY�P7P<SVij[� { � R�SVU�[.z�WTfVSFm.SkP�U�m�RT[�ij[SVU�m.bcO�h�SkP<SVbZO�YZfkfV� U�P�Y,vTfV[

Y,O�h~P<RT[]\<[�rybZ\�[�P<RT[EP�_`bjW�Y,\�Y,ij[�P<[�\�U � � Y,O�h  � i�n�U2P
v�[]fkbcOTd�P�beY�dcS s [�O�SkO&P�[�\ s YZf`P<b�dZn�YZ\�YZO&P<[�[�Y�U�P�Y,vTfV[
U<m�RT[]ij[Z{7NGOX[ �&n�Y�P�SkbcO�°  ^&P<RT[ESVO&P<[�\�O�YZf�YZO�hX[.zwP<[]\<O�YZf
rybZ\�m.[]U`R�Y s [IP�RT[�h�SVij[�O�U<SkbcO�b,r#YuhTSVU<WTfFYZm.[]ij[�O&P]{

3.2. Internal Force Computation

��[WT\<bcW�b&U2[Y,O bc\<SVdZSVO�Y,f�rybZ\�i�nTfFY�P�SkbcO b,r~SVO&P<[]\<O�YZf
rybZ\�m.[]U�v�YcU2[ h�bcO�P�RT[udZ[]bZij[.P�\<��bZr`U<SkijWTfV[.z�it[ U2R�[]U]{� RT[lfFY,\�dZ[I[.zwP<[]OcPgb,r#U2R�YZW�[0m.bcO&P<\�bZfDSVU�P<R�[liuY,SVO~ijbZ�
P<S s Y,P<SVbZOXrybZ\�n�U<SVOTduU2SVijWTfk[�z~ij[]U<RT[]Ug\�Y�P�RT[�\gP�R�Y,OXP<\�Sk�
Y,OTdcnTfVY,P<SVbZO�U9YcU�Y�h�[�rybZ\�iuY,vTfV[�U<nT\2r�Ycm.[}\�[�WT\�[]U<[�O&P�Y�P<SVbZO
¯�U<[�[EU2[ m�P�SkbcO � ±�{� RT[¨WT\<bcW�b&U2[ h SkO&P�[�\�O�Y,f�rybc\�m�[ [.z�WT\�[]U�U<SkbcO�U®Y,\�[
v�bZP<RodZ[]bZij[.P�\<SFm�YZfkfV�U<SVdZOTSk��m�YZO&P~Y,O�h®m�bZijWTn�P�Y�P�SkbcO��
Y,fVfk��[.�xm�Sk[]OcP { ��b�_`[ s []\]^#P�RT[���h�b�OTb,Puh�[]\<S s [ury\�bZi
P<RT[xijSVOTSVitSV�]Y,P<SVbZOebZr�YadZfVbZv�YZf}rynTO�m.P<SVbZO�YZf�{�NGO�hT[�[]h"^
P<RT[XdZ[�bcij[.P<\�SFmxW�YZ\�YZit[�P<[]\�Ux¯�ij[]Y,O�m.nT\ s Y�P�nT\<[c^}U2SVit�
WTfk[�z«Y,OTdcfk[c^lYZO�h®ij[.P�\<SFm�W�Y,\�Y,ij[.P�[�\�U�±~Y�P�Y s [�\<P<[�z
Y,\�[�\�[�fFY�P�[]hXP<bxP<RT[ s [�\<P<[�zXWDbcU<SpP�SkbcO�_�SpP�RaYum.bZijWTfV[.z
OTbZO��+fVSkOT[ Y,\�\�[�fFY�P�SkbcO�U<RTSkW�{ � RT[�\�[.rybc\<[c^TP�RT[�ijSVOTSkijSV�]Y,�
P<SVbZOQb,r�Yedcfkbcv�Y,fgrynTO�m�P<SVbZO�Y,fI[�z�WT\<[ U<U<[]h�SVOQP<[]\<i b,r
P<RT[�dZ[]bZij[.P�\<SFm�W�YZ\�YZij[.P<[]\�U]^Z_`bZn�fVh~fk[ YZhjP�b�nTO�OT[]m�[]U2�
U<YZ\<SVfk�Xm.bZijWTfV[.z~rybZ\�m.[E[.z�WT\�[]U�U<SkbcO�U�{���[�R�Y s [Em�RTbcU<[�O
P<b0n�U<[gU<SVitW�fkSk��[]ht\�[�dcnTfVYZ\<SV��SVOTdIrybZ\�m.[�rybZ\�i�nTfFY,[gY�P}P�RT[
[.z�W�[]O�U<[`bZr�OTbZPKR�Y s SkO�d�Y�dZfVbZv�Y,fwrynTO�m.P<SVbZO�YZfwrybZ\}dcnTSVh��
SkOTdtP�RT[EijSkOTSVijSk� Y�P�SkbcO"{� RT[0SVO&P<[�\�O�YZf�rybc\�m�[�YZWTWTfVSk[ h~bcO~P�RT[EU2SVijWTfV[.z~ij[]U<Rs [�\<P<SFm.[ U7m�Y,OtvD[ghT[]m.bcijW�b&U2[ h�SVO&P<bEYlP�Y,O�dZ[�O&P�SVYZfwrybZ\�m.[�"!$# �&% � � E`YZO�hXYjO�bZ\�ijYZfDrybZ\�m.[ �('*) G*D #,+ {
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3.2.1. Tangential Internal Force
� RT[xdZb&Y,fKbZr�P<RT[

P�YZOTdZ[]O&P<SFY,f�rybZ\�m.[xSFU�P<b�m�bZO&P<\�bZf�P<RT[ s []\2P�[.zeWDbcU<SpP�SkbcO
_�SkP<R�\<[ U2WD[]m.P�P<buSkP�UgP�RT\�[�[0OT[�SVdZRwvDbZ\�UgSkO�P�RT[0P�YZOTdZ[]OcP
WTfFY,OT[c{�NGO�dc[�OT[]\�YZf�^�SkPISFU�WT\�[.ry[]\�YZvTfk[�P�buR�Y s [ s [�\<P<SFm.[]U
nTOTSkrybZ\�ijfk�ªU2W�\<[ YZhªb s []\�P<RT[�U<nT\<r�YZm�[eb,ruYoU2SVijWTfk[�z
ij[]U<RaYZU�SVO���dcnT\<[ � ¯�Yc±.{gNGOaU2bcit[EbZP<RT[]\Im�YcU2[ U�^�SpPISFU
YZh s YZO&P�Y,dc[�bcn�UlP<b�R�Y s [tY�m�bZO�m�[�O&P<\�Y�P�SkbcO�bZr s [�\<P<SFm.[]U
SVO�W�fVYcm.[]Ug_�SkP<R�RTSVdZR�m.n�\ s Y�P�nT\�[0YcUgSkO���dcnT\�[ � ¯�v�±�{
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� P#[ YZm�R s [�\<P<[.z K � ^�_`[`R�Y s [�hT[.��OT[ h�SVO�U<[]m.P<SVbZO 
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P<R�[�P<RT\�[�[Iit[�P<\�SVmgW�Y,\�Y,ij[.P�[�\�U 7�Y 	 � ��Y % � �NY � � : {7NGOxYZhThTSp�
P<SVbZO�^D_`[�hT[.��OT[�P<RT\�[�[�\<[�ry[�\�[�O�m�[�ij[.P�\<SFm�W�YZ\�YZij[.P<[]\�U7�
Y 	 � ��
Y % � ��
Y � � : m.bc\<\�[]U<WDbZO�h�SVOTd�P<b0P�RT[�WT\�[]U�m.\�SVv�[ h s YZfknT[
b,r�P<RT[`ij[.P<\�SFm�W�YZ\�YZij[.P<[]\�U]{ � RT[ U2[�P�_�b�U2[�P�U#b,rTij[�P<\�SVm
W�YZ\�YZit[�P<[]\�U�m�bZ\�\<[ U2WDbZO�h~P�bxP�RT[�v�YZ\<��m�[�O&P<\�SVmEm�bwbZ\�h�Sp�
O�Y,P<[]U`bZr"P<RT[�P�_`b�WDbZSVO&P�U W � YZO�h


W � { � R�[IP�Y,OTdc[�O&P<SFY,f
rybZ\�m.[ �� # �&% � � E Ycm�P<SVOTd�bcO�Y s [�\<P<[�z K � SFU�U<SkijWTfV��Y
U<WT\<SVOTdtrybZ\�m.[0vD[.P�_`[�[]O W � Y,O�h
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� b�bZvTP�Y,SVO�nTOTSkrybZ\�itfV��U<WT\�[]YZh s []\2P�SVm�[]U]^9P<RT[j\�[.ry[]\2�
[�O�m.[tit[�P<\�SVm�W�Y,\�Y,ij[�P<[�\�UIU<RTbcnTfVh�Y,fVfLvD[j[]�&n�YZf 
Y 	 � <
Y
% �
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� �
< �  � { � P�RT[�\�_�SVU<[Z^LY,Ow��U2P<\�SVm.P<fV�aW�b&U2SkP<S s [s Y,fVnT[�bZr7P<RT[�\<[�ry[�\�[�O�m�[�ij[.P<\�SFm�W�YZ\�YZit[�P<[]\�U�SFU�WDbcU�U<Sp�

vTfV[0rybZ\�YjU2P�Y,v�fk[Eh�[�rybZ\�ijY,P<SVbZO"{
3.2.2. Normal Internal Force

� RT[�rybZ\�m.[�YZm.P<SVOTd�SVO
P<R�[~OTbc\<iuY,f�h�Sk\�[]m.P<SVbZO�m�bZO�U2P<\�Y,SVO�U0P�RT[~ij[]YZO�m.nT\ s Y��
P<n�\<[�b,r9P�RT[EU2nT\<r�YZm�[�P�RT\<bcnTdZRxP<RT[0U2SVijWTfV[.z~Y,O�dZfV[�¯�U<[�[

[]�&n�Y�P�SkbcO��&±.{ � RT[ldc[�OT[]\�YZf�[�z�WT\<[ U<U<SVbZOxbZr � '*) G*D #,+ SFU
dZb s []\<O�[]huvw�uP�RT[E\<[�ry[�\�[�O�m�[EU2SVijWTfk[�zXY,O�dZfV[ 
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�/��	����
���E���x	�� �2����@�?,����@ �]��=X��� �.������� �STK+B
� RT[�[.z�WT\�[]U�U2SVbZOQbZr 
, � h�[]W�[]O�hTUXbZOoP�RT[�fV[ s [�f�b,r

dZ[�bcij[.P<\�SFmlm�bZO&P<SVOwnTSpP��xP<R�Y,PIU2RTbcnTfFh~vD[E[�O�rybc\�m�[]h9¢
Position Continuity or �

@
constraint: ��[tU<[.P 
, � <, � {}NGO�P<RTSFU�m�YcU2[c^ �(' ) G*D # +D<�� Y,O�h~P<RT[�U<nT\<r�YZm�[�m]Y,O

ry\<[][�fV��v�[]O�hoY,\�bZn�O�h s [�\<P<[.z K � { � RTSFUuSFUun�U<[.rynTf�P�b
\<[]WT\<[ U2[]O&PgU<nT\<r�YZm.[�bZ\�SV[�O&P�Y,P<SVbZO�h�SVU�m.bcO&P<SVO&n�SpP�Sk[ U�{
Surface Orientation Continuity or � 	 constraint: ��[
m�RTbwbcU<[ 
, � < � ^�_�RTSFm�R�m.bc\<\�[]U<W�bcO�hTU�P<bjijb s SkO�dt[ YZm�Rs [�\<P<[�z�P<b�_gY,\�hTUjSkP�Uxm�[�O&P<[]\xb,r�m�nT\ s Y,P<nT\�[Z{ � RT[�P<bZ�
P�Y,f�SkO&P�[�\�O�Y,f�rybZ\�m.[xSFUEP�RT[�O�[ �&nTS s YZfk[]OcP�P<b�P�RT[~ij[ Y,O
m.nT\ s Y�P<n�\<[0ijb,P�SkbcO�m�bZ\�\<[ U2WDbZO�h�SkO�d�P�bjP<RT[EijSVOTSkijSV�]Y,�
P<SVbZOªb,rtP<RT[�P�b,P�YZf�U2n�\2r�Ycm.[eY,\�[]Y�{ �`�®n�U2SVOTdo[]�&n�Y,�
P<SVbZO ¯ � ±.^jP<RT[oSVO&P<[]\<O�YZftrybZ\�m.[om�YZO vD[Q_�\<SkP2P�[�O YZU]¢�
��� E < 7 Y 	 � K�� " � �& G

Y
% � K����)� �! G

Y
� � K����)� �! M�K � : {�oRT[�O©ij[.P�\<SFm�W�Y,\�Y,ij[�P<[�\�U�Y,\�[�[]�&n�YZfEP<b �  � ^�P�RT[s [�\<P<[�z K � SFU�Y,P2P�\�Ycm�P<[ hQP<b�_gY,\�hTUxP<RT[�m.[]OcP�[�\�b,r�SpP�U

OT[�SVdZRwvDbZ\�U�Y,O�h�P<RT[�SVOcP�[�\�O�Y,f�rybZ\�m.[~SVUt[]�&nTS s Y,fV[�O&P�P�b��Y,W�fVYcm.SFY,O�|�itbwbZP<RTSVOTd�{
Shape Constraint:

� b�m.bZO�U�P�\�YZSkO�P<R�[afkb�m]Y,flm�nT\ s Y,�
P<nT\�[Eb,rKY s [�\<P<[.z9^T_`[�U<[.P 
, � < , @� ^D_�RT[�\�[ < , @� SVUlY
m.bZO�U�P�Y,O&P]{ �oRT[]O�P�RTSFUEm.bZO�U�P�\�YZSkO&PlSFU0Y,WTW�fkSV[]h�bZO�[ s �
[�\�� s [�\<P<[�zxb,rLYtU2SVijWTfV[.z~ij[]U<R"^&P<R�SVUg[]OcP�Y,SVfVUgY�dZfVbZv�YZf
U2R�YZW�[gm.bcO�U2P<\�Y,SVOcP#nTW�P<bEYI\�b,P�Y�P�SkbcO"^ P<\�Y,O�U<fVY,P<SVbZO"^,YZO�h
U<m]Y,fV[IP�\�YZO�U�rybc\<iuY,P<SVbZO"{
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Simplex Angle Continuity or � % constraint :

, � SVULh�[.���OT[ huYZUKYZOuY s [�\�Y,dc[�bZrDP�RT[IU<SkijWTfV[.zjY,OTdcfk[ UKY�PKO�[�SVdZR��

vDbZ\�SkOTd s [�\<P<SFm.[]U]¢

, � < �

������� � � � �  
, � ¯2°Z° ±

� RT[�OT[]SkdcR&vDbZ\�RTbwb�h	� B � 7 K � : SFU�\�[]m�nT\�U2S s []fk�eh�[���OT[]h
YZU�P<R�[XnTO�SkbcO�b,r
� B � C 	 7 K � : _�SkP<R�P<RT[�OT[�SVdZRwvDbZ\�U�bZr� B � C 	 7 K � : ¯�_�[�U<[.P�� @ 7 K � :N<� K ��� YZUIU2RTb�_�O�SVO���d,�
nT\�[�°c° ±�{ � RT[�OT[�SVdZRwvDbZ\�RTbwb�hoU2SV��[�� � m.bc\<\�[]U<WDbZO�hTU
SVOcP�nTSkP<S s [�fV�eP�b�P�RT[�OTbZP<SVbZO�b,rl\�SVdZSFh�SpP��c^�bc\xh�[.rybc\<iuY��
P<SVbZOeU�m�YZfk[c{tNGOeY�RTSVdZR�fk�a\�SVdZSFh�ijb�h�[�f^"P�RT[xijb�h�[�f}SFU
U<itbwbZP<RT[ h�b s [�\�YjfFY,\�dZ[�U�m�YZfk[c^�Y,O�h�P<RT[]\<[�rybZ\�[�Y,O�[.zw�
P<[]\<O�Y,f�m.bcO�U2P<\�Y,SVOcPj_`bZnTfFh�[�O&P�YZSkf�Y�U<ijYZfkf�hT[.²�[ m�P<SVbZO
vTn�P�b s []\IYxfFY,\�dZ[E[�z&P�[�O&PlbZr7P<RT[tU2nT\<r�YZm�[Z{ � R�[�\<SVdZSFhw�
SkP���Y,fFU2b�R�YcUEY,O�[.��[]m�P�bcO�P�RT[uh��wO�Y,ijSFm�U0bZr�P<R�[xh�[.�
rybZ\�iuY,vTfV[titb�h�[]f�{ � RTSFU0SVU0vD[]m]Y,n�U<[�P<RT[xU�m�YZfk[tb,rgh�[.�
rybZ\�iuY�P�SkbcOuSkO�²�nT[�O�m�[]U�P<RT[�U2WD[�[ hub,r�m�bZO�U2P<\�Y,SVO&PKWT\�bZW��
Y,d&Y�P�SkbcObcOQP<RT[�U<nT\<r�YZm�[Z{ � ²�[.z�SVvTfk[�it[ U2Ro_�SkP<R®Y
U<ijYZfkfI\<SVdZSFh�SkP���OT[�[ hTUuijbZ\�[�SpP�[�\�Y�P�SkbcO�UtP<be\�[]Ycm�R�SkP�U
U2P�Y,v�fk[0WDbcU<SpP�SkbcOXP�R�Y,O�Ytij[]U<R�_�SkP<R�RTSVdZR�\�SkdcSVh�SkP��Z{
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NGO WT\�YZm.P<SFm.[c^l_`[eY,\�[�n�U<SVOTd�P�RT[ � % U2ijbwb,P�RTOT[ U<U
m.bcO�U2P<\�Y,SVOcPurybc\~U<R�Y,WD[�\<[ m.b s [�\��Z{®NGO�hT[�[]h"^�_�SpP�RQP<RT[
�
@ U<itbwbZP<RTOT[ U<U�m�bZO�U2P<\�Y,SVO&P]^lP<RT[�U<SVitW�fk[�z ij[]U<R SFU

[]�&nTS s Y,fV[�O&PaP�b«U2W�\<SVOTd,�+iuYZU�U�ijbwhT[�fFUaY,O�hªP�RT[�\�[.rybc\<[
bZO�fk�QdZn�Y,\�Y,O&P<[][]UjP�R�Y�P�Y s []\2P�[.zoU�P�Y
��U~m.fVbcU<[�P�b�SkP�U
P<R�\<[][�O�[�SVdZRwv�bc\�U]{ � RT[ �
	�U2ijbwb,P�RTOT[ U<Uum�bZO�U2P<\�Y,SVO&P
[�O&P�Y,SVfVUKY�m.bZO&P�SkOwnTSkP���bZr�U<nT\<r�YZm.[�O�bZ\�ijYZfVUKvTn�P�U<RT\�SkOT��U
P<R�[jU<nT\<r�YZm�[�P�b�_`YZ\�hTUlSkP�UEm.[]O&P<[�\0bZr`m.n�\ s Y�P�nT\�[Z{ � RTSFU
U<RT\<SVOT�wSVOTdX[��D[ m�P0SVUEYX_`[�fVf#�wOTb�_�O�fkSVijSpP�Y�P<SVbZO�b,r�fkSVO��
[]YZ\���fkP<[]\<SVOTd�¯ � ��� E�SVUIP<R�[�O�Y~fkSVOT[]YZ\lm�bZi�v�SkO�Y,P<SVbZO�bZr
P<R�[ s [�\<P<[�z0WDbcU<SkP<SVbZO�U�±�YZO�h�\�[]U<nTfkP�U#SVOtYlvTSFYZUL[]U2P<SVijY,P<[
b,r7P�RT[�U<nT\2r�Ycm.[E\�[]m�bZO�U2P<\�n�m�P�SkbcO"{`NGO�h�[�[ h9^TP�RT[�U<RT\�SkOT�&�
SVOTd�[.��[]m.P�SVitW�fkSV[]U0P�R�Y�P�P<RT[xij[ U2ReR�YcU�Y�WT\�S s SVfk[]dZ[ h
h�SV\<[ m�P�SkbcO�b,rgh�[.rybc\<iuY,P<SVbZO"{ � b�fkSVijSpPEP�RTSFU0vTSVYcU�^"U<[ s �

[�\�Y,fLYZfkdcbZ\�SpP�RTiuU�R�YcUIvD[�[]O�WT\�bZWDbcU<[]h"{l�Tbc\lSVO�U2P�YZO�m.[c^
YEv�Y,fVfVb&bcOurybZ\�m.[ 	 � � R�YcUKvD[�[]OXYZh�h�[]hjP�R�Y�PgY,\<P<Sk��m.SFY,fVfV�
WTn�U<RT[]UE[ YZm�R s []\2P�[.z�bZn�P�_gY,\�hTU]{ � OTbZP<RT[]\�YZWTWT\�bcYZm�R
m.bZO�U2SFU�P�U0SkOem�\<[ Y�P<SVOTd�Y,O�SVOTSpP�SVYZf�ij[]U<R�P<R�Y,P�[�O�m�fkb&U2[ U
P<RT[�bcv���[]m.P�P<bx\�[]m�bZO�U2P<\�n�m.P]{�NGO�U�P�[]YZh"^�_`[EWT\<bcW�b&U2[0P�b
n�U2[�Y � % U2ijbwb,P�RTOT[ U<U�m�bZO�U2P<\�Y,SVO&PgrybZ\�[�z&P�\�YZW�bcfVY,P<SVOTd
itSFU�U2SVOTdxhTY,P�YxU<SkO�m.[�SkPIWD[�\<rybZ\�ijUlYudZbwb�h s SVU<n�Y,f#m.bcO��
P<SVO&n�SpP��xbZrLP�RT[Eij[]U<RX_�SkP<R�bZn�PIYZO&�XU2RT\�SVOT��Y,dZ[c{� RT[0iuY�z�SVi�nTi s YZfkn�[�bZr � � SVUg\�[�fFY�P�[]hxP<btP<RT[�U2P�Y,�
vTSkfVSkP��®m.\�SpP�[�\�SkbcO®b,r�P�RT[eh�Sk�D[]\<[]OcP�SVYZf0[]�&n�Y�P�SkbcO¨¯�°  ±.{�oRT[�OªY,WTWTfV�wSkO�d�P�RT[ � @ bc\ �
	�m.bcO�U2P<\�Y,SVOcP ^�[]�&n�Y,�
P<SVbZOª°  m�YZOvD[aU2[][�OQYZUuY�U2P<\�Y,SVdZR&P2rybc\<_gY,\�h��ZYcm.bcvTS
\<[]fVY,z�Y,P<SVbZO�U<m�RT[]ij[jYZO�h�P<RT[uiuY,zwSVi�n�i s Y,fVnT[ub,r � �SVU � � � { � R�[�[.z�WT\�[]U�U<SkbcOob,rEP<R�[ � % SkO&P<[]\<O�Y,flrybZ\�m.[
SVU~OTbZO��+fVSkOT[ Y,\�Y,O�ho_`[�R�Y s [�rybZn�O�h®[�zwWD[�\�SVit[]O&P�Y,fVfV�
P<R�Y,P � � s Y,fVnT[IvD[�fVb�_ �  � ^c[�O�U<nT\�[]U�Y�U�P�Y,vTfV[ISkP<[]\�Y,P<S s [
U<m�RT[]ij[Z{
3.2.3. Contour Deformation ��bZO&P�bZnT\�U}h�[.��OT[]htbZO
U2SVijWTfk[�z�ij[ U2RT[ U�YZ\<[xh�[�rybZ\�iuY,vTfV[~YZU�_�[]fkf^}Y,O�h s [�\<�
P<SFm.[]UIv�[]fkbcOTdZSVOTdjP�buP<RTb&U2[�m.bZO&P�bZnT\�UgrybZfVfVb�_«P�RT[�U�Y,ij[
fVY
_�bZr�ijb,P�SkbcOtYcU7SkOt[]�&n�Y,P<SVbZO�¯ � ±�^Zv�n�PK_�SpP�RtY0h�Sk��[�\<�
[�O&Pl[�zwW�\<[ U<U<SkbcO�b,r}P�RT[�SVO&P<[]\<O�YZf�rybc\�m�[Z{ � RT[�SVO&P<[]\<O�YZf
rybZ\�m.[]U�b,r7P<\�SVhTSkij[�O�U2SVbZO�YZfLm�bZO&P<bcnT\�U�YZ\<[�h�[]U�m.\�SkvD[]h�SVO
Y,WTWD[�O�hTSpz � { �EY,O�h�Y,\�[gm.fVbcU<[�fV��\�[�fFY�P�[]h�P<b�P<RT[`rybc\<i�n��
fVYZ[�b,r�U2[ m�P�SkbcO�¦T{ 
 {V°�YZO�h�¦�{ 
 { 
 \�YZOTdZSVOTd�ry\�bZi WDbcU<SkP<SVbZO
m.bZO&P�SkOwnTSkP��jP<bxm�nT\ s Y,P<nT\�[Em.bZO&P�SkOwnTSkP��Z{�`[]m]Y,n�U<[�m.bcOcP�bZnT\ s [�\<P<SFm.[ U}Y,\�[ghT[.rybZ\�ij[]htSVO�h�[�WD[�OT�
h�[�O&P<fV��bZr�ij[]U<R s [�\<P<SFm.[]U]^
P<R�[���Ycm�P}YZU7vDbZnTO�hTY,\���m.bcO��
h�SpP�SkbcO�U`rybZ\gP�RT[�U<nT\2r�Ycm.[�ij[]U<R"{ � RT[�\�[EY,\�[IP�_`btP��wW�[ U
b,r#U<nT\<r�YZm�[.�Gm.bZO&P�bZnT\gm.bcO�U�P�\�YZSkO&P�U�¢
Simplex Angle Condition:

� RT[�U2SVijWTfk[�z�YZOTdZfV[]UuY,P
m.bZO&P�bZnT\ s []\2P�SVm�[]UgY,\�[EU2[�PgP<bxYtdZS s []O s Y,fVnT[c{
Tangent Condition:

� R�[xY,OTdcfk[uvD[.P�_`[�[]O�P�RT[xij[]U<R
OTbZ\�iuY,f9Y,O�hXP�RT[Em.bZO&P�bZnT\�OTbc\<iuYZfDij[ YZU<nT\<[ hXYZ\<bcnTO�h
P<RT[£m.bZO&P�bZnT\ P�Y,OTdc[�O&P s []m�P�bZ\ ^oSkO&P�nTSpP�S s [�fV��m.bZ\�\�[.�
U2WDbZO�h�UIP�b�P<RT[uYZOTdZfV[�vD[.P�_`[�[]O�P<RT[uU<nT\2r�Ycm.[jY,O�h�P�RT[
m.bZO&P�bZnT\ {
3.2.4. Examples

� RT[Xh�[���OTSkP<SVbZO�UtbZr � @ ^ �
	�^ � %
Y,O�h U2R�YZW�[ m�bZO�U2P<\�Y,SVO&P�U bZO U2SVijWTfk[�zqij[]U<R s [�\<�
P<SFm.[]U�Y,O�h�m.bcOcP�bZnT\ s []\2P�SVm�[]U]^XWT\�b s SVhT[ Y WDb�_`[�\<rynTf
ry\�YZit[]_�bc\<��rybZ\�\<[ m.bcO�U�P�\<n�m�P<SVOTd�P<\�SVh�SVij[�O�U<SVbZO�YZflbcv��
��[]m�P�U�{ � R�[ s YZ\<SFY�P�SkbcO�Y,f�ijb�h�[�fVSVOTduY,vTSVfkSkP��xbZr7U<SkijWTfV[.z
it[ U2R�[]U}WT\�b s [ hEP�b�v�[lY0�Z[���ry[]Y�P�nT\�[�rybZ\}\�[]m�bZO�U2P<\�n�m�P<�
SkOTduU<nT\<r�YZm.[ U`b,r}m.bZijWTfV[.zXdZ[�bcij[.P<\��xY,O�hxP�bZWDbZfVbZdZ�c{

NGO0��dcnT\�[�° 
 ^ _`[�U2R�b�_�Y�U<ijbwb,P<R`��nTO�m�P<SVbZO�v�[�P�_�[][�O
��rybcnT\�m.�wfVSkO�hT[�\�Ug_�SpP�R �
	�YZO�h�� % U<ijbwb,P<R�OT[]U�U�m.bcO��
U�P�\�YZSkO&P�U]{ � RT[j��nTO�m�P<SVbZOQR�YcUuvD[�[�Oom�\<[ Y�P<[ hry\<bciqY
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U<WTRT[�\�[�_�SkP<R~rybZnT\`RTbZfV[]U]{ � RT[IRTbcfk[ U�R�Y s [�vD[�[�OXiuY,O��
n�YZfkfV��m.bcOTOT[]m.P<[ h�_�SkP<R�P<RT[g[�z&P�\<[]ijSpP�Sk[ U7b,r�[ YZm�Rtm.�wfkSVO��
h�[]\]{

NGO���dZnT\�[�°]¦T^L_�[uU<RTb�_ P�RT\�[�[u[.zTYZitW�fk[ U0b,r s YZ\<SFY��
P<SVbZO�Y,fwijbwhT[�fVSkOTd�v�YcU2[ h�bZOtU2SVijWTfV[.z�ij[]U<RT[]U7YZO�h�m�bZO��
P<bcnT\�U�{ � RT[���\�U�P`��dcnT\<[�SFU�Y,O~[�zTY,ijWTfV[lbZr#Y�itSVOTSViuY,f
U<nT\2r�Ycm.[�¯y�][�\�b�ij[]YZOm�nT\ s Y,P<nT\�[X[ s []\<�w_�RT[]\<[
±Ev�YcU2[ h
bZO®U<SVitW�fk[�zQij[ U2RT[ U�{ NGO®��dZnT\�[]U °]¦o¯yvD±xY,O�h ¯�m ±�^
_`[Ih�[�ijbcO�U�P�\�Y,P<[gP�RT[Ih�Sk�D[]\<[]O&P�v�bcnTO�hTYZ\<�tm.bcO�h�SkP<SVbZO�U
vD[.P�_`[�[�O�U<SkijWTfV[.z�it[ U2R�[]U�Y,O�h�m�bZO&P<bcnT\�U�{

3.3. External Force Computation

� RT[�[�z�WT\<[ U<U<SVbZO�bZr�P<R�[`[�zwP<[�\�O�YZfZrybc\�m�[ ����� E"SFU}h�[�WD[�OT�
h�[�O&PlbcO�P<R�[�O�Y,P<nT\�[�bZr}P<RT[jhTY�P�YZU<[.PlYZO�h�SFUIdcS s [�OaSVO
U2[ m�P<SVbZO�UE¦T{ ¦T{V°tYZO�h�¦T{ ¦T{ 
 rybc\�\�YZOTdZ[jhTY,P�Y�Y,O�h s bZfVn��
it[�P<\�SVmjSViuY,dc[]U]{xNGOeY,fVf�m�YcU2[ U�^�P<RT[x[�zwP<[�\�O�YZf7rybZ\�m.[uSFU
h�Sk\�[]m.P<[ h~Y,fVbZO�d�P<R�[�O�bZ\�ijYZf9h�Sk\�[]m.P<SVbZO � � Y�P`P<R�[ s [�\<�
P<[.z K � _�R�[�\�[�P<RT[lrybZ\�m.[ISVU`Y,WTW�fkSV[]h9{ � RT[�m.bcfkfVSkO�[]Y,\�SkP��
b,r � ��� E _�SpP�R � � SFUgSkijWDbZ\<P�YZOcPgrybc\gP�_�bj\�[]YZU<bZO�U�{

�#SV\�U2P]^�SpPx[]OcP�Y,SVfVUuU<ijbwb,P<RQh�[�rybZ\�ijY,P<SVbZO�Ut_�SkP<RQY�P<�
P<\�YZm�P�SkbcO�rybZ\�m.[ U s Y,\��wSkO�d~U2ijbwb,P�RTfV��YZfkbcOTdxP�RT[tit[ U2R�{
|wSkO�m.[�_`[�n�U2[jY,OaSkP<[]\�Y,P<S s [�WT\<b�m�[]U�U�^DSpP0SFUISVijW�bc\2P�Y,O&P
P<b�dcn�Y,\�Y,O&P�[�[~Y�U�P�Y,vTfV[XYZO�h�U<ijbwb,P<R�v�[]R�Y s Skbc\�b s [�\
P<SVit[c{�NGO�hT[�[]h"^TP�YZOTdZ[]O&P<SFY,f"h�SFU2W�fVYcm.[�ij[]OcP�U�m.bcnTfFh�m�\<[��
Y�P<[ s []\2P�SVm�[]Ux_�SkP<R«OT[�d&Y�P<S s [�it[�P<\�SVm�W�Y,\�Y,ij[�P<[�\�Uxbc\
[ s []O�YjU<[�fkr��SVO&P<[]\�U<[]m.P<SVOTd�ij[ U2R"{

|w[ m.bcO�h9^EP�RT[�OTbc\<iuYZf�h�SV\<[ m�P<SVbZO bZrjP<RT[[.zwP<[]\<O�YZf
rybZ\�m.[�[]O�U<nT\<[ U"P�RT[`\<[ U2nTfkP<SVOTd�ij[]U<R�U<R�Y,WD[�bZr�P<RT[gij[]U<R
_�SkfVfTvD[IU2ijbwb,P�Rj[ s []OjSkOjP�RT[�WT\�[]U<[�O�m�[�b,r9U2W�YZ\�U<[�hTY�P�Y
YZUgU2R�b�_�OXSVO���dZnT\�[j°���{� RT[©m.bcijWTfk[�z�SpP�� bZraP<RT[ m�bZijWTn�P�Y�P<SVbZO b,r � ��� E
SVUufVSVOT[]YZ\xSkO�P�RT[aOwnTi�vD[�\~b,rEij[]U<R s [�\<P<SFm.[ U�^`nTOTfVSk�c[
¥�[.P�Y�zTYZU 	 ° ��� Y,O�h � []\<�]bZWDbZnTfVbcU 	�
 ¦ � _�RTb�m�bZijWTn�P�[
P<RT[j[.zwP�[�\�O�Y,f#rybZ\�m.[tb,rgY,fVf s []\2P�SVm�[]U�_�SpP�R�Y�m�bZijWTfV[.zw�
SpP���fkSVOT[ Y,\~_�SkP<RQP�RT[�OwnTi�v�[]\~bZr�hTY�P�YeW�bcSkO&P�U~U<SkO�m�[
P<RT[]��m�bZijWTn�P�[jP<RT[�m.fVbcU<[]U2P�it[ U2R s [�\<P<[.z�ry\<bci³[ YZm�R
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hTY,P�Y�W�bcSkO&P { � RTSFUjij[.P�RTb�hSFUjOTbZPuYZWTWT\�bZWT\�SFY�P<[~rybZ\
dZ[]OT[�\�Y,f}U<nT\<r�YZm.[j\�[]m�bZO�U2P<\�n�m�P�SkbcO�U<SVO�m.[jSkP�ijYZ�Z[ U�P<RT[
h�bcnTvTfV[�YZU�U2n�itWTP<SVbZO�P�R�Y�PlYZfkf7hTY,P�YuWDbZSVO&P�U�vD[�fVbZO�duP<b
P<R�[�U�Y,ij[�bZvT��[]m�P�Y,O�h�P�R�Y�PlP<RT[]\<[�Y,\�[�OTbxbcn�P<fVSk[]\�UISkO
P<R�[�hTY,P�Y�{7��nT\<P<RT[]\<ijbZ\�[Z^&SVO~WT\�[]U<[�O�m�[IbZrLh�[�O�U2[0hTY�P�YT^
P<R�SVU�ij[�P<RTb�hXv�[ m.bZij[ U`P<bwbum.bZijWTnTP�Y�P�SkbcO�Y,fVfV�u[.z�W�[]O��
U<S s [Z{��[�WT\<bcW�b&U2[�YZO�[.z�WT\�[]U�U2SVbZO�bZr}P<RT[�[.zwP<[]\<O�YZf9rybZ\�m.[
P<R�Y�Pxh�[]YZfVUt_�SkP<RQU2W�Y,\�U2[�YZUt_�[]fkf�YcUthT[�O�U<[�h�Y�P�YcU2[�P�U
Y,O�h�P<R�Y,P�m�YZO�P�Y,�c[xSkO&P�baYZm�m�bZnTO&P�bcn�P<fVSk[]\�U]{ ��[�h�[.�
U�m.\�SkvD[�P<R�[Im.bcitW�n�P�Y,P<SVbZOub,r � ��� E rybZ\K\�Y,OTdc[�hTY�P�Y�Y,O�hs bcfkn�it[�P<\�SVm�SViuY,dZ[ U�{
3.3.1. External Force Computation on Range Data� RT[�m.bZijWTnTP�Y�P�SkbcO�b,r�P�RT[�[.zwP<[]\<O�YZfKrybc\�m�[~SFU�h�[]W�[]O��
h�[]OcPXbZO�P<RT[�OTb,P�SkbcO�bZr0m�fkb&U2[ U�PxWDbZSVO&P�U]{ª��bZ\x[ s []\<�s []\2P�[.z K � b,rDP<RT[�ij[ U2R"^&_`[�fkbwbZ��rybZ\KP<RT[Im�fkb&U2[ U�P�h�Y�P�Y
WDbZSVOcP � A + � �& YZO�h~P<RT[�rybZ\�m.[ � ��� E SFUgP<R�[�O�m.bZijWTnTP<[]h
YZU]¢

� ��� E <  
� �
� 7 � A + � �! M K � :�; � �� \�[.r � � � ¯2° 
 ±

_�RT[]\<[  � SVUtYa_`[�SVdZR&P�W�Y,\�Y,ij[.P�[�\X¯  � ��� � ±�^ � � SFU
P<R�[�OTbZ\�iuY,f s []m�P�bZ\�Y,P K � ^O� 7 � : SFUgP�RT[�h�[]\<S s Y�P<S s [0bZr
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Y,O�¥��[ U�P�SkiuY�P�bZ\�rynTO�m.P<SVbZOQY,O�h � \<[�r SVUtP�RT[�m.n�P<�bZ�
h�SVU2P�YZO�m.[c{� RT[IrybZ\�m.[ � ��� E SFU�m�bZijWTn�P�[]hxYcU}P�RT[lW�\<bZ��[]m�P�SkbcOub,r
P<RT[ s [ m�P<bc\ � A + � �& M�K � SVOxP�RT[lO�bZ\�ijYZfDhTSk\�[]m.P<SVbZO"{7NGO
bZ\�h�[�\�P<b�R�Y s [�Y�\<bcvTn�U2Pu[]U2P<SVijY,P<SVbZOb,rIP�RT[am.fVbcU<[]U2P
W�bcSkO&P]^9_`[�n�U2[jYXm�n�P2�+b,��h�SFU2P�Y,O�m.[ � \�[.r _�SkP<R�Y,O�¥��
[]U2P<SVijY,P<bc\�rynTO�m�P<SVbZO'� 7���: {N��[`R�Y s [�m�R�bcU<[�O�Y�U<SkijWTfV[
P<\�nTO�m�Y,P<[ h0fkSVOT[]YZ\"rynTO�m�P<SVbZO�YZU9P�RT[ � 7�� : rynTO�m.P<SVbZO~¯�U2[][
��dZnT\�[t° � ¯�fk[�r�P�±<±g_�RTSFm�RXU2P�Y�P�[]U`P�R�Y�PgP<R�[lrybc\�m�[lSFUgOwnTfVf
Spr 7 � A + � �& MQK � :�; � � SFUgdZ\�[]Y,P<[]\�P�R�Y,O � \�[.r {� RT[�m�n�P2�+b,�«h�SFU2P�Y,O�m.[ � \<[�r SFUjijYZOwn�Y,fVfk�h�[.��O�[]h
YZUIY~W�[]\�m�[�O&P�YZdZ[�bZr}P<RT[�b s []\�YZfkf�U<SV��[�bZr}P<RT[thTY�P�YZU<[.P ^
S�{ [Z{ P�RT[o\�YZh�SVn�U�b,r�P<R�[«U2W�RT[�\�[oU2nT\�\�bZnTO�hTSkOTdªP�RT[
hTY�P�YZU<[.P]{ ¤lnT\�SkOTd�P<RT[���\�U2PXU2P�Y,dc[�b,rEP�RT[�h�[�rybZ\�ijY,�
P<SVbZO"^�_`[�m�RTbwb&U2[�Y�\<[]fVY,P<S s []fk��fVYZ\<dc[ s Y,fVnT[�bZr � \�[.r¯ynTW�P<b 
�	� bZr�P<R�[�\�YZh�SVn�U�±�SVO�bc\�hT[�\�P�b�YZfkfVb�_ fFY,\�dZ[
h�[.rybc\<iuY�P�SkbcO�Utb,r�P<RT[�ij[ U2R"{ � r�P<[]\xry[]_ SkP<[]\�Y,P<SVbZO�U]^
P<RT[ s Y,fVnT[EbZr � \<[�r SFU�h�[ m.\�[]YZU<[]h�¯�Y,P�itb&U�P�� � bZrLP�RT[
\�Ych�Skn�U�±`SVO�bZ\�h�[�\gP�bxfVSkijSkPIP<R�[�[.��[]m.PIb,r}bZnTP<fVSk[]\�U�YZO�h
P<buU2WD[�[ hw�+nTW�P<RT[�U<[]YZ\�m�R~rybZ\gP<R�[�m.fVbcU<[]U2P`WDbZSVO&P]{� RT[�m�bZijWTn�P�Y�P�SkbcO�bZr � A + � �& h�[�WD[�O�hTU�bcOXP�RT[�O�Y,�
P<nT\�[lbZr�P�RT[EhTY�P�YZU<[.P�Y,O�hXm�YZOXvD[EYZm�RTSV[ s []hx_�SkP<RXrybZn�\
Y,fVdZbZ\�SkP<RTiuU]¢
°Z{��K\<bZ��[]m�P�SkbcO�¥�[.P<R�bwh�¢ � Oeh�[�O�U2[j\�Y,OTdc[�SViuY,dZ[ U

[�zwP<\�YZm�P�[]h�ry\<bci P�\<SFY,OTdcnTfFY�P<SVbZOtWT\�SkO�m.SVWTfk[ U 	 ¦ � � bc\
U2P<[]\<[]b,� s SVU<SkbcO 	 °�� � ^�P�RT[�U<[]YZ\�m�R®rybZ\XP<RT[em.fVbcU<[]U2P
WDbZSVO&P�SFU}P�RT[�bc\<[�P<SFm�Y,fVfV��bZr9m�bZijWTfV[.z�SkP�� ( 7 � % : rybc\
YZO ��
 � SViuY,dc[Z{���b�_`[ s [�\ ^c_�RT[]OxP�RT[�m�YZfkSVvT\�Y��
P�SkbcO�iuY�P�\<SkzeSVUt�wOTb�_�O"^�_�[XWT\<bcW�b&U2[�Yaij[.P�RTb�h
SVO ( 7 � : ^�P<R�Y�P�Y,WTW�\<b
z�SVijY,P<[ UKP�RT[EU2[ Y,\�m�RurybZ\gP�RT[
m�fkb&U2[ U�P�W�bcSkO&P]{�NGO�h�[][]h9^}_`[~\�[]U2P<\�SFm�P�P�RT[XU<[]YZ\�m�R
YZfkbcOTd�Y�P�_`b,�Gh�SVij[�O�U<SkbcO�Y,f�U<[�dcit[]O&PtSVO�P<RT[�SVit�
YZdZ[c^ W�\<bZ��[]m�P�SkbcOEb,rTP�RT[�P<\�SVh�SVij[�O�U<SVbZO�YZfZfVSkOT[`W�YcU<U2�
SVOTdªP<R�\<bcnTdZR K�� Y,O�h h�SV\�[]m�P�[]h Y,fVbZOTd � � ¯�U2[][
��dZnT\�[�° � ¯�\<SVdZR&P�±2±�{ � RTSFUuU<[�dZij[]OcPuSFUum.[]OcP�[�\�[]h
YZ\<bcnTO�h~P<RT[EW�\<bZ��[]m�P�SkbcOXbZr K � YZO�h�SVU�bcOTfV�~Ytry[�_
W�Spz�[�fFUlfkbcOTd�^9h�[]W�[]O�h�SVOTd~bcO�P<RT[ s Y,fVnT[�bZr � \<[�r {� O�m.[�P<RT[�m.fVbcU<[]U2PgWDbZSVO&PIY,fVbZOTdtP�RT[�U2[]dZij[�O&P�R�YcU
vD[�[]O�rybZnTO�h"^�_�[EU<[]Y,\�m�Rxrybc\gP<RT[�m�fkb&U2[ U�PgWDbZSVOcP�SVO
Y� 
 ��_�SkO�hTb�_ Y,\�bZn�O�hxP�R�Y�P�WDbZSVO&P]{
 {��K\<bZ��[]m�P�SkbcO ¥�[�P<RTb�h«YZO�h �IbZ\�iuY,f � \<SV[�O&P�Y,P<SVbZO
¢��[em]Y,O®ryn�\2P�RT[�\�\�[]U2P<\�SVm.P~P<R�[�m�R�bZSFm.[�bZr�P�RT[
m�fkb&U2[ U�PxWDbZSVO&Pxvw�m.bcO�U<SVh�[]\<SVOTd�P<R�[aOTbZ\�iuY,f�bc\<Sk�
[]O&P�Y�P�SkbcOab,r�P<RT[t\�YZOTdZ[�hTY�P�YxSVO�YZh�h�SpP�SkbcOaP�b~P�RT[
!Kn�m.fVSVhT[]Y,OahTSVU2P�YZO�m.[c{ ��[EP<R�[�Oam�RT[ m��~Skr#P�RT[�h�bZP
W�\<b�h�n�m.P�vD[.P�_`[�[]O�P<RT[XOTbZ\�iuY,f�� � Y,P�P�RT[~ij[]U<R
YZO�htP<R�[IOTbc\<iuY,f�Y�P�P�RT[�\�Y,OTdc[�SVijYZdZ[ U}SVU�U�P�\<SFm�P�fk�
WDbcU<SkP<S s [Z{
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¦�{ ¡ ¤��P<\�[�[�¢��oRT[�OEOTblm�Y,fVSVvT\�Y,P<SVbZO�iuY�P<\�SkzlSFU�Y s Y,SVfp�
Y,vTfV[Z^w_`[�m�bZijWTn�P�[IP�RT[0m.fVbcU<[]U2P`WDbZSVO&P`_�SkP<R�Y���hw�
P<\�[�[ 	 ¦T° � { � RTSFU�hTY,P�Y�U�P�\<n�m�P<n�\<[jdZS s [ UlP<RT[xm�fkb&U��
[]U2P�WDbZSVOcP�SkO�U<SFh�[xY�U2W�RT[�\�[xm.[]OcP�[�\�[]h�Y,\�bZn�O�h K �Y,O�h�b,r�\�YZh�SVn�U � \�[.r ^}SkO�OT[]YZ\<fV��m�bZO�U2P�YZO&P�P<SVij[Z{�`[]m�YZn�U<[�bZr�ij[�ijbZ\��QfkSVijSpP�Y�P<SVbZO�^lSkP�SVU�OTbZP�YZfp�
_`Y
��UtWDbcU�U2SVvTfV[~P�b�U2P<bc\<[�Y,fVf�hTY�P�Y�WDbZSVO&P�UtSVO�U2SFh�[
Ya��hw�P<\�[�[c{�NGO�P<RT[~��\�U2PtU2P�YZdZ[ubZr�P<RT[�h�[.rybc\<iuY��
P<SVbZOX_�RT[�\�[ � \�[.r SFU�\�[�fFY�P�S s [�fV�tfFY,\�dZ[c^c_`[In�U2n�YZfkfV�
U2n�v�U<YZijWTfk[gP�RT[�_�RTbcfk[�hTY,P�YcU2[�P7SVOubZ\�h�[]\LP�bEdZn�YZ\2�
Y,O&P<[][�Y�r�YZU2PIm.bZijWTnTP�Y�P�SkbcO�b,r ����� E�{�¤lnT\�SkO�djP<RT[
U2[ m.bcO�h�U2P�YZdZ[Z^}_`[�h�SVU�m�YZ\�h�Y,fVf�P�RT[�hTY�P�YaWDbZSVO&P�U
P<R�Y,P�Y,\�[gr�Y,\KY
_gY
�Ery\�bZi¨P<RT[�ij[ U2R"^&Y,O�hjU2P<bc\<[�YZfkf
P<RT[�\<[]ijYZSkO�SkOTduWDbZSVO&P�U�SVO�P<R�[���hw��P�\<[][Z{ � R�[�U2SV��[
b,r9P�RT[���hw�P<\�[�[�iuY
��U2P<SVfVf�vD[IfFY,\�dZ[c^,vTn�PgU2SVO�m.[�P<RT[s Y,fVnT[ � \�[.r SVUlU2nTv�U�P�Y,O&P<SFY,fVfk�Xfkb�_`[�\ ^�P�RT[�m�bZijWTn��
P�Y,P<SVbZO�P<SVij[ESVU�U2P<SVfkf�itb�h�[]\�Y,P<[c{

3.3.2. External Force Computation on Volumetric
Images

� O s bcfknTij[�P<\�SVm7SViuY,dZ[ U�^]P<R�[K\<[ m.bcO�U�P�\<n�m�P<SVbZO
P�YcU2�tn�U<n�Y,fVfV�tm�bZO�U<SVU2P�U�SkO~SVU<bZfFY�P�SkOTdE\�[�dcSkbcO�U}bZr�m.bZO�U2SFU��
P<[]O&PjSVO&P<[]O�U2SkP�� s Y,fVnT[ U�{ � RT[�\�[.rybc\<[c^KdZ\�YZh�SV[�O&PtSkO&P<[]O��
U<SpP���SVU7P�RT[�iuY,SVOjSkO�rybc\<iuY,P<SVbZOtbZOj_�RTSFm�R�P�RT[�[.zwP�[�\�O�Y,f
rybZ\�m.[�SVU�v�YcU2[ h9{ � U�SVO 	 � � Y,O�h 	 
 ¦ � ^�_`[�m�bZi�v�SkOT[
vDb,P<R�dc\�Ych�Sk[]O&P0SVO&P<[]O�U2SkP���YZO�h�[]h�dc[uSkOTrybZ\�ijY,P<SVbZO�rybZ\
P<R�[�m.bZijWTnTP�Y�P�SkbcOXbZr � ��� E ¢

����� E < � % G # � G
��� � % � ¯2°]¦c±

� RT[�dZ\�YZh�SV[�O&PISVO&P<[�O�U2SkP��XSFUln�U2[ h�rybZ\lfkb�m]Y,fLhT[.²�[ m�P<SVbZO
b,r#P<R�[�ij[ U2R�P<b�_gY,\�hTU�P<R�[ s b
z�[�fFU�bZr#iuY,zwSVi�n�i s Y,\�Sp�
Y�P�SkbcO�b,r�SkO&P�[�O�U<SpP��c{ � RT[x[]hTdZ[xSVO�rybZ\�iuY�P�SkbcO"^�bcO�P<RT[
b,P�RT[�\lR�Y,O�h9^Dm�bZ\�\<[ U2WDbZO�hTUgP<bXdZ\�YZh�SV[�O&P�iuY�z�SViuY~Y,O�h
[�O&P�Y,SVfVU�fVYZ\<dc[�\�hT[.rybZ\�iuY�P�SkbcO�UKbZr"P<RT[lij[]U<R"{ � RT[l[ h�dZ[
SVijYZdZ[lSVU`Y�vTSVO�YZ\<�tSkiuYZdZ[I[�zwP<\�YZm�P�[]htry\�bZi P<R�[ldc\�Ych�Sp�
[�O&P�SVO&P<[�O�U2SkP��xSVijYZdZ[�P<R�\<bcnTdZRXP<RT\�[]U<RTbcfVh�SVOTd�{�}\<[ s Skbcn�U�_�bc\<� 	�
 ¦ � R�YZU�h�[�\�S s []h«P<R�[�m�bZijWTn�P�Y��
P<SVbZO bZr � % G # � YZU�P�RT[®dZ\�YZhTSk[]OcPebZr�P�RT[oWDb,P<[]O&P<SFY,f
��[]fVh A�� � A % ^&P<Rwn�U`dc[�OT[]\�YZfkSV��SVOTd�P�RT[0Y,WTWT\�bcYcm�Rub,rLYcm��
P<S s [um�bZO&P<bcnT\�U]{ ��b�_`[ s [�\ ^DP<RTSFU�rybZ\�i�nTfFY�P�SkbcO�R�YcUlP<RT[
h�\�Y
_�v�YZm��Ib,r�m.\�[]Y�P�SkO�d�bcU�m.SVfkfFY�P�SkbcO�U�b,rwP<R�[�h�[.rybc\<iuYZvTfk[
ijb�h�[�f�YZm�\<b&U<U�P<RT[ s b
zw[]fVU�_�SpP�RR�SkdcR�dZ\�YZhTSk[]OcP ^Kh�nT[
P<b�P�RT[um�RTbZSFm.[tb,r�P<RT[jP�Skij[uU�P�[�W�Y,O�h�P<R�[jU<W�Ycm.[uh�SFU��
m.\�[.P�Sk� Y�P�SkbcO"{ ��bcRT[�O 	 ��� R�YcUIW�\<bcW�b&U2[ h�P<b�OTbZ\�iuY,fVSk�][
P<R�[�dc\�Ych�SV[�O&P s []m.P<bZ\gSVOXbc\�hT[�\`P<btfkSVijSpP�P�RTbcU<[0bcU�m.SVfkfFY��
P<SVbZO�U�_�SkP<RTSVOaYuWTSkz�[�f{ �Ib�_�[ s []\]^wP�RTSVUIR�YZU�P<RT[�h�\�Y
_g�
v�Ycm��xb,r}fVSkijSkP<SVOTdjP<RT[�\�YZOTdZ[0b,r7SVO�²�nT[]O�m.[EbZrLP�RT[�dZ\�Y��
h�SV[�O&P�rybZ\�m.[�P�bjYZO�YZ\<v�SpP�\�YZ\<� s Y,fVnT[c{��[�W�\<bcW�b&U2[�YZO�[�z�WT\<[ U<U<SVbZO�b,r#P<RT[�dZ\�YZh�SV[�O&PgrybZ\�m.[
P<R�Y�P#Y s bZSFh0Y,fVfcb&U<m�SkfVfVY,P<SVbZO�U�Y,O�h0P�R�Y�P#SVU�OTb,P7h�SFU�P�nT\<vD[]h

v&��fVb�m�YZf#iuY,zwSViuY~bZr�dc\�Ych�Sk[]O&PlSVOcP�[�O�U<SkP��Z{ � RT[trybZ\�m.[� % G # � Y,P s [�\<P<[�z K�� \�[�fVSk[ U�bcO~P�RT[EU2[ Y,\�m�RxSVO�Y�OT[�SVdZRT�
v�bc\<RTbwb�htb,r K � ^crybZ\�P<RT[ s b
z�[�f�b,r9iuY�z�Ski�nTi dZ\�YZh�SV[�O&P
SkO&P<[]O�U<SpP��c{}N+r��oSFUgP�RT[ s b
z�[�f9m�bZO&P�YZSkOTSVOTd K � ^�P�RT[�O�_`[
SkO�U<WD[]m�P�YZfkf s b
z�[�fFU#SkOuY,O � 
 � 
 � _�SkO�h�b�_�YZ\<bcnTO�h
�®rybc\lP�RT[ s b
z�[�f7m.[]OcP�[�\ � � ^9bZr�RTSVdZRT[ U�P0dZ\�YZhTSk[]OcP�SkOT�
P<[�O�U2SkP���¯�U<[�[l��dZnT\�[�° �~¯�Yc±2±.{ � RT[lrybZ\�m.[I[�z�WT\<[ U<U<SVbZOuSFU
P<RT[]O"¢

� % G # � <  % G # ��
7�7 � � MQK�� :�; � � : � � ¯�°��w±

_�RT[�\�[  % G # �� SVU~Y�_�[]SkdcRcP�SkO�d�W�Y,\�Y,ij[.P�[�\u_�SkP<R � � % G # ��
� �Z{t|wSkO�m.[tP<RT[trybc\�m�[�SFU�WT\<bcW�bc\2P�SkbcO�Y,fLP<b�P�RT[

P<\�nT[�h�[�²�[]m.P<SVbZO s [ m�P�bZ\ � � M3K�� ¯�Y,O�hEOTb,P�P<RT[�dZ\�YZh�SV[�O&Ps []m.P<bc\�±.^�P<RTSFU�rybc\�m�[�h�bw[]U�O�b,PI[]OcP�Y,SVf�Y,Ow�XbcU�m.SVfkfFY�P�SkbcO�U
b,rwP<RT[�it[ U2R�{ � RT[�m.bZijWTnTP�Y�P�SkbcOEb,rwP<R�SVU�rybZ\�m.[}SFU�Ycm�P<nT�
Y,fVfk�lr�YZU2P7U<SVO�m.[�_�[`m�Y,O�WT\<[��+m�bZijWTn�P�[KP�RT[ s b
z�[�fcm�[�O&P<[]\� � dZS s [�OXP<R�[ s b
z�[�f��oY,O�h�Y��Tz�[ h~_�SVO�h�b�_ªU2SV��[c{� RT[XdZ\�YZh�SV[�O&P�rybZ\�m.[Xm]Y,Ov�[�iuYZh�[�ijbZ\�[XU<W�[ m.Sk��m
v&�~SkO�m�bZ\�W�bc\�Y,P<SVOTd�YchTh�SkP<SVbZO�YZf"m.bcO�U�P�\�YZSkO&P�U�¢
Gradient Direction Constraint:

� R�[ s b
zw[]fD� � i�n�U2P
R�Y s [}P�RT[`RTSkdcRT[]U2P7dZ\�YZh�SV[�O&P�SVO&P<[�O�U2SkP��E_�SpP�R�YIdZ\�YZh�SV[�O&P
h�Sk\�[]m.P<SVbZO�m.bZO�U2SFU�P�[�O&PE_�SpP�R�P<RT[jOTbc\<iuY,f}h�SV\�[]m�P�SkbcO�Y,PK�� ¢ �

� 7 � � : ; � � @ � { � RTSFUjm.bZO�U�P�\�YZSkO&P�SFUtO�Y�P�nT\�YZf
U2SVO�m.[�P�RT[�dZ\�YZhTSk[]OcPuSFU~YZfk_gY
��UthTSk\�[]m.P<[]h�SVOw_`YZ\�hTUjbc\
bZn�P�_gY,\�hTUDry\�bZi Y�\�[�dZSVbZO0bZr�m.bZO�U�P�Y,O&P�SVOcP�[�O�U<SkP�� s Y,fVnT[c{
Intensity Value:

� R�[ s b
z�[�f � � i�n�U2PKR�Y s [�YZO�SVO&P<[�OT�
U2SkP�� s Y,fVnT[�SVOjYIdcS s [�O�\�Y,O�dZ[ s YZfknT[ 0 � D ��� ��� D #,� 4 { � RTSFU
m.bZO�U�P�\�YZSkO&P�RT[]fkW�UKP�bth�SFU�m.\�SkijSVO�Y�P�[lY,d&Y,SVO�U2P�OT[�SVdZRwvDbZ\<�
SkOTdI\<[]dZSVbZO�U9bZrTRTSVdZR�m.bcO&P<\�YZU2P"_�SpP�R�h�Sk�D[]\<[]OcP#SkO&P�[�O�U<SpP��s YZfkn�[]U]{� RT[j[ h�dZ[tSkiuYZdZ[tSVUEm�\<[ Y�P<[ havw��P�RT\<[ U2R�bZfFh�SkO�d~P�RT[
ijY,z�SkiuYgb,r&P<R�[KdZ\�YZh�SV[�O&P"OTbc\<i SkO0P�RT[Kdc\�Ych�Sk[]O&P�h�Sk\�[]m.�
P<SVbZO"{ � RT[I\�[�ijb s Y,f�bZr�U2iuYZfkf�m�bZOTO�[]m�P�[]hum�bZijW�bcOT[�O&P�U
ijY
�ER�[�fVW�P�bEbZv�P�Y,SVO�\�[�fVSFY,vTfV[g[]h�dc[`SVO�rybc\<iuY�P�SkbcO"{ � RT[
P<\�YZh�SkP<SVbZO�YZf�Y,WTWT\�bcYcm�R�rybc\jP<RT[am�bZijWTn�P�Y�P<SVbZOQbZrlP�RT[
[]h�dc[~rybc\�m�[ � � � % � R�YcUtv�[][�O�P<b�n�U<[�h�SVU2P�YZO�m.[�iuY,W�U
vTnTSVfpP�ry\�bZi P<RT[EvTSVO�YZ\<�x[ h�dZ[ESViuY,dc[ 	 � ^ 
 ¦T^ 
 � � {K¤ISFU2�
P�Y,O�m.[xiuY,W�U�WT\�b s SVhT[xY�U<SkijWTfV[XYZfkdcbZ\�SpP�RTi´rybc\tm�bZit�
WTn�P<SVOTd�P<RT[ahTSk\�[]m.P<SVbZO�bZr�P<R�[�[ h�dZ[�rybc\�m�[X[ s [�O�Y�PuY
fkbcOTd�\�YZOTdZ[c{ �Ib�_�[ s []\]^}P�RTSFU~Y,W�WT\<b&YZm�R�R�YZUxU<[ s [�\�Y,f
fkSVijSpP�Y�P<SVbZO�U�{��#SV\�U2P]^KSkPj[�O&P�YZSkfFU s [�\���fVYZ\<dc[~h�[�rybZ\�ijY,�
P<SVbZO�U�Y
_gY
�jry\�bZi�P�RT[�[ h�dZ[ s b
zw[]fVU]^�_�RTSFm�R�m�Y,n�U2[ U�Y,O
nTO�U2P�Y,v�fk[�vD[�R�Y s SVbZ\xbZr0P<RT[aij[ U2Roijb�h�[�f{ �TnT\<P<R�[�\<�
itbc\<[c^"h�SFU�P�Y,O�m�[]UEY,\�[jY,i�v�SkdcnTbZn�U0Y,P s b
z�[�fFUI[ �cn�SVh�SFU2�
P�Y,O&Plry\<bci P�_�bX[]h�dc[ s b
z�[]fVU]{ � n�\lij[.P�RTb�han�U<[]UlP�RT[
OTbZ\�iuY,f�bc\<SV[�O&P�Y�P<SVbZOaY,P s [�\<P<[.z K � P�b�U<bZf s [�P<RTSFUlYZit�
vTSkdcnTSkP��Z{
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� nT\�Y,WTW�\<b&YZm�R�m.bZO�U2SFU�P�U�SkO ��O�h�SkO�d P<RT[®m�fkb&U2[ U�P
[]hTdZ[ s b
z�[�fgSVO�P<RT[�OTbc\<iuYZfghTSk\�[]m.P<SVbZO�b,rIP�RT[�ij[]U<R"{� P s [�\<P<[�z K � ^7_`[u��O�h�P�RT[Xm�fkb&U2[ U�P s b
z�[�f �l^}Y,O�heY
P<\�SFh�Skij[]O�U2SVbZO�Y,f�fVSVOT[�bZr s b
z�[�fFU�SFUlU�m�YZOTOT[]h�SVO�P�RT[�h�Sk�
\�[]m�P�SkbcOeb,r � � ¯�U2[][x��dcnT\<[�°���¯�v�±2±.{ � RT[XiuY�z�Ski�nTi
OwnTi�vD[�\}bZr s b
zw[]fVU7U�m�YZOTOT[]h�SFU7dZS s [�Otvw�EP<R�[`\�[.ry[]\<[]O�m.[
h�SFU�P�Y,O�m�[ � \�[.r ^9h�[.P�[�\�itSVOT[ h�YZU�YxWD[�\�m.[]O&P�Y,dc[�b,r�P<RT[
b s []\�YZfkfL\�Ych�SVn�U�b,r�P�RT[j[]h�dc[�SViuY,dc[Z{�NGO�dZ[]OT[�\�Y,f^�fk[ U<U
P<R�Y,Oe¦  s b
z�[]fVU�Y,\�[uU<m]Y,OTOT[ harybc\E[]Ycm�R s [�\<P<[.z9{ � RT[
P<\�SFh�Skij[]O�U2SVbZO�Y,f �`\<[ U2[]OTR�Y,i�fVSkO�[0hT\�Y
_�SVOTdjY,fVdZbZ\�SkP<RTi
SFU�n�U2[ h�P�b�[��um�Sk[]O&P<fV��U<m]Y,O�P<RT[ s b
z�[]f�SViuY,dZ[�Y,fVbZO�d
P<R�[�fVSkO�[Z{�N+r 6 � SVUlP<R�[�m.fVbcU<[]U2Pl[ h�dZ[ s b
z�[�f#Y,fVbZOTdxP<RT[
OTbc\<iuY,f9fVSVOT[Z^wP�RT[�O�P<R�[E[]h�dc[lrybc\�m�[0SVU�dcS s [�OXv&��¢

� � � % � <  � � % ��
7 6
� MQK�� : ¯2° � ±

� RT[ s []m.P<bZ\ 6 � M K � SFU�m.bcfkfVSkO�[]Y,\I_�SpP�RX� � Y,O�h  
� � % �

m.bc\<\�[]U<WDbZO�hTU�P�b�P�RT[�U2P<Sk�DOT[ U<U�b,r#P<RT[E[ h�dZ[�rybZ\�m.[c^ � � � � % ��
� �Z{� U�_�SkP<R P<RT[edc\�Ych�Sk[]O&P~rybZ\�m.[c^l_`[em�YZO YZh�h m�bZO��

U2P<\�Y,SVOcP�U`rybZ\g��O�h�SkO�d�P�RT[�m.fVbcU<[]U2P�[]h�dc[ s b
z�[�f7¢
gradient direction constraint:

� RT[ s b
z�[]f 6 � i�n�U�P
R�Y s [KP<R�[�RTSVdZR�[]U2PLdZ\�YZhTSk[]OcP#SkO&P�[�O�U<SpP��0_�SkP<RtYIdc\�Ych�Sk[]O&P
h�SV\<[ m�P�SkbcO�m�bZO�U<SVU2P<[]O&P�_�SkP<R�P<R�[uOTbZ\�iuY,f}h�SV\<[ m�P<SVbZO�Y�P
K � ¢ � �O7 � � :�; � � @ � {
intensity value:

� RT[ s b
z�[]f 6 � i�n�U2P7R�Y s [�Y,O�SkO&P<[]O��
U<SpP�� s YZfknT[ESVO�YjdZS s [�OX\�YZOTdZ[ s Y,fVnT[ 0 � D ��� � � D #,� 4 {

4. Reconstruction Algorithm

4.1. Modeling Scheme

��[EWT\�bZWDbcU<[0Yj\<[ m.bZO�U�P�\<n�m.P<SVbZO�U<m�RT[]ij[lP�R�Y�P�SFU�SVO�h�[��
W�[]O�h�[�O&P#b,rwP<RT[`hTY�P�YZU<[.P"P��wWD[�YZO�h�P<R�Y,PL\�[]�&nTSV\<[ U9fVSpP<P<fV[
Y~WT\�SVbZ\�S#�wOTb�_�fV[]hTdZ[�YZv�bcn�P0P<RT[xU�m.[]OT[Z{ � RT[uU<m�R�[�ij[
SVU�WT\�[]U<[�O&P<[ h�SVO���dcnT\<[�° � ¯�Yc±�Y,O�h�m.bcO�U<SVU2P�U�b,r�P�_`b
ijYZSkO�U2P�Y,dc[]U]{� RT[t��\�U2PEU2P�YZdZ[jm.bc\<\�[]U<W�bcO�hTUlP<b�P�RT[jit[ U2Reh�[�rybZ\<�
ijY,P<SVbZOXry\<bci Y,O�SVOTSpP�SVYZf9W�b&U2SkP<SVbZOXP<buYjm.fVbcU<[EY,WTW�\<b
zw�
SkiuY�P�SkbcOxb,r�P<RT[EhTY,P�YZU<[.PgU2R�Y,WD[Z{ � RT[�it[ U2RXSVU`SVOTSkP<SFY,fk�
Sk�][]hx_�SkP<R�YtU2WTR�[�\�SVm]Y,f^wm��wfkSVO�h�\�SVm]Y,f^wbZ\gWTfFY,O�YZ\�P�bZWDbZfk�
bZdZ�c{ � R�[un�U2[]\Em�Y,Oem�RTbwb&U2[tv�[�P�_�[][�O�Y�ijYZOwn�Y,f}SVOTSk�
P<SFY,fVSk� Y�P<SVbZO0bc\�Y,O�YZn�P<bcijY,P<SFm7SkO�SpP�SVYZfkSV�]Y,P<SVbZO�Y,fVdZbc\<SkP<R�i
h�[]U�m.\�SkvD[]h�SkOtU2[ m�P<SVbZO ��{ 
 ^�SkrTP<RT[ghTY,P�YZU<[.P#R�YZU�ry[�_�bZn�P<�
fkSV[�\�U�{

NGO�Y,fVf�m]YZU<[]U]^wP<RT[�ij[ U2R�P<bcW�bcfkbcdZ�~m]Y,O�v�[�m�R�Y,OTdc[]h
Y�r�P<[]\xP�RT[���\�U2PXU2P�Y,dc[ab,r�hT[.rybZ\�iuY�P�SkbcO"{ N+P�m.bZO�U2SFU�P�U
SkO©m.\�[]Y,P<SVOTd�RTbcfk[ U�^�[ s [�O&P<n�Y,fVfk��rybZfVfVb�_�[ h®vw�«Y,O SkOT�
m.\�[]YZU<[�b,r�P<RT[�U2n�\2r�Ycm.[adc[�Own�U]^IYZU�U2[][�O®SVO®P�RT[�hTSVY,�
dZ\�Y,i ° � { � fVf`P<bcW�bcfkbcdZSFm�Y,fgm�R�YZOTdZ[ U�Y,\�[xWD[�\<rybZ\�ij[]h
U2[]itSk�GY,n�P�bZiuY�P�SVm]Y,fVfk�_�SpP�RªYZO«Y,n�P�bZiuY�P�SVm�h�[.P�[]m.P<SVbZO
b,rKP�bZWDbZfVbZdZSFm�YZfLW�\<bcvTfk[]iuU�^"v�n�P�Y~iuY,Own�YZf s YZfkSFhTY,P<SVbZO
b,r#YZfkf9bcW�[]\�Y,P<SVbZO�U]{� O�m�[aP�RT[�ij[ U2R R�YZUXP<R�[�h�[ U2SV\�[]hQP�bZWDbZfVbZdZ�c^�P�RT[
U2[ m.bZO�h U2P�YZdZ[�b,ruh�[.rybc\<iuY,P<SVbZO m.bcO�U2SFU2P�U�SVOªW�\<b s SFhw�
SkOTdeY�ijbZ\�[�Ycm�m�nT\�Y,P<[�dZ[]bZij[.P�\<SFm~\�[�W�\<[ U2[]OcP�Y�P�SkbcO�b,r
P<RT[�bZv���[ m�PIvw��\<[���OTSVOTdxbc\lYZh�Y,W�P�SkOTdxP<RT[�it[ U2R�{l§�[��
��OT[�ij[]OcP�YZO�h�YZhTYZW�P�Y,P<SVbZO�YZ\<[tP�_`b�m�bZijWTfV[�ij[�O&P�Y,\��
P�YZU<��U7P<R�Y�P�\�[]U<W�[ m�P�S s [�fV��YZh�h s [�\<P<SFm.[ UKY,O�hjijb s [ s [�\<�
P<SFm.[]U�P<b�_gY,\�hTUgW�Y,\<P�UgbZr}RTSkdcR�m.nT\ s Y�P<n�\<[c{ �`b,P�R�P�YZU<��U
[�O�U<nT\�[EP<R�Y,PlP�RT[���O�Y,f#ij[]U<Ra_�SVfkf7vD[tY,P�YxdcS s [�Oah�SFU2�
P�Y,O�m.[0ry\�bZi�P�RT[�hTY,P�Yt_�RTSVfk[�R�Y s SkOTdjdcb&b�h�dZ[]bZij[.P�\<SFm
Y,O�h~P<bcW�bcfkbcdZSFm�Y,f�WT\�bZWD[�\<P<SV[]U]{� OTfV��P<RT[�\<SVdZSFh�SkP��jW�Y,\�Y,ij[.P�[�\�% � Y,O�hjP�RT[�[.zwP<[]\<O�YZf
rybZ\�m.[EW�YZ\�YZit[�P<[]\  � YZ\<[Eijb�h�Sk��[]h�vD[.P�_`[�[]O�P<RT[E��\�U2P
Y,O�h�U<[]m.bcO�h�U�P�Y,dc[Z{�¤InT\�SVOTd�P<R�[u��\�U�P�U2P�YZdZ[c^�_`[~U2[�P
% � P�baRTSVdZR s Y,fVnT[ U~¯ % �  � � ±EY,O�h  

� P�bafVb�_ s Y,fVnT[ U
¯  �  � � � ±tSVOQbZ\�h�[�\tP<bebcv�P�YZSkOQU<itbwbZP<RoY,O�hfFY,\�dZ[
U<m]Y,fV[0hT[.rybZ\�iuY�P�SkbcO�U`bZO�P<RT[Eij[ U2R"{ �Ib�_�[ s []\]^�h�nT\�SVOTd
P<RT[�U<[]m�bZO�h�U2P�YZdZ[Z^�_�[En�U<[�fVb�_ s YZfknT[ U�b,rI% � ¯ % �  �
±
Y,O�hXRTSVdZR s Y,fVnT[]UgbZr  � ¯  �  � � �c±�U<SVO�m.[EYum.bcO&P<\�bZf�b,r
P<RT[��TPISFUg\�[]�&nTSV\<[ h9{
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4.2. Initialization

� OT[�b,rwP<RT[`iuY,SVOEWT\�bZvTfV[�iuUL_�SpP�R�\<[ m.bcO�U�P�\<n�m�P<SVbZOEU<��U��
P<[]iuUEv�YZU<[]h�bZOeh�[�rybZ\�ijYZvTfV[�ijb�h�[�fFU0SFU0P<R�Y,P0P<RT[u\�[.�
m.b s [�\�[]heU<R�Y,WD[]Ujh�[]W�[]O�hbZO�P�RT[�SkOTSkP<SFY,fgWDbcU<SpP�SkbcO�bZr
P<R�[Iij[]U<R"{#NGOxdZ[]OT[�\�Y,f^�P<R�[]U<[�ijbwhT[�fFUKOT[][]hjP�b�v�[ISkOTSk�
P<SFY,fVSV��[]h�SVO�Yam�fkb&U2[ s SFm.SVOTSpP���b,rgP�RT[XhTY,P�YcU2[�P]{��oRT[�O
ijb�h�[�fVSkO�d«m.bcitW�fk[�z U<R�YZW�[ U�^�iuYZO&n�Y,f�SVOTSkP<SFY,fVSk� Y�P�SkbcO
iuY
�O�b,P~dcS s [aWT\�bZWD[�\~\�[]U<nTfkP�U]^�h�[]U<WTSkP<[�P<RT[�Y,vTSVfkSkP��
b,r}m�R�YZOTdZSVOTd�P<RT[Eij[]U<RXP<bZWDbZfVbZdc�Z{��[�W�\<bcW�b&U2[�YZOtSVOTSkP<SFY,fVSk� Y�P�SkbcOxY,fVdZbZ\�SkP<RTi¨P<R�Y,P�m�YZO
bZO�fk�uR�YZO�h�fV[�Y�fkSVijSpP�[]hXOwnTi�vD[�\gb,r�P<bZWDbZfVbZdcSk[ UI¯yP<RT\�[�[
SVOxP<R�[�m�nT\<\�[�O&P`SkijWTfV[�ij[�O&P�Y�P<SVbZOD±KvTnTP�P�R�Y�PgW�[]\2rybc\<iuU
_`[�fVf#[ s []OaSkO�P<RT[tWT\�[]U<[�O�m�[�bZr�ijSVU�U2SVOTd�hTY�P�YT{0NGOTSkP<SFY,f
ijb�h�[�fFU�m�YZOXvD[�m.\�[]Y,P<[]h~ry\�bZi�vDb,P�RX\�Y,OTdc[�YZO�h s bZfVn��
ij[.P�\<SFmtSkiuY,dc[]U]{ � RT[uY,fVdZbZ\�SkP<RTi SFU0OTb,P�U<[�O�U2SkP<S s [�P<b
OTbcSVU<[0vTn�P�iuY
�xvD[ESkO�²�nT[�O�m�[]h�vw�xbZnTP<fVSk[]\�U]{� RT[�m�\<[ Y�P�SkbcOxb,r�YtU2W�RT[�\�SVm]Y,fDij[]U<RuP�YZ�Z[]U�WTfFYZm�[lvw�
��\�U�P�m�bZijWTn�P�SkO�dEP<RT[lm.[�O&P�\<bcSVh'� b,r�P<R�[IhTY�P�YZU<[.P ^cY,O�h
P<R�[�O�v&����O�h�SVOTd~P�RT[uU2W�RT[�\�SVm]Y,f7U2n�\2r�Ycm.[�m�[�O&P<[]\<[ habcO� [�O�m�fkb&U2SVOTdtP<R�[E_�RTbZfV[�hTY�P�YZU<[.P { � bxhTbxU2b�^�_�[�m�bZO��
U<SVh�[]\�Y�P�[]U�U2[]fkfFY�P�[]h~nTOTSkP�U<WTRT[]\<[Em�[�O&P<[]\<[ hxbZO��t^�Y,O�h
P<R�[�O�WT\<bZ��[]m.Pj[ YZm�R�hTY�P�Y�WDbZSVO&Pjbc\ s b
z�[�fgbZO&P�b�P�R�Y�P
U<WTRT[�\�[Z{ ��[~U2P<bc\<[jbcO�[ YZm�ReU<nT\2r�Ycm.[j[�fV[�ij[]OcP�b,r`P<RT[
U<WTRT[�\�[Z^cP<R�[liuY�z�SVi�nTi \�YZhTSVYZf�h�SFU�P�Y,O�m�[lbZr"WT\�b,��[]m.P<[ h
WDbZSVOcP�Uu¯�U<[�[���dZn�\<[�°)�&±�{ �oR�[�O�P<RT[]\<[jY,\�[�O�bXWDbZSVO&P�U
WT\�b,��[ m�P<SVOTd�bcO~Y�U<WTRT[]\<[l[�fV[�ij[�O&P]^cP<R�[lij[]YZO s Y,fVnT[�bZr
P<R�[�ijY,z�Ski�nTi WT\�b,��[ m�P<[ h�\�YZhTSVYZfghTSVU2P�YZO�m.[ UjSVUjn�U<[]h

SkO�U2P<[ YZh9{ � R�[ s Y,\�SVYZO�m.[EbZr}P<RT[�iuY,zwSVi�n�i£W�\<bZ��[]m�P�[]h
\�Ych�SVYZfTh�SFU�P�Y,O�m�[]U}bcOjP<RT[�n�OTSpPgU2W�RT[�\�[�h�[.P�[�\�ijSkOT[ U}P�RT[
O&n�i�vD[�\�b,r s []\2P�SVm�[]UgSVOXP�RT[ESVOTSpP�SVYZf"U2SVijWTfV[.zXij[ U2R"{
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��bZ\�m��&fVSVO�h�\�SVm]Y,f�ij[ U2RT[ U�^ZP<RT[�Y�z�SFUKb,r9ijSVOTSki�nTi�SkOT�
[�\<P<SFYeSVU~��\�U�P�m.bcitW�n�P<[ h®Y,O�hoP<RT[]O h�S s SVh�[ hoSVOcP�b 	
U2[]dZij[�O&P�U]{ � RT[]O"^9[]Ycm�R�hTY,P�YXW�bcSkO&PESFUlW�\<bZ��[]m�P�[]h�bZO
YXfVSVOT[~U<[�dZij[]OcP�YZO�h�P<RT[~m�[�O&P<\�bZSFh�b,r`P<RT[xW�\<bZ��[]m�P�[]h
W�bcSkO&P�U�bcO [ YZm�R SkO&P<[]\<ij[ h�SVY,P<[QWTfFY,OT[ U�h�[.��O�[]U�P�RT[
U2WTSVOT[}bZr&P�RT[Kdc[�OT[]\�YZfkSV��[ hlm��&fVSVO�h�[�\�¯�U<[�[}��dcnT\�[�° � ¯�Y&±2±�{� RT[tm��wfkSVO�h�[]\ � UlU<nT\<r�YZm�[�SFUlv�nTSkfkPEvw�am.bZO�U2SFh�[�\�SVOTdxP�RT[
ijY,z�SkiuY,f�\�Ych�SVYZf�h�SFU�P�Y,O�m�[�b,rjWT\�b,��[]m.P<[ h©W�bcSkO&P�UabZO
[]YZm�RuU<fkSFm.[c{ � U2SVijWTfk[�ztij[ U2RubZr9m��wfkSVO�h�\�SVm]Y,f�P�bZWDbZfVbZdc�
SVU�m�\<[ Y�P�[]hXv�YZU<[]h�bZO�P�RTSVU�dZ[�O�[�\�Y,fVSk�][]h�m.�wfkSVO�h�[]\�_�SpP�R
P<RT[j[.zwP�\�YZW�bcfVY,P<SVbZOabZr�ijSVU�U<SkOTd�W�YZ\2P�U�{ � RT[ s YZ\<SFY,O�m.[
b,r�P<RT[l\�Ych�SVn�U�h�[�P<[]\<ijSVOT[]UKP<RT[lO&n�i�vD[�\`b,r s []\2P�SVm�[]UKSVO
P<RT[0SVOTSpP�SVYZf"ij[]U<R"{
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�LSVO�YZfkfV�Z^�P<R�[eSkOTSkP<SFY,fVSV�]Y�P�SkbcO bZrtW�fVYZO�Y,\�ij[]U<RT[]U�SFU
U<SkijSVfVYZ\7P<b0P<R�[Im.�wfVSkO�hT\<SFm�YZfTm�YZU<[Z{#NGO�U2P<[ YZhtb,rDP<RT[�ijSVO��
SVi�nTi SkO�[�\<P<SFYaY�z�SFU�^#_�[Xh�[.��O�[uP<RT[~ijY,z�Ski�nTi³SVOT[]\2�
P<SFYjWTfFY,OT[c^TW�YcU<U<SkO�d�P�RT\�bZnTdcR~P�RT[�m.[]O&P<\�bZSFh � Y,O�hXh�Sk�
\�[]m�P�[]hevw��P�RT[Xh�SV\�[]m�P�SkbcO�bZr�ijY,z�Ski�nTi SkOT[]\2P�SVY¯�U<[�[
��dcnT\<[ 
  ±.{=��[�WT\�b,��[ m�P�h�Y�P�Y0WDbZSVO&P�U�bZO&P<b0P�RT[IW�fVYZOT[Z^
Y,O�hxm.bcitW�n�P<[�rybc\�[ YZm�RuWTfFY,O�YZ\�[]fk[]it[]O&P]^cP<RT[�Y s [�\�Y,dc[
RT[]SkdcRcP0ry\�bZi P�RT[uWTfFY,OT[c{x|wSkijSVfVYZ\<fV�Z^"P<RT[ s Y,\�SFY,O�m�[�bZr
P<R�[�RT[�SVdZR&Pxh�[.P�[�\�ijSkOT[ UtP<RT[�OwnTi�v�[]\ub,r s []\2P�SVm�[]UtSkO
P<R�[ESkOTSkP<SFY,f�it[ U2R�{
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4.3. Changing the mesh topology

� r�P�[�\uP�RT[aSVOTSkP<SFY,fVSk� Y�P<SVbZOQU2P�Y,dc[Z^�SpP~iuY
��b�m]m.nT\jP�R�Y�P
P<R�[Eit[ U2R�h�bw[ UgOTb,P�R�Y s [�P<RT[�U�Y,ij[�P<bcW�bcfkbcdZ�~YcU`P<RT[
bZvT��[]m�P {�|wSVO�m.[tP�bZWDbZfVbZdZ��bZr�P<\�SFh�Skij[]O�U2SVbZO�Y,f}U2n�\2r�Ycm.[]U
Y,\�[gm�R�Y,\�YZm.P<[�\�SV��[]h0vw�EP�RT[gOwnTi�vD[�\}bZr�P<R�[�SV\#R�bZfV[]U}Y,O�h
P<R�[�SV\�dZ[]Own�U"OwnTi�v�[]\]^ _�[�WT\<bcW�b&U2[KP�_�b�YZfkdcbZ\�SpP�RTiuU�rybZ\
m�R�YZOTdZSVOTd�P<R�bcU<[uP<bcW�bcfkbcdZSFm�Y,f�m�R�Y,\�YZm.P<[�\�SFU�P�SVm]U�{�|wSVO�m.[
SVOTSpP�SVYZf�ij[]U<RT[ UKR�Y s [Z^ZSVOudZ[]OT[�\�Y,f^ZY�U<SVitW�fk[]\KP<bcW�bcfkbcdZ�
P<R�Y,OXP<RT[E[�zwSFU2P<SVOTdjbZv���[ m�P�U]^�_`[�bcOTfV�uryb�m.n�UgbcOXvTn�SkfFhw�
SVOTdoijbwhT[�fFU�_�SpP�R YZhTh�SkP<SVbZO�Y,fERTbcfk[ UaY,O�hªSVO�m.\�[]YcU2[ h
dZ[]Own�U2[ U�{
4.3.1. Hole Creation

� RT[�iuY,SVOSFh�[ Y�b,r�P<RTSFUxY,fk�
dZbc\<SkP<R�i SVUXP<bom�n�P�WTSk[ m.[ UXbZrtU<nT\<r�YZm.[�ij[]U<R _�RT[]\<[
P<R�[�\�[gYZ\<[`OTbEm.bc\<\�[]U<WDbZO�h�SVOTd�hTY�P�YIWDbZSVO&P�U]{7¥�bc\<[`WT\�[.�
m.SFU<[�fV�Z^w_�[lfVYZv�[]fDYZfkfDr�Ycm.[]U�R�Y s SVOTd s []\2P�SVm�[]U�fkb�m�Y,P<[ hxY�P
Y�h�SFU2P�Y,O�m.[Kdc\<[ Y�P<[]\9P<R�Y,O0P<R�[�\�[.ry[�\�[�O�m.[�h�SFU2P�Y,O�m.[ � \�[.rry\�bZi P�RT[EhTY�P�YZU<[.P]{ � RTb&U2[lr�YZm�[]UgY,\�[�dcY�P�RT[�\�[]h~SkO&P�bjY
U<[.PIbZrK��bZO�[]U�P�R�Y�P�Y,\�[�m.n�Pl_�SpP�R�P<RT[�P<bcW�bcfkbcdZSFm�Y,f�bZW��

[�\�Y�P<bc\ � %� {
� m.bcOcP�bZnT\�SFUIm�\<[ Y�P�[]h�Y,\�bZnTO�h�[ YZm�R�RTbZfV[

Y,O�hjY�r�P�[�\}ry[]_QSpP�[�\�Y�P<SVbZO�U�^,[ YZm�Rum.bcO&P<bZn�\Kh�[.rybc\<iuU}nTOT�
h�[�\gP�RT[ESkOT²�nT[�O�m.[0b,r7SkO&P�[�\�O�Y,f"YZO�h~[�zwP<[�\�O�YZf�rybZ\�m.[]U]{
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��[�WT\�[]U<[�O&P�P�_`bx[.zTYZitW�fk[ U�b,rKR�bZfV[�m.\�[]Y,P<SVbZO�_�SpP�R

P<RT[�\<[ m.bcO�U�P�\<n�m�P<SVbZOubZrLY�U<�wnTfVfDijb�h�[]f7¯�U2[][���dcnT\�[ 
 ° ±
Y,O�h�r�YZm.[gijb�h�[�f9¯�U2[][���dZnT\�[ 
�
 ±.{L�Tbc\7P<RT[�U<�wnTfkf^,RTbcfk[ U
R�YZUlv�[][�O�m.\�[]Y,P<[]h�Y,\�bZnTO�h�P<RT[tP�RT[jbZ\�vTSpP�U�^�P�RT[jOTbcU<[
Y,O�h�P�RT[�rybc\�YZij[�O"{ � P�RT[�\l��bcOT[]UIR�Y s [�O�b,PlvD[�[]O�m�n�P
h�nT[�P<bjP�RT[�SV\�U2iuYZfkf"U<Sk�][Z{� RT[r�YZm�[[�zTY,ijWTfV[�U<RTb�_�U�_�R&�©P�RTSFU�WT\<b�m�[]h�nT\�[
m�Y,O�OTb,P�vD[EiuYZh�[Eryn�fkfV��YZn�P<bciuY�P<SFm,{ � _`bj��bcOT[]U�R�Y s [
SkO�hT[�[]h�vD[�[]O�m.\�[]Y�P�[]h9¢EbcOT[uY,\�bZnTO�h�P�RT[unTWTWD[�\�W�Y,\<P
b,rTP�RT[gRT[]Ych�Y,O�h�bZO�[`Y,P#P�RT[gOT[]m��EfV[ s [�f{ � RT[g�]bZOT[`fkbZ�
m�Y�P�[]h�Y�P7P<RT[gR�YZSk\7fV[ s [�f�m.bc\<\�[]U<W�bcO�hTU�P<b�ijSVU�U2SVOTd0hTY�P�Y
h�nT[KP�bIP�RT[`fkSVijSpP�Y�P<SVbZO�b,rTP�RT[`Ycm��&nTSFU2SkP<SVbZO0P�[]m�RTO�bZfVbZdZ�c{� O�P�RT[ub,P�RT[�\�R�Y,O�h"^�P�RT[u��bcOT[ufkb�m]Y�P<[ h�Y,\�bZnTO�h�P�RT[
OT[]m���h�bw[ U�O�b,Pxm.bc\<\�[]U<W�bcO�h�P�b�YZO&�e[�z�SVU2P<SVOTd�WTRw��U2Sk�
m�Y,fgWDbZSVO&P�UuY,O�hU<RTbZn�fVhv�[�\�[�ijb s [ h9{ � RTSFUjSFUj_�R&�
P<RT[lRTbZfV[�m�\<[ Y�P�SkbcOxY,fVdZbZ\�SkP<RTi \<[ �&nTSk\�[]U�U2bcij[In�U<[�\`SkOT�
P<[�\�YZm.P<SVbZOev�YcU2[ h�bZO�R�SVUtYaWT\�SVbZ\�S��wOTb�_�fV[]h�dc[ub,r�P�RT[
P<\�SVh�SVij[�O�U<SVbZO�YZf�U�m.[]OT[Z{
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4.3.2. Genus Modification

� RT[`dZ[]Own�U#b,r�YlU2nT\<r�YZm�[
SFU`Y�P<bcW�bcfkbcdZSFm�YZfDm�R�YZ\�Ycm�P�[�\�SVU2P<SFm�h�[���OT[]hXYZU�P<R�[�OwnTit�
vD[�\�b,rtU2nT\<r�YZm�[�R�Y,O�h�fV[]U]{ �oR�[�O©h�[]YZfkSVOTd�_�SpP�R SVO��
m.bcijWTfk[�P<[�hTY�P�YT^�P�RT[�SVOTSkP<SFY,fVSk� Y�P<SVbZO®U2P�YZdZ[aW�\<bcW�b&U2[ h
SVO U2[ m�P<SVbZO ��{ 
 WT\�b s SVh�[ U�it[ U2R�[]U�_�SkP<R �][�\�b�dc[�Own�U
¯�U<WTRT[]\<[c^�m.�wfVSkO�h�[�\ ^KbZ\jWTfFY,O�[ ±�{�N+PtSFU�P<RT[]\<[�rybZ\�[XOT[ m��
[]U�U�Y,\��xP<b~WT\<b s SFh�[�Y,OaYZfkdcbZ\�SpP�RTi�P�R�Y�P�SkO�m.\�[]YZU<[]U�P<RT[
ij[]U<R�dZ[�Own�U]{��[�WT\�bZWDbcU<[�YZOYZfkdcbZ\�SpP�RTi P<R�Y,Pxm.bZO�U2SFU�PjSVO�m�bZO��
OT[ m�P<SVOTd�^�_�SkP<R P�RT[P<bZWDbZfVbZdcSVm]Y,f�bcW�[]\�Y,P<bc\ � %� ^�P�_�b
m.bcO&P<bZn�\�U�U<nT\�\<bcnTO�h�SVOTduP�_`bxRTbcfk[ U�{ � ijbZO�dXY,fVf�W�Y,SV\�U
b,r9m.bcO&P<bZn�\�U7U<nT\<\�bZn�O�h�SVOTdlR�bZfV[]U]^,_�[�U<[�fV[]m.P#P�RTbcU<[ s []\2�
Skry�&SVOTdjP�RT[0rybZfVfkb�_�SVOTdjm.\�SpP�[�\�SVY�¢

°c{ � RT[lm�[�O&P<[]\�UKb,r9P<R�[�P�_�b�m.bZO&P�bZnT\�U}i�n�U�P�vD[lm�fkb&U2[
P<bu[ YZm�R�b,P<R�[�\ {
 { � RT[�h�SFY,ij[�P<[�\�Ujb,r�P<R�[�P�_�bem�bZO&P<bcnT\�Uji�n�U2Pxv�[
U2SVijSkfFY,\ {

¦�{ � RT[ P�_�b m�bZO&P<bcnT\�U®i�n�U�P©v�[ fkb�m]Y�P<[ h SVO�U2SFh�[
OT[]YZ\<fV�xW�YZ\�YZfkfV[�f�WTfFY,O�[]U]{

NGO0��dZnT\�[ 
 ¦T^ _�[KSVOTSkP<SFY,fVSk�][�Y�ij[ U2REbZr�U2WTR�[�\�SVm]Y,f�P�bZWDbZfk�
bZdZ�aYZ\<bcnTO�h�Y s [�\<P<[]vT\�Y�{ � R�[xY,fVdZbZ\�SkP<RTi´h�[ U<m�\<SVvD[]h
SkO~P<RT[0WT\�[ s SVbZn�U`U2[ m�P�SkbcO"^�Y,n�P�bZiuY�P�SVm]Y,fVfk�xm�\<[ Y�P<[ UKP�_`b
RTbZfV[]U}bcOu[]Ycm�RjU<SFh�[IbZrDP�RT[�R�YZO�h�fV[Z{7N+r9P<R�bcU<[�m.bZO&P�bZnT\�Us [�\�Skry�xP<R�[�P<R�\<[][�m.\�SpP�[�\�SVYuYZv�b s [EfkSFU�P�[]h9^�P<R�[�dZ[]Own�U�SFU
SkO�m�\<[ YZU<[]h0vw�EY,WTW�fk�wSVOTd�P�RT[`P<bZWDbZfVbZdcSVm]Y,fcbZWD[�\�Y�P<bc\ � %� {� RT[�ij[]U<RuSVU�U2n�v�U2[ �&nT[�O&P<fV�t\<[���OT[]htP�b�m.fVbcU<[�fV���TP�P�RT[
itb�h�[]f�{
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4.4. Controlling the closeness of fit

4.4.1. The Adaptation Algorithm |wSkO�m.[ U<SVitW�fk[�z
it[ U2R�[]UKYZ\<[�h�SFU�m.\�[.P<[I\<[]WT\<[ U2[]O&P�Y�P�SkbcO�bZr"U2nT\<r�YZm�[]U]^,P�RT[
it[ U2RXdZbwb�h�OT[ U<U�b,rL�TP�OTb,PgbZOTfV�xh�[]W�[]O�hTUgbZO~P<RT[Eh�SFU2�
P�Y,O�m.[�bZr s [�\<P<SFm.[ U�P�buP<RT[jhTY,P�YT^DvTn�P0Y,fFU2b~bZO�P<R�[�\�[�fk�
Y�P<S s [�fVbwm]Y�P�SkbcO~b,r s []\2P�SVm�[]U`bZOXP<RT[EU<nT\<r�YZm.[�bZvT��[]m�P { �
dZbwb�h�U2P<\�Y�P<[]dZ��SFUtP<bem.bcO�m.[]OcP�\�Y,P<[ s []\2P�SVm�[]U�P<b�_gY,\�hTU
W�Y,\<P�U�b,r#RTSkdcRXm�nT\ s Y,P<nT\�[ISVO&P<bjbZ\�h�[�\�P<btbZWTP<SVitSV��[�P�RT[
U2R�YZW�[Eh�[ U<m�\<SVW�P�SkbcO"{� RT[}\�[.ry[]\<[]O�m.[7ij[.P�\<SFm}W�YZ\�YZij[.P<[]\�U 
Y � < � 
Y 	 � ��
Y % � ��
Y � ���m.bZO&P�\<bcf�P�RT[0\<[]fVY,P<S s [IWDbcU<SkP<SVbZOXY s [�\<P<[.zu_�SkP<R�\<[ U2WD[]m.P
P<baSkP�U�P<RT\�[�[XOT[�SVdZRwvDbZ\�SkO�d s [�\<P<SFm.[ U�{ � n�\�Y,fVdZbc\<SkP<R�i
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nTW�hTY�P�[]U�P<R�[ s Y,fVnT[ U�bZr"P<R�[l\�[.ry[]\<[]O�m.[lit[�P<\�SVmlW�YZ\�YZi��
[.P�[�\�U0h�[�WD[�O�hTSkOTd�bcO�P�RT[jit[ Y,O�m.nT\ s Y�P�nT\<[ s Y,fVnT[]U�bZr
OT[]SkdcR&vDbZ\�SVOTd s [�\<P<SFm.[ U�{�`YcU2SFm�YZfkfV�Z^XP<R�[ªYZfkdcbZ\�SpP�RTi bcW�[]\�Y,P<[ U�YZU�rybZfVfVb�_�U�¢s []\2P�SVm�[]UubZrEfkb�_£ij[]Y,O®m�nT\ s Y,P<nT\�[�ijSkdc\�Y,P<[�P�b�_`YZ\�hTU
OT[]SkdcR&vDbZ\�SVOTd s [�\<P<SFm.[]U#bZr�\�[�fFY�P<S s []fk�0RTSVdZR�[�\7ij[]Y,Ojm.n�\2�s Y�P�nT\<[X_�RT[�\�[]YcU s [�\<P<SFm.[]U�b,rIm�bZO�U2P�YZO&P�ij[]YZO�m.nT\ s Y��
P<n�\<[0R�Y s [�ij[�P<\�SVm�W�YZ\�YZit[�P<[]\�Ugm.fVbcU<[�P<bjbZO�[lP�RTSV\�h9{� RT[�\�[.ry[]\<[]O�m.[�ij[.P<\�SFm�W�YZ\�YZij[.P<[]\�UXY,\�[�nTW�hTY,P<[]h
[ s [�\�� �aSkP<[�\�Y�P�SkbcO�Ut¯�� � � ±Ivw��P<RT[�rybZfVfkb�_�SVOTdX\<[]fVY,z&�
Y�P�SkbcO�YZfkdcbZ\�SpP�RTi�¢
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[�\�Y�P�SkbcO � Y,O�h 
Y�� � E
� SFU}P�RT[IbcW�P<SViuY,f�it[�P<\�SVmIW�Y,\�Y,ij[�P<[�\s Y,fVnT[`v�YZU<[]h�bZO�P�RT[`fkb�m�YZf s YZ\<SFY�P�SkbcO�b,r�P<RT[gij[]YZO�m.n�\2�s Y�P�nT\<[EY,P K � {� bodc[.P�YoU2P�Y,v�fk[e[ U�P�SkiuY�P�[eb,rtP<RT[eij[ Y,O m.nT\ s Y��

P<n�\<[ s YZ\<SFY�P�SkbcO�Y�P�YxdZS s [�O s [�\<P<[�z�^D_`[E��\�U�Plm�bZO�U<SFh�[�\
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� RT[ s [ m�P�bZ\ � � V �
� SFUg\<[]fVY,P<[]hxP<b�P<RT[ s YZ\<SFY�P�SkbcOxb,r7Y,v��

U<bZfVn�P<[lit[ Y,O�m.nT\ s Y�P<n�\<[�vD[.P�_`[�[]O~bcOT[ s [�\<P<[.zxYZO�huSkP�U
P<R�\<[][`O�[�SVdZRwv�bc\�U]{ � R�[ s []m.P<bZ\7OTbc\<i¨SVU7OwnTfVf�SprDP<R�[�Y,v��
U<bZfVn�P<[`ij[]Y,Otm.nT\ s Y�P�nT\<[`SFULfVb�m�YZfkfV��m.bcO�U�P�Y,O&P]{ � RT[`bZW��
P<SViuY,f}\�[.ry[]\<[]O�m.[tij[.P<\�SFm�W�YZ\�YZij[.P<[]\ s YZfkn�[�SFU0\<[]fVY,P<[ h
P<b � � V �

� _�SpP�R�P<RT[0rybcfkfVb�_�SkO�d�\�[�fFY�P�SkbcO�U2R�SkW"¢

Y�� � E
�
< �
� G � �

� � V �
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_�RT[]\<[ � � SFUIYum�bZO�U2P�YZOcPIP<R�Y,Plm.bcOcP�\<bcfVU`P�RT[�[�z&P�[�O&PIbZr
P<R�[ s [�\<P<[�zYZh�Y,W�P�Y�P<SVbZOQY,O�h�SFUun�U<n�Y,fVfV��m�RTbcU<[�O�vD[.�
P�_`[�[�O  {  ¦�YZO�h  { 
 � { ��b�_`[ s [�\ ^EU2SVO�m.[e\�[.ry[]\<[]O�m.[
ij[.P�\<SFmIW�Y,\�Y,ij[.P�[�\�U 
Y�� � i�n�U�P�vD[�fVbZOTd�P<b�P<RT[0SVO&P<[�\ s Y,f0 � � � 4 ^�_`[0iuY
�~m.bcitW�n�P<[EY s Y,fVnT[Eb,r � � U<nTv�U2P�YZOcP�SVYZfkfV�fVb�_�[]\�P�R�Y,O  {  ¦�{LNGO�WT\�YZm.P<SFm.[Z^�_`[0m�RTbwbcU<[IP�btn�WDhTY,P<[
P<R�[tij[�P<\�SVmtW�YZ\�YZit[�P<[]\�Ul[ s [�\�� � < � � SkP<[�\�Y�P�SkbcO�U�SkO
bZ\�h�[]\xP<bQU2P�Y,v�SkfVSk�][aP�RT[�ij[ U2R v�[�rybZ\�[�\�[.�+[ s Y,fVn�Y�P�SkO�d

P<RT[�ij[]Y,OQm.n�\ s Y�P�nT\�[~b s []\�P�RT[�ij[]U<R"{ !7zTY,ijWTfV[�b,r
it[ U2R�YZhTYZW�P�Y,P<SVbZOESFU�WT\�b s SVhT[]h0SVO���dcnT\<[ � ¯�Y&±"YZO�hx¯yvD±
bZO�Y�ij[ U2R�\�[�W�\<[ U2[]OcP�SkO�d�YIm.n�v�[c{#�#SVdZnT\�[ � ¯�Yc±�m.bZ\�\�[.�
U2WDbZO�h�U#P<bEY0ij[]U<Rth�[�rybZ\�iuY�P<SVbZOt_�SkP<RTbcn�P�YZhTYZW�P�Y,P<SVbZO
¯y\�[.ry[�\�[�O�m.[uij[.P�\<SFmuW�YZ\�YZit[�P<[]\�U0[ �cn�Y,fKP�babZO�[jP<RTSV\�h�±
_�RT[�\�[]YcU7��dZn�\<[ � ¯�v�±Km�bZ\�\<[ U2WDbZO�hTU#P<btYEij[]U<RxYZhTYZW��
P�Y�P�SkbcOX_�SkP<R � � < � � � � {
4.4.2. The Refinement Algorithm |wSVO�m�[0P<RT[�U<R�YZW�[
h�[]U�m.\�SkWTP<SVbZOob,r�YU2SVijWTfk[�z�ij[ U2R®SFU~hT[.P<[]\<ijSVOT[]h®v&�
P<RT[�OwnTi�vD[�\�b,r�SpP�U s [�\<P<SFm.[ U�^l_�[�SkO&P�\<b�h�n�m�[�Y�r�YZm�[
\<[���OT[�ij[]OcP�YZfkdcbZ\�SpP�RTi P<R�Y,P�m.bcOcP�\<bcfVUlP�RT[uij[]U<R�\�[]U2�
bZfVn�P<SVbZO"{ � nT\�Y,fVdZbc\<SkP<R�i´SVU�v�YZU<[]h�bZOeY�\�[.��OT[]ij[�O&P
it[ YZU<nT\�[�h�[]U�m.\�Skv�SkOTdu_�R�[.P<R�[�\lYur�YZm.[�SVUlYudZbwb�h�m�YZO��
h�SVh�Y�P<[xrybZ\�\�[.��OT[�ij[�O&P {�|w[ s [�\�Y,fKdc[�bcit[�P<\�SVmum�\<SkP<[]\<SFY
ijY
��v�[�m�bZi�v�SkOT[ h�P<bE[]U2P<SViuY�P�[gP<RT[�\�[.��OT[�ij[�O&PKij[]Y,�
U2nT\�[Z{

¥�bc\<[0WT\�[]m�SVU<[�fV�Z^�_�[�h�[���OT[0P�RT[ErybZfVfVb�_�SkOTdtrybcnT\�dZ[��
bZij[.P�\<SFmlm�\<SkP<[]\<SFYjYZUg\�[.��O�[�ij[�O&P�ij[]YZU<nT\�[]U]¢
� RT[0\<[]fVY,P<S s [lr�YZm.[�YZ\<[ Y�¢`N+PlSFUIm�bZijWTn�P�[]h�YcU�P<R�[�\�Y,�

P�SkbjbZr7Y�r�YZm�[EY,\�[]Y�P<btP<R�[0P<b,P�Y,f9ij[]U<R�Y,\�[]Y�{� RT[�r�YZm.[0[]fkbcOTdcY,P<SVbZO�¢tN+PtSVU�m.bcitW�n�P<[ heYZU ��� � WTfkn�U
P�RT[�h�Sk��[�\�[�O�m�[�b,r0fk[]OTd,P�R�vD[.P�_`[�[]O�P<RT[afVbZO�dZ[]U2P
[ h�dZ[tY,O�h�P<RT[tU2iuY,fVfV[]U2Pl[]hTdZ[�bZr�Yur�Ycm.[Z^9h�S s SVhT[]h
vw�uP�RT[Eij[]h�SFY,O s Y,fVnT[0b,r#r�YZm�[0[]h�dc[]UgfV[�OTdZP<R"{� RT[�r�YZm.[ �0YZn�U<U<SFY,O�m.nT\ s Y�P<n�\<[�¢~N+PjSFU�[ s Y,fVn�Y�P�[]h�YcU
P�RT[eY,\�[]Y�b,r�P�RT[eU2WTR�[�\�SVm]Y,f0W�bcfk�wdcbZO«h�[ U<m�\<SVvD[]h
vw�eP�RT[�r�YZm�[�O�bZ\�ijYZf s []m.P<bc\�UtbZO�P<RT[ �0YZn�U�U2SFY,O
U<WTRT[]\<[c{� RT[�r�YZm.[Eh�SFU2P�Y,O�m.[0P<buYj¦Z¤¨hTY�P�YZU<[.Pu¢�N+P}SFU7v�YZU<[]h�bZO
P�RT[�\�Y,P<SVbav�[�P�_�[][�OeP�RT[�U2iuY,fVfV[]U2P�h�SFU�P�Y,O�m�[xP<b�Y
¦c¤ hTY,P�YZU<[.P�_�SkP<R�P<R�[�m.n�P<�bZ��h�SVU2P�YZO�m.[ � \�[.r {

� RT[E\�[.��OT[�ij[�O&PIYZfkdcbZ\�SpP�RTi�_`bZ\��wUgSVOaY,O�SkP<[]\�Y,P<S s [
ijYZOTOT[]\�¯�U<[�[���dcnT\�[ 
 �®¯�Y&±2±uY,P~[ s [�\�����SpP�[�\�Y�P�SkbcO�U
¯�� < ��SkO�dZ[�O�[�\�Y,f�±�{ ��[`��\�U2P#U<bZ\<P#YZfkfcr�YZm�[]U7YZm]m.bc\�h�SVOTd
P<b�P�RT[�SV\7\<[���OT[]it[]O&P#ij[]YcU2n�\<[`U2n�m�R�P<R�Y,P#r�Ycm.[ U�R�Y s SVOTd
RTSkdcR0\<[���OT[�ij[]OcP"ij[ YZU<nT\<[ U9Y,\�[#��\�U2P�WT\�b�m.[ U<U<[]h9{ !�YZm�R
r�YZm.[�R�Y s SVOTd�Y�\�[.��OT[]ij[�O&Ptij[ YZU<nT\<[�Y,vDb s [�Y�dcS s [�O
P<RT\�[]U<RTbZfFh9^DSVU�\�[.��O�[]h�vw�am.\�[]Y,P<SVOTd~YXOT[�_ [ h�dZ[�_�SpP�R
P<RT[lP<bcW�bcfkbcdZSFm�Y,f�bZWD[�\�Y�P�bZ\ � %% {

� RT[�it[ U2RXSVU�P�RT[�O�fkbZ�
m�Y,fVfV��U2ijbwb,P�RT[]hQYZ\<bcnTO�h[]YZm�R�OT[]_�fk��m.\�[]Y�P�[]h[]h�dc[
Y,O�h�O�[�SVdZRwv�bc\<SVOTdx[ h�dZ[ UIYZ\<[�[ s []OcP�n�Y,fVfV��U<_gY,WTWD[]h�SVO
bZ\�h�[�\#P<bE�c[�[]W�P�RT[�OwnTi�v�[]\Kb,r s []\2P�SVm�[]U7WD[�\}r�Ycm.[�m.fVbcU<[
P<b�U<Spz9{7�#SkO�YZfkfV�Z^&_`[�\<[ m.bcitW�n�P<[gP�RT[I\�[.��O�[�ij[�O&P�ij[]Y,�
U2nT\�[lrybZ\�Y,fVf�\<[���OT[]h~r�YZm�[]UgY,O�h~SkP<[]\�Y,P<[�nTO&P<SVf"Y,fVf�r�Ycm.[ U
R�Y s [0Yt\<[���OT[�ij[]OcP�ij[]YcU2n�\<[0vD[�fVb�_®P<R�[0P<RT\�[]U<RTbZfFh9{
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� RTSVU�YZfkdcbZ\�SpP�RTi SFU`r�Y,SV\<fV�x[.�xm�Sk[]OcP�vD[]m]Y,n�U<[EY,fVf9bZW��
[�\�Y�P�SkbcO�U�YZ\<[�W�[]\2rybc\<ij[ hEfkb�m]Y,fVfk�c{L�#SkdcnT\�[ 
 ��U2R�b�_�ULYZO
[.zTYZitW�fk[�bZr�ij[]U<Rj\<[���OT[�ij[]OcPKv�YZU<[]htbZO�P<RT[lh�SVU2P�YZO�m.[
P<buYuU<�wOcP�RT[.P�SVm0m�\<b&U<UghTY,P�YZU<[.P {��[tb,r�P�[�O�m�R�b&b&U2[�P<RT[jm.nT\ s Y�P�nT\<[tY,O�h�h�SVU2P�YZO�m.[�P<b
¦Z¤©hTY,P�YcU2[�P`YZU�P<R�[�Ych�[]�&n�Y,P<[lm�\<SkP<[]\<SFY�bZr�\�[.��OT[]ij[�O&P]{
��b�_`[ s [�\ ^K_�RT[]O�P�RT[�¦Z¤´hTY,P�YcU2[�PtSFU s []\<�eOTbcSVU<�Z^�bZ\
R�YcUuiuY,Ow��bZnTP<fVSk[]\�U]^�P�RT[�h�SFU2P�Y,O�m.[am.\�SkP<[�\�SVbZOQU2RTbcnTfFh
OTbZP7vD[gn�U<[]htU2SVO�m.[gSkP}_�bcnTfVh�\�[]U<nTfpP7SVOjYcm�P�n�Y,fVfk�0��P2P<SVOTd
P<R�[�O�bZSFU2[c{7�#SVO�Y,fVfV�Z^�SkPgSFUgb,r�P�[�O�n�U<[.rynTf�P�bt\�[]U2P<\�SFm�P`P<RT[
\�[.��OT[]ij[�O&PtYZfkdcbZ\�SpP�RTi P�b�dcS s [�OeW�YZ\2P�U�bZr�P<RT[Xit[ U2R
SVO�bc\�h�[]\IP�bXbcW�P<SVijSk�][�P�RT[tP<bZP�Y,f7OwnTi�v�[]\�bZr s [�\<P<SFm.[]U
b,r#P<R�[0U<SVitW�fk[�zXij[]U<R"{

5. Simplex meshes versus Triangulated meshes

|wSkijWTfV[.z0ij[]U<RT[]ULY,O�hEP<\�SVYZOTdZnTfFY�P�[]h�ij[]U<RT[]ULY,\�[7P<bcW�bZ�
fkbcdZSFm�Y,fVfV��h�n�Y,f#b,r�[ YZm�RabZP<RT[]\]{ � RTSFUlhTn�Y,fVSpP���SVijWTfVSk[ U
P<R�Y,P�Y,fVf�P�bZWDbZfVbZdcSVm]Y,fKbcW�[]\�Y,P<SVbZO�U�hT[.��OT[ hebZO�Y�U2SVit�
WTfk[�z�ij[]U<R�m]Y,O�v�[xh�[���OT[ h�bcO�Y~P<\�SVYZOTdZn�fVY,P<SVbZO�YZO�h
SkO s []\�U<[�fV�Z{ ��b�_`[ s []\]^�SVOoP�[�\�ijUXb,rthTY�P�Y�U�P�\<n�m�P<n�\<[c^
U2SVijWTfk[�z�ij[ U2RT[ U~YZ\<[aU<fkSVdZR&P�fk��[]YcU2SV[�\jP�b�_`bZ\���_�SpP�R
v�[ m�Y,n�U2[�b,rlP<RT[am�bZO�U2P�YZO&P s [�\<P<[�zm.bcOTOT[]m.P<S s SpP���YZO�h
v�[ m�Y,n�U2[�vDbZ\�h�[]\�U�Y,\�[�m.bcO�U<SVh�[]\<[ h�YZUl[�ijW�P���r�YZm�[]Ulb,r
Y�U<SVitW�fk[�z�ij[]U<R"{ �Ib,P<[jP�R�Y�P�vDbZ\�h�[]\�U0bZr�P�\<SFY,OTdcnTfFY��
P<SVbZO�U�h�b�OTbZP`m�bZ\�\<[ U2WDbZO�htP�b�P�\<SFY,OTdcfk[ U�YZO�hjP<R�[�\�[.rybZ\�[
i�n�U2P�v�[ER�YZO�h�fV[]h�SVO�YjU<[�W�YZ\�Y,P<[0hTY�P�YjU�P�\<n�m.P<nT\�[Z{� RT[�ijYZSkO hTSp��[�\�[�O�m�[�vD[.P�_`[�[�O U<SVitW�fk[�zªij[]U<RT[ U
Y,O�hlP<\�SFY,OTdcnTfVY,P<SVbZO�SVU"dZ[�bcij[.P<\�SFm7SkOEO�Y,P<nT\�[Z{ � O0Y s [�\<�
P<[.zXb,r}YuU2SVijWTfk[�z~ij[]U<R"^�U<nT\<r�YZm.[0OTbc\<iuYZf�^�ij[]YZO�m.nT\<�s Y,P<nT\�[Z^DU2SVijWTfV[.z�Y,OTdcfk[c^�Y,O�h�it[�P<\�SVm�W�Y,\�Y,ij[.P�[�\�U�Y,\�[
nTO�Y,i�vTSVdZnTbcn�U2fV��h�[���OT[ h9{���[xR�Y s [xhT[ s SVU<[]heY�U2SVit�
WTfk[�Y,O�h�[��um�Sk[]O&PISkO&P�[�\�O�Y,f�rybZ\�m.[EbZOaU<SVitW�fk[�z�ij[]U<RT[ U
U2bcfk[]fk��v�YZU<[]h®bZOoP�RT[]U<[�dc[�bZij[�P<\�SVma�&n�YZO&P<SkP<SV[]U]{ !7r��
��m.SV[�O�m���SFU�YZOeSkijWDbZ\<P�Y,O&P�SFU�U2nT[jrybc\�U<R�Y,WD[x\�[]m�b s [�\��
v�[ m�Y,n�U2[�SkPXY,fVfkb�_�UuU<bZij[�fV[ s [�f�bZr�n�U<[�\~SkO&P<[]\�Ycm�P�SkbcO"{
�TnT\<P<RT[]\<ijbc\<[c^&_`[�R�Y s [lrybZnTO�hxP�R�Y�P�P�RT[�� % U2ijbwb,P�R��
OT[]U�Uum.bcO�U�P�\�YZSkO&PuSFUjP<RT[aYZWTWT\�bZWT\�SFY�P<[�m�bZO�U2P<\�Y,SVO&P�rybc\
[.zwP<\�Y,WDbZfFY�P�SkOTdXijSVU�U2SVOTd�hTY�P�Y�U2SVO�m.[tP�RT[ �
	tU2ijbwb,P�R��
OT[]U�Ujm.bZO�U�P�\�YZSkO&PtP<[�O�hTUtP<beU<RT\<SVOT��U<nT\<r�YZm�[]U�P<b�_gY,\�hTU
P<RT[]Sk\�m�[�O&P<[]\�b,r}m.nT\ s Y�P<n�\<[c{

|w[ s []\�YZfLU<SkijWTfV[tYZO�ha[��xm.SV[�O&P0U�m�RT[]it[ U�R�Y s [�vD[�[]O
WT\<bcW�b&U2[ h�rybZ\uh�[�rybZ\�itSVOTd�P<\�SVYZOTdZnTfFY�P�SkbcO�U�n�O�h�[�\tP�RT[
�
	Em.bcO&P<SVO&n�SpP���m.bcO�U�P�\�YZSkO&P�¯�YudZbwb�h�[.zTY,ijWTfV[�m]Y,O�vD[
rybZnTO�hSVO 	 ¦ �� ±.{ �Ib�_�[ s []\]^�YcUjU2[][�O�SkOoU<[]m�P�SkbcO °c{ ��^
[�O�rybc\�m�SkOTdQP�RT[ � % m.bcO&P<SVO&n�SpP��©m.bcO�U�P�\�YZSkO&P�bcO OTbZOT�
W�Y,\�Y,ij[.P�\<SFm�P�\<SFY,O�dZnTfFY�P�[]h®\�[�W�\<[ U2[]OcP�Y�P�SkbcO�Ux\�[]�&nTSV\<[ U
[�SkP<RT[]\U<bZWTRTSFU2P<SFm�Y�P�[]h�U<WTfVSkO�[®rybZ\�i�n�fVY,P<SVbZO�U 	 
 � � bc\
U2nTv�h�S s SVU<SkbcOoU2nT\<r�YZm�[]U 	 °���^�¦Z¦ � { � RTb&U2[�\�[�WT\�[]U<[�O&P�Y��
P<SVbZO�UtfV[]YZh�P<b�ijbZ\�[�m�bZijWTn�P�Y�P<SVbZO�Y,fVfk�eSVO&P<[�O�U2S s [�Y,fk�
dZbZ\�SkP<RTiuU�Y,O�h Y,\�[�OTbZP�_`[�fVfk�+U<nTSkP<[]h®rybZ\�Y�r�YZU2P�nTWT�
hTY�P�[ab,r0P<R�[�SV\XhTY,P�YeU2P<\�n�m�P�nT\<[�Y�r�P<[]\~YefVb�m�Y,ft¯yij[]U<R
\<[���OT[�ij[]OcP�±�bZ\�dcfkbcv�Y,fx¯�dZ[�Own�UaSkO�m�\<[ YZU<[ ±~P<bcW�bcfkbcdZSk�
m�Y,f�m�R�YZOTdZ[c{�NGO�h�[][]h9^`Y��c[���Ych s Y,O&P�YZdZ[~bZr�U<SkijWTfV[.z
it[ U2R�[]U#fkSV[]U7SVO�P<RT[]Sk\}SVO&P<[�\�O�YZf&\�[�dcnTfFY,\�Sk�]SkOTdIrybZ\�m.[�P<R�Y,P
SVU�bZOTfV�jv�YZU<[]hxbZOuP�RT[ s [�\<P<SFm.[ U�WDbcU<SpP�SkbcOx_�SkP<RTbcn�PgYZOw�
YZhTh�SkP<SVbZO�Y,fchT[�dZ\�[�[ U"bZr�ry\<[][]h�bci�{ � RT[�\�[.rybc\<[c^
YZfkfZP<bcW�bZ�
fkbcdZSFm�Y,f`bZWD[�\�Y�P�SkbcO�Utm�Y,Ov�[�h�bcOT[�[.�xm.SV[�O&P�fk�e_�SkP<RQY
U2SVijWTfk[EhTY,P�YjU2P<\�n�m�P�nT\<[c{
�Ib�_�[ s [�\ ^ Y h�SFU<Ych s Y,O&P�YZdZ[ bZr¨n�U<SkO�d U<SkijWTfV[.z

it[ U2R�[]U�b s [�\�P<\�SFY,OTdcnTfVY,P<SVbZO�U�SFU�P�R�Y�PjP�RT[��ei�n�U�PjvD[
P<\�SVYZOTdZnTfFY�P�[]h�SkOubc\�h�[]\#P<bEvD[�h�SVU<WTfFY
�Z[ h�bc\7P<\�Y,O�U2ry[�\�[]h
P<b~bZP<RT[]\IRTSVdZR�fk[ s [�fLP�YcU2��U]{INGO�dZ[�O�[�\�Y,f^TrybZ\lP<\�SFY,OTdcn��
fVY,P<SVOTd�Y�U<SkijWTfV[.zit[ U2R�^�P�RT[�h�n�Y,fgP�\<SFY,O�dZnTfFY�P�SkbcO�SFU
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OTbZPtY�dZbwb�hem�RTbZSFm.[Xv�[ m�Y,n�U2[XSpPuU�P�\<bcOTdZfV��nTO�h�[]\<[ U�P�Sp�
iuY�P�[]UlP<RT[ s [�\<P<[.zam�nT\ s Y,P<nT\�[Z{ENGO�U2P<[ YZh9^9SkP0SVU�WT\�[.ry[]\2�
Y,v�fk[�P�bEP<\�SFY,OTdcnTfVY,P<[�[ YZm�Rtr�YZm�[�SkO�h�[�WD[�O�hT[�O&P<fV�trybZ\KSVO��
U2P�Y,O�m.[0vw�~YZhThTSkOTduYum�[�O&P<\�Y,f s []\2P�[.z9{

6. Results

6.1. Quantitative Results

6.1.1. Influence of the Damping Factor
� nT\�hT[.�

rybZ\�iuY,vTfV[jijbwhT[�f7ry\�Y,ij[�_`bZ\���SVU0v�YZU<[]h�bZOeY ��[�_gP�b,�
OTSFY,OxfFY
_ob,r"ijbZP<SVbZO�¯�U2[][I[]�&n�Y,P<SVbZO � ±�^&P<R�Y�P�SVO�m�fkn�hT[]U
Y�hTY,ijWTSVOTd�r�YZm.P<bc\ESkO�bZ\�h�[]\lP�b�WT\<[ s []OcPEb&U<m�SkfVfVY,P<SVbZO�U
b,r�P�RT[�U2��U2P<[�i�{�¥�bcU2Pth�[�rybZ\�iuY,vTfV[~ijb�h�[�fgU<�wU2P<[]iuU�^
bZOxP<RT[0m.bcOcP�\�YZ\<�c^cYZ\<[�v�YZU<[]hubcO~Y �LY,dZ\�Y,O�dZSFY,OjfVY
_QbZr
ijb,P�SkbcO"^Z_�RT[]\<[�P<RT[IU<WD[�[]hjbZr9[]YZm�R s [�\<P<[.ztSVU�[]�&n�YZf�P<b
P<R�[�U2nTi b,rLP<RT[ESVO&P<[�\�O�YZf"Y,O�hX[.zwP<[]\<O�Y,f�rybZ\�m.[ U�{

NGOuP<RTSFU`U2[ m�P<SVbZO�^&_`[Im�bZijW�Y,\�[�P�RT[I[��um�Sk[]O�m.�jbZr9P<RT[
��[]_gP<bcOTSVYZO�fFY
_�bZr�ijb,P�SkbcO�_�SkP<R�P<RT[4�LY,dc\�YZOTdZSFY,OEfFY
_
b,r7ijb,P�SkbcO"{ ��[E\<[ m�Y,fVf�P<R�Y�P�P<R�[�h�SVU�m.\�[.P�[ ��[]_gP<bZO�SVYZO
fFY
_«b,r#ijb,P<SVbZO�SFU�¢
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��[�OTbZP<[XP<R�Y,PtSkr � < �c^}P<R�[�O�[]�&n�Y�P�SkbcO®° � m.bc\2�

\�[]U<W�bcO�hTUlP<baY ��YZdZ\�Y,OTdcSVYZOafVY
_ b,r`itbZP<SVbZO"{ � U�P<RT[
hTYZitW�SkOTd�r�Ycm�P<bc\ � h�[ m.\�[]YZU<[]UlP�b�_`YZ\�hTUl��[]\<b�^9P<R�[u[.r��
ry[]m.PEb,rKP�RT[uYZm�m�[�fV[�\�Y�P�SkbcO�SkO�m�\<[ YZU<[]U]{E�TbZ\ � < � ^�P<RT[
h�[�rybZ\�ijYZvTfV[�ijbwhT[�f�vD[�R�Y s []UlYZU�YxW�[]\2ry[ m�Plb&U<m�SkfVfFY�P<bc\]{��[XR�Y s [uP<[ U�P�[]h�P<RT[�[.��[]m.PtbZr�P<RT[�hTY,ijWTSVOTd�r�YZm�P�bZ\
bZO�P�RT[�h�[�rybZ\�ijY,P<SVbZO�b,rKYuU<SkijWTfV[.z�ij[]U<R�bZOaYj\�Y,OTdc[
SVijYZdZ[�b,rDY�rybwb,P]{ � RT[`ij[]U<R�SFU#SkOTSkP<SFY,fVSV��[]h�YZU7Y,O�[�fVfkSVW��
U<bZSFh~Y,O�hx_`[lWD[�\<rybZ\�i ¦  SpP�[�\�Y�P<SVbZO�U�bZrLh�[.rybc\<iuY,P<SVbZO"{

� RT[ESkO�SpP�SVYZf"ij[]U<R�WDbcU<SkP<SVbZO�Y,O�hXP<R�[�h�[.rybc\<ij[]h�ij[]U<R
_�SpP�R�Y s Y,fVnT[0b,r � < � � � � Y,\�[0U<RTb�_�O�SkOX��dcnT\<[ 
�� {
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            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

/V?�3

�T���
B"(�� B /V	.3I���
� ���M	������2	��������������@
������$�@�	������
�
=��@ ���k�]�����	������K=�	��	�*w/k?,3�C0��$�@�	��p����L' �`� ���2��	��������
$L8�� ��@�����!�# .L!

NGO���dZnT\�[ 
 �T^�_`[�R�Y s [�U2P<n�hTSk[ haP�RT[thTSVU<WTfFYZm.[]ij[�O&P
b,r s [�\<P<SFm.[ U`hTnT\<SVOTd�P<RT[�hT[.rybZ\�iuY�P�SkbcOxrybZ\�U<[ s [�\�Y,f s Y,fk�
nT[]Utb,rIP<RT[�hTYZitW�SkOTd�r�YZm.P<bc\]{ � RT[�h�SFU2W�fVYcm.[�ij[]OcPjSFU
h�[.��O�[]h�YZU�P<RT[�U<nTi£b,r s []\2P�[.z~ijbZP<SVbZO�vD[.P�_`[�[�O�P�_`b
SpP�[�\�Y�P<SVbZO�U�{£N+P�Y,WTWD[]YZ\�UXP�R�Y�P�YcU � h�[]m�\<[ YZU<[]U]^IP�RT[
m.bZO s [�\�dZ[�O�m.[EU2WD[�[ h�SVO�m.\�[]YcU2[ U�{ �Ib�_�[ s []\]^�_�RT[�O � SFU
U2iuY,fVfV[�\uP�R�Y,O � � � � ^gfVYZ\<dc[�bcU�m.SVfkfFY�P�SkbcO�UuWT\�[ s [�O&PxP�RT[
it[ U2R�ry\�bZi m.bZO s [�\�dZSVOTd�P�b�_`YZ\�h�U�P�RT[�U<R�Y,WD[�b,r0P�RT[
\�YZOTdZ[�hTY�P�YT{o�Tbc\ � < � � � � ^�_`[�bZv�U2[]\ s [~P�R�Y�PuP�RT[
\<[ U2nTfkP<SVOTdtij[]U<R�U<[�fkr��+SkO&P<[]\�U<[]m.P�U]{
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� RT[�\�[]U<nTfkP�U#U2R�b�_�P<R�Y,P#P�RT[(��[�_gP�bZOTSFY,O�fVY
_ebZr�ijb,�
P<SVbZO�SFU0itbc\<[j[��um�Sk[]O&P�P�R�Y,O�P<R�[&��Y,dc\�YZOTdZSFY,O�fFY
_ bZr
ijb,P�SkbcO"{ �Ib�_�[ s [�\ ^�P�RT[tm�R�bZSFm.[�bZr}P<RT[thTY,ijWTSVOTdxr�Ycm��
P<bc\Xi�n�U2P�vD[�dZb s []\<O�[]h�vw�QP<RT[�P<\�YZh�[�b,�©vD[.P�_`[�[�O
[.�xm�Sk[]O�m.�jY,O�huU2P�YZvTSVfkSkP��Z{#N+r � SFU}P<bwb�U<iuY,fVf�^ZP<RT[Iit[ U2R
iuY
�aOTbZPEm�bZO s []\<dc[�P�b�_`YZ\�hTUIP<R�[u\<SVdZR&PEU2R�YZW�[c^�[ U2WD[.�
m.SFY,fVfV��_�RT[]O�P<RT[Xij[]U<ReSVU�r�Y,\�Y
_gY
��ry\�bZi³P<RT[�hTY�P�YT{
N+r � SFUjP�b&b�m.fVbcU<[�ry\<bci °Z{  ^�P<RT[]OP�RT[�[.�xm.SV[�O�m.��bZr
P<R�[~h�[.rybc\<iuY,P<SVbZO�WT\<b�m�[]U�U0SVUEWDbwbZ\ {xNGOeWT\�YZm.P<SFm.[Z^L_�[
m�RTbwbcU<[0Y s YZfknT[EbZr � < � � � �T{
6.1.2. Performance Evaluation of Closest-Point Al-
gorithms ��[eR�Y s [�SVOcP�\<b�h�n�m.[]h P�_`bij[�P<RTb�hTU�rybc\
��O�hTSkOTd�P<R�[�m�fkb&U2[ U�PuhTY,P�YaWDbZSVO&PjP<b�Y�dcS s [�O s [�\<P<[.z9{� RT[�WT\�b,��[ m�P<SVbZO�it[�P<RTb�hn�U<[]U�P<RT[�m]Y,fVSkvT\�Y�P�SkbcO�iuY��
P<\�SFm.[]U�bZr�m�YZit[]\�Y,�v�YZU<[]hQ\�Y,OTdc[.���O�h�[]\�UxP<b��O�h«P<RT[
m.fVbcU<[]U2P�WDbZSVOcP0Y,fVbZOTdjP�RT[�OTbc\<iuYZf"fkSVOT[c{ � RTSVUIij[.P<R�bwh
h�bw[]U�OTb,P`dZn�YZ\�YZO&P<[�[`P�R�Y�P`_�[�_�SVfVf���O�hjP<RT[IP<\�nT[Im�fkb&U��
[]U2P}hTY�P�YIWDbZSVO&P]^�vTn�P}SkP}SVULr�Y,SV\�fk�Em.bcijWTn�P�Y,P<SVbZO�YZfkfV�E[.�j�
m.SV[�O&P { � O�P<RT[�b,P<R�[�\�R�YZO�h9^�P�RT[���hw�P<\�[�[EhTY,P�YuU2P<\�n�m��
P<n�\<[c^�dcS s []U�P<RT[�P�\<nT[am�fkb&U2[ U�PjWDbZSVOcPury\�bZi Y s [�\<P<[.z9^
vTn�PIY,PIYtRTSkdcRT[�\�ij[]itbc\<�xYZO�h�m.bcitW�n�P�Y,P<SVbZO�m.bcU2P]{

NGO�P�RTSVU~U2[ m�P<SVbZO�^�_`[�m�bZijW�YZ\<[XP<RT[�Ycm�m.n�\�Ycm.��Y,O�h
P<R�[�m.bZijWTnTP�Y�P�SkbcO�Y,f�[.�xm.SV[�O�m���bZr�P�RT[]U<[gP�_�b0ij[.P�RTb�hTU
Y�P}P�RT\�[�[�h�Sk�D[]\<[]O&P�U�P�Y,dZ[ U#b,r9h�[.rybc\<iuY�P�SkbcO"¢�SVOTSkP<SFY,fVSk� Y��
P<SVbZO�^�P�RT[���\�U2Pxh�[.rybc\<iuY,P<SVbZOQY,O�h�Y�r�P�[�\u\�[.��OT[]ij[�O&P]{� RT[lP<RT\�[�[lij[]U<RT[]U`Y,\�[IU<RTb�_�Ox\�[]U<W�[ m�P<S s []fk�tSVOx��dcnT\<[
 � ¯�Yc±`Y,O�hX��dcnT\�[]U 
�� ¯�Y&±gY,O�h�¯yvD±�{

|wSkO�m.[�P�RT[���hw�P<\�[�[�ij[.P�RTb�hodZS s [ UjP<R�[�P<\�nT[�m�fkb&U��
[]U2PgW�bcSkO&PgP<b�P<RT[EhTY,P�Y�^&_`[�[ s Y,fVn�Y�P�[IP�RT[EYZm]m.nT\�YZm���bZr
P<R�[`W�\<bZ��[]m�P�SkbcO�ij[.P�RTb�h�SVOtm�bZijW�YZ\<SFU2bcOE_�SpP�R�P�RT[�h�SFU��
P�YZO�m.[�dZS s [�O�vw�XP<RT[��wh���P�\<[][Eit[�P<RTb�h9{ � fkf7h�SFU�P�Y,O�m�[]U

Y,\�[xij[]YZU<nT\�[]heYZfkbcOTd�P<R�[ s [�\<P<[.z�OTbc\<iuY,f`h�SV\<[ m�P<SVbZO�^
SkObZ\�h�[�\�P<b�\<[]itb s [uP<R�[X[��D[ m�Pjb,rlU<W�Y,\�U<[~hTY�P�YT{�NGO
��dZnT\�[#��^�_�[�m]Y,O�U2[][0P<R�Y,P�P<R�[�YZm]m.nT\�YZm��xb,r#P<RT[�WT\<bZ�
��[]m�P�SkbcOaij[.P�RTb�h9^9SkO�m.\�[]YZU<[]UIh�\�YcU�P�SVm]Y,fVfk��YZUIP<R�[�ij[]U<R
SVUlm.fVbcU<[�\�P�bxP<R�[�\�Y,OTdc[�hTY�P�YT{ � RT[�ijY,z�Ski�nTi []\<\�bZ\�U
bwm]m.nT\`Y�P`W�Y,\<P�U�_�RT[�\�[�P�RT[l\�Y,O�dZ[IhTY,P�Y�SVU�SkO�m.bZijWTfV[.P�[
¯�U<n�m�R�YcU�P�RT[gP<SVWtb,r�P�RT[`rybwb,P�±#YZO�h�P�RT[�\�[.rybc\<[`h�bw[]U7OTbZP
R�Y s [�YZOaSVitWDbZ\<P�YZO&PlSVO�²�nT[]O�m.[�bZO�P�RT[�b s [�\�Y,fVf�U<R�Y,WD[
b,r�P�RT[�h�[�rybZ\�ijYZvTfV[�ijb�h�[]f�{� RT[�m.bcijWTn�P�Y,P<SVbZO�YZfEm.bcU2P�b,r�vDb,P�R ij[.P�RTb�hTU�Y,\�[
m.bZijW�YZ\<[ hQSkO«��dZn�\<[ ��{�N+P�YZWTWD[]Y,\�U~P<R�Y,PXP�RT[�[��j�
m.SV[�O�m���b,r�P<R�[a��hw��P�\<[][�it[�P<RTb�hQSFUufVSkOT�c[]hQ_�SkP<RQP�RT[
\�Ych�Skn�U � \�[.r bZr�U2[ Y,\�m�R�Y,\�bZn�O�h�P�RT[ s [�\<P<[�z�_�RTSVm�R�SFU
OTb,P}P�RT[Im�YcU2[grybc\}P<R�[�WT\�b,��[]m.P<SVbZOtij[.P<R�bwh"{=�oR�[�OuP�RT[
it[ U2RESFU�r�Y,\"ry\�bZiªP�RT[�hTY,P�Y�^]P�RT[���hw�P<\�[�[�it[�P<RTb�hESFU � �
P<SVit[ U�U<fkb�_`[�\`P<R�Y,O�P<RT[EW�\<bZ��[]m�P�SkbcOXij[�P<RTb�h�_�RT[�\�[]YcU
SpP�SFUgbZOTfV� � � ��P<SVit[ U�U<fkb�_`[�\�rybZ\gfVb�_�[]\ s YZfknT[0bZr � \<[�r {NGOQYZfkf�m]YZU<[]U]^KP�RT[�P<SVij[�OT[�[ h�[]hP�bevTnTSVfVhQY���hw�P<\�[�[
ry\<bci Y� � � 
 � � � \�Y,OTdc[lSViuY,dc[�_gYZU�� � � � �c{

��\<bci P�RTSVU�[.z�WD[�\�Skij[�O&P ^}_�[~m�bZO�m�fkn�h�[uP<R�Y�P�_�R�[�O
P<RT[�m]Y,fVSkv�\�Y,P<SVbZO�W�YZ\�YZit[�P<[]\�b,r}P<R�[�\�Y,OTdc[�U2[]O�U2bc\IY,\�[
�&O�b�_�O"^~P�RT[ªWT\<bZ��[]m.P<SVbZO ij[.P�RTb�h�SFUvD[.P<P<[]\2�GU2n�SpP�[]h
P<R�YZO0P<RT[��wh���P�\<[][Kij[.P<R�bwh�v�[ m�Y,n�U2[KbZrTSpP�U"fVb�_em.bZijWTnT�
P�Y�P�SkbcO�Y,fKYZO�h�it[]ijbZ\��a\<[ �&nTSk\�[�ij[]OcP {x�TnT\<P<R�[�\�itbc\<[c^
P<RT[�W�bwbc\`Ycm�m.n�\�Ycm.�jb,r"P�RT[�WT\<bZ��[]m.P<SVbZOxij[.P�RTb�h~_�R�[�O
r�Y,\�ry\�bZi P<R�[�hTY,P�YuSFU�v�YZfVYZO�m.[ h�vw�~P�RT[�fVb�_ s YZfkn�[�b,r
P<RT[EU2P<Sk�DOT[ U<U�W�Y,\�Y,ij[.P�[�\  � ¯  � < � � � ±.{
6.1.3. Effect of the Refinement on the Distance Error
NGO0P<RTSFU�U<[]m.P<SVbZO"^ _�[�U�P�n�h��lP<RT[K[��D[ m�P#b,rw\<[���OT[�ij[]OcPLbZO
P<RT[tb s []\�YZfkf�hTSVU2P�YZO�m.[t[�\�\<bc\]{E|&P�Y,\<P<SVOTdxry\�bZi´Y~\<bcnTdZR
[]U2P<SVijY,P<[�U<RTb�_�OSVOQ��dcnT\<[ 
�� ¯�Yc±.^�P�RT[aij[]U<RWDbcU<Sk�
P<SVbZO�Y,r�P<[]\�Y,WTWTfV�wSkO�d~P�RT[t��\�U2P�U�P�Y,dc[�bZr`h�[�rybZ\�ijY,P<SVbZO
SVU#U2R�b�_�O�SkO���dZn�\<[ 
�� ¯�Yc±.{ � RTSFU#ijbwhT[�fwR�YZU�° 
 �  s [�\<�
P<SFm.[]UlY,O�hab s [�\<�GU2ijbwb,P�RT[]U`P�RT[�U<R�Y,WD[�bZr7P<RT[tbZ\�SkdcSkO�Y,f
hTY�P�YT{��[�\�[.��OT[gP�RTSFUKij[]U<Rjv�YZU<[]hjbcOtSkP�U�h�SFU�P�Y,O�m�[gP<bEP�RT[
hTY�P�YZU<[.P]{«NGOP�RTSFUx[.zTYZitW�fk[c^`_`[am�RTbwbcU<[�P�_�beh�Sk��[�\<�
[�O&P�\<[���OT[]it[]O&P0fV[ s [�fFUEU2[�P�vw�aP�_`b�\�[.��OT[�ij[�O&P�ij[]Y,�
U2nT\�[]U]{ � RT[XrybZ\�it[]\�\�[.��OT[�ij[�O&Pjij[]YZU<nT\�[~R�YcU�vD[�[]O
Y,n�P�bZiuY�P�SVm]Y,fVfk�xm�bZijWTn�P�[]hXSkO�bZ\�h�[]\�P�bj\<[���OT[ 
 �	� b,r
P<RT[�bZ\�SkdcSkO�Y,f�O&n�i�vD[�\�b,r�r�YZm.[ U~_�R�[�\�[]YZUXP�RT[�fFY�P<P<[]\
m.bZ\�\�[]U<W�bcO�hTU0P�b�Y�\<[���OT[�ij[]OcPjfV[ s []f�bZr �  � {e|�SkO�m�[
P<RT[�\<[���OT[]it[]O&P�ij[]YcU2nT\�[ISFU�fkSVOT�Z[ huP�b�P<R�[liuY�z�SVi�nTi
h�SVU2P�YZO�m.[�P<bXP<RT[jhTY,P�YT^9m�RTbwb&U2SVOTdXY~\<[���OT[]it[]O&P�ij[]Y,�
U2nT\�[}SFU"[]�&nTS s Y,fV[�O&P9P<blm�RTbwbcU<SkOTd�Y�iuY,zwSVi�n�i s Y,fVnT[7rybc\
P<R�Y,P�h�SVU2P�YZO�m.[c{ � R�[g��\�U2PK\�[.��OT[]ij[�O&PKij[]YZU<nT\�[�m.bZ\�\�[.�
U2WDbZO�h�U�P�b�Y~ijY,z�Ski�nTi´h�SFU�P�Y,O�m�[�b,r 
 
 {V°  iti´YZO�h
P<RT[tU2[ m.bZO�h�P<bXYXh�SFU�P�Y,O�m�[�b,r�°���{ 
 � iji�{ �Ib,P<[�P<R�Y,P
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P<R�SVUxhTSVU2P�YZO�m.[�SFUxm.bcijWTn�P<[ hQOTb,PxbcOTfV��rybZ\xYZfkfIit[ U2Rs []\2P�SVm�[]U]^wvTn�PlYZfVU<b�rybc\gP<RT[�YZfkf�r�Ycm.[�m�[�O&P<[]\�U]{
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SVO���dZn�\<[ 
�� {��ln�YZO&P<SkP�Y�P�S s [E\<[ U2n�fpP�U�bZOaP<RT[th�SVU2P�YZO�m.[
P<b�P�RT[�bZ\�SkdcSkO�Y,f�hTY�P�YT^`Y,\�[XdcS s [�O�SkO��dZn�\<[ � { � RT[
\�[.��OT[]ij[�O&PtW�\<b�m.[ h�nT\�[~SFUjm�Y,fVfV[]he[ s [�\�� � SkP<[]\�Y,P<SVbZO�U
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U<W�YZm�SkOTd�bZr s [�\<P<SFm.[ U�{ � RT[xOwnTi�v�[]\�b,rgr�Ycm.[]U�\<[���OT[ h
WD[�\xm�YZfkfgSFUjh�[]U�m.\�SkvD[]hSVO���dcnT\<[ 
 ��¯�Y&±�{ � RT[�P<b,P�Y,f
OwnTi�vD[�\�b,rgSpP�[�\�Y�P<SVbZO�U0SkO�m�\<[ YZU<[]U�ry\�bZi � � P<be° ¦  YZU
P<R�[E\<[ �cn�Sk\�[]h~\<[���OT[�ij[]OcP�fV[ s [�f9SFUgijbwhTSp��[ h9{

0.0 2.0 4.0 6.0 8.0 10.0
Number of Refinement Procedures

0.0

20.0

40.0

60.0

80.0

100.0

N
um

be
r 

of
 F

ac
es

 R
ef

in
ed

Coarsely Refined Mesh
Finely Refined Mesh

/V	.3
0.0 20.0 40.0 60.0 80.0

Distance  to the Range Data

0.0

50.0

100.0

150.0

200.0

N
um

be
r 

of
 v

er
tic

es

Distance Error Histograms

Finely Refined Mesh
Mesh� Before Refinement��

/k?,3

�T���
Bc( F B /F	.3#H"@
�`�]�
��?,�2�}���D�F	�;���$K���(���
��=��V���7�2	�;+@�;2	����������@
�����(���
�����������
����;2��=
� ���L*&/k?,3&H"@
�9=
��$��+	�� ;2�9����������@
��$��� ����	��?,�G�k�����K	��
=�	��k�����L���(���
���������2B

NGO���dcnT\�[ 
 ��¯�v�±�^7_`[~m�YZO�U2[][uP<RT[Xm�R�Y,OTdc[ub,r�P�RT[
h�SVU2P�YZO�m.[~[�\�\<bc\�RTSFU�P�bZdZ\�Y,i vD[.rybZ\�[XYZO�h�Y,r�P<[�\t\�[.��OT[��
it[]O&P]{ � U�U<RTb�_�O�SkO���dcnT\�[ � ^"P<R�[uijY,z�Ski�nTi´[�\�\�bZ\
SVU�_�SkP<RTSVO�P<RT[jvDbZnTO�h�UEU2[�P0vw��P�RT[j\<[���OT[]it[]O&PEm�\<SkP<[��
\<SVbZO"{ ��bZP<[XP<R�Y,P�P�RT[�it[ h�SFY,O�[]\<\�bZ\th�bw[]U�OTb,P s Y,\��
U2nTv�U�P�Y,O&P<SFY,fVfk�tvD[.P�_`[�[�OxP<RT[lP�_�b�fk[ s [�fFU�b,r"\�[.��OT[]ij[�O&P
U2SVO�m.[�SkP~Y,WTW�\<b
z�SVijY,P<[]fk��m�bZ\�\<[ U2WDbZO�h�U�P�b�P<RT[�\�Y,O�dZ[
hTY�P�Y�\�[]U<bZfVn�P�SkbcO"{� RT[Qm.bcijWTn�P�Y,P<SVbZO¨P<SVit[ U�_�[]\<[�[ s YZfkn�Y,P<[ h bZO Y
¤ ! � � fkW�R�YZU2P�Y,P<SVbZO 
���� 
 ¦Z¦�{ ��[lSkO�h�SVm]Y�P�[�SkOx��dZnT\�[� P�RT[jP<SVij[uOT[�[ h�[]h�rybc\0P<RT[j��\�U2P�U�P�Y,dZ[tb,r�h�[�rybZ\�ijY,�
P<SVbZO®¯y_�R�[�\�[xP<R�[~ij[]U<R�SFU�h�[�rybZ\�ij[]h�ry\�bZi Y,O�[]fkfVSkWT�
U2bcSVh�±lYZU�_`[�fVf}YZUIrybZ\�P<RT[j\�[.��O�[�ij[�O&PEU�P�Y,dZ[c{
�oSkP<RTSVO
P<RT[�\<[���OT[]it[]O&P`U2P�Y,dc[Z^&ijbcU2P`bZr9P<RT[lP<SVij[�SFU`U2WD[�O&PgbZO
[ s Y,fVn�Y�P�SkO�d�P�RT[E\<[���OT[]it[]O&PIm.\�SpP�[�\�SkbcOxrybZ\�YZfkf�r�Ycm.[ U�{

6.2. Qualitative Results

6.2.1. Changing the Connectivity NGOaP<R�SVU�U2[ m�P�SkbcO"^
_�[�h�[�ijbZO�U�P�\�Y,P<[aP�R�Y�P�bZn�\X\�[]m�bZO�U2P<\�n�m�P�SkbcO®U<m�R�[�ij[
m�Y,O�P�Y,�c[�SVOcP�bXYcm�m.bcnTO&P�P<R�[�m�R�YZOTdZ[�bZr�m.bcOTOT[]m.P<S s SpP��c{
¥�bZ\�[IWT\�[]m�SVU<[�fV�Z^�U2P�YZ\2P�SkOTd�ry\�bZi YtU2SVijWTfV[.z~ij[]U<R"^wP�RT[
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m.\�[]Y,P<SVbZO�b,r�R�bZfV[]U]^ZYZU}h�[ U<m�\<SVvD[]h�SkOuU<[]m�P�SkbcO ��{ ¦�{k°c^,m�YZO
m.nTP�YtU<SkijWTfV[.z~ij[ U2RXSkO&P<btP�_`b�SVO�h�[]W�[]O�h�[�O&P�ij[]U<RT[ U�{� RT[tm�R�Y,OTdc[�b,r�m�bZOTO�[]m�P�S s SkP��Xb�m]m.nT\�U�_�RT[]O�P<R�[�W�YZ\2P
b,r�P�RT[��]bZOT[�SkO&P<[]\<WDbZfFY�P�[]hER�YZU"ijbc\<[}P�R�Y,O�bZOT[KvDbZ\�h�[]\]{

NGOQP<RTSFUx[�z�YZijWTfk[c^g_�[�n�U<[�Y�WT\�[.�GU<[�dZij[]OcP�[]h s bcfp�
nTij[.P�\<SFmxSViuY,dc[xm.bZO�U2SFU�P�SkO�dab,r�iuY,Own�YZfkfV��U<[�dcij[�O&P<[ h
m.bcO&P<bZn�\�U]{ � RT[�h�Sp�xm�nTfpP���fVSk[ U�SVO�vTnTSVfVh�SVOTd~Y~U2ijbwb,P�R
dZ[]bZij[.P�\<SFmtijbwhT[�fKP�R�Y�Ptm.fVbcU<[�fV�a�TP�UEP<R�bcU<[xm.bZO&P�bZnT\�U�{
¤lSk\�[]m.P�\�[]m.bcO�U2P<\�n�m�P�SkbcO�P�[]m�RTO�SV�&nT[ U�^KU<n�m�R�YZUt¤l[�fFY,n��
O�Y
��P�\<SFY,OTdcnTfFY�P<SVbZO 	 ¦ � bZ\tP<RT[�¥aY,\�m�RTSkO�dQ��nTvD[]UuYZfp�

dZbZ\�SkP<RTi�^�[.zwP�\�YZW�bcfVY,P<[�P<RT[�m�bZO&P<bcnT\�Ug_�SpP�RTbZn�PIP�Y,�wSVOTd
SkO&P<buYcm�m.bcnTO&PgYZOw�~U2ijbwb,P�RTOT[ U<U�m�bZO�U2P<\�Y,SVO&P�U]{

NGObZnT\�ry\�YZij[�_`bZ\��D^#P�RT[�hT[.rybZ\�iuY,vTfV[~ij[ U2RSVUtY�P<�
P<\�YZm�P�[]hQvw�P<RT[ s bZfVnTij[.P�\<SFm�SViuY,dZ[�Y,O�hoU<nTvTijSkP2P<[ h
P<bu\�[�dZn�fVYZ\<SV��SVOTdtrybZ\�m.[ U�{ � bxm.bZijWTnTP<[EP�RT[�Y,P2P<\�YZm.P<SVbZO
rybZ\�m.[Z^E_`[�U<SkijWTfV�ªm�bZO�U<SFh�[�\�P�RT[�m.bcO&P<bZn�\�U�YcU�[]h�dc[s b
z�[�fFU�{5��[XU2P�YZ\2P�P<RT[X\<[ m.bcO�U�P�\<n�m�P<SVbZO�_�SkP<R�Y,O�YZn��
P<bZiuY,P<SFmuij[]U<R�SkO�SpP�SVYZfkSV�]Y,P<SVbZO�bZrIU2WTR�[�\�SVm]Y,fKP�bZWDbZfVbZdc�
Y,\�bZnTO�h�P�RT[uhTY�P�YT{P��[�bcv�P�YZSkO�Yxij[]U<R�U<nT\�\<bcnTO�h�SVOTd
v�bZP<R®fVnTOTd&U�¯�U<[�[���dZn�\<[ 
�� ¯�Y&±2±.{ � RT[a��\�U2P�h�[�rybZ\<�
ijY,P<SVbZOoU2P�Y,dc[am.\�[]Y,P<[]UuY�U2ijbwb,P�R�ijb�h�[]fI_�RT[]\<[�_`[
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m�YZOem.bZ\�\�[]m�P�fk��h�[.P�[]m�P�P<RT[xW�Y,\<P0_�R�SVm�ReR�YcUEvD[�[�O�SVO��
P<[]\<WDbZfFY�P�[]h9{�|wSVO�m.[~P<RTSFUtSkO&P<[]\<WDbZfFY�P�[]h�W�YZ\2PtR�YZU�P�_�b
vDbZ\�h�[�\�U�^DSkP�U�\<[]ijb s YZfL[]O&P�Y,SVfFU�P�RT[tm�\<[ Y�P�SkbcOab,r�YXU2[ m��
bZO�hU<SkijWTfV[.zit[ U2R�ijb�h�[�f�¯y��dZnT\�[ 
 � ¯�m ±2±�{ � RTb&U2[
ij[]U<RT[]U�Y,\�[�P�RT[�O�\<[���OT[ haY,O�h�P<RT[���O�YZfL\�[]m�bZO�U2P<\�n�m��
P<SVbZO�SFUgWTSFm�P<n�\<[ hXSVO���dZn�\<[ 
 � ¯�r�±.{
6.2.2. Reconstruction from Volumetric Images NGO
P<R�SVU�[.zTYZitW�fk[c^9_�[�\<[ m.bZO�U�P�\<n�m.PIP�RT[ s [�O&P�\<SFm.fV[]U]^DY,P<\�SVY
Y,O�hEP<R�[`WD[�\�SFm�Y,\�h�SVnTiªry\<bci Y � °��_`[�SVdZR&P�[]h�¥�§�N s bcfp�
nTij[.P�\<SFm�SkiuY,dc[Z{ � RT[tSVijYZdZ[jm.bc\<\�[]U<W�bcO�hTU�P<b�Yx\�bZn��
P<SVOT[�YZm��&nTSFU<SpP�SkbcO�bZr0P<RT[�YZvDhTbZij[�O®YZO�hom.bcO�U2SFU2P�UubZr
bZO�fk� °  U<fkSFm.[ U~_�SkP<RTbcn�PaY,Ow�om.bcOcP�\�YcU�P�Y,dc[�O&P]{B�`[.�
m�YZn�U<[�b,r�P<RT[tfVb�_g�+m�bZO&P<\�YZU2P]^�h�[.rybc\<iuYZvTfk[�ijbwhT[�fFU�YZ\<[
P<R�[`bcOTfV��Y,fkP<[�\�O�Y,P<S s [KP�bliuYZO&n�Y,f�U2[]dZij[�O&P�Y�P<SVbZO�{L�Tn�\2�
P<R�[�\�itbc\<[c^7_�[�m�Y,O�OTb,PjY,n�P�bZiuY�P�SVm]Y,fVfk��SkO�SpP�SVYZfkSV��[XbZnT\
ijb�h�[�fFU�vD[]m]Y,n�U<[ISkP�SFU�SkijWDbcU�U2SVvTfV[�P<b�SVU<bZfFY�P�[�P�RT[ s [�O��
P<\�SFm.fV[]U�YZO�hxY,P<\�SVY0SVOuP<R�[ISVijYZdZ[c{LNGO�U2P<[ YZh9^&P�RT[ s [�O&P<\�Sp�
m.fV[]U�Y,O�heY,P<\�SVY�ijb�h�[]fVU�YZ\<[uSVOTSkP<SFY,fVSk�][]h�YcUE[�fVfVSkW�U<bZSFhTU
¯���dZnT\�[`¦  ¯�Yc±<±LYZO�h�W�b&U2SkP<SVbZOT[ h�iuYZO&n�Y,fVfk�E_�SkP<RTSVO�P<RT[s bcfkn�it[�P<\�SVmtSViuY,dZ[c{ � RT[uWD[�\�SVm]Y,\�h�Skn�i´SVU�SkOTSkP<SFY,fVSV��[]h
YZU�Yjm��&fVSVO�h�[�\ {� fVf�itb�h�[]fVU}YZ\<[gY�P<P<\�YZm.P<[]h�P<b�_gY,\�hTUL[]h�dc[]U7_�SkP<R�P<RT[
YZh�h�SpP�SkbcO�Y,fcm.bZO�U�P�\�YZSkO&P9P<R�Y�P�P�RT[�U<nT\<r�YZm.[}O�bZ\�ijYZf,i�n�U�P
vD[�m.bZR�[�\�[�O&P<fV�EbZ\�Sk[]O&P<[]h�_�SkP<RtP<RT[�SViuY,dc[�dc\�Ych�Sk[]O&P7h�Sk�
\�[]m�P�SkbcO"{ � RT[tdZ\�YZh�SV[�O&PlSVO�rybc\<iuY�P�SkbcOa_gYZU�m.bZijWTnTP<[]h
YZUtY 
 ¤ dc\�Ych�SV[�O&P�U<SkO�m�[xP�RT[XSVO&P<[]\2�GU2fVSFm.[~h�SFU2P�Y,O�m.[~SFU
U<SpzxP�Skij[ U�fVYZ\<dc[�\`P<R�Y,OXP<RT[EWTSkz�[�f�U<SV��[Z{

�LSV\�U�P ^gP<RT[�h�Sp��[�\�[�O&P~ijb�h�[]fVUXY,\�[ah�[.rybc\<ij[]hQ_�SkP<R
YxR�SkdcR�\�SkdcSVh�SkP���W�Y,\�Y,ij[�P<[�\�Y,O�h"^DSVO�YXU2[ m.bcO�haU2P�Y,dc[Z^
P<R�[�\�SVdZSFh�SpP��jW�YZ\�YZij[.P<[]\�SFUgh�[]m�\<[ YZU<[]hjP�btY�ijSkO�Ski�nTi
_�RTSVfk[xU<fVSkdcRcP�fk��\<[���OTSVOTd�P<RT[~it[ U2R�[]U0v�YcU2[ h�bcOeY,\�[]YT{�`[]m]Y,n�U<[XbZrIP�RT[�\<bcnTdZRit[ U2R�SVOTSpP�SVYZfkSV�]Y,P<SVbZO"^�_�[�YZfp�
fVb�_ P�RT[�n�U<[�\uP�befkb�m�YZfkfV��dcnTSFh�[�P<RT[�it[ U2RQSVOobZ\�h�[�\
P<bu\�[�ijb s [�SkP�ry\�bZi£Yjfkb�m�YZf9ijSkOTSVi�n�i�{ ��b�_`[ s [�\ ^�_�[
rybZn�O�h�P<R�Y,PKn�U2SVOTd�P<R�[Im.bcRT[�\�[�O�m�[�vD[.P�_`[�[]OtP<RT[�dc\�Ych�Sp�
[�O&P7h�Sk\�[]m.P<SVbZO�YZO�h�P<RT[�bZ\�Sk[]O&P�Y�P�SkbcO0b,rwP<RT[`h�[.rybc\<iuYZvTfk[
ijb�h�[�f}dc\<[ Y�P<fV��RT[�fVW�UlP<R�[jU<[�dcij[�O&P�Y,P<SVbZO"{ � RT[t\�SkdcRcP
Y,O�h�fV[.r�P s [�O&P�\<SFm.fV[]U�R�Y s [�v�[][�O�[ YZU<SkfV�EU2[]dZij[�O&P�[]hx¯y��d,�
nT\�[�¦  ¯�v�±jY,O�h ¯�m]±2±�_�RT[]\<[ YZU�P<R�[�\�[]m�b s []\<��b,rlP<RT[
Y�P�\<SFY�SFU�itbc\<[lWT\�bZvTfV[�iuY�P�SVmZ{LNGOXW�Y,\<P<SFm.n�fVYZ\]^cP<RT[�\�SkdcRcP
Y,O�hefk[�r�PjY,P<\�Skn�i SVO&P<[]\�U<[]m.P�[]Ycm�R�b,P�RT[�\�v�[ m�Y,n�U2[~P<RT[
U<[�W�P�nTi U2[]W�Y,\�Y�P�SkO�d�P<RT[XP�_`b�m�Y s SkP<SV[]U�SVUtijSVU�U<SkOTd�SkO
P<R�[ESkiuY,dc[x¯���dcnT\�[0¦  ¯�R�±2±.{�NGO���dZn�\<[�¦  ¯yS�±�^�_�[EU<RTb�_
P<R�[�U<fkSFm.[ U�b,r�P�RT[�hTSp��[�\�[�O&P�\<[ m.bZO�U�P�\<n�m.P<[ hQitb�h�[]fVU]{� v�[�P2P<[]\t�TPjm�bZnTfFhevD[�Ycm�RTSV[ s [ h�vw��SVO�m�\<[ YZU<SkOTdaP<RT[
\�[]U<bZfVn�P<SVbZO�bZr�P<R�[�ijb�h�[]fVUjY�PtP<R�[�[�z�W�[]O�U2[�b,r�m.bZit�
WTn�P�Y�P�SkbcO«P�Skij[Z{ � RT[�O&n�i�vD[�\�b,r s [�\<P<SFm.[ Uxrybc\�P<RT[

\<SVdZR&P � fk[�r�P s [�O&P<\�SVm�fk[ U�^cP<R�[l\�SkdcR&P � fV[.r�P�Y�P�\<SVnTi�YZO�huP�RT[
W�[]\<SFm�YZ\�h�SVnTi SFU}\�[]U<W�[ m�P�S s [�fV�~° ��
� ^�° 
 �  ^�° ¦ 
� ^T° ����

Y,O�h�¦ ���T{
6.2.3. Reconstruction by Parts �oRT[�O�P<RT[�bZv���[ m�P
P<b©\<[ m.b s [�\�SVUeU2P<\�bZOTdcfk�¨OTbZO��Gm.bcO s [.z bc\eOTbZO�U�P�Y,\<�
U2R�YZW�[ h9^�SpP0iuY
��v�[tOT[ m.[]U�U�Y,\��~P�bX\�[]m�b s [�\lU2nTvT�W�YZ\2P�U
b,r#P<R�Y,PIbZv���[ m�PIYZO�h�U2n�v�U2[ �&nT[�O&P<fV����bcSkO�P�RT[�h�Sk��[�\�[�O&P
W�Y,\<P�U]{

��bZ\�SVO�U2P�Y,O�m.[Z^X_�[«R�Y s [o\�[]m�bZO�U2P<\�n�m�P�[]h�Y R�YZO�h
itb�h�[]f}vw��\�[]m.bcO�U2P<\�n�m�P�SkOTd�SVO�h�[�WD[�O�h�[�O&P<fV��P<RT[uW�YZfki
Y,O�h�P<R�[ � ��OTdc[�\�U�{ � RTbcU<[�ijb�h�[�fFUKR�Y s [�v�[][�OuSVOTSkP<SFY,fk�
Sk�][]h0_�SkP<R�Y�U<WTRT[]\<[�Y,O�h � m��wfkSVO�h�[]\�U]^�YZU�U<[�[]OESkO���dZnT\�[
¦T°X¯�Yc±.{ � r�P�[�\0\<[ m.b s [�\�SkOTd~[]YZm�R�WTSk[ m.[c^9_�[tiuY,Own�Y,fVfV�
m.bZO�OT[]m.P`P�RT[�i P<bcdZ[.P�RT[�\g_�SkP<R�U<[ s []\�YZf � %� bZWD[�\�Y�P<bc\�U]{� RT[g��nTO�m.P<SVbZO�U�vD[.P�_`[�[]O�it[ U2R�[]U�Y,\�[�P<RT[]OaY,n�P�bZiuY�P<�
SVm]Y,fVfk�aU<ijb&bZP<RT[ h�P�bX[]O�U2n�\<[jYXm�bZO&P<SVOwnTSkP���b,r�O�bZ\�ijYZf
bZ\�Sk[]OcP�Y�P�SkbcO"{ � RT[���O�Y,f#itb�h�[]fLR�YZUIYZv�bcn�P �    s [�\<�
P<SFm.[]U}YZO�h�n�U2[ U#P<RT[`P<[�zwP<nT\�[gb,r�vDb,P�Rj\�YZOTdZ[`hTY�P�YT{ � RT[
²�[.z�SVvTSkfVSkP���bZr`P�RT[~U<SkijWTfV[.z�ij[]U<Re\<[]WT\�[]U<[�O&P�Y,P<SVbZOeY,fk�
fkb�_�Ugn�U�P<bjW�[]\2rybc\<i P<RT[E\�[]m�bZO�U2P<\�n�m.P<SVbZO�v&�~W�Y,\<P�U�SVO
YtU2P<\�Y,SVdZR&P<rybZ\�_`YZ\�hjiuY,O�OT[�\ {

7. Conclusion

NGOXP�RTSFU�W�YZW�[]\]^�_�[ER�Y s [EWT\�[]U<[�O&P<[ h�Yjdc[�OT[]\�YZf9\<[ m.bcO��
U�P�\<n�m.P<SVbZOjry\�Y,ij[�_`bZ\���v�YcU2[ hubZOxhT[.rybZ\�iuY,vTfV[IU<SkijWTfV[.z
it[ U2R�[]U]{¨N+P�hTSp��[�\�Uxry\�bZi WT\�[ s SVbZn�U~Y,WTWT\�bcYcm�RT[]Uxv&�
n�U2SVOTduYjOTbcO��W�Y,\�Y,ij[.P�\<SFmI\�[�W�\<[ U2[]OcP�Y�P�SkbcOXbZr7U<nT\<r�YZm.[ U
Y,O�h�vw�XP<RT[�YchTh�SkP<SVbZOabZrKh�[.rybc\<iuY,v�fk[�m�bZO&P<bcnT\�U�fk�wSVOTd
bZOtP<RT[lU2nT\<r�YZm�[�ijbwhT[�f{ � RT[lh�[.rybc\<iuY,v�fk[�ijb�h�[�fFUKm]Y,O
v�[u\�[.��O�[]h9^#YZhTYZW�P<[ h9^#YZO�h�P<RT[xfV[ s [�fKbZrgU<ijbwb,P<R�OT[]U�U
m�Y,O«v�[em.bcO&P<\�bZfVfk[ hoSkO©Y�m.bZijWTnTP�Y�P�SkbcO�Y,fVfV��[��xm.SV[�O&P
ijYZOTOT[]\]{ �`[ m�Y,n�U2[aU<SkijWTfV[.z�ij[]U<RT[]Uxm]Y,OQ\�[�WT\�[]U<[�O&P
U2nT\<r�YZm�[]U�b,r�Y,fVf�P<bZWDbZfVbZdcSk[ U�^&_`[IR�Y s [�WT\�bZWDbcU<[]huY,O�Y,fk�
dZbZ\�SkP<RTi rybZ\�YZh�Y,W�P�SkOTd�P<RT[�ij[]U<R®P�bZWDbZfVbZdZ��P�b�P�RT[
P<bZWDbZfVbZdc�jb,r"P�RT[0bZv���[ m�P]{}�#SVO�Y,fVfk�c^�_�[�R�Y s [IWT\�bZWDbcU<[]h
OT[�_erybc\<i�nTfFY�P<SVbZO�U�bZrTP<RT[g[�z&P�[�\�O�Y,fcrybZ\�m.[ U"ry\�bZi \�Y,O�dZ[
hTY�P�Y�bc\ s bZfVnTij[.P�\<SFm�SkiuYZdZ[]U]{

NGOP<RT[am�nT\�\<[]OcPjSVitW�fk[]it[]O&P�Y�P�SkbcO"^`_�[�\�[�fV�ebZOQY,O
SkOTSkP<SFY,fVSV�]Y�P�SkbcO Y,fVdZbZ\�SkP<RTi P<R�Y,PSFU�fVSkijSkP<[]h P<b bcOTfk�
P<RT\�[�[oh�Sk�D[]\<[]O&PeP<bZWDbZfVbZdcSk[ U�{ ��nT\2P�RT[�\�ijbZ\�[Z^uSkP�\<[��
�cn�Sk\�[]UDP�R�Y�P�bcv���[]m.P�U9bZr�SkO&P<[]\<[ U�P"R�Y s [7v�[][�OEWT\�[ s SVbZn�U<fV�
SVU<bZfFY�P�[]htry\�bZi�b,P�RT[�\`bZv���[ m�P�U�{N��[lSVO&P<[�O�hjP<bjh�[ s [�fVbZW
YXijbc\<[jdZ[]OT[�\�Y,f}SVOTSkP<SFY,fVSk� Y�P�SkbcO�P�[]m�RTO�SV�&nT[jP�R�Y�P�h�bw[ U
OTb,P�\�[]�&nTSV\�[jYZOw��Y�WT\�SVbZ\�SK�wOTb�_�fk[ h�dZ[ubZrgP<RT[xbcv���[]m.P
P<bZWDbZfVbZdc�Z{L|�n�m�RuY,OuY,WTW�\<b&YZm�R�i�n�U�PKvD[�m.bcnTWTfV[]h�_�SpP�R
Y�fVb�_g�+fk[ s [�f�U<[�dcit[]O&P�Y�P�SkbcO�YZfkdcbZ\�SpP�RTi P<R�Y�P~m�YZO[�zw�
P<\�YZm�P�Yt\�[�dZSVbZOXb,r7SkO&P�[�\�[]U2P]{
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U2SVit�
WTfk[�zXY,O�dZfV[0YZO�h�Y,OTdcfk[�� � ¢
K�� < Y 	 � K�� C 	 G

Y
% ��K � � 	 G

��7 % � � C �
� , � : =?>�7 7 � � : 8 � G��7 % � � C �
� , � : 7 8P9 7 � � : � � � 8 �

_�SpP�R % � < 	% ALK � � 	 MQK � C 	 A Y,O�h C �
< � � Y 	 � M � � % � {

4. Internal Force Applied on Contours.

� RT[KSVOcP�[�\�O�Y,fZrybZ\�m.[KYZWTWTfVSk[ hEbZO�YgP�\<SFh�SVij[�O�U<SkbcO�Y,f&m.bcO��
P<bZn�\  m�YZO�YZfVU<b�v�[~hT[]m.bcijW�b&U2[ h�SVO&P<b�Y�P�YZOTdZ[]OcP�SVYZf
Y,O�hXOTbZ\�iuY,fDrybZ\�m.[c{

�
��� E < � !$# �&% � � E G

� '*) G*D #,+
�TbZ\xP<RT[�P�Y,O�dZ[�O&P�SVYZf�rybZ\�m.[c^�_�[�h�[.��O�[�Y�U<[.PXbZrE\<[�r��
[�\�[�O�m�[�ij[.P<\�SFm�W�YZ\�YZit[�P<[]\�U 7�
Y 	 � ��
Y % � : _�RTSVm�R m.bZ\�\�[.�
U2WDbZO�h�U0P<b�P�RT[~WDbcU<SkP<SVbZO�SkO�P<RT[uP�Y,OTdc[�O&P�WTfFY,O�[ub,r�Ys [�\<P<[�za_�SpP�R�\<[ U2WD[]m.P�P�b�SpP�U 
 OT[�SVdZRwvDbZ\�U�{tN+r K � SFUEYs [�\<P<[�zEb,r� �Y,O�h�Spr K�� C 	 ^ K � � 	 YZ\<[`SkP�U#P�_`blOT[]SkdcRwv�bc\�U]^
P<RT[]OXP�RT[0P�YZOTdZ[]O&P<SFY,fDrybZ\�m.[0SFUg[.z�WT\�[]U�U2[ hXYcU�¢

� ! # �&% � � E < 7 
Y 	 � M Y 	 � : K�� C 	 G
7�
Y
% � M Y

% �
: K � � 	

�oSkP<RXP<RT[0OTbZP�Y,P<SVbZO~bZrLY,W�W�[]O�h�Skz � { ¦T^&P<R�[�O�bZ\�ijYZf
rybZ\�m.[�SVU�_�\�SkP2P<[]O�YZU]¢
�(' ) G*D # +O<����47 % � � C �

� 
, � : =?>@7 7 
� � :�� M ��7 % � � C �
� , � : =?>�7 7 � � :��P8 � G� �47 % � � C �

��
, � : 7�8�9 7 
� � :�� M �47 % � � C �
� , � : 7�8�9 7 � � :�� � � � 8 �

� RT[�m�RTbcSVm�[ab,r 
� � YZO�h 
,�h�[�P<[�\�ijSkO�[]U~P<RT[�fk[ s [�flb,r
m.bZO&P�SkOwnTSkP��xm.bcO�U�P�\�YZSkO&P {
Position Continuity or �

@
Constraint: { ��[�U2[�P 
, � <, � Y,O�h


� � < � � { � RT[�OTbZ\�iuY,f�rybc\�m�[gSVUKP<RT[]OuO&n�fkf�YZO�h
P<RT[Em.bcO&P<bZn�\�m�Y,OXry\�[�[�fV�xvD[�O�h�YZ\<bcnTO�hX[]YZm�R s []\2P�[.z9{
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Normal Continuity or � 	 Constraint: ��[jU2[�P 
, � <� Y,O�h 
� � < � { � R�[~rybc\�m�[XP�RT[�OQU<SkijWTfV��_�\�SpP�[]UjYZU�
��� E < 
Y 	 ��K � C 	 G


Y
% �9K�� � 	 M K � _�RTSFm�R�m.bc\<\�[]U<WDbZO�hTU

P<b �0��YZWTfVYcm.SFY,O�U2ijbwb,P�RTSkO�d���{
Curvature Continuity or � % Constraint: ��[©U2[�P
� � < � YZO�h 
, � <�� ��� " � � � � � ��� "

� {
Shape constraint: ��[�U<[.P 
, � < , @� YZO�h 
� � < � @�_�RT[]\<[ , @� Y,O�h � @� YZ\<[�P�_�b�m�bZO�U2P�YZO&P�U�m�bZ\�\<[ U2WDbZO�h�SkO�d
P<btP�RT[E\<[�ry[�\�[�O�m�[EU2R�YZW�[c{
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