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T o Emmi and Evi

"Die gefährlichste al ler W eltanschauungen ist die W eltanschauung der L eute,

welche die W elt nie angeschaut hab en."

(The most dangerous of all w orld-views is the one of p eople who ha v e nev er view ed

the w orld.)

Zugesc hrieb en: Alexander v on Hum b oldt
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Abstract

This thesis cen ters on the dev elopmen t of a p oin t-based statistical shap e mo del

relying on corresp ondence probabilities in a sound mathematical framew ork. F urther

fo cus lies on the in tegration of the mo del in to a segmen tation metho d where a

no v el approac h is tak en b y com bining an explicitly represen ted shap e prior with an

implicitly represen ted segmen tation con tour.

In medical image analysis, the notion of shap e is recognized as an imp ortan t fea-

ture to distinguish and analyse anatomical structures. The mo deling of shap e reali-

zed b y the concept of statistical shap e mo dels constitutes a p o w erful to ol to facilitate

the solutions to analysis, segmen tation and reconstruction problems. A statistical

shap e mo del tries to optimally represen t a set of segmen ted shap e observ ations of

an y giv en organ via a mean shap e and a v ariabilit y mo del. A fundamen tal c hallenge

in doing statistics on shap es lies in the determination of corresp ondences b et w een

the shap e observ ations. The prev ailing assumption of one-to-one p oin t corresp on-

dences seems arguable due to uncertain ties of the shap e surface represen tations as

w ell as the general di�cult y of pinp oin ting exact corresp ondences.

In this thesis, the follo wing solution to the p oin t corresp ondence problem is

deriv ed: F or all p oin t pairs, a corresp ondence probabilit y is computed whic h amoun ts

to represen ting the shap e surfaces b y Mixtures of Gaussians. This approac h allo ws

to form ulate the mo del computation in a generativ e framew ork where the shap e

observ ations are in terpreted as randomly generated b y the mo del. Based on that, the

computation of the mo del is then treated as an optimization problem. An algorithm

is prop osed to optimize for mo del parameters and observ ation parameters through

a single maxim um a p osteriori criterion whic h leads to a mathematically sound and

uni�ed framew ork.

The metho d is ev aluated and v alidated in a series of exp erimen ts on syn thetic

and real data. T o do so, adequate p erformance measures and metrics are de�ned

based on whic h the qualit y of the new mo del is compared to the qualities of a

classical p oin t-based mo del and of an established surface-based mo del that b oth

rely on one-to-one corresp ondences.

A segmen tation algorithm is dev elop ed whic h emplo ys the a priori shap e kno w-

ledge inheren t in the statistical shap e mo del to constrain the segmen tation con tour

to probable shap es. An implicit segmen tation sc heme is c hosen instead of an ex-

plicit one, whic h is b ene�cial regarding top ological �exibilit y and implemen tational

issues. The mathematically sound probabilistic shap e mo del enables the c hallenging

in tegration of an explicit shap e prior in to an implicit segmen tation sc heme in an

elegan t form ulation. A maxim um a p osteriori estimation is dev elop ed of a lev el set

function whose zero lev el set b est separates the organ from the bac kground under a

shap e constrain t in tro duced b y the mo del. This leads to an energy functional whic h

is minimized with resp ect to the lev el set using an Euler-Lagrangian equation. Sin-

ce b oth the mo del and the implicitly de�ned con tour are w ell suited to represen t

m ulti-ob ject shap es, an extension of the algorithm to m ulti-ob ject segmen tation

is dev elop ed whic h is in tegrated in to the same probabilistic framew ork. The no v el

metho d is ev aluated on kidney and hip join t segmen tation.



vi



Zusammenfassung

Ein probabilistisc hes F ramew ork

für punktbasierte F ormmo dellierung

in der medizinisc hen Bildanalyse

Die v orliegende Doktorarb eit k onzen triert sic h auf die En t wic klung eines auf K or-

resp ondenzw ahrsc heinlic hk eiten b eruhenden punktbasierten statistisc hen F ormmo-

dells in einem mathematisc h fundierten und gesc hlossenen F ramew ork. Ein w eiterer

Sc h w erpunkt liegt in der In tegration des en t wic k elten Mo dells in eine Segmen tie-

rungsmetho de. Hier wird ein neuartiger Ansatz v orgestellt, in w elc hem explizit de�-

niertes F orm wissen mit einer implizit de�nierten Segmen tierungsk on tur k om biniert

wird.

In der medizinisc hen Bildanalyse gilt der Begri� der F orm als wic h tiges Merkmal

für die Erk enn ung und die Analyse anatomisc her Stukturen. Die F ormmo dellierung

mittels des K onzeptes der statistisc hen F ormmo delle v erk örp ert ein mäc h tiges W erk-

zeug, w elc hes zu Lösungen für Analyse-, Segmen tierungs- und Rek onstruktionspro-

bleme b eiträgt. Ein statistisc hes F ormmo dell v ersuc h t, einen Satz v on segmen tierten

F orm b eobac h tungen eines gegeb enen Organs optimal durc h eine mittlere F orm und

ein V ariabilitätsmo dell zu repräsen tieren. Eine groÿe Herausforderung für jeglic hen

statistisc hen Ansatz stellt hierb ei die Bestimm ung v on K orresp ondenzen zwisc hen

den F ormen dar. Die üblic he Annahme v on 1-zu-1 K orresp ondenzen ist problema-

tisc h aufgrund der Unsic herheiten die Genauigk eit der Segmen tierung b etre�end als

auc h aufgrund der allgemeinen Sc h wierigk eit, exakte K orresp ondenzen zu lok alisie-

ren.

In dieser Arb eit wird als Lösung für das Punkt-K orresp ondenzproblem eine K or-

resp ondenzw ahrsc heinlic hk eit für alle Punktepaare b erec hnet. Dies b edeutet, daÿ

die F ormob er�äc hen durc h Gauÿ'sc he Misc h v erteilungen repräsen tiert w erden. Diese

Herangehensw eise erlaubt eine F orm ulierung der Mo dellb erec hn ung in einem gene-

rativ en Rahmen, in dem die Beobac h tungen als zufällig durc h das Mo dell generier-

te Stic hprob en in terpretiert w erden. Darauf aufbauend wird die Mo dellb erec hn ung

als Optimierungsproblem b ehandelt. Es wird ein Algorithm us zur Berec hn ung der

Mo dell- und Beobac h tungsparameter in einem einzigen Maxim um-A-P osteriori Kri-

terium v orgesc hlagen. Dies führt zu einem mathematisc h fundierten und gesc hlos-

senen F ramew ork.

Die Metho de wird in einer Exp erimen tserie an syn thetisc hen und realen Daten

ev aluiert und v alidiert. Dafür w erden adäquate Leistungsmaÿe und Metrik en de�-

niert, anhand derer die Qualität des neuen Mo dells mit den Qualitäten eines klas-

sisc hen punktbasierten Mo dells und eines etablierten ob er�äc hen basierten Mo dells,

die b eide auf 1-zu-1 K orresp ondenzen b eruhen, v erglic hen wird.

Es wird ein Segmen tierungsalgorithm us en t wic k elt, w elc her das im Mo dell en t-

haltene V orwissen üb er die F ormen einsetzt, um die Segmen tierungsk on tur auf w ahr-

sc heinlic he F ormen zu b esc hränk en. Statt eines expliziten wird ein impliziter Seg-

men tierungsansatz gew ählt, da dieser in Bezug auf top ologisc he Flexibilität und
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Implemen tierungsfragen V orteile aufw eist. Das mathematisc h fundierte probabili-

stisc he F ormmo dell ermöglic h t auf elegan te W eise die anspruc hsv olle In tegrierung

v on explizit repräsen tiertem V orwissen üb er die F orm in einen impliziten Segmen tie-

rungansatz. Es wird eine Maxim um-A-P osteriori Sc hätzung einer Lev elsetfunktion

so form uliert, daÿ das zugehörige Zero-Lev elset das zu segmen tierende Organ un-

ter Ein b ezieh ung der F orm b esc hränkung, die durc h das Mo dell gegeb en ist, optimal

v om Hin tergrund trenn t. Dies führt zu einem Energiefunktional, w elc hes un ter Nut-

zung der Euler-Lagrange-Gleic h ung in Ric h tung der Lev elsetfunktion di�erenziert

wird. Da so w ohl das Mo dell als auc h der Segmen tierungsansatz gut geeignet sind für

die Besc hreibung v on F ormen, die aus mehreren Ob jekten b estehen, wird eine Er-

w eiterung des Algorithm us zu einer Multi-Ob jekt-Segmen tierung en t wic k elt und in

die gleic he probabilistisc he F orm ulierung in tegriert. Der Segmen tierungalgorithm us

wird an Nierendaten und Hüftgelenkdaten ev aluiert.
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Chapter 1

In tro duction

Con ten ts

1.1 Motiv ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Ob jectiv es . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Structure of Man uscript . . . . . . . . . . . . . . . . . . . . . 3

1.4 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . 6

1.1 Motiv ation

Since the disco v ery of X-ra ys in 1895, man y di�eren t imaging tec hniques ha v e b een

dev elop ed whic h gain visual access to the in terior of a closed b o dy without op ening it.

No w ada ys, these tec hniques are widely used in health-care and biomedical researc h

and constitute a substan tial part of the clinical practice. In order to facilitate the

in terpretation of the generated b o dy images, a m ultitude of medical image analysing

metho ds has b een realized whic h supp ort the ph ysicians in the �elds of diagnostics,

surgical planning and image guided surgery as w ell as medical researc h. With the

progress of image acquisition tec hniques, the mo deling of anatomical structures in

3D or ev en 4D has b ecome an imp ortan t comp onen t in medical image computing as

these mo dels o�er an additional p ersp ectiv e for the surgeons and are used for mo del-

based analysis, segmen tation and classi�cation problems. A p opular approac h for

shap e mo deling is constituted b y statistical metho ds whic h aim to represen t an or-

gan b y statistical shap e mo dels. As opp osed to a single 3D mo del or an atlas of an

organ whic h are only (t ypical) shap e examples, a statistical shap e mo del represen ts

a set con taining segmen ted organs b y a mean shap e and a v ariabilit y mo del. Hence,

statistical shap e mo dels incorp orate a priori shap e kno wledge dra wn from man y or-

gan examples. Esp ecially for segmen tation problems, the application of statistical

shap e mo dels has b een pro v en to b e v ery successful for a wide range of anatomical

structures in CT, MR and ultrasound images.

The idea of doing statistics on shap es �rst leads to the problem of distinctly de�ning

the concept of a shap e. A w ell kno wn de�nition prop osed b y the mathematician D.

G. Kendall in 1984 reads as follo ws: "Shap e is all the geometrical information that

remains when lo cation, scale and rotational e�ects are �ltered out from an ob ject"

[Kendall 1984]. Ho w ev er, when dealing with anatomical structures, a more �exible

de�nition is needed whic h also recognizes deformable ob jects based on their shap es.

Therefore, at least e�ects lik e �exion and shearing ha v e to b e in tegrated. This means

that the shap e analysis metho ds are applied only after an a�ne alignmen t of the

resp ectiv e deformable ob jects.



2 Chapter 1. In tro duction

The c haracteristics of a statistical shap e mo del essen tially dep end on the repre-

sen tation of the shap e surface. Basically , a surface can b e seen as a b oundary

whic h separates geometrical regions in 3D. Mostly , it is represen ted explicitly using

meshes or p oin t clouds or implicitly based on distance functions. In order to com-

pute a surface represen tation for a binary ob ject, a sampling of the isosurface has

to b e p erformed. The sampling is a crucial step whic h - together with the imaging

tec hnique - determines the detailedness of the resulting surface mo del.

A fundamen tal problem for the computation of statistical shap e mo dels is the de-

termination of corresp ondences b et w een the observ ations. In order to quan titativ ely

analyse shap e di�erences, a metho d is needed to lo cate a corresp onding p oin t lo-

cation on one shap e for a giv en p oin t lo cation on another shap e. Ob viously , the

solution to this problem alw a ys dep ends on the shap e represen tation. Most curren t

metho ds rely on surface-based represen tations and w ork with one-to-one corresp on-

dences. They do not consider the uncertain ties neither of the segmen tations nor of

the sampling output nor of the registration results. Moreo v er, ev en for the utopian

case of p erfect segmen tation and con tin uous surface represen tation, corresp ondence

determination is nev er non-am biguous but for repro ducible prominen t landmark lo-

cations.

The motiv ation of this thesis is to dev elop an alternativ e statistical shap e mo del

whic h tak es in to accoun t the uncertain ties of the whole scene and to in v estigate

metho ds of applying this mo del for automatic segmen tation. Most curren t algo-

rithms compute the mean shap e and v ariabilit y mo del on a step-b y-step basis.

Therefore, a sp eci�c goal of this thesis is to realize the mo del computation in a

sound mathematical framew ork.

1.2 Ob jectiv es

F ollo wing the motiv ation phrased in the previous section, w e argue that when seg-

men ting anatomical structures in noisy image data, the sampled surface p oin ts only

represen t probable surface lo cations and not necessarily the exact "true" shap e sur-

face. Besides, the c hoice of sampling metho d signi�can tly in�uences the statistical

analysis of the shap es. F or instance, when the same binary ob ject is sampled t wice

with di�eren t resolutions, the resulting surface represen tations will not b e iden ti-

cal whic h mak es the determination of exact corresp ondences imp ossible. Moreo v er,

ev en for theoretically p erfectly con tin uous surfaces, a unique and repro ducible de-

termination of corresp ondences is an op en problem. It ev en b ecomes imp ossible if

one of the surfaces features a shap e detail that the other one lac ks. F or an illus-

tration, imagine a reconstructed head of the sphinx con taining a nose, and then

imagine the c hallenge of determining a corresp onding p oin t for the tip of that nose

on the original sphinx head. It is desirable to explicitly mo del the uncertain ties of

the scene. In order to come up with a realistic mo deling of a surface based on the

sampled p oin ts, the goal is to in v estigate the p ossibilities of represen ting the shap es

in a probabilistic framew ork where eac h sampled surface p oin t is dra wn from a 3D

probabilit y densit y function (t ypically a Gaussian).

Most algorithms in the state-of-the-art approac h the problem of mo del computation
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based on a set of segmen ted organ shap es for whic h the b est statistical shap e mo del

m ust b e computed. In order to dev elop a theoretical foundation of the algorithm it

migh t b e of in terest to adopt an alternativ e view on the problem of mo del compu-

tation. The fo cus of this thesis lies on the dev elopmen t of a statistical shap e mo del

based on corresp ondence probabilities in a sound mathematical framew ork and its

application in medical image segmen tation.

These demands lead mainly to the follo wing three ob jectiv es:

� Dev elopmen t of a probabilistic framew ork to compute a generativ e

statistical shap e mo del based on corresp ondence probabilities: The

�rst problem tac kled is the computation of a generativ e statistical shap e mo del

that optimally represen ts the shap es in a training data set. The aim is to de-

sign a p oin t-based parametric mo del whic h allo ws the mo deling of v ariabilit y

for eac h p oin t. This migh t help ph ysicians to ph ysically in terprete the de-

formations. The fo cus lies on the dev elopmen t of a generativ e probabilistic

framew ork whic h includes all v ariables needed to describ e the scene. A d-

ditionally , the framew ork has to in tegrate a solution to the corresp ondence

problem.

� Dev elopmen t of a deformable mo del segmen tation in a probabilistic

framew ork: A ma jor problem in medical image pro cessing is the automatic

segmen tation of anatomical structures. Therefore, the second problem to b e

dealt with is the in tegration of the generativ e statistical shap e mo del in to an

automatic segmen tation sc heme. The ob jectiv e is to dev elop a sound mathe-

matical form ulation whic h is based on the same probabilistic assumptions as

the framew ork for the computation of the statistical shap e mo del. It is in-

tended to dev elop a segmen tation algorithm whic h enables the segmen tation

of ob jects with non-spherical top ology as w ell as m ultiple-ob ject shap es.

� Ev aluation and v alidation with resp ect to existing metho ds: A main

adv an tage of w orking with p oin t-based shap e represen tation is the simplicit y

of the resulting mo del with resp ect to its p o w er. On the other hand, surface-

based mo dels generally feature b etter qualit y measures than p oin t-based mo d-

els. Ho w ev er, the qualit y of the surface information they use dep ends on image

qualit y and on the segmen tation metho d (whic h is often based on p oin ts dra wn

b y exp erts). In order to place the new metho d in the state-of-the-art, it is cru-

cial to ev aluate the qualit y of the probabilistic mo del in comparison with other

statistical shap e mo dels, in v estigate applications lik e classi�cation metho ds

and exp ose adv an tages and limits of the new mo del. Secondly , an ev aluation

of the segmen tation metho d on di�eren t real data segmen tation problems is

needed in order to iden tify the strengths of the metho d with resp ect to the

state-of-the-art.

1.3 Structure of Man uscript

This thesis is organized pursuing these motiv ation and ob jectiv es as follo ws:

Chapter 2 pro vides information ab out the state-of-the-art in statistical shap e
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analysis. Chapter 3, 4 and 5 con tain the main con tributions regarding the

dev elopmen t and application of a new statistical shap e mo del and a new lev el set

segmen tation metho d relying on the mo del. Chapter 6 concludes the man uscript.

In the follo wing, a condensed summary is giv en for eac h c hapter.

In Chapter 2 the bac kground information needed ab out curren t metho ds in

statistical shap e analysis is summarized. It b egins with a description of the

state-of-the-art regarding the use and t yp es of statistical shap e mo dels. Then

the p oin t corresp ondence problem is co v ered in detail b efore di�eren t metho ds

for the computation of statistical shap e mo dels and their applications are presen ted.

In Chapter 3 an approac h to the problem of designing a generativ e statisti-

cal shap e mo del is dev elop ed [Hufnagel 2007b , Hufnagel 2008b ]. First, a solution

to the p oin t corresp ondence problem is deriv ed b y represen ting the shap es b y

Mixtures of Gaussians. F ollo wing that, a sound and uni�ed framew ork is dev elop ed

for the computation of mo del parameters and observ ation parameters as w ell as

n uisance parameters, and a maxim um a p osteriori estimation is form ulated whic h

leads to a global criterion. Explicit form ulas are deriv ed for its optimization with

resp ect to all parameters. Finally , practical asp ects of the implemen tation and

adaptions of the algorithm for sp ecial cases are discussed.

In Chapter 4 an ev aluation and v alidation of the generativ e Gaussian Mix-

ture statistical shap e mo del as dev elop ed in this thesis is p erformed. First, the

c hoice of p erformance measures is established. Then, the p erformance of the new

statistical shap e mo del is compared to the p erformance of a classical p oin t-based

statistical shap e mo del based on the iterativ e closest p oin ts registration and the

principal comp onen t analysis [Hufnagel 2009a ]. F urthermore, the p erformance

of the new statistical shap e mo del in comparison with a surface-based statistical

shap e mo del whic h is computed b y the minim um-description-length approac h is

ev aluated. The ev aluation is done on syn thetic and real data. Di�eren t examples

co v ering con v ex and non-con v ex as w ell as spheric and non-spheric shap e data are

c hosen.

In Chapter 5 an automatic segmen tation algorithm is dev elop ed whic h em-

plo ys the a priori shap e kno wledge inheren t in the new statistical shap e mo del.

After explaining the b ene�ts of emplo ying a non-parametric segmen tation con tour

instead of a parametric one, the problem of in tegrating an explicitly represen ted

statistical shap e mo del in to an implicit segmen tation sc heme is tac kled. T o our

kno wledge, v ery few w orks considered that option. The problem is solv ed b y

dev eloping a no v el maxim um a p osteriori estimation of the segmen tation con tour

whic h is optimized based on the image information as w ell as on the statistical

shap e mo del information. Here, the resp ectiv e steps whic h �nally lead to a sound

probabilistic segmen tation sc heme are explained elab orately . It is demonstrated

in detail ho w to optimally exploit the image information to guide the ev olution of

the con tour, and the implemen ted tec hniques to determine an initial p ositioning of

the segmen tation con tour are presen ted. As the mo del is based on corresp ondence
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probabilities instead of one-to-one corresp ondences, the mo deling and segmen tation

of non-spheric and m ulti-ob ject structures is p ossible. Consequen tly , an extension

of the algorithm to m ulti-ob ject segmen tation is dev elop ed whic h is in tegrated in

the same framew ork b y adapting the corresp ondence criterion. Exp erimen ts are

designed and conducted in order to v alidate the segmen tation metho d on kidney

data and on hip join t data. Finally , the results are critically discussed, and the

adv an tages and limits of this segmen tation metho d are rev ealed. P art of this

c hapter is published in [Hufnagel 2009c ].

In Chapter 6 the con tributions of this thesis are discussed and p ersp ectiv es

for future w ork are giv en.

App endix A con tains the mathematical bac kground and detailed explana-

tions for some of the deriv ations in the man uscript.
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Chapter 2

Curren t Metho ds in Statistical

Shap e Analysis

Con ten ts

2.1 Shap e Mo deling in Medical Imaging . . . . . . . . . . . . . . 9

2.2 The Corresp ondence Problem . . . . . . . . . . . . . . . . . . 12
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2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

The extraction of information out of 2D or 3D images often relies on the detec-

tion, recognition and in terpretation of shap es and shap e v ariabilities. This directly

in v olv es the (mathematical) represen tation of shap es as w ell as metho ds to accoun t

for and measure the morphological di�erences. Ev en though in clinical routine shap e

analysis is frequen tly done b y viewing the images alone, there is a wide range of ap-

plications where automatical metho ds with formalized metrics are needed for o v erall

data in terpretation and shap e statistics. This c hapter is dedicated to the description

of these metho ds and is divided as follo ws: First, the imp ortance of shap e mo deling

in medical image analysis is outlined and the concept of statistical shap e mo dels

and their represen tations are discussed in section 2.1. F ollo wing that, w e expand

on the fundamen tal problem of determining corresp ondences b et w een shap es and

on sev eral metho ds of solution (section 2.2) whic h directly leads us to discuss the

asso ciated statistical shap e mo dels in section 2.3. Section 2.4 explores the b ene�ts

of statistical shap e mo dels for medical image segmen tation and discusses explicitly

and implicitly represen ted shap e priors.

2.1 Shap e Mo deling in Medical Imaging

Shap e mo dels are used for a wide range of medical imaging problems lik e segmen ta-

tion, reconstruction or shap e analysis. In this section, a condensed o v erview ab out

the domain of shap e analysis tec hniques in no w ada ys medical researc h is giv en (sec-

tion 2.1.1) and then the sub ject of doing statistics on di�eren t shap e represen tations

is in tro duced (section 2.1.2).

2.1.1 Shap e Analysis

The thorough analysis of organ morphology is driv en b y the hop e of b etter under-

standing organ shap e c haracteristics and ho w diseases migh t a�ect them. The idea
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is to �nd information based on the shap e deformation or shap e di�erences whic h

ev en tually help in the diagnostics, esp ecially in the neuroimaging comm unit y . The

mo deling of shap e and the measuring of morphological c hanges in shap e instances

is also of great in terest for the discrimination b et w een health y and pathological

anatomical structures. An in tuitiv e approac h for detecting shap e di�erence is the

measuremen t of the global shap e v olume, ho w ev er, this feature is often not signi�-

can t with resp ect to the studied disease. This has b een sho wn for example b y Gerig

et al. [Gerig 2001 ] based on the detection of group di�erences in hipp o campal shap es

in sc hizophrenia. Results of higher signi�cance are often obtained b y p erforming a

lo cal shap e analysis. A wide range of approac hes exists in the literature whic h can

b e roughly categorized according to the (shap e) features c hosen to do the statistics

on. In the follo wing, an o v erview of dev elopmen ts in that �eld is giv en b y means of

exemplarily selected publications.

Early metho ds prop osed to analyse and compare the tr ansformation �elds obtained

when registering an organ to a template, whic h is used e.g. in the w ork of Da v atzik os

et al. [Da v atzik os 1996 ] who analyse the morphology of the corpus callosum. A sim-

ilar idea is applied in the w ork of Boisv ert et al. [Boisv ert 2008 ] who mo del spine

shap e deformation b y a v ector of rigid transformations. First e�orts in mathemat-

ically capturing morphology c hanges b y doing statistics on anatomical landmarks

w ere undertak en b y F.L. Bo okstein [Bo okstein 1986 , Bo okstein 1991 ]. The concept

of statistical shap e analysis based on landmarks and pseudo-landmarks w as tak en

on b y Dryden and Mardia [Dryden 1993 ] for the detection of gender related di�er-

ences in monk ey crania and b y Bo okstein [Bo okstein 1997 ] for the detection of brain

di�erences in sc hizophrenia patien ts. In b oth approac hes, the shap e v ariations are

measured based on Pro crustes or Riemannian distances. Another shap e analysis

metho d is based on a me dial shap e description to mo del lo cal and global c hanges

as e.g. used b y St yner et al. [St yner 2003b ] who analyse the hipp o campus shap e

of sc hizophrenia patien ts. In sev eral w orks the shap es are represen ted b y distanc e

functions whose feature v ectors are used as input for a learning algorithm, e.g. in

the w ork of Golland et al. [Golland 2001 ] who compute a classi�er for health y and

pathological hipp o campal shap es in sc hizophrenia or in the w ork of K o dipak a et al.

[K o dipak a 2007 ] whose Kernel Fisher discriminan t distinguishes b et w een con trols

and epileptics b y analysing the shap e of the temp oral lob e or in the w ork of T sai et

al. [T sai 2005 ] who prop ose an EM form ulation to automatically lab el lung shap es

represen ted b y lev el set functions to b elong to the normal or the emph ysema shap e

class. In the w ork of P eter et al. [P eter 2006a ], shap es are represen ted b y a Gaussian

Mixture Mo del on the landmarks, and the shap e di�erences (here of corpus callosum

shap es) are measured using geo desic distances under the Fisher-Rao metric.

Naturally , all of these approac hes ha v e their strengths and w eaknesses. The c hoice

of feature suited as input for the statistical analysis dep ends on the represen tation

of the shap es as w ell as on the demands of the application. The w ork done in the

framew ork of this thesis concen trates on the category of shap e analysis based on

p oin t represen tations since statistics on p oin ts are easily in terpretable and ha v e a

ph ysical signi�cance. The general concept ho w ev er is not necessarily con�ned to

that category .
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2.1.2 Doing Statistics on Shap es

Commonly , a shap e class can b e describ ed b y one t ypical shap e example of the

resp ectiv e organ. Ho w ev er, this approac h is neither sp eci�c nor mathematically ac-

curate. In order to reliably describ e a shap e class, w e need to statistically ev aluate

the shap es of as man y observ ations of the organ as p ossible. This is usually done in

four steps: First, a training data set whic h con tains segmen ted observ ations of the

resp ectiv e organ has to b e pro vided. Next, the observ ations ha v e to b e aligned in a

common reference frame in order to eliminate p ose v ariations. Then, a mean shap e

whic h optimally represen ts all aligned observ ations can b e computed. Finally , a

v ariabilit y mo del accoun ting for the shap e di�erences is determined. The v ariabilit y

con tains information ab out ho w m uc h and in whic h w a y the mean shap e can b e

deformed while still represen ting a plausible anatomical structure.

In the state-of-the-art, shap e mo dels con taining a mean shap e and a v ariabilit y

mo del are referred to as statistical shap e mo dels (SSMs). The metho ds implemen t-

ing the alignmen t as w ell as the statistical metho ds used for the computation of

mean shap e and v ariabilit y mo del dep end on the represen tation of the observ ations.

An in tuitiv e and widely-used metho d is to compute SSMs on observ ations repre-

sen ted b y (triangulated) p oin ts whic h are distributed o v er the surface of the shap es.

These so-called p oin t distribution mo dels (PDMs) are either based on anatomical

landmarks [Huysmans 2005 ], on pseudo-landmarks that are strategically distributed

o v er the observ ations' surfaces (e.g. [F rangi 2001, Ra jamani 2004 ]) or on p oin ts re-

constructed from implicit surfaces (e.g. [K ohlb erger 2009 ]) or on a com bination of

these. P oin t-based shap e samples represen ted b y a n um b er of N p oin ts in 3D are

usually describ ed b y a shap e v ector Sk 2 R3� N
con taining the p oin t co ordinates.

The alignmen t to a common reference frame is often p erformed b y a mesh-to-mesh

registration o v er the shap e v ectors. The statistic ev aluation then uses the aligned

shap e v ectors as input for computation of mean shap e and v ariabilit y mo del.

F or these steps, a notion of corresp ondence has to b e de�ned. A common approac h

is to assume and determine one-to-one p oin t corresp ondences o v er all observ ations.

In that case, the co ordinates of corresp onding p oin ts are sorted in corresp onding

en try p ositions in the shap e v ectors so that for all shap e pairs Sk and Sl the i-th

elemen t Sk(i ) corresp onds to Sl (i ) for all i = 1 ; :::; 3N . The computation of the

mean shap e is then straigh t forw ard with

�M = 1
n

P n
k=1 Sk for a n um b er of n obser-

v ations. The subsequen t computation of v ariation mo des is usually accomplished

b y a principal comp onen t analysis (PCA) on all observ ations and the mean shap e.

The v ariation mo des 2 R3N
are pairwise orthogonal and span the shap e space of the

SSM. Mathematically , the represen tation of a random shap e M in the shap e space

spanned b y the v ariation mo des can b e form ulated using a linear mo del:

M = �M + Pb

where the matrix R 2 RN � N 0
with 0 < N 0 � N con tains the v ariation mo des in

its ro ws and the v ector b 2 RN
con tains the co e�cien ts whic h con trol the exten t

of deformation. The v ariation mo des are rank ed according to their v ariance. F or

the usage of an SSM, commonly only the largest mo des of v ariation are tak en in to

accoun t.
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The emplo ymen t of the PCA is not con�ned to p oin t represen tations but can b e

emplo y ed to other applications where the shap e prop erties are enco ded in a feature

v ector. Early metho ds include the represen tation of shap es b y spherical harmon-

ics (SPHARM) whic h parameterize the surface b y a mapping on the unit sphere

[Brec h bühler 1995 , Szék ely 1996 ] or b y F ourier surfaces whic h emplo y an elliptic

F ourier decomp osition of the b oundary and use the F ourier co e�cien ts as feature

v ectors [Staib 1996 , Floreb y 1998 ]. The statistics are th us done in parameter space.

Recen tly , the represen tation of SSMs in implicit framew orks has b ecome of in terest

as lev el set based segmen tation is explored more deeply . Here, the observ ations in

the training data set are often represen ted b y signed distance maps. The align-

men t of the observ ations and the subsequen t statistics are then done directly on the

distance maps whic h are used as feature v ectors with individual v o xels b eing the

v ector comp onen ts. The v ariabilit y mo dels can simply b e computed b y a principal

comp onen t analysis [Lev en ton 2000a ] or b y using more c hallenging metho ds whic h

for example accoun t for lo cal v ariations as w ell [Rousson 2002 ]. Another strategy

represen ts the surfaces b y medial mo dels whic h consist of a cen terline and v ectors

stretc hing from there to the organ surface [Pizer 1999, St yner 2001 ]. Here, corre-

sp ondence b et w een shap es are de�ned on the medial manifold. F or computing the

v ariabilit y of manifold-v alued data, a principal geo desic analysis is in tro duced whic h

is a direct generalization of principal comp onen t analysis.

It has to b e k ept in mind that the PCA is done under the assumption that the

shap e v ectors are samples of a random v ariable under a normal distribution. This

is only the case if the shap e di�erences in the training data set are normally dis-

tributed whic h is di�cult to establish. Another theoretical problem o ccurs as the

dimensions of the shap e represen tation nearly alw a ys exceed the n um b er of a v ailab e

samples. Besides, the PCA is optimal in a least-square sense and therefore sensitiv e

to outliers and lastly , all shap es ha v e to b e represen ted b y feature v ectors of equal

lengths. Nev ertheless, the emplo ymen t of the PCA for SSM computation has b een

pro v en to come to acceptable results and is successfully applied in practice. An

alternativ e for non-normally distributed data is o�ered b y the so-called indep enden t

comp onen t analysis (ICA) [Hyv ärinen 2001 ]. The ICA decorrelates the comp onen ts

b y maximizing their statistical indep endence. Another in teresting approac h is to

do a principal factor analysis (PF A) whic h leads to v ariation mo des that are more

easily in terpretable in medical sense [Ballester 2005, Rey es 2009 ]. Ho w ev er, these

metho ds ha v e the disadv an tage that the v ariation mo des cannot b e rank ed easily

whic h p oses a problem for dimensionalit y reduction.

2.2 The Corresp ondence Problem

A fundamen tal problem when computing statistical shap e mo dels is the determina-

tion of corresp ondences b et w een the observ ations in the training data set. Mathe-

matically , this problem do es not ha v e a unique solution and dep ends hea vily on the

de�nition of 'shap e' as w ell as on its represen tation. F or shap es represen ted as con-

tours in 2D, usually landmarks are determined man ually b y �rst c ho osing exp osed

features as landmarks, for example the �ngertips of a hand as w ell as the p oin ts
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b et w een the �ngers, and b y then adding a �xed n um b er of equidistan t landmarks

b et w een these. In that w a y , the corresp ondences from one lab eled shap e to the next

equally lab eled one is straigh tforw ard and uniquely de�ned. In 3D, ho w ev er, a man-

ual determination of corresp ondence is hardly feasible as it is v ery time-consuming

in general. In particular, the pinp oin ting of exact corresp ondences without relying

on clear anatomical landmarks on 3D surfaces is an imp ossible task. In order to

automatize the detection of landmarks, sev eral metho ds extract shap e features suc h

as high surface curv atures (e.g. [Bena y oun 1994 ]). Mostly ho w ev er, automatic de-

termination of corresp ondences is done b y p erforming a registration of mo del and

observ ation. Ob viously , the solutions to the corresp ondence problem highly de-

p end on the shap e represen tations. F or meshes, a straigh tforw ard approac h is to

compute a similarit y transformation found b y least-square p oin t distance minimiz-

ers. F or non-linear registration, often spline-based deformations are used. Another

approac h is the matc hing of an atlas or template mesh to all observ ations in the

training data set. The w arp ed meshes ha v e to b e relaxed in order to �t the observ a-

tions. This can b e done for example b y using a Mark o v random �eld regularization

as prop osed b y P aulsen and Hilger [P aulsen 2003 ] or b y emplo ying a spring-mass

mo del based on the surface p oin t set and the connecting edges as realized b y Lorenz

and Krahnstö v er [Lorenz 2000 ]. A metho d for v olumetric represen tations is to com-

pute a v olumetric atlas with man ually added surface landmarks and then register

the atlas to v olumetrically represen ted observ ations. The w arp ed landmarks then

determine the corresp ondences.

In this section, t w o p opular metho ds for corresp ondence determinations are de-

scrib ed based on di�eren t shap e represen tations whic h pla y a role in the remainder

of this thesis: First, the classical Iterativ e Closest P oin ts (ICP) registration algo-

rithm that �nds one-to-one corresp ondences b et w een t w o unstructured p oin t sets

is explained. Then, an alternativ e approac h to corresp ondence determination using

spherical harmonics surfaces parameterization is presen ted. Here, the corresp on-

dences are computed b y a registration b et w een the parameterizations of the shap es.

As an example for metho ds whic h solv e the corresp ondence problem in a group-

wise optimization approac h together with the SSM computation the maxim um de-

scription length (MDL) approac h is summarized in section 2.3. A comprehensiv e

comparison of di�eren t solutions to the corresp ondence problem can b e found in

[St yner 2003c ].

2.2.1 Iterativ e Closest P oin t Algorithm

The Iterativ e Closest P oin t algorithm is an e�cien t metho d used for registration

of 2D and 3D shap es as �rst sho wn and elab orately explained 1992 in [Besl 1992].

The ICP registration is an in teresting approac h as it can b e used for di�eren t rep-

resen tations of geometric data lik e p oin t sets, triangle sets, and implicit or explicit

surfaces. It is applied to registration problems where the p oin t corresp ondences are

not kno wn in adv ance. The ICP algorithm o�ers man y recognized adv an tages as

it do es not need prepro cessing or lo cal feature extractions in normal applications,

it is suited for parallel arc hitectures and it can handle a v erage noise. F ollo wing, a

simple de�nition of the ICP algorithm and its application to p oin t cloud registration
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is giv en.

Let S b e a set of Ns p oin ts si whic h describ e the observ ation and M b e a set of Nm

p oin ts mj whic h describ e the mo del. The ICP algorithm will matc h eac h observ ation

p oin t si with one of the mo del p oin ts. Based on those matc hes, a transformation T
is sough t whic h registers the observ ation with the mo del. The closest p oin t op erator

CP is de�ned as a distance metric

CP(si ; M ) = min
m j 2 M

kmj � si k:

W e use mi
j = CP(si ; M ) where mi

j is the closest p oin t in M to a giv en scene p oin t

si . The ICP algorithm computing T is implemen ted as follo ws:

1. T (0) = T k
is c hosen as initial estimate of the transformation T .

2. Rep eat for k iterations or un til con v ergence:

� Compute the closest p oin t mi
j 2 M in the mo del for eac h observ ation

p oin t si 2 S . The collection of resulting p oin t pairs (si ; mi
j ) is called set

of c orr esp ondenc es C with

Ck� 1 = [ N s
i =1 f si ; CP(T k� 1 ? si ; M )g:

� Compute T k
that minimizes the mean square error b et w een all p oin t

pairs in C .

F or a rigid registration, the application of T to S lo oks lik e this

T ? si = Rsi + t 8i

with the rotation matrix R 2 R3x3
and the translation v ector t 2 R3

. The minimiza-

tion of the error b et w een all p oin t pairs in C is computed using the Least Squares

criterion:

T = argmin
T

1
Ns

N sX

i =1

kmi
j � T ? si k2

= argmin
R;t

1
Ns

N sX

i =1

kmi
j � Rsi � tk2:

The ICP algorithm con v erges alw a ys monotonically to the nearest lo cal minim um

where �nearest� is mean t in the sense of a mean-square distance metric.

As main disadv an tage it m ust b e noted that the ICP is susceptible to gross statis-

tical outliers. Sev eral approac hes deal with this problem b y e.g. prop osing robust

estimators [Zhang 1994 , Masuda 1996 ]. Moreo v er, as an y metho d minimizing a

non-con v ex cost function, the ICP lac ks robustness with resp ect to the initial trans-

formation b ecause of lo cal minima. This problem has b een tac kled b y the w ork

of Rangara jan et al. who use m ultiple w eigh ted matc hes based on Gaussian w eigh t

[Rangara jan 1997b ] and based on Mutual Information [Rangara jan 1999 ].
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Figure 2.1: A c orr esp ondenc e pr oblem: One shap e fe atur es two bumps, the other

only one. How c an we determine c orr esp ondenc es b etwe en the two?

Ov erall, the ICP algorithm and its deriv ativ es w ork w ell for a lot of registration prob-

lems. Ho w ev er, the determination of one-to-one corresp ondences b et w een unstruc-

tured p oin t sets is di�cult when e.g. one shap e features a certain structure detail

and the other one do es not, see �gure 2.1. Moreo v er, in the absence of (anatomical)

landmarks, the determination of corresp ondence dep ends hea vily on the sampling

of the shap e. T o o v ercome this problem, the Exp ectation Maximization - Iterativ e

Closest P oin ts (EM-ICP) algorithm in tro duces c orr esp ondenc e pr ob abilities instead

of exact corresp ondences. This concept is explored in section 3.2.

2.2.2 Spherical Harmonic Description

The use of spherical harmonics for statistical shap e mo deling w as in tro duced b y

Brec h bühler et al. in 1995 [Brec h bühler 1995 ] in order to appro ximate one-to-one

corresp onding p oin ts on di�eren t en tities con taining inclusions and protrusions. As

opp osed to the use of a torus parameter space using F ourier descriptors as prop osed

in [Staib 1992 ], the SPHARM surface description maps the observ ation surfaces

in to a spherical t w o-co ordinate space, so it can only b e considered for shap es with

spherical top ology whic h applies for most anatomical structures. If the mapping

includes an optimization of the distribution of no des on the sphere, corresp ondences

can then b e established directly b y the parametric description.

Surface ob jects with spherical top ology can b e parameterized b y t w o p olar v ariables,

the longitude � = [0 ; :::; 2� ] and the latitude � = [0 ; :::; � ]. T w o v ertices ha v e to b e

selected as the p oles for this pro cess. The latitude should gro w smo othly from 0 at

the north p ole to � at the south p ole. The longitude on the other hand is a cyclic

parameter. Let x, y and z denote Cartesian ob ject space co ordinates. The function

whic h sp eci�es the mapping of the co ordinates from the unit sphere on the surface

is sp eci�ed with

v(�; � ) =

0

@
x(�; � )
y(�; � )
z(�; � )

1

A :

where v(�; � ) runs o v er the whole surface ob ject.

These co ordinate functions could b e parameterized b y v arious basis functions as e.g.
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B-splines or w a v elets. The SPHARM algorithm mak es use of spherical harmonics

as they o�er the adv an tage of hierarc hical shap e represen tation whic h �nally facili-

tates the corresp ondence determination [Brec h bühler 1995 ]. T ypically , the follo wing

truncated series expansion is used:

v(�; � ) =
RX

r =0

rX

� r

cm
r Y m

r (�; � )

where Y m
r denotes the function of degree r and order m with Y m

r : [0; 2� ]� [0; � ] ! C .

A complete de�nition can b e found in e.g. [Bronstein 2000]. The shap e descriptor

co e�cien ts cm
r are 3D v ectors with comp onen ts (x; y; z) . F ormally , the co e�cien ts

are computed b y the inner pro duct of function v and the basis function

cm
r =

Z �

0

Z 2�

0
v(�; � )Y m

r (�; � )d� sin �d�: (2.1)

Ev en tually , eac h shap e surface Sk is uniquely describ ed b y a set of descriptor co ef-

�cien ts Ck = cm
k;r .

Due to the hierarc hical shap e represen tation, in practice the lev el of shap e details

whic h are mo deled dep ends on the maximal degree R in the spherical harmonics.

The parameterization for degree 1 maps the surface to an ellipsoid. In order to de-

termine shap e p oin t corresp ondences b y parameterization to a sphere, the mapping

b et w een surface and sphere m ust b e bijectiv e whic h is describ ed in this case b y

0

@
x
y
z

1

A =

0

@
sin� cos�
sin � sin �

cos�

1

A :

F urthermore it m ust b e con tin uous so that neigh b ouring p oin ts on the shap e surface

are mapp ed to neigh b ouring lo cations on the sphere. The mapping function should

b e top ology-preserving, and distortions whic h inevitably app ear when mapping a

surface facet to a spherical square should b e minimal. This is done b y solving the

surface parameterization as a constrained optimization problem with resp ect to the

optimal co ordinates for all surface p oin ts [Brec h bühler 1995 ]. Another problem o c-

curs as the co e�cien ts obtained b y appro ximating equation (2.1) dep end on the

rotation of the surface in space. Th us, for the determination of corresp ondences

b et w een di�eren t shap e observ ations, a rotation of all observ ations to a canonical

p osition in parameter space is needed. This can b e done using the spherical har-

monics of degree 1 b y rotating the parameter space so that the north p ole (where

� = 0 ) is p ositioned at one end of the shortest main axis of the ellipsoid, and the

p oin t where the Green wic h meridian ( � = 0 ) crosses the equator (where � = �= 2)

is p ositioned at one end of the longest main axis.

The statistics on the shap es are no w done b y ev aluation of the shap e descriptors. The

mean shap e then is describ ed b y the spherical harmonics using the set of a v eraged

shap e descriptor co e�cien ts

�C = 1
N

P N
k Ck and the principal comp onen t analysis is

done using the co v ariance matrix

1
N � 1

P
k (Ck � �C)(Ck � �C)T

. A p oin t distribution

mo del can than b e generated directly b y linear mapping [Kelemen 1999 ].
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While the SPHARM parameterization is capable to smo othly represen t high lev els

of shap e details, it su�ers from the fact that for shap es featuring rotational sym-

metry in the spherical harmonics of degree 1 the mapping to the canonical p osition

in parameter space is not unique. Therefore, the corresp ondence determination for

suc h shap es b ecomes inappropriate as sho wn in a study on e.g. femoral heads b y

St yner et al. [St yner 2003c ].

2.3 Computation of Statistical Shap e Mo dels

In order to compute a SSM, a su�cien tly large training data set with segmen ted

organ observ ations is needed. Ob viously , the training data set should only con tain

shap es conforming to the shap e class whic h is mo deled, that is, for a SSM of normal

organ v ariabilit y , only health y patien t data is p ermitted. Eac h observ ation has to

b e segmen ted accurately . This is mostly done man ually or semi-automatically b y

medical exp erts who delineate the organ con tours slice b y slice in medical images.

Some organs can b e segmen ted also in 3D under the supp ort of automatic tec hniques

lik e v olume gro wing of thresholding. F or binary segmen tation, the con v ersion to

a surface represen tation is t ypically p erformed b y the Marc hing Cub es algorithm

[Lorensen 1987]. The �rst step is commonly the alignmen t of the observ ation in

a reference co ordinate system. Then, a mean shap e and a v ariabilit y mo del are

computed suc h as to optimally represen t the shap es in the training data set. Here,

the accurate detection of corresp ondence b et w een the shap es pla ys an imp ortan t role

regarding the qualit y of the �nal SSM. The resulting SSM pro duces new plausible

shap es or represen ts unkno wn shap e observ ations of the same organ in di�eren t

patien ts or under di�eren t conditions.

In this c hapter, the computation of t w o widely-used p oin t distribution mo dels is

summarized: Section 2.3.1 describ es the classical A ctiv e Shap e Mo dels (ASM) while

section 2.3.2 presen ts a metho d to build ASMs using gradien t descen t optimization

of the maxim um description length.

2.3.1 A ctiv e Shap e Mo dels

With the in tro duction of the 'A ctiv e Con tour Mo dels' (ASMs) or 'Snak es' in 1988

b y Kass et al. �rst attempts w ere made to in tegrate a priori kno wledge in to the

segmen tation pro cess b y forcing the segmen tation con tour to comply to a certain

amoun t of smo othness [Kass 1988 ]. The tec hnique mak es use of an iterativ e energy

minimization where only lo cal shap e constrain ts are applied. Co otes et al. adopted

an iterativ e approac h but instead of applying a simple snak e con tour, they dev el-

op ed a p oin t distribution mo del or 'A ctiv e Shap e Mo del' to incorp orate a priori

kno wledge ab out the shap e [Co otes 1992 , Co otes 1995 ]. When applying the ASM

to segmen tation, they use global shap e constrain ts.

Let us describ e the N observ ations Sk in the training data set b y meshes consist-

ing of nk p oin ts ski 2 R3
. F urthermore, let us assume that nk = n 8k and that

the p oin ts with the same index i corresp ond. The set of observ ations can then b e

aligned b y translation, rotation and anisotropic scaling so that the least squared

di�erences b et w een all corresp onding p oin ts is minimized. This is done b y an a�ne
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transformation Tk . F or an example see �gure 2.2(a). If the alignmen t is omitted, the

v ariation in size and p ose are included in the �nal v ariabilit y mo del. The p oin ts �mi

of the mean shap e

�M are then computed b y a v eraging o v er all aligned corresp onding

observ ation p oin ts �mi = 1
N

P N
k=1 Tk ? ski : F or an illustration see �gure 2.2(b). In

order to compute the v ariabilit y mo del, a principal comp onen ts analysis (PCA) is

p erformed. Under the assumption of dealing with normally distributed data sam-

ples, the PCA determines a linear transformation whic h transforms the data in to a

co ordinate system where the axes (= eigen v ectors) lie in the same direction as the

greatest correlations in the data. By transforming the data in to the new co ordi-

nate system, the correlations of the original data set b ecome uncorrelated. Th us,

the new axes lie in the directions of the greatest v ariance of the transformed data

set. Hence, the data is represen ted in a system where its similarities and di�erences

can b e seen clearly whic h mak es the PCA a w ell-suited to ol in the description of

shap e v ariabilit y . The N actual eigen v ectors vp and asso ciated eigen v alues � p are

computed b y e.g. doing a diagonalisation on the co v ariance matrix with elemen ts

covij =
P N

k =1 (ski � �m i )( skj � �m j )T

N � 1 , so vp 2 R3n
whic h amoun ts to one 3D eigen v ector vip

p er mean shap e p oin t �mi , see �gure 2.2(c). A plausible new instance of the shap e

class can no w b e mo deled b y

M = �M +
NX

p=1

! pvp (2.2)

where ! p 2 R are the deformation co e�cien ts whic h are t ypically constrained to

! p � 3� p in order to only generate plausible shap es. F urthermore, a shap e analysis

can b e done b y in terpreting the deformations according to the eigenmo des with the

greatest eigen v alue (see �gure 2.2(d,e,f )).

In order to b etter adapt the ASM to segmen tation, Co otes et al. prop osed the A ctiv e

App earance Mo dels (AAMs) whic h incorp orate a priori kno wledge not only ab out

the shap e but also ab out mean and v ariation of the image in tensities (app earance

or texture). This principle can b e adapted in a simpli�ed manner to all p oin t

distribution mo dels giv en that the original image data is still a v ailable. Basically , the

grey v alue app earances around eac h p oin t ski in the training data set are ev aluated

b y sampling the pixel information on either side of the con tour in normal direction.

Then a lo cal statistical app earance mo del is constructed with mean pro�le and

asso ciated v ariabilit y . During the image searc h along the normal, the qualit y of

the curren t pro�le around the mo del p oin ts is assessed with resp ect to the lo cal

app earance mo del.

2.3.2 SSM Based on Minim um Description Length

While the SPHARM mo del as w ell as the ASM determine corresp ondences individ-

ually for eac h observ ation, other metho ds prop ose to assign corresp ondences across

all observ ations at the same time. This approac h is driv en b y the idea that the

b est corresp ondences are those whic h lead to the optimal SSM giv en the training

data set. In order to �nd these, the corresp onding p oin ts ha v e to b e mo v ed indi-

vidually o v er the surfaces of the observ ations un til the b est p ositions for all p oin ts
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a) d)

b) e)

c) f )

Figure 2.2: ASM example. a) A ligne d observations of a tr aining data set. Each of

the 5 observations is r epr esente d by 10 p oints in 2D and depicte d in another c olour.

b) Me an shap e p oint cloud depicte d by r e d dots. c) axes of �rst eigenmo de depicte d

for e ach of the c orr esp onding p oints. d) Me an shap e

�M of p oint distribution mo del.

e,f ) Me an shap e deforme d ac c or ding to �rst eigenmo de

�M � 3�v 1 and

�M + 3 �v 1 .



20 Chapter 2. Curren t Metho ds in Statistical Shap e Analysis

are found. The �rst to in tro duce this approac h w ere K otc he� et al. who use the

determinan t of the co v ariance matrix as ob jectiv e function for the computation of

2D SSMs [K otc he� 1998 ]. By minimizing the determinan t of the co v ariance matrix,

they explicitly fa v or compact mo dels whic h means lo w eigen v alues and few eigen-

v ectors. Da vies et al. tak e up on that idea but prop ose another ob jectiv e function

in order to �nd a sound theoretical foundation as w ell as to ensure con v ergence

[Da vies 2002c ]. Their k ey principle is to fa v our the simplest solution out of all sat-

isfying ones (follo wing the principle of Occam's razor). F urthermore, they de�ne

the mo del qualit y o v er three parameters, the compactness, the generalization abil-

it y and the sp eci�cit y . A mo del is more compact than another if it co des the same

v ariabilit y information in less comp onen ts. A great generalization abilit y means

that the mo del is able to describ e unkno wn p ossible instances of the shap e class.

A sp eci�c mo del only represen ts v alid instances of the shap e class. The metho d of

Da vies et al. in tro duces the application of the minim um description length (MDL)

as measure for the simplicit y of the SSM. Under the MDL approac h, the �nal SSM

optimally balances complexit y and the qualit y of �t b et w een mo del and observ a-

tions. Originally , the MDL is a concept used in information theory for the optimal

co ding of messages. While the MDL framew ork is mathematically sound and leads

to v ery go o d results [Da vies 2002a, St yner 2003b ], the ob jectiv e function is complex

and computationally exp ensiv e. Sev eral approac hes ha v e b een prop osed to reduce

the complexit y . Heimann et al. emplo y a simpli�ed MDL cost function in tro duced

in [Tho db erg 2003 ] and use a gradien t descen t optimization to minimize it. They

can sho w that their approac h is faster and less lik ely to con v erge to lo cal minima

than previous approac hes [Heimann 2005]. In this section, the principal concept of

their algorithm is explained and the mesh parameterization as w ell as the optimal

determination of corresp ondences used in their framew ork are outlined. The algo-

rithm is constrained to SSMs of organs with spherical top ology .

The cost function F whic h is based on the MDL of the resulting SSM is de�ned as

F =
nX

p=1

L p with L p =
�

1 + log( � p=ccut ) for � p � ccut

� p=ccut for � p < c cut
(2.3)

where � p denotes the squarero ot of the eigen v alues of the co v ariance matrix. The

parameter ccut is a cuto� constan t whic h describ es the exp ected noise in the training

data.

Regarding the mesh parameterization, a mapping of all surfaces to the unit sphere

is p erformed. The mapping has to assign for ev ery p oin t on the surface of the mesh

a unique p osition on the sphere. The problem of mesh parameterization is that of

mapping a piecewise linear surface with a discrete represen tation on to a con tin uous

spherical surface. In con trast to Da vies et al. who use initial di�usion mapping,

Heimann et al. create a conformal mapping that fo cuses on preserving angles. The

function L maps eac h p oin t si of the surface S to the unit sphere whic h results in

a spherical parameterization of S . The mapping function is de�ned as L : S ! R3

with jL (si )j = 1 for all p oin ts si . The initialization is done b y mapping eac h si to

the p osition on the sphere corresp onding to its normal v ector. The optimal map-

ping is found b y minimizing the string energy of the mesh as de�ned b y Gu et al.
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who prop ose a v ariational metho d whic h can �nd a unique mapping b et w een an y

t w o gen us zero manifolds [Gu 2003 ]. Basically , t w o steps are executed: First, a

barycen tric mapping is p erformed whic h p ositions eac h p oin t si at the cen ter of its

neigh b ouring p oin ts. Next, a conformal mapping is obtained b y taking in to accoun t

the angles b et w een edges of the mesh for the parameterization. The mathematical

pro of of correctness of this approac h is giv en in [Gotsman 2003 ].

After obtaining a conformal mapping L k for eac h surface observ ation Sk , corresp on-

dences across the training data set are determined b y mapping a set of spherical

co ordinates to eac h Sk . Subsequen tly , the optimal corresp ondences and therefore

the optimal p ositions of all p oin ts on the surfaces ha v e to b e determined. T o do so,

Heimann et al. c ho ose to mo dify the individual parameterizations L k for all surfaces:

In short, the corresp onding landmarks of all observ ations are cleared of the mean

and then stored in a matrix B 0
. By emplo ying a singular v alue decomp osition to

B = 1p
n� 1

B 0
, the eigen v ectors and eigen v alues � p for the system of corresp onding

landmarks can b e computed. This means that the � p in the cost function in equa-

tion (2.3) can b e expressed in dep endence of the singular v alues of B . Ev en tually ,

the cost function is minimized with resp ect to the elemen ts of B b y solving

@F
@bij

= 0 .

This deriv ation leads to a c hange for the individual landmark p ositions as sho wn in

[Ericsson 2003 ] as it yields a 3D gradien t for ev ery landmark. In order to con v ert

the gradien ts in to optimal k ernel mo v emen ts (4 �; 4 � ) ,

@F
@(4 �; 4 � ) is computed b y

@F
@(4 �; 4 � )

=
@F
@bij

@bij
@(4 �; 4 � )

where the surface gradien ts

@bij
@(4 �; 4 � ) are estimated b y �nite di�erences.

It has to b e tak en in to accoun t that when mo ving one landmark, the adjacen t

landmarks should b e a�ected in a similar manner dep ending on their closeness.

Therefore, a truncated Gaussian function is de�ned with

c(x; � ) =

(
exp( � x2

2� 2 � � (3� )2

2� 2 ) for x < 3�
0 for x � 3�

where x denotes the distance b et w een the sp eci�c landmark and the cen ter of

the k ernel and � con trols the size of the k ernel. If a p oin t at p osition x is

mo v ed b y (4 �; 4 � ), all other p oin ts are a�ected b y c(x; � )(4 �; 4 � ) . This re-

parameterization is done iterativ ely o v er all landmarks and all observ ations. F or

a detailed deriv ation of this algorithm as w ell as an ev aluation please refer to

[Heimann 2005 , Heimann 2007c ].

Note that this approac h only mak es sense for mesh represen tations of surfaces but

not for p oin t cloud represen tations.

2.4 Segmen tation Using Shap e Priors

The goal of a segmen tation pro cess is the partitioning of an image in to regions whic h

are homogeneous regarding a certain n um b er of c haracteristics. The m ultitude of

image-based segmen tation tec hniques can b e roughly categorized in to region-based,
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edge-based, and clustering metho ds. R e gion-b ase d metho ds searc h for pixels amidst

an area whic h ful�ll a similarit y criterion. A t ypical example are region-gro wing

tec hniques whic h basically use a man ually selected seed v o xel and then automat-

ically extract all v o xels connected to the seed or connected to already extracted

v o xels featuring the same gra y v alue [Haralic k 1985 ]. Region-based metho ds are

usually sensitiv e to noise and image-inhomogeneities. Edge-b ase d metho ds detect

con tours whic h are de�ned b y abrupt gra y v alue c hanges in the image. F or digital

images, �ltering masks (e.g. Prewitt, Sob el, Laplace) are used in order to compute

the gradien t images of �rst or second order. A disadv an tage of edge-based metho ds

is the fact that the resulting edges are often disconnected and consecutiv e b ound-

ary �nding metho ds ha v e to b e emplo y ed. A widely-used clustering metho d is the

thresholding segmen tation whic h is a straigh tforw ard but often not v ery e�cien t

tec hnique where the pixels of an image are classi�ed simply b y determining if their

gra y v alue lies ab o v e or b elo w an app oin ted threshold [Saho o 1988]. The same idea

applies to w atershed approac hes where the di�eren t gra y lev els are in terpreted as

top ographic surfaces [Vincen t 1991 ]. F or m ulti-sp ectral image data, cluster-analysis

metho ds are emplo y ed where the v o xels are represen ted b y feature v ectors of higher

dimensionalit y [Handels 2009 ]. Elab orate o v erview of these categories of segmen ta-

tion tec hniques are giv en in [Gonzalez 2002 ].

Medical images tend to feature noise, con tour gaps, in tensit y inhomogeneities and

lo w con trasts. This is due to sev eral problems: First, image acquisition systems

yield relativ ely lo w signal to noise ratio. Secondly , soft tissue b oundaries do not

necessarily feature clear gradien ts (see �gure 2.3(a)) and there is often a tissue v ari-

abilit y in the same organ across patien ts (see �gure 2.3(c,d)). Another problem are

image artifacts due to patien t motion or limited acquisition time whic h reduce the

information con ten t of the data (see �gure 2.3(b)). Generally , metho ds whic h w ork

on image information alone lik e region gro wing or thresholding or edge-�ltering are

sensitiv e to these c haracteristics. F urthermore, they are prone to errors under t ypi-

cal shortcomings of medical images lik e sampling artifacts and spatial alias e�ects.

In order to robustify the segmen tation pro cess, an e�ectiv e and p opular approac h

is to emplo y mo dels whic h incorp orate a priori information ab out the structure to

b e segmen ted.

The concept of deformable mo dels is explained in section 2.4.1, and the most imp or-

tan t asp ects of explicit and implicit shap e priors are summarized in sections 2.4.2

and 2.4.3.

2.4.1 Deformable Mo dels

A substan tial part of segmen tation metho ds no w ada ys is based on the concept of

deformable mo dels whic h w as originally in tro duced for use in computer vision b y T er-

zop oulos et al. [T erzop oulos 1986 ]. Since the w ork ab out Snak es (A ctiv e Con tours)

published in 1988 b y Kass et al. [Kass 1988 ], deformable mo dels are e�ectiv ely used

for segmen tation, reconstructing, visualization and matc hing problems in 2D and

3D and ha v e successfully b een applied to a wide range of organs. A deformable

mo del is usually represen ted b y a con tour or a surface. The deformation of the

mo del is go v erned b y means of energy minimization where the energy functional ba-
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a) b)

c) d)

Figure 2.3: Me dic al images. a) Kidneys in noisy CT data. b) F emur and hipb one

CTs fe aturing c ontour gaps and low r esolution. c),d) Bladder CTs fe aturing intensity

inhomo geneities due to c ontr ast agent and di�er ent �l ling levels.

sically consists of one term whic h con trols the resulting shap e (in ternal energy) and

one term whic h attracts the con tour to w ard the b oundary in the image (external

energy):

E(C) = E int + Eext :

In a ph ysical in terpretation, deformable mo dels are elastic b o dies whic h resp ond

in a natural w a y to the in�uence of external forces. The deforming forces are de-

termined b y image data lik e edges or textures as w ell as b y smo othness conditions

or a priori kno wledge ab out the shap e and lo cation of the resp ectiv e anatomical

structures. The prior shap e information renders the algorithm more robust and

accurate [McInerney 1996 ]. A deformable mo del is usually initialized in an ap-

pro ximativ e manner around a region of in terest. Then, it ev olv es from this initial

rough solution to automatically impro v e the �t to the b oundary of the region to

b e detected. Deformable mo dels are able to mo del the complexit y and sometimes

signi�can t v ariabilities of anatomical structures. F or a thorough surv ey whic h fo-

cuses on the top ological, geometrical and ev olutional asp ects of deformable mo dels

see [Mon tagnat 2001 ].

In the last y ears, the in tegration of a priori information ab out the shap e has pro v en

to b e a v ery e�cien t approac h whic h led to a m ultitude of robust automatic seg-

men tation tec hniques for v arious medical applications. The k ey idea is to constrain

the segmen tation to plausible shap es. Mostly , statistical shap e mo dels (SSM) are

emplo y ed. The di�eren t shap e prior mo dels can b e divided in to the follo wing t w o

main approac hes: the parametric mo dels whic h ev olv e corresp onding the Eulerian
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form ulation (section 2.4.2) and the implicit mo dels whic h ev olv e corresp onding to

the Lagrangian form ulation (section 2.4.3). In order to demonstrate the v ariet y

of segmen tation metho ds whic h b ene�t from prior kno wledge ab out the shap e,

a brief surv ey is giv en ab out some of the most p opular applications: Explicitly

represen ted SSMs ha v e b een successfully emplo y ed e.g. for p elvic b one segmen-

tation [Seebass 2003 , Lamec k er 2004 ], for hip join t segmen tation [Kainm üller 2009 ]

and for (scoliotic) v ertebrae segmen tation [Benameur 2003 , P ek ar 2001 ]. F urther-

more, SSMs are frequen tly used for soft tissue segmen tation as e.g. for liv er seg-

men tation from CT data [Lamec k er 2003 , Heimann 2007a ] or for segmen tation

of aortic aneurysms from CT data [de Brujine 2002 ]. Other authors use im-

plicit SSM for CT kidney segmen tation [T saagan 2002 ]. Righ t from the start,

SSMs w ere disco v ered to b e b ene�cial in the segmen tation of cardiac struc-

tures as the left v en tricle [Staib 1996 , Kaus 2004, Shang 2004 ] or the whole heart

[Lötjönen 2004, Lorenz 2006 ]. Moreo v er, the use of SSMs is a widespread metho d

in brain segmen tation on MR images, e.g. b y SPHARM mo deling [Szék ely 1996],

m-rep mo deling [Pizer 2003 ] or explicit mo deling [Zhao 2005a ].

2.4.2 Explicitly Represen ted Shap e Priors

With the presen tation of the A ctiv e Shap e Mo dels (ASM) in 1992, Co otes and T a y-

lor in tro duced a metho d to use explicitly represen ted p oin t distribution mo dels as

shap e priors for segmen tation tasks [Co otes 1992]. The de�nition and mathematical

form ulations of suc h statistical shap e mo dels are giv en in section 2.3. In short, the

segmen tation tec hniques using the ASM metho d w ork as follo ws: First, the mo del

is placed in the image. This initial placemen t fa v orably close to the structure to

b e segmen ted is often done man ually . Next, for eac h mo del p oin t a mo v emen t is

suggested along its normal to w ard a p osition lying closer to the con tour of the ob-

ject to b e segmen ted. Commonly , for eac h p oin t a candidate con tour p osition is

determined b y ev aluating the neigh b ouring v o xels in direction of the con tour nor-

mal. The candidate qualit y of p ositions dep ends on b oundary-based and/or region

based features. F or their app earance mo dels, Co otes prop ose to use the normalized

�rst deriv ativ es of the pro�les [Co otes 2001a ]. Brejl et al. mak e use of a com bina-

tion of grey v alues and grey v alue gradien ts [Brejl 2000 ]. Other app earance mo dels

include region-based features lik e the texture inside the shap e [Co otes 2001b ] or the

creation of histograms on inside and outside regions [Broadh urst 2006 ]. Ev en tually ,

the optimal c hoice of app earance mo del dep ends on the image mo dalit y as w ell as

the anatomical structure to b e segmen ted as sho wn for example in [Heimann 2008].

After determining a candidate p osition for eac h p oin t, the mo del is transformed

and deformed to optimally appro ximate the candidate p oin ts. The deformation is

constrained to lie in the mo del v ariabilit y space. These up dates of the mo del are

iterated un til the mo ving distance of mo del p oin ts falls under a certain threshold.

A detailed explanation of the algorithm is giv en in [Co otes 2004 ].

The principal idea of ASM segmen tation still forms the basis for n umerous seg-

men tation metho ds emplo ying statistical shap e mo dels no w ada ys. Ho w ev er, the

limits placed on the mo del parameters ensuring that the segmen tation con tour

can only adapt to shap es whic h are probable regarding the underlying train-
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ing data set are to o constraining for man y segmen tation tasks. This is mainly

due to the fact that the n um b er of training observ ations is usually to o small to

represen t all probable shap e v ariabilities. T o ligh ten the constrain t, sev eral au-

thors prop osed segmen tation algorithms whic h balance b et w een prior shap e kno wl-

edge in tro duced b y the SSM and image information. These algorithms range

from using the con v erged SSM as initialization for additional re�nemen t steps

[Co otes 1996 , P ek ar 2001 , Shang 2004] to emplo ying a deformable mesh whose in-

ternal energy is minimized with the distance to the closest allo w ed mo del defor-

mation [W eese 2001 , T saagan 2002, Kaus 2003 , Heimann 2007b ]. A go o d o v erview

o v er these algorithms has recen tly b een published b y Heimann and Meinzer

[Heimann 2009 ].

2.4.3 Implicitly Represen ted Shap e Priors

Lev el sets metho ds describ e con tours or surfaces implicitly as the zero lev el set of

a higher dimensional function. Opp osite to parametric deformable mo dels, they

o�er the adv an tage to b e top ologically �exible and are th us able to mo del highly

complex anatomical structures lik e blo o d v essels or cortical surfaces. As the origi-

nal lev el sets are not resistan t to w eak con tour edges and su�er from a signi�can t

n umerical dissipation, no w ada ys higher order, h ybrid, and adaptiv e tec hniques are

used (e.g.[Delingette 2001 , Losasso 2006 ]) whic h are unfortunately less e�cien t and

more di�cult to implemen t than parametric mo dels. The idea of using lev el sets for

surface mo deling w as �rst prop osed b y Osher and Sethian [Osher 1988] and later

used for medical image segmen tation e.g. b y Malladi et al. who use fron t propaga-

tion on stomac h and artery tree structures [Malladi 1995 ] and Lev en ton et al. who

additionally emplo y in tensit y and curv ature priors for segmen ting corp ora callosa

[Lev en ton 2000b ] and b y Ciofolo and Barillot who use comp etitiv e lev el sets for

brain segmen tation [Ciofolo 2005 ]. A thorough study ab out the nature of lev el set

metho ds can b e found in Sethian [Sethian 1999 ], while Osher and P aragios as w ell

as Cremers and Deric he presen t elab orate o v erviews ab out applications of lev el set

metho ds in the �eld of computer vision [Osher 2003 , Cremers 2007 ].

In 2000, Lev en ton et al. prop osed a segmen tation algorithm where the statistics on

surfaces are made directly on lev el-set functions [Lev en ton 2000a ]. Since then, the

idea of mo deling a priori shap e kno wledge using lev el sets has gained in imp ortance.

Giv en a training data set of surfaces, the statistical shap e prior is generated as fol-

lo ws: The N surface observ ations k in the training data set are em b edded as zero

lev el sets of the higher dimensional functions � k whic h are commonly represen ted b y

signed distance functions. The mean function

�� is computed b y

�� = 1
N

P N
k=1 � k and

the v ariabilit y mo del is determined b y a principal comp onen t analysis done directly

on the distance functions. In general, the lev el set segmen tation is computed b y a

maxim um a p osteriori (MAP) estimation where the lev el set function is ev olv ed to

con v erge to w ards the b oundary of the organ to b e segmen ted. The ev olution of the

lev el set is con trolled b y the optimization of an energy functional whic h is based

on the image information as w ell as on the statistical shap e prior and additionally

in tegrates a regularization term. This metho d w as adapted b y T sai et al. who fo-

cused on e�ciency and robustness of the algorithm [T sai 2003 ] as w ell as b y Rousson
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et al. who prop ose v ariational in tegrations of the shap e prior [Rousson 2004 ]. In

[Cremers 2006 ], Cremers extended the approac h b y dynamical priors for trac king

problems.

Though, for the statistics done on the distance maps, it has to b e k ept in mind

that the space of signed distance functions is not linear whic h means that a linear

com bination of signed distance functions do es not necessarily corresp ond to a signed

distance function. Besides, the principal comp onen ts of implicit shap e mo dels de-

scrib e the v ariabilit y of the distance maps but not the v ariation of the em b edded

con tours. Therefore, understanding the v ariabilit y information on distance func-

tions is not ob vious so that it seems di�cult to exploit the v ariabilit y mo del for a

ph ysical mo deling of the shap e v ariabilit y .

2.5 Discussion

This c hapter illuminates the imp ortan t role whic h statistical shap e mo dels pla y in

medical imaging. Esp ecially segmen tation problems b ecome b etter p osed b y the

emplo ymen t of prior shap e information in the form of SSMs. A w a y from b eing a

complete review on this sub ject, this c hapter is an attempt to highligh t the main

approac hes and to la y the ground for further researc h in this area.

Ev en though SSMs ha v e b een part of the state-of-the-art for more than �fteen y ears,

new re�ned SSM metho ds emerge ev ery y ear, and sev eral op en questions remain.

Esp ecially the corresp ondence problem has not b een solv ed satisfactorily in our ey es

as the assumption of one-to-one corresp ondences on 3D surfaces seems to o strong.

F urthermore, most algorithms whic h compute SSMs emplo y step b y step tec hniques

b y �rst determining corresp ondence, aligning the observ ations, computing the mean

shap e and �nally computing the v ariabilit y mo del. This is an in tuitiv e tec hnique

but not a sound mathematical framew ork. As the mean shap e and the v ariation

mo des should optimally represen t the whole scene of observ ations, a global approac h

seems to b e fa v orable where the determination of corresp ondence, the alignmen t as

w ell as the computation of mean shap e and v ariabilit y are uni�ed in one global cost

function. By doing so, a theoretical con v ergence could b e ensured. The w ork in

this thesis will demonstrate ho w a statistical shap e mo del based on corresp ondence

probabilities can b e computed in a sound mathematical sc heme.

Regarding the emplo ymen t of SSMs in segmen tation algorithms, t w o indep enden t

domains w ere asserted: One group of metho ds is based exclusiv ely on explicit rep-

resen tation of SSMs and segmen tation con tours while the other group only uses

implicit SSMs and form ulates implicit segmen tation sc hemes. Naturally , b oth ap-

proac hes feature di�eren t strengths and su�er from di�eren t w eaknesses. This raises

the question if and ho w the strict separation of the t w o domains could b e op ened

in order to dev elop a segmen tation algorithm whic h b ene�ts from the adv an tages

of b oth. In this thesis, it will b e sho wn ho w a com bination of explicit and implicit

mo deling could b e realized whic h migh t op en new insigh ts on that matter.
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Statistical shap e mo dels are a v aluable to ol in medical image analysis and are

e�cien tly used in classi�cation, recognition, reconstruction and segmen tation meth-

o ds. The mo dels incorp orate statistical kno wledge mainly ab out the exp ected shap e

and shap e v ariabilit y . The collection of that kno wledge is done b y statistically ev alu-

ating the shap e information of a n um b er of observ ations of the resp ectiv e structure.

T o do so, the fundamen tal problem of determining prop er corresp ondence b et w een

the observ ations has to b e solv ed. The solution of the corresp ondence problem as

w ell as the metho d of mo del computation dep ends on the represen tation of the

shap es. In this c hapter, a generativ e metho d for the computation of a parametric

3D statistical shap e mo del for p oin t-based shap e represen tations is dev elop ed. A

probabilistic mo deling is c hosen instead of a deterministic one and the shap es are

represen ted b y mixtures of Gaussians. The computation of the Gaussian Mixture

SSM is form ulated in a generativ e framew ork.

3.1 Motiv ation

Most metho ds in the state-of-the-art compute the parameters needed for the SSM

in a step-b y-step manner: First, the observ ations are aligned in a common refer-

ence frame. Then, the mean shap e is computed and �nally , the v ariabilit y mo del is

determined. While usually leading to go o d results, the mathematical foundation is

unclear and no con v ergence can b e ensured. In order to create a sound mathemat-

ical framew ork, this w ork prop oses to compute a gener ative mo del and unify the

computation of all parameters whic h tak e part in the SSM computation in to one

global criterion.
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F urthermore, as discussed in section 2.2, one of the cen tral di�culties of analyzing

di�eren t organ shap es in a statistical manner is the iden ti�cation of corresp ondences

b et w een the p oin ts of the shap es. As the man ual iden ti�cation of landmarks is not

an acceptable option in 3D, sev eral prepro cessing tec hniques w ere dev elop ed in the

literature to automatically �nd exact one-to-one corresp ondences b et w een surfaces

whic h are represen ted b y meshes as in [Lorenz 2000, Bo okstein 1996 , St yner 2003a ,

V os 2004 ] to just name a few. A p opular metho d is to optimize the corresp on-

dences and the registration transformation at the same time as do es the Iterativ e

Closest P oin ts (ICP) algorithm [Besl 1992 ] for p oin t clouds as explained in section

2.2.1. More elab orate metho ds directly com bine the searc h of corresp ondences and

of the SSM for a giv en training data set as prop osed in [Zhao 2005b , Ch ui 2003 ]

or the Minim um Description Length (MDL) approac h to statistical shap e mo del-

ing [Da vies 2002c , Heimann 2005]. The MDL is used to optimize the distribution

of p oin ts on the surfaces of the observ ations in the training data set when de-

termining the b est SSM. F or unstructured p oin t sets, the MDL approac h is not

suited to compute a SSM b ecause it needs an explicit surface information. An-

other in teresting approac h prop oses an en trop y based criterion to �nd shap e cor-

resp ondences, but requires implicit surface represen tations [Cates 2006 ]. Other ap-

proac hes com bine the searc h for corresp ondences with shap e based classi�cation

[T sai 2005 , K o dipak a 2007 ] or with shap e analysis [P eter 2006b ]. Ho w ev er, these

metho ds are not easily adaptable to m ultiple observ ations of unstructured p oin t

sets as they either dep end on underlying surface information or �x the n um b er of

p oin ts represen ting the surface. The approac h in [Ch ui 2004 ] for unstructured p oin t

sets fo cuses only on the mean shap e. In all cases, enforcing exact corresp ondences

for surfaces represen ted b y unstructured p oin t sets leads to v ariabilit y mo des that

not only represen t the organ shap e v ariations but also arti�cial v ariations whose

imp ortance is link ed to the lo cal sampling of the surface p oin ts.

W e argue that when segmen ting anatomical structures in noisy image data, the

extracted surfaces (p oin ts) only represen t probable surface lo cations. Therefore,

a metho d for shap e analysis should b etter rely on probabilistic p oin t lo cations as

presen ted with the rigid EM-ICP registration in [Granger 2002 ]. A ccordingly , w e

prop ose to solv e the corresp ondence problem b y describing the observ ations as noisy

measuremen ts of the mo del. This amoun ts to represen ting the shap es b y mixtures

of Gaussians whic h are cen tered on the mo del surface p oin ts. The shap es are then

aligned b y maximizing the corresp ondence probabilit y b et w een all p ossible p oin t

pairs. It should b e noted that the SoftAssign algorithm [Rangara jan 1997a ] has a

probabilistic form ulation whic h is closely related but di�ers in that it giv es the same

role to the mo del and the observ ations. This is justi�ed for a pair-wise registration

but not for a group-wise mo del to observ ation registration, whic h is needed for the

SSM computation.

This c hapter is structured as follo ws: In section 3.2, an a�ne v ersion of the EM-

ICP registration algorithm is deriv ed in order to establish a probabilistic framew ork

for computing corresp ondence probabilities b et w een the observ ations. F ollo wing in

section 3.3, the generativ e Gaussian Mixture statistical shap e mo del (GGM-SSM) is

dev elop ed, and a maxim um a p osteriori framew ork is prop osed to compute all mo del

parameters and observ ation parameters at once. The solutions for optimizing the
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asso ciated global criterion with resp ect to the observ ation and mo del parameters are

deriv ed in sections 3.4 and 3.5. The in tegration of normals as additional information

in to the global criterion is realized in section 3.7. W e conclude this c hapter with a

discussion ab out the c haracteristics of the new mo del (section 3.8).

3.2 Exp ectation Maximization - ICP Algorithm

In MR or CT medical imaging, the accuracy of the anatomical represen tation de-

p ends on the slice thic kness as w ell as the resolution in the plane. Ev en with a

v ery high spatial resolution, partial v olume e�ects will o ccur, so it has to b e p oin ted

out that the resulting image alw a ys remains an estimation of the true anatomical

structure. Due to the recording tec hniques, there is alw a ys a certain amoun t of

incertitude regarding the extracted image information.

F or the computation of a SSM, a training data set con taining segmen ted observ a-

tions has to b e created. The observ ations are mostly generated in a pro cess whic h

comprises t w o steps: First, an automatic, semi-automatic or man ual segmen tation

of the resp ectiv e structure is p erformed whic h results in a set of 2D binary images or

one binary v olume. Next, a surface extracting algorithm is applied. F or b oth steps,

a m ultitude of w ell researc hed and problem-adapted metho ds exists, nev ertheless,

the resulting segmen tation will alw a ys b e an estimation of the true structure surface.

Concerning the corresp ondence problem, this means that the pro cess of determining

homologies b et w een extracted surfaces relies on information whic h is not necessarily

correct. F urthermore, one-to-one corresp ondences p ose a problem for observ ations

whic h feature distinctiv e shap e detail di�erences as sho wn in �gure 3.1. F or these

reasons, it is adv an tageous to use corresp ondence probabilities instead of exact cor-

resp ondences. The EM-ICP algorithm is a con v enien t metho d to �nd those.

In this section, an a�ne extension for the Exp ectation Maximization - Iterativ e

Closest P oin t registration is deriv ed whic h tac kles the corresp ondence problem b y

determining c orr esp ondenc e pr ob abilities instead of one-to-one corresp ondences. The

rigid EM-ICP w as �rst in tro duced in 2002 b y Granger and P ennec and pro v ed to

b e robust, precise, and fast [Granger 2002 ]. As the aim is to mo del the shap e v ari-

ations whic h remain after p ose, scaling and shearing v ariations are eliminated, an

algorithm is needed whic h do es an a�ne alignmen t of the shap es.

3.2.1 Algorithm

The EM-ICP algorithm determines the registration transformation T that b est

matc hes a mo del p oin t set M 2 R3Nm
on to an observ ation p oin t set S 2 R3N s

with Nm and Ns describing the n um b er of p oin ts of the mo del and the observ ation

resp ectiv ely . The fo cus lies on the pr ob ability of an observ ation p oin t si to b e a

measure of a transformed mo del p oin t T ? mj . In that w a y , the p oin t si is describ ed

as a displaced and noisy v ersion of p oin t mj . No w all scene p oin ts are considered as

b eing conditionally indep enden t. If the p oin t si corresp onds exactly to the mo del

p oin t mj , the measuremen t pro cess can b e mo deled b y the Gaussian probabilit y
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Figure 3.1: A c orr esp ondenc e pr oblem: One shap e fe atur es two bumps, the other

only one. How c an we determine c orr esp ondenc es b etwe en the two? The appr o ach

use d her e establishes c orr esp ondenc e pr ob abilities b etwe en al l p oints r epr esenting the

shap e surfac es.

T*m j
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T*m j

T*M

S
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Figure 3.2: The sc ene S is r e gar de d as a set of noise d me asur ements of the tr ans-

forme d mo del T ?M . The detail shows a 2D pr oje ction of the Mahalanobis distanc es

with r esp e ct to the p oint T ? mj . The pr ob ability of sc ene p oint si given T and mj

is c alculate d as shown in e quation (3.1).

T*m1
T*m 2

T*m 3si

Figure 3.3: Mixtur e of Gaussians describ e likeliho o d of p oint si with r esp e ct to sever al

mo del p oints mj .
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distribution

p(si jmj ; T) =
1

(2� )
3
2 j� j j

1
2

exp(�
1
2

(si � T ? mj )T :� � 1
j (si � T ? mj )) (3.1)

where � j represen ts the noise as the co v ariance of mj . F or an illustration see �gure

3.2.

Ho w ev er, the observ ation p oin t si can in fact b e a measure of an y of the mo del

p oin ts as illustrated in �gure 3.3. It is assumed that a priori all mi are equally

probable for b eing matc hes to si . Since M consists of Nm mo del p oin ts mj , the

probabilit y distribution mo del of the spatial lo cation of si is the mixture

p(si jM; T ) =
1

Nm

NmX

j =1

p(si jmj ; T): (3.2)

Unfortunately , ev en under the assumption that all scene p oin t measuremen ts are

indep enden t, no closed form solution exists for the maximization of p(SjM; T ) . A

solution is to mo del the unkno wn corresp ondences H 2 RN s � Nm
as r andom hid-

den variables and to maximize the log-lik eliho o d of the complete data distribution

p(S; H jM; T ) e�cien tly using the EM algorithm. W e denote E(H ij ) as the ex-

p ectation of p oin t si b eing an observ ation of p oin t T ? mj (with the constrain t

P Nm
j E(H ij ) = 1 ) and compute the exp ectation of the log-lik eliho o d with

E(log p(S; H jM; T )) =
1

Nm

N sX

i

NmX

j

E(H ij ) log p(si jmj ; T): (3.3)

In the follo wing, uniform priors on H are assumed.

In the exp ectation step , T is �xed and logp(S; H jM; T ) is estimated to

compute the exp ectation of corresp ondence E(H ) :

P(H ij = 1) = E(H ij ) =
exp(� � (si ; T ? mj ))P
k exp(� � (si ; T ? mk))

with � (si ; T ? mj ) = 1
2(si � T ? mj )T :� � 1

j (si � T ? mj ) .

In the maximization step , E(H ) is �xed and the estimated lik eliho o d is

maximized with resp ect to T . F or this purp ose, constan ts and normalizing factors

of equation (3.3) do not ha v e to b e tak en in to accoun t. Hence, the EM-ICP

criterion CEM to b e optimized tak es the follo wing form:

CEM (T; E) =
N sX

i

NmX

j

E(H ij )(si � T ? mj )T � � 1
j (si � T ? mj ): (3.4)

Without loss of generalit y , it is assumed from no w on a homogeneous and isotropic

Gaussian noise with v ariance � 2
in order to simplify the equations. The transfor-

mation is then found b y

T̂ = argmin
T

1
� 2

N sX

i

NmX

j

E(H ij )ksi � T ? mj k2: (3.5)
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W e see that the elemen ts of E(H ) serv e as w eigh ting factors. The solution of this

least-squares estimation for a rigid transformation T can b e seen in [Granger 2002].

3.2.2 Generalization to A�ne T ransformation

When dealing with an a�ne transformation Taf f , a p oin t mj is transformed b y Taf f

as follo ws: Taf f ? mj = Am j + t with the transforming matrix A 2 R3x3
and the

translation v ector t 2 R3
. In order to �nd the b est translation t , equation (3.4) is

di�eren tiated with resp ect to t , and w e obtain

@CEM (t)
@t

= � 2
1
� 2 (

N sX

i

si � A
NmX

j

mj

NmX

i

E(H ij ) � Nst)

kno wing

P Nm
j E(H ij ) = 1 8i . Th us, at the optim um w e �nd

t̂ =
1

Ns

N sX

i

si � A
1

Ns

NmX

j

mj

N sX

i

E(H ij ): (3.6)

W e see that t̂ aligns the barycen tre �s = 1
N s

P N s
i si and the pseudo barycen tre ~m =

1
N s

P Nm
j mj

P N s
i E(H ij ) of the t w o p oin t clouds S and M . Using �barycen tre�

co ordinates s0
i = si � �s and m0

j = mj � ~m allo ws us to simplify the criterion in to

C0
EM (T; E) =

1
� 2

N sX

i

NmX

j

E(H ij )(s0T
i s0

i � 2s0T
i Am 0

j + m0
j AT Am 0

j ): (3.7)

Next, C0
EM (T) is di�eren tiated with resp ect to the a�ne transformation matrix A :

@C0EM (A)
@A

= �
2
� 2

N sX

i

NmX

j

E(H ij )s0
i m0T

j +
2
� 2

N sX

i

NmX

j

E(H ij )Am 0
j m0T

j

=
2
� 2 (� � + A�)

with � ; � 2 R3� 3
.

W e solv e for A with

A� = � , A = �� � 1:

If � is singular ( det(�) = 0 ), the pseudo-in v erse � +
has to b e determined instead

of the in v erse � � 1
. F rom an implemen tational p oin t of view, it is adv an tageous

to alw a ys determine the pseudo-in v erse. As � is symmetric, the pseudo-in v erse is

computed using the Jacobi metho d for eigen v alue decomp osition. F or details see

section A.1.

The resulting transformation T is applied to the p oin ts of the target cloud M b efore

the next Exp ectation step. The t w o EM-steps are alternated un til jCEM (T; E)(i ) �
CEM (T; E)(i � 1) j < � . A mathematical pro of of con v ergence for the EM algorithm

is pro vided in [Dempster 1977 ].
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3.2.3 EM-ICP Multi-Scaling

In order to robustify the computation of the a�ne transformation, an iterativ e m ulti-

scale sc heme is implemen ted. Here, the v ariance � 2
con trolling the corresp ondence

probabilities b et w een shap es (as form ulated in equations (3.1) and (3.2)) is used as

a scale parameter. In his thesis, S. Granger analysed the in�uence of the v ariance on

the con v ergence of the rigid EM-ICP algorithm [Granger 2003 ]. The results suggest

that the algorithm should b e started with a large v ariance to guaran tee the robust-

ness and that the �nal v ariance should b e in the range of the real noise v ariance in

order to ensure the most accurate results. A large v ariance mak es sure that shap e

p ositions and rotations of source and target are aligned. A lo w v ariance mak es sure

that the shap e details of source and target are aligned. This is implemen ted as

follo ws: W e start the EM-ICP registration with sigma � start in the �rst iteration.

In eac h follo wing iteration it , the sigma v alue is reduced to � it = r-factor

it � � start

where the reduction factor is a scalar with 0 < r-factor < 1. Its v alue has to b e

c hosen carefully as a fast decrease of the m ulti-scale v ariance � 2
could easily freeze

the mo del in lo cal minima. The same applies for the c hoice of the initial � -v alue.

If the sigma is c hosen to o small, the EM-ICP b eha v es lik e the ICP registration

algorithm whic h means that alw a ys only one p oin t, the closest neigh b our, is �xed

as corresp onding p oin t. F or mathematical pro of please refer to app endix A.2. If

sigma is c hosen to o great, the source tends to shrink to the barycen tre of the target.

Ev en tually , the c hoice of sigma dep ends on the data at hand and is determined

heuristically so far. In order to illustrate the in�uence of sigma and reduction factor

in the m ultiscale-sc heme, w e examine an example: The a�ne EM-ICP is emplo y ed

to register t w o kidneys represen ted b y around 3000 p oin ts eac h. The v alue of � start

is set to 12, the registration is iterated 100 times. In the �rst registration, no m ulti-

scaling is p erformed. In the second registration, a m ulti-scaling is p erformed with

a reduction factor r-factor=0.97 . The algorithm with m ulti-scaling comes to b etter

results as without as illustrated in �gures 3.4 and 3.5.

W e then test the b eha viour of the a�ne EM-ICP on a syn thetic registration problem.

Our data consists of a segmen ted kidney S whic h is represen ted b y N = 10466 sur-

face p oin ts si and has a size of ab out 70mm� 40mm� 120mm . W e generate a second

kidney ST b y deforming S with a syn thetic transformation Tsynth : ST = Tsynth ? S.

Subsequen tly , b oth p oin t sets are decimated to Sd
and Sd

T using a decimation al-

gorithm whic h is based on the tec hnique presen ted in [Sc hro eder 1992 ]. Here, the

p oin ts are splitted and mo v ed during decimation. By c ho osing di�eren t decimation

parameters (di�eren t n um b er or triangles, di�eren t p oin t priorit y queues) for S and

ST , it is ensured that the n um b er of common conserv ed p oin ts (exact corresp on-

dences) b et w een Sd
and Sd

T is less than 15%, so real conditions - where no exact

one-to-one corresp ondences can b e determined - are sim ulated. Moreo v er, the n um-

b er of p oin ts di�ers. In the follo wing exp erimen ts, Sd
and Sd

T are represen ted b y

around 510 p oin ts.

In order to quan tify the accuracy of registration, w e de�ne a distance measure as

the normalized sum of distances b et w een all corresp onding p oin ts si and sT;i of the
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(a) 5 iter ations. (b) 20 iter ations. (c) 100 iter ations.

Figure 3.4: A�ne EM-ICP r e gistr ation on two kidney p oint clouds, sour c e in gr e en

and tar get in purple. The varianc e is set to 12 and r emains c onstant for the whole

r e gistr ation pr o c ess.

(a) 5 iter ations. (b) 20 iter ations. (c) 100 iter ations.

Figure 3.5: A�ne EM-ICP r e gistr ation on two kidney p oint clouds, sour c e in gr e en

and tar get in purple. The varianc e is set to 12 for the �rst iter ation and is then

r e duc e d with a r e duction factor of 0,97 in e ach new iter ation.
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original, non-decimated, kidneys:

d2(S; ST ) =
1

NS

NSX

i =1

ksi � sT;i k2:

W e c hose this distance measure instead of comparing the computed transforma-

tion with the original one since Euclidean p oin t distances are easier to in terprete

than matrix co e�cien t di�erences. In summary , the exp erimen ts are conducted b y

p erforming the follo wing steps:

1. Cho osing Tsynth to generate ST .

2. Decimation of S and ST resulting in Sd
and Sd

T .

3. Registration of Sd
and Sd

T using the a�ne EM-ICP .

4. Applying the resulting transformation Tres to ST .

5. Computing the distance b et w een S and Tres ? ST .

W e tested for similarit y and a�ne Tsynth . The similarit y transformation represen ts

a rotation with rot x = 20 �
, rot y = 10 �

, and rot z = 5 �
, a scaling of scalex = 1 :1,

scaley = 0 :9, and scalez = 1 , and a displacemen t of dispx = 10mm , dispy = 10mm ,

and dispz = 10mm . No shearing is applied. W e start the registration with � start =
8mm and used a reduction factor of r-factor=0.9 . The algorithm con v erged after

30 iteration and resulted in a distance of d(S; ST ) = 0 :5mm . The result is sho wn in

�gure 3.6.

The a�ne transformation has a high shearing e�ect with

Tsynth;af f ine =

0

B
B
@

1 0 0 0
0:1 1 0 0
0:07 0:02 1 0

0 0 0 1

1

C
C
A :

Again, the registration is started with � start = 8mm but in this exp erimen t,

the reduction factor is v aried with r-factor = f 0:5 0:85 0:90 0:95g. Figure 3.8

sho ws the in�uence of the reduction factor on the con v ergence rate for the a�ne

Tsynth . The �nal surface distances are in the range of d(S; ST ) = 0 :35mm for the

tested r-factors f 0:85 0:90 0:95g. A r-factor of 0:5 ho w ev er leads to a distance of

d(S; ST ) = 0 :46mm since the algorithm freezes in a lo cal minim um for that case.

F or a result example of the a�ne transformation exp erimen ts see �gure 3.7.

W e could establish that the a�ne EM-ICP registration results in a t ypical

distance of d(S; Tres ? ST ) � 0:5mm for our data set under the tested transforma-

tions. This v alue lies in the same range as the a v erage distance of one p oin t in S
to its closest neigh b our ( 0:74mm ). T ypically , 30 iterations su�ced for the kidney

registration in this set-up. The EM-ICP needs no previous rigid registration for the

a�ne case.
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(a) (b)

Figure 3.6: The original obje cts S (pink) and their tr ansforme d versions ST (gr e en)

(a) b efor e r e gistr ation with d(S; ST ) = 51 ; 7mm and (b) after r e gistr ation with

d(S; Tres ? ST ) = 0 :5mm . F or the EM-ICP, the kidneys wer e de cimate d fr om 10466

to ar ound 510 p oints, we chose an initial sigma of 8mm, 30 iter ations and a r e ducing

factor of 0.9 (which le ads to a �nal sigma of 0.38mm).

(a) (b)

Figure 3.7: The original obje cts S (pink) and their tr ansforme d versions ST (gr e en)

(a) b efor e r e gistr ation with d(S; ST ) = 40 ; 3mm and (b) after r e gistr ation with

d(S; Tres ?ST ) = 0 :35mm . F or the EM-ICP, the kidneys wer e de cimate d fr om 10466

to ar ound 510 p oints, we chose an initial sigma of 8mm, 30 iter ations and a r e ducing

factor of 0.9 (which le ads to a �nal sigma of 0.38mm).
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Figure 3.8: Conver genc e of EM-ICP in a�ne kidney r e gistr ation. The EM-ICP

criterion values ar e plotte d with r esp e ct to the numb er of iter ations for thr e e di�er ent

r e duction factors (r-factor). The �nal surfac e distanc e wer e al l in the r ange of

� 0:35mm . A r e duction factor of 0:5 however le ads to a distanc e of 0:46mm sinc e

the algorithm fr e ezes in a lo c al minimum for that c ase.
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3.3 The Uni�ed F ramew ork

In the probabilistic approac h, the aim is to compute a generativ e mo del whic h op-

timally �ts the giv en data set. W e realize this b y dev eloping a global and unique

criterion whic h is optimized iterativ ely with resp ect to all mo del and all observ a-

tion parameters. The optimization is done through a single maxim um a p osteriori

(MAP) criterion and leads to v ery e�cien t and closed-form solutions for (almost) all

parameters without the need for one-to-one corresp ondences as is usually required

b y the principal comp onen t analysis. The registration transformations whic h are

needed to matc h the mo del on the observ ations are computed using an a�ne v er-

sion of the Exp ectation Maximization - Iterativ e Closest P oin t (EM-ICP) algorithm

whic h is based on probabilistic corresp ondences and whic h pro v ed to b e robust and

fast. By relying on corresp ondence probabilities, the generativ e statistical shap e

mo del represen ting the training data set is mo deled as a mixture of Gaussians.

In section 3.3.1, the generativ e mo del parameters and observ ation parameters are

presen ted and in tegrated in a uni�ed framew ork. In section 3.3.2, the global criterion

obtained b y the MAP estimation is dev elop ed.

3.3.1 The Generativ e Mo del

W e assume a training data set of segmen ted organs whic h con tains N observ ations

Sk . The observ ations are represen ted b y p oin t clouds with resp ectiv ely Nk p oin ts

in 3D, so that Sk 2 R3N k
. W e w an t to determine a generativ e statistical shap e

mo del whic h b est represen ts the giv en observ ations. Here, the observ ations are

in terpreted as randomly generated b y the mo del: The scene Sk is seen as a set

of noised measuremen t of the mo del. The mo del itself is mo deled as a random

v ariable describ ed b y a Gaussian distribution.

In order to a v oid homology assumptions, the approac h is based on corresp on-

dence probabilities. In the follo wing, the in v olv ed parameters are presen ted in detail.

Generativ e Gaussian Mixture SSM P arameters � :

The GGM-SSM is explicitly de�ned b y the follo wing 4 mo del parameters

� = f �M; v p; � p; ng:

� �M 2 R3Nm
: Mean shap e of the mo del parameterized b y a p oin t cloud of Nm

p oin ts mj 2 R3
.

� vp 2 R3Nm : n v ariation mo des represen ted b y Nm 3D v ectors vpj .

� � p 2 R : n asso ciated standard deviations � p 2 R whic h describ e - similar to

the classical eigen v alues of the Principal Comp onen t Analysis - the impact of

the v ariation mo des.

� n : Num b er of v ariation mo des ( n � N ).

Observ ation P arameters Q :

F rom the parameters � of a giv en structure, the shap e v ariations of that structure
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can b e generated b y

M = �M +
NX

p=1

! pvp; N � n

with ! p 2 R b eing the deformation co e�cien ts 
 = f ! 1; :::; ! n g of the curren t shap e

(observ ation parameter) along the mo des v1; :::; vn (mo del parameter). The proba-

bilit y of obtaining a random deformed mo del M dep ends on the probabilit y of the

deformation co e�cien t parameters giv en � . W e mo del the deformation co e�cien ts

distribution as Gaussian:

p(M j�) = p(
 j�) =
nY

p=1

p(! pj�) =
1

(2� )n=2
Q n

p=1 � p
exp

0

@�
nX

p=1

! 2
p

2� 2
p

1

A
(3.8)

where the standard deviation � p is a mo del parameter.

In the framew ork of the GGM-SSM computation for a training data set con taining

the observ ations Sk , the deformation co e�cien ts are denoted ! kp according to the

Sk they b elong to.

The second observ ation parameter are the registration transformations whic h p osi-

tion our system in space b y aligning the mo del shap e with eac h of the observ ations.

Eac h transformation is asso ciated with one observ ation Sk , they are denoted as

Tk = f Ak 2 R3� 3; tk 2 R3g with rotational or a�ne matrix Ak 2 R3� 3
and transla-

tion tk . In order to compute the transformation whic h maximizes the corresp ondence

probabilit y b et w een the mo del and a observ ation, the Exp ectation Maximization It-

erativ e Closest P oin ts registration algorithm whic h is explained in detail in section

3.2 is emplo y ed. The hidden v ariable in the Exp ectation Maximization algorithm is

the corresp ondence probabilit y matrix Ekij 2 RN k � Nm
. Its elemen ts at p osition ij

describ e the corresp ondence probabilit y for observ ation p oin t si with mo del p oin t

mj .

Applying the transformation Tk to a mo del p oin t mj is written as

Tk ? mj = Akmj + tk :

The instan tiated and placed mo del M k is then determined b y applying the trans-

formation to all mo del p oin ts mj whic h is denoted as

M = Tk ? M: (3.9)

W e summarize the observ ation parameters as Q = f 
 k ; Tkg.

The uni�ed framew ork of the parameters and their sp eci�c relations are illustrated

in the diagram sho wn in �gure 3.9.

3.3.2 Optimization of P arameters through a Single MAP Criterion

As describ ed in section 3.3.1, the approac h deals with t w o sets of parameters:

1. Mo del parameters: � = f �M; v p; � p; ng.
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M k = �M +
P N

p=1 ! kp vp

p(M k j�) = 1
(2 � )n= 2

Q n
p =1 � p

exp
�

�
P n

p=1
! 2

kp

2� 2
p

�

Deformation of the Mo del

with rotational or a�ne matrix Ak and translation tk

Tk = f Ak 2 R3� 3; tk 2 R3g

Geometrical transformation Tk

Mo del �

� p 2 R: n asso ciated standard deviations

n : Num b er of v ariation mo des ( n � N )

vp 2 R3N m : n v ariation mo des comp osed of Nm 3D v ectors vpj

�M 2 R3N m
: Mean shap e of the mo del comp osed of Nm 3D p oin ts

Placemen t in space

Ek 2 RN k � N m

P
j Ekij = 1

Sampling

M 0
k = Tk ? Mk

Corresp ondence probabilit y Ek

ski = Tk ? mj + N (0; � ) with probabilit y Ekij

Shap e V ariabilit y P arameter 


eac h asso ciated with a vp and Sk

! kp : n deformation co e�cien ts,

Figure 3.9: Uni�e d fr amework for GGM-SSM c omputation. The mo del p ar ameters,

the observation p ar ameters and their r esp e ctive r elations ar e il lustr ate d.
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2. Observ ation parameters: Qk = f 
 k ; Tkg and asso ciated n uisance parame-

ters (hidden v ariables) Ek .

In order to dev elop a framew ork to compute these parameters for a giv en training

data set S , the aim is to �nd the parameters � and Q whic h most probably generated

that scene. The lik eliho o d function is giv en b y (Q; �) 7! p(SjQ; �) . W e �rst

approac h the situation from the view p oin t of its use, that is, it is assumed that

the mo del p ar ameters in � ar e known . W e are in terested in the searc h for the

parameters link ed to the shap e observ ations: Q = f Qkg. The mo del is mo deled as a

random v ariable with a Gaussian distribution whic h means that a prior distribution

o v er (Q; �) exists whic h is not uniform since p(Q; �) 6= constant . In order to tak e

in to accoun t the prior that the mo del is pro viding on the observ ation parameters,

a maxim um a p osteriori estimation should b e optimized instead of a maxim um

lik eliho o d estimation of Q and � . The p osterior distribution of (Q; �) is then

(Q; �) 7! p(Q; � jS) . In the MAP estimation, Ba y es' theorem is used whic h leads

to

MAP = �
NX

k=1

log(p(Qk ; � jSk )) = �
NX

k=1

log
�

p(Sk jQk ; �) p(Qk j�) p(�)
p(Sk )

�
: (3.10)

The probabilit y of the observ ations p(Sk ) do es not dep end on the mo del parameters

� and p(�) do es not pla y a role with � kno wn. Hence, the MAP estimation can b e

simpli�ed and the global criterion in tegrating our uni�ed framew ork is the follo wing:

C(Q; �) = �
NX

k=1

0

@log(p(Sk jQk ; �)
| {z }

ML estimate

+ log( p(Qk j�))
| {z }

Prior

1

A :

The �rst term describ es a maxim um lik eliho o d (ML) estimation with p(Sk jQk ; �) =
p(Sk jTk ; 
 k ; �) , whic h giv es

p(Sk jQk ; �) =
N kY

i =1

1
Nm

NmX

j =1

p(ski jmkj ; Tk ) with mkj = �mj +
nX

p=1

! kpvpj :

As a giv en scene p oin t ski is mo deled as a noisy measuremen t of a (transformed)

mo del p oin t mj , the probabilit y of the observ ed p oin t is giv en b y

p(ski jmj ; Tk ) =
1

(2� )
3
2 �

exp(�
1

2� 2 (ski � Tk ? mj )T :(ski � Tk ? mj )) : (3.11)

The second term of C(Q; �) (the prior) dep ends on the probabilit y of the deforma-

tion co e�cien ts ! kp as describ ed in equation (3.8).
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F or the complete criterion w e th us w e �nd

C(Q; �) = �
NX

k=1

N kX

i =1

log

0

@ 1
Nm

NmX

j =1

1

(2� )
3
2 �

exp
�

�
kski � Tk ? mkj k2

2� 2

�
1

A

+
NX

k=1

0

@log((2� )n=2) + log(
nX

p=1

� p) +
nX

p=1

! 2
kp

2� 2
p

1

A
(3.12)

= � (n) + � (Nm ) � � (� ) +
NX

k=1

Ck (Qk ; �) :

The n um b er of v ariation mo des is not optimized but a �xed n um b er is assumed.

The n um b er Nm of p oin ts in the mo del is �xed and a m ulti-v ariance sc heme is

emplo y ed. Hence, � (n) =
P

k log((2� )n=2) , � (Nm ) =
P

k Nk log(Nm ) and � (� ) =

NN k log
�

(2� )� 3
2 � � 1

�
b ecome constan ts.

Our criterion th us simpli�es to Cglobal(Q; �) =
P N

k=1 Ck (Qk ; �) with

Ck (Qk ; �) =
nX

p=1

 

log(� p) +
! 2

kp

2� 2
p

!

�
N kX

i =1

log

0

@
NmX

j =1

exp
�

�
kski � Tk ? mkj k2

2� 2

�
1

A :

(3.13)

The �rst term is resp onsible for maximizing the probabilit y of deformation while

the second term tries to minimize the p oin t distances of mo del and observ ations.

The global criterion of equation (3.13) incorp orates the uni�ed framew ork for the

mo del computation. By optimizing it alternately with resp ect to the op erands in

f Q; � g, w e are able to determine all parameters w e are in terested in.

Some terms will recur in the di�eren t optimizations as the deriv ativ e of the second

term of the global criterion is alw a ys p erformed in the same manner. W e will

in tro duce the follo wing notations for simpli�cation reasons: The deriv ativ e of an

arbitrary function �

� kij (Tk ; 
 k ; �M; v p; � p) = log
NmX

j =1

exp
�

�
kski � Tk ? mkj k2

2� 2

�

with resp ect to one of the function's parameters (let's sa y x ) is

@�kij

@x
= �

NmX

j =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@x

with


 kij =
exp

�
� kski � Tk ?mkj k2

2� 2

�

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2

� : (3.14)
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The details of this deriv ativ e can b e found in app endix A.3.

Note that the v ariable 
 kij is equal to the elemen ts Ekij of the exp ectation matrix

whic h means that the deriv ativ es of all parameters are w eigh ted b y the corresp on-

dence probabilities of all ski and mj .

3.4 Computation of the Observ ation P arameters

In this section, the alternated optimizations of the observ ation parameters f Tk ; 
 kg
with �xed and kno wn mo del parameters � = f �M; v p; � p; ng are describ ed in detail.

3.4.1 T ransformation

W e optimize the global criterion (equation (3.13)) with resp ect to the spatial

transformation Tk , so 
 k and � are �xed. Here, the concept of the a�ne EM-ICP

registration describ ed elab orately in section 3.2 is used where the corresp ondence

probabilities Ekij are mo deled as hidden v ariables.

1. The Exp ectation Step:

In the exp ectation step, the transformation Tk is �xed. W e compute the exp ectancy

of the log-lik eliho o d of the complete data distribution and deriv e

Ekij = 
 kij =
exp

�
� kski � Tk ?mkj k2

2� 2

�

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2

� ; (3.15)

compare equation (3.14).

2. The Maximization Step:

In the maximization step, the corresp ondence probabilities Ek are �xed, and

the transformations Tk ha v e to b e determined. Therefore, the global criterion is

optimized �rst with resp ect to the translation tk and next with resp ect to the a�ne

registration matrix Ak .

Optimization with r esp e ct to the tr anslation

W e optimize the criterion with resp ect to the translation tk . F or the deriv ativ e of

the second term, the general deriv ativ e describ ed in equation (3.14) is emplo y ed:

@Ck (Qk ; �)
@tk

= +
N kX

i =1

NmX

j =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@tk

with

@(ski � Tk ? mkj )
@tk

=
@

@tk
(ski � tk � Ak ( �mj +

nX

p=1

! kpvpj )) = � I 3� 3:
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Solving for

@Ck (Qk ;�)
@tk

= 0 , w e �nd

1
� 2

N kX

i =1

NmX

j =1


 kij (ski � tk � Ak ( �mj +
nX

p=1

! kpvpj )) = 0

whic h giv es explicitly the transformation

tk = ~sk � Ak

0

@~�mj +
nX

p=1

! kp~vp)

1

A : (3.16)

with

~sk =
1

Nk

N kX

i =1

ski ; ~�mj =
1

Nk

NmX

j =1

�mj

N kX

i =1


 kij and ~vp =
1

Nk

N kX

i =1


 kij vpj :

This is no more than the sup erp osition of w eigh ted barycen tres with w eigh ts a bit

more complex than usual since the mo del barycen tre includes a correction for the

mo des.

Optimization with r esp e ct to the a�ne matrix

In order to optimize the criterion with resp ect to the a�ne matrix Ak , the

translation tk is replaced as found ab o v e (equation (3.16)), so the implemen tation

of the whole transformation deriv ativ e b ecomes simpler. The p oin ts of the shap es

are no w expressed with resp ect to their barycen tres and w e set

s0
ki = ski � ~sk and m0

kj = �mj � ~�mj +
nX

p=1

! kp(vpj � ~vp):

The �rst term of the global criterion in equation (3.13) do es not con tain transfor-

mation parameters, so w e can rewrite our criterion to

C0
k(Qk ; �) = const �

NX

k=1

N kX

i =1

log

0

@
NmX

j =1

exp

 

�
ks0

ki � Akm0
kj k2

2� 2

! 1

A :

Then the deriv ativ e of C0
k (Qk ; �) is solv ed with resp ect to Ak . Here, the deriv ativ e

form sho wn in equation (A.2) is used whic h simply is:

@C0k (Qk ; �)
@Ak

= �
N kX

i =1

NmX

j =1


 kij
@

@Ak

ks0
ki � Akm0

kj k2

2� 2 = 0

and whic h �nally leads to a matrix equation in the form of

Ak

N kX

i =1

NmX

j =1


 kij m0
kj m

0T
kj =

N kX

i =1

NmX

j =1


 kij s0
ki m

0T
kj

, Ak � k = 	 k ; � k ; 	 k 2 R3� 3:
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(The detailed deriv ation can b e found in app endix A.3.) The elemen ts of � k and

	 k in ro w r and column s are determined b y

� [r ][s] =
N kX

i =1

NmX

j =1


 kij m0
kj [r ] m0

kj [s]

and

 [r ][s] =
N kX

i =1

NmX

j =1


 kij s0
ki [r ] m0

kj [s]:

where m0
kj [s] denotes the en try of v ector m0

kj at p osition s.

Hence, the computation of the transformation can b e e�cien tly done in a closed-

form solution b y solving a 3 � 3 equation system.

3.4.2 Deformation Co e�cien ts

In order to compute the deformation co e�cien ts 
 = f 
 kg, the global criterion

(equation (3.13)) is optimized with resp ect to the deformation co e�cien ts 
 k . The

transformations Tk and the mo del parameters � are �xed. F or the deriv ativ e of

the second term of the criterion, again the general deriv ativ e describ ed in equation

(3.14) is emplo y ed. F or details please see app endix A.3. W e �nally �nd

@Ck (Qk ; �)
@!kp

=
! kp

� 2
p

�
1
� 2

N kX

i =1

NmX

j =1


 kij (ski � T ? mkj )T Akvpj = 0 :

In order to simplify , let us in tro duce the real v alues dkp and gkqp (with gkqp = gkpq ):

dkp =
N kX

i =1

NmX

j =1


 kij (ski � tk � Ak �mj )T Akvpj

and

gkqp =
N kX

i =1

NmX

j =1


 kij vT
qj A

T
k Akvpj :

Th us, the system whic h has to b e solv ed for the optimal ! kp is (for all p):

� 2

� 2
p

! kp � dkp +
nX

q=1

! kqgkqp = 0 :

W e solv e this equation with resp ect to all ! kp at a time b y switc hing to a matrix

notation where all ! kp are sorted in v ector 
 k 2 Rn
, all dkp are sorted in v ector

~dk 2 Rn
and all gkpq are sorted in the symmetric matrix Gk 2 Rn� n

:

0 = � 2

0

B
B
@

1
� 2

1
0

.

.

.

0 1
� 2

n

1

C
C
A 
 k � ~dk + Gk 
 k :

, (Gk + Rnn ) 
 k = ~dk (3.17)
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with matrix Rnn = � 2diag(� � 2
1 ; :::; � � 2

n ) . In order to compute the ! kp , for eac h k
the matrix Gk and the v ector

~dk ha v e to b e ev aluated. In the implemen tation, the

linear equation system is solv ed using a LU decomp osition of (Gk + Rnn ) .

3.5 Computation of the Mo del P arameters

F or the computation of all mo del parameters, w e assume the observ ation parameters

Qk = f 
 k ; Tkg to b e �xed and kno wn and optimize the global criterion of equation

(3.13) with resp ect to the parameters in � with � = f �M; v p; � pg.

3.5.1 Mean Shap e

W e optimize the global criterion (equation (3.13)) with resp ect to the mean shap e

�M ,

so the standard deviation � p , the v ariation mo des vp and the observ ation parameters

Qk are �xed. W e ev aluate the deriv ativ e for eac h mean shap e p oin t �mj . The �rst

term of the global criterion in equation (3.13) do es not con tain an y mj , so w e

concen trate on the second term. Using the general deriv ativ e presen ted in equation

(3.14), w e directly �nd

@Cglobal(Q; �)
�mj

= +
NX

k=1

N kX

i =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@�mj

= 0 :

W e �nally solv e for mj b y

�mj =

 
NX

k=1

N kX

i =1


 kij AT
k Ak

! � 1 NX

k=1

N kX

i =1


 kij AT
k (ski � tk � Ak

nX

p=1

! kpvpj ) (3.18)

whic h is deriv ed in detail in app endix A.3. W e see that the mean shap e p oin ts

are computed as the a v erage of all observ ation p oin ts whic h are w eigh ted b y their

resp ectiv e corresp ondence probabilities 
 kij .

3.5.2 Standard Deviation

W e optimize the global criterion (equation (3.13)) with resp ect to the standard

deviation � p , so

�M; v p and Qk are �xed. The deriv ativ e in this case is quite easy:

@Cglobal(Q; �)
@�p

=
NX

k=1

 
1
� p

�
! 2

kp

� 3
p

!

= 0

, � 2
p =

1
N

NX

k=1

! 2
kp: (3.19)

This is consisten t with the ML estimation of the standard deviation based on a

normal distribution.
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3.5.3 V ariation Mo des

W e optimize the global criterion (equation (3.13)) with resp ect to the v ariation

mo des vp , so all � p; �M and Qk are �xed. As w e are w orking with a matrix notation,

w e �rst de�ne the matrix V 2 R3Nm � n
con taining the v ariation mo des vp 2 R3Nm

in its columns. The computation of the v ariation mo des is complex, for one as is

has to b e made sure that the resulting v ectors are orthogonal to eac h other:

vT
p vq = � pq =

�
1 if p = q
0 if p 6= q

whic h leads to the constrain t

V T V = I n� n :

In order to in tegrate this constrain t in to the optimization, w e emplo y Lagrange

m ultipliers. This means that a new v ariable Z 2 Rn� n
is in tro duced with a Lagrange

function � where

@�
@Z

= 0 , V T V = I n� n

and our global criterion is extended to

� = Cglobal +
1
2

tr
�
Z (V T V � I n� n)

�
: (3.20)

W e di�eren tiate the t w o terms indep enden tly and p oin t-wise. Here, vjp 2 R3
denote

the elemen ts of vp whic h mo del the v ariation of mo del p oin t mj . W e b egin with the

deriv ativ e of Cglobal . :

@Cglobal

@~vjp
= �

1
� 2

NX

k=1

N kX

i =1


 kij (ski � Tk ? mkj )T ! kpAk

In order to simplify the notation for clarit y purp oses, in the follo wing w e denote

@Cglobal

@~vjp
=

nX

q=1

Bpqj ~vjq � ~qjp

with

~qjp =
1
� 2

NX

k=1

N kX

i =1


 kij (ski � tk � Ak �mj )T ! kpAk ; qjp 2 R3

and

Bpqj =
1
� 2

NX

k=1

N kX

i =1


 kij ! kq! kpAT
k Ak ; Bpqj 2 R3� 3 8j:

Di�eren tiating the Lagrange m ultiplier with resp ect to ~vjp giv es

@
@~vjp

1
2

tr
�
Z (V T V � I n� n )

�
=

@
@~vjp

1
2

tr
�
ZV T V

�

=
nX

q=1

1
2

(zqp + zpq)~vjq with zqp = zpq:
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W e no w summarize the deriv ativ e to

@�
@~vjp

=
nX

q=1

zqp~vjq +
nX

q=1

Bpqj~vjq � ~qjp : (3.21)

In the rigid c ase , Ak is a rotation matrix - and th us orthonormal - so it holds

AT
k Ak = I 3� 3 . The matrix Bpqj can then b e written as the iden tit y matrix m ultiplied

b y a scalar: Bpqj = bpqj I 3� 3 with bpqj = 1
� 2

P N
k=1

P N k
i =1 
 kij ! kq! kp . Hence w e can

simplify the solution of

@�
@~vjp

= 0 to a v ector summation:

nX

q=1

(zqpI 3� 3 + bpqj I 3� 3) ~vjq = ~qjp ,
nX

q=1

~vjq (zqp + bpqj ) = ~qjp (3.22)

This equation cannot b e extended to a matrix notation in order to compute all ~vjp at

the same time b ecause w e deal with a di�eren t bpqj for eac h p oin t j , th us, B w ould

b e a tensor. Therefore, w e approac h the problem regarding eac h band [V ]f j g 2 R3� n

of matrix V 2 R3Nm � n
separately with

[V ]f j g = [ ~vj 1; :::;~vjq ; :::;~vjn ]:

There are Nm bands [V ]f j g .

No w w e can write equation (3.22) in a matrix notation

[V ]f j g (B j + Z ) = [ Q]f j g:

with the matrix B j 2 Rn� n
holding the bpqj and the matrix [Q]f j g 2 R3� n

holding

the ~qjp . The computation of eac h band [V ]f j g is then realized in an iterativ e

manner as follo ws:

1.) If Z is kno wn w e can compute V : [V ]f j g = [ Q]f j g (B j + Z )� 1 :

2.) If all [V ]f j g are kno wn, w e can determine Z : [V ]f j gZ = [ Q]f j g � [V ]f j gB j 8j:

F or readabilit y reasons, w e set [Q]f j g � [V ]f j gB j = [ ~Q]f j g . Lo oking at all j
sim ultaneously , w e �nd the follo wing matrix equation

V Z = ~Q:

with V 2 R3Nm � n
, Z 2 Rn� n

and

~Q 2 R3Nm � n
.

F or the implemen tation, w e add t w o steps. First, w e force the V resulting from

step 1.) to b e orthonormal. T o do so, w e apply �rst a singular v alue decomp osition

V = USRT
with U 2 R3Nm � n

, S 2 Rn� n
and R 2 Rn� n

. Then w e replace V with

its orthonormal parts V  URT :
Next, w e w an t Z to b e symmetric. Hence, instead of computing Z = V T ~Q w e

compute

Z =
1
2

�
V T ~Q + ( V T ~Q)T

�
:

Finally , the optimization of the global criterion with resp ect to ~vjp is done as follo ws:

W e iterate
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1. Compute

~Q with bands [ ~Q]f j g = [ Q]f j g � [V ]f j gB j .

2. Compute

~Z = V T ~Q and Z = 1
2( ~Z + ~Z T ) .

3. Up date V band p er band: [V ]f j g = [ Q]f j g (B j + Z )� 1
.

4. Mo dify V = USRT
to b e orthonormal: V  URT

.

un til kV t+1 � V t k2 � �:

In the a�ne c ase , it holds AT
k Ak 6= I 3� 3 , so the solution to

@�
@~vjp

= 0 is a

bit more cum b ersome as Bpqj is not a diagonal matrix an ymore and not sparse.

In the follo wing, the general approac h is explained. F or all j and all p w e w an t to

solv e

nX

q=1

(zqpI 3� 3 + Bpqj ) ~vjq = ~qjp ,
nX

q=1

~Bpqj ~vjq = ~qjp : (3.23)

F or a matrix notation, w e arrange the elemen ts of the v ariation mo des vp in the

v ectors [V̂ ]f j g 2 R3n
with

[V̂ ]f j g =

0

B
B
B
B
B
B
@

~vj 1
.

.

.

~vjq
.

.

.

~vjn

1

C
C
C
C
C
C
A

:

Then w e arrange the matrices B̂pqj in [B j ]pq 2 R3n� 3n
:

[B j ]pq =

0

B
B
B
B
B
B
@

B̂11j : : : B̂1qj : : : B̂1nj
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

B̂p1j : : : B̂pqj : : : B̂pnj
.

.
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.

.

.

.

.

.

.

.

.

.

.

.

B̂n1j : : : B̂nqj : : : B̂nnj

1

C
C
C
C
C
C
A

;

so w e obtain the follo wing linear system to solv e:

[B j ]pq[V̂ ]f j g = [ Q̂]f j g

Again w e realize the computation iterativ ely b y solving alternately for Z and for

V . In practice, after a �rst rough alignmen t of the observ ations, the v alues of

AT
k Ak come close to the iden tit y matrix, so the rigid v arian t of the v ariation mo de

computation can b e emplo y ed whic h is faster.
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3.6 Practical Asp ects

3.6.1 Initialization and Con trol of the P arameters

As the computation of the observ ation parameters is based on kno wn mo del param-

eters � = f �M; v p; � pg, the mean shap e

�M is initialized with one of the observ ations

Sk in the giv en data set, preferably with a t ypical shap e. Next, b y applying the EM-

ICP registration, the resulting corresp ondence probabilities b et w een

�M and eac h Sk

are ev aluated, and �virtual� one-to-one corresp ondences are determined. W e in tro-

duce the virtual corresp onding p oin ts �skj for eac h mj and eac h Sk b y ev aluating the

mean p osition of the probabilistic corresp ondences:

�skj =
N sX

i

E(H k ij )
P

i E(H k ij )
(T � 1

k ? sik ): (3.24)

The �skj represen t probable sampling p oin ts of an unkno wn underlying surface of

observ ation Sk . W e compute a set of �skj for eac h Sk . The resulting sets of assumed

exact corresp ondences (T ?mj ; �skj ) are then used as input for the Principal Comp o-

nen ts Analysis to compute the initial eigen v ectors vp and the initial eigen v alues � p .

F or a detailed explanation of the computation see section 3.6.2. The observ ation

parameters Q = f T; 
 g are initialized with Ak = I 3� 3 and tk = (0 ; 0; 0) for all k for

the transformation and with ! kp = 0 for all k and all p.

In order to test for the sensibilit y of our SSM computation with resp ect to the initial

mean shap e, w e compared the mean shap e results whic h are obtained when using

dissimilar initial mean shap es M 1 and M 2 . W e established that M 1 can b e gen-

erated based on the SSM found with M 2 with statistically v ery small deformation

co e�cien ts ! 1p : M 1 = M 2 +
P

p ! 1p~vp with ! 1p << � 2p [Hufnagel 2007b ].

As the aim is to �nd a go o d balance b et w een complexit y and simplicit y of the mo del,

the dimension of the v ariation mo de v ector space is reduced during the iterated com-

putation of the parameters. If the standard deviation � p b ecomes �to o small�, the

asso ciated v ariation mo des vp are no longer tak en in to accoun t. This do es scarcely

in�uence the con v ergence rate of the global criterion as sho wn in �gure 3.10.

3.6.2 Solving for the Initial V ariation Mo des

A training data set con taining N observ ations Sk with a �xed n um b er Nm of virtual

corresp onding p oin ts is cleared of the mean and then stored in the matrix B 2
R3Nm � N

. In order to compute the principal comp onen ts, the asso ciated co v ariance

matrix is built with Cov(B ) = BB T 2 R3Nm � 3Nm
, and a eigen v alue decomp osition

is p erformed:

BB T = ESE T

where S 2 R3Nm � 3Nm
is a diagonal matrix whic h con tains the eigen v alues of BB T

and E 2 R3Nm � 3Nm
is an orthogonal matrix con taining the asso ciated eigen v ectors.

Ho w ev er, for represen ting an organ lik e e.g. the kidney with a reasonable amoun t

of details, at least Nm = 3000 p oin ts (if ev enly distributed) are necessary , th us,
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Figure 3.10: Glob al criterion values of SSM c omputation for synthetic el lipsoid data

set as il lustr ate d in se ction 4.2.1.1. Sinc e variation mo des whose standar d devia-

tion fal ls b elow a c ertain thr eshold ar e disc ar de d, the numb er n of variation mo des

diminishes fr om 10 to 7 during c omputation.

the system to solv e b ecomes v ery large with Cov(B ) 2 R9000� 9000
and is not sparse.

Therefore, w e apply an alternativ e solution to the standard eigen v alue decomp osition

and emplo y the Singular V alue Decomp osition (SVD) of B :

B = U� V T
(3.25)

with U b eing an orthogonal matrix U 2 R3Nm � 3Nm
, V T

b eing the transp ose of the

orthogonal matrix V 2 RN � N
and � b eing a diagonal matrix � 2 Rmxn

with the

singular v alues � i on the diagonal. No w w e use these comp onen ts to represen t BB T

resulting in

BB T = U� V T V� T UT = U�� T UT = ESE T : (3.26)

W e see that U holds the sough t eigen v ectors of the big system as U = E while �� T

hold the eigen v alues of the co v ariance matrix. Using the singular v alue decomp o-

sition means that w e nev er need the space 3Nm � 3Nm to compute the co v ariance

matrix. Moreo v er, the SVD is n umerically more stable than the eigen v alue de-

comp osition and therefore more accurate if the co v ariance matrix is ill-conditioned

[Kalman 1996]. F or a detailed deriv ation of eigen v alue and singular v alue decomp o-

sition please refer to section A.1.

3.7 Extension of the Criterion for Non-Con v ex Struc-

tures

The EM-ICP algorithm w orks v ery w ell for shap es whic h are con v ex. Conca v e shap es

ho w ev er p ose a problem as p oin ts whic h lie close to one another do not necessarily

b elong to the same part of the shap e. Ho w ev er, their corresp ondence probabilit y

will b e high according to the EM-ICP . F or an example see �gure 3.11 whic h sho ws

the left v en tricle of the heart and an illustrativ e syn thetic structure.
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a) b)

Figure 3.11: Non-c onvex structur es. a) The left ventricle of the he art is an example

for a non-c onvex or gan structur e (Image c ourtesy of Dennis Säring [Säring 2009]).

b) Synthetic examples: Points which lie close to one another do not ne c essarily

b elong to the same p art of one shap e. Mor e information than the Mahalanobis dis-

tanc e is ne e de d in or der to determine the c orr e ct c orr esp ondenc e for p oint mj in this

il lustr ate d c ase.

3.7.1 In tegration of Normals

F or non-con v ex shap es, an additional information is needed ab out the shap e along-

side the Mahalanobis distances used in the EM-ICP . When lo oking at the �gure

3.11, what easily comes to mind is the distinction of the direction the surface is

facing. Therefore, the normal information is in tegrated in to the global criterion to

obtain small probabilities of corresp ondence b et w een p oin ts whic h feature normals

sho wing in v ery di�eren t directions.

Let us denote the normalized normal b elonging to p oin t si as � si and the normalized

normal b elonging to p oin t mj as � mj . W e could no w either measure the di�erence

b et w een the normals b y analysing the angle b et w een them or just b y using the Eu-

clidean norm k� si � � mj k. Before comparing the normals, the transformation T has

to b e applied to the normal v ector. This is done b y m ultiplying the in v erted and

transp osed transformation matrix with the normal v ector. The translation is not

needed: T ? � mj = ( A � 1)T � mj . Next, a renormalization of the normal is done, so in

our case T ? � mj = (A � 1 )T � mj

j(A � 1 )T � mj j . A small di�erence means high probabilit y , so w e ex-

tend the term of the EM-ICP giv en in equation (3.11) to obtain the corresp ondence

probabilit y of p oin t si with resp ect to the transformed p oin t mj b y

p(si jT; mj ) =
1

const
exp(�

ksi � T ? mj k2

2� 2 ) exp(�
k� si � T ? � mj k

2� 2
�

):

The corresp ondence probabilit y relying on additional (normal) information b et w een

t w o p oin ts can b e directly in tegrated in the global criterion. The elemen ts of the

exp ectation matrix and therefore the v alues 
 kij in the deriv ativ es simply c hange to


 �
kij =

exp(� kski � Tk ?mkj k2

2� 2 � k� ski � Tk ?� mkj k
2� 2

�
)

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2 � k� ski � Tk ?� mkj k
2� 2

�

� :
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Only the computation of the transformation matrix b ecomes more complicated as

the deriv ativ e of the normal term has to b e tak en in to accoun t.

3.7.2 Estimating Normals for Unstructured P oin t Clouds

The computation of normal v ectors for a con tin uous surface is straigh tforw ard. Ho w-

ev er, the computation of normals for a non-orien ted unstructured p oin t cloud pro v es

to b e more di�cult as no connectivities b et w een the p oin ts exist. Therefore, addi-

tional information as connectivit y or tangen tial planes ha v e to b e estimated.

Often, n umerical tec hniques as �rst prop osed in [Hopp e 1992 ] and then extended

in e.g. [P auly 2003 , Mitra 2004] are used. Basically , for eac h p oin t in the p oin t

cloud a normal is estimated b y �rst computing a tangen tial plane whic h is obtained

b y applying the Least-Squares metho d to the k nearest neigh b ours. The normal

is then computed as the v ector p erp endicular to that plane. Another main ap-

proac h is a com binatorial one based on V oronoi/Delauna y prop erties as prop osed

b y [Amen ta 1999 ] for noise-free data and then extended b y e.g. [Dey 2004 ] to noisy

data.

An in teresting approac h computes the normals in a probabilistic framew ork as sho wn

in [Granger 2003 ]. It is based on the asp ect that the space of normals forms a di�er-

en tial manifold analogous to a sphere. The computation of normals for an unstruc-

tured p oin t cloud is then done follo wing a rigorous mathematical notion on random

normal statistics [P ennec 1996 ]. The probabilit y for a normal ~ns at p oin t s kno wing

the p osition of a neigh b ouring p oin t si at distance d is giv en b y p(~nsjs; si ) = p(j� j; d)
with � b eing the angle b et w een the normal and the segmen t ssi . F or an illustration

see �gure 3.12. This probabilit y is syn thesized b y a tensor form ulation and �nally

leads to the follo wing algorithm for computing all normals of a p oin t cloud:

F or eac h p oin t si :

� Determine a n um b er of closest neigh b ours sj using a kD-tree.

� Compute the tensor T =
P

j exp(� 4a2jsi sj j)
si sj

jsi sj j (
si sj

jsi sj j )
T

where a2
represen ts

the angular disp ersion of the normal for a distance of 1mm .

� Determine eigen v ectors and eigen v alues of T .

� Normal ~nsi equals eigen v ector with greatest eigen v alue.

Another feasible approac h for establishing normal information is to exploit image

information of the observ ations if a v ailable. F or organs whose grey v alues at the

b oundary clearly di�er from those of the bac kground, a gradien t image is computed.

F ollo wing that, a normal is automatically estimated for eac h p oin t of the observ ation

based on the gradien t information. An example is illustrated for the appro ximation

of normals for the left v en tricle in an MR image, see �gure 3.13.

3.8 Discussion

In this c hapter, a no v el algorithm w as dev elop ed to compute a generativ e Gaussian

Mixture statistical shap e mo del whic h is based on a sound mathematical framew ork.
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s
d �

~ns

si

Figure 3.12: The most pr ob able normal dir e ction for p oint s is c ompute d knowing

the p ositions of the neighb ours si .

Figure 3.13: Estimation of normals using image information.

The computation of the SSM is realized as an optimization problem: An algorithm

is prop osed to optimize for mo del parameters and observ ation parameters through

a single maxim um a p osteriori criterion whic h led to a mathematically sound and

uni�ed framew ork. Closed form solutions w ere e�ectually deriv ed for optimizing the

asso ciated criterion alternately for almost all parameters. F rom a theoretical p oin t

of view, a v ery p o w erful feature of the metho d is that w e are optimizing a unique

criterion. Th us, theoretically the con v ergence is ensured. In practice, the con v er-

gence rate has to b e adapted to the problem at hand as e.g. a to o fast decrease of

the m ulti-scale v ariance � 2
migh t freeze the mo del in lo cal minima. As opp osed

to most approac hes in the literature, no principal comp onen t analysis is emplo y ed.

SSM computation metho ds whic h rely on one-to-one corresp ondences and p erform

a PCA on the asso ciated co v ariance matrix compute a n um b er of eigenmo des whic h

mo del b oth shap e v ariation and noise. In order to discard the noise-related v ari-

ations from the �nal v ariabilit y mo del, eigenmo des with small eigen v alues are not

tak en in to accoun t. This is largely an heuristic metho d. In con trast, in the pre-

sen ted GGM-SSM the v ariation mo des only mo del the shap e v ariation as the noise

is represen ted separately through the Gaussian Mixture.

F urthermore, the GGM-SSM do es not need one-to-one p oin t corresp ondences but

relies solely on p oin t corresp ondence probabilities for the computation of mean shap e

and v ariation mo des. Therefore, elab orate prepro cessing of the observ ations in the

data set to establish corresp ondences b ecomes obsolete, no questionable corresp on-

dences b et w een p oin t clouds represen ting surfaces are assumed, and the n um b er

of p oin ts in the observ ation shap es ma y v ary . The approac h can b e used for non-
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spherical surfaces and can b e adapted to applications on data sets with di�eren t

top ologies as the connectivit y b et w een p oin ts do es not pla y a role.

A t the momen t, all p oin ts of the observ ations are equally included in to the compu-

tation of the mo del. Ho w ev er, the corresp onding matrix computed b y the EM-ICP

registration con tains information ab out the probabilit y for eac h p oin t of an obser-

v ation to corresp ond to an y of the p oin ts of the mo del. F or future applications, a

w eigh ting of the in�uence of observ ation p oin ts on the �nal result migh t b e in ter-

esting, e.g. in order to reduce the in�uence of outliers. The same applies to p oin t

sets whic h are not ev enly distributed o v er the estimated surface. In that case, re-

gions con taining relativ ely man y p oin ts exert a higher amoun t of impact on the

computation of the registration transformation than regions with few er p oin ts. This

b eha viour is v ery helpful when shap e details should b e mo deled but for other cases

it migh t not b e desirable and could b e balanced b y assigning a w eigh t to eac h p oin t.

A main adv an tage of w orking with p oin t-based shap e represen tation is the simplicit y

of the resulting mo del with resp ect to its p o w er. In the literature ho w ev er, rather

surface-based mo dels are applied as the surface o�ers additional information ab out

the b oundary of the shap e. Here it has to b e k ept in mind that the qualit y of

the surface information they use dep ends on image qualit y and on the segmen ta-

tion metho d. In order to exp ose adv an tages and limits of the new mo del compared

to state-of-the-art mo dels, its p erformance has to b e compared to other statistical

shap e mo dels for di�eren t kinds of application. An elab orate ev aluation is p erformed

in c hapter 4.
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In this c hapter, the GGM-SSM metho d is submitted to an extensiv e ev aluation.

The aim is to quan titativ ely compare its p erformance to other SSM metho ds in

the literature and to gather kno wledge ab out its b eha viour and c haracteristics for

di�eren t t yp es of shap es. In section 4.1, the p erformance measures whic h are com-

monly used to assess the qualit y of SSMs are presen ted and discussed, and sev eral

distance metrics that are suited for p oin t-based SSMs are in tro duced. F ollo wing

that, the p erformances of the GGM-SSM and a classical ASM metho d for unstruc-

tured p oin t sets are compared on di�eren t syn thetic and real training data in section

4.2. Section 4.3 is dedicated to an ev aluation of the GGM-SSM in comparison to

a MDL-based approac h. In section 4.4 it is demonstrated on a real data example

ho w the GGM-SSM can b e used for automatic shap e classi�cation. This c hapter

is concluded with a critical consideration of the adv an tages and w eaknesses of the

dev elop ed mo del (section 4.5).

4.1 P erformance Measures

4.1.1 Assessing SSM Qualit y

In order to assess the qualit y of a giv en statistical shap e mo del, an ob jec-

tiv e p erformance measure is needed. The measures in tro duced in the PhD the-

sis of R.H. Da vies in 2002 ha v e b ecome a common standard in the comm unit y

[Da vies 2002b , St yner 2003c , Heimann 2005]. A go o d SSM is exp ected to

1. b e able to mo del formerly unseen shap es of the same shap e class.

2. only deform to plausible shap es when deformed in the shap e space spanned

b y the v ariation mo des and constrained b y the standard deviations.

The �rst requiremen t is called gener alization ability . The generalization abilit y in-

dicates ho w w ell a SSM is able to matc h new - that is unkno wn - shap es. This is

imp ortan t e.g. when using the SSM to segmen tation problems. The generalization
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abilit y is tested in a series of lea v e-one-out exp erimen ts where it is analysed ho w

closely the SSM matc hes an unseen observ ation. This is done in t w o steps: First, the

optimal a�ne transformation is computed to align the shap es in space. Secondly ,

the optimal deformation co e�cien ts are determined and used to deform the aligned

SSM in order to optimize the matc hing. Finally , the distance of the deformed SSM

to the left-out observ ation is measured.

The second requiremen t is called sp e ci�city . The sp eci�cit y indicates if the mo deled

v ariabilit y in the SSM actually is a v ariabilit y found in the training data set. In

other w ords, the mo del should not b e able to generate illegal shap es. F or estimating

the sp eci�cit y , a high n um b er of random shap es has to b e generated b y submitting

the mean shap e of the SSM to random deformations in the shap e space spanned

b y the v ariation mo des. Therefore, random deformation co e�cien ts are generated

under a uniform distribution with zero mean and v ariances equal to the squared

standard deviation of the resp ectiv e SSM. Then, the distance of the random shap es

to the resp ectiv e most similar observ ation in the training data set is measured.

In practice, these p erformance measures quan tify the qualit y of a SSM in terms

of corresp ondence ev aluation. This sometimes p oses a problem for sev eral reasons:

First, usually no ground-truth shap e corresp ondences are a v ailab e for medical im-

age ob jects. Secondly , the measures dep end on the p oin t distribution on the shap es.

Due to di�eren t SSM metho ds, the p oin ts represen ting the �nal SSMs will not b e

p ositioned at the same lo cations. Therefore, the v ariabilit y mo del will not cap-

ture the same shap e v ariations. This problem is ampli�ed when comparing SSMs

based on di�eren t n um b ers of p oin ts as a SSM with a greater n um b er of p oin ts is

naturally able to mo del more v ariation. These and other shortcomings of the p er-

formance measures w ere recen tly addressed in the w ork of Ericsson and Karlsson

who prop ose man ually set ground-truth corresp ondence measures [Ericsson 2007 ]

in an attempt to remedy the problems. They generate syn thetic examples whic h

demonstrate clearly that b etter p erformance measures do not necessarily mean b et-

ter SSM. Esp ecially for cases where one SSM mo dels more v ariabilit y - e.g. on a

higher detail lev el - than a second SSM, the sp eci�cit y measure do es not re�ect the

b etter qualit y of the �rst SSM.

T o exemplify , let us regard a data set where some of the observ ations feature a

nose-lik e shap e and other do not (�gure 4.1(a)). Let us assume that SSM 1 is able

to capture this detail in one of its v ariation mo des but SSM 2 fails to do so (�g-

ure 4.1(b,c)). During the test series for sp eci�cit y , SSM 1 will probably pro duce

sev eral shap es with noses (e.g. sho wn in �gure 4.1(d)) - as these exist in the shap e

space spanned b y its v ariation mo des - whereas SSM 2 will not. Instead, SSM 2

will pro duce shap es with less v ariabilit y (e.g. sho wn in �gure 4.1(e)). Naturally , the

distances of the deformed mean shap es with prominen t shap e details to the obser-

v ations in the training data set are greater than those of the shap es generated b y

SSM 2 as illustrated in �gure 4.1(f,g). Therefore, w e deem the p erformance measure

'sp eci�cit y' to b e not v ery w ell suited for measuring the qualit y of a SSM regarding

shap e details whic h do not o ccur in all observ ations. Generally , it has to b e k ept in

mind that the realistic qualit y of a SSM alw a ys dep ends on its �eld of application.

F or example, a SSM that is v ery w ell suited for segmen tation tasks do es not neces-

sarily p erform w ell in classi�cation tasks.
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a)

b)

c)

d) e)

f ) g)

Figure 4.1: Inc oher ent sp e ci�city example in 2D. a) Some observation examples of

the tr aining data set. b) SSM 1, the variability of the pr ominent fe atur e in the

tr aining data set is c aptur e d. c) SSM 2 fails to c aptur e the pr ominent fe atur e in the

tr aining data set. d) Deforme d me an shap e in shap e sp ac e sp anne d by the variation

mo des of SSM 1. e) Deforme d me an shap e in shap e sp ac e sp anne d by the variation

mo des of SSM 2. f ) Distanc e of deforme d me an shap e of SSM 1 to observations in

tr aining data set is me asur e d. The Hausdor� distanc e is gr e at due to the pr ominent

fe atur e. g) Distanc e of deforme d me an shap e of SSM 1 to observations in tr aining

data set is me asur e d. The Hausdor� distanc e is smal ler than the one of SSM 1.
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In the follo wing exp erimen ts, the generalization abilit y and - for the sak e of com-

pleteness - also the sp eci�cit y measures are ev aluated.

4.1.2 Distance Measures

A metric suited to ev aluate the p erformance measures of a SSM ob viously dep ends on

the represen tation of the shap es. As in this w ork the shap e surfaces are represen ted

b y p oin t clouds, the distances are computed based on p oin t co ordinates. In order

to quan tify the distance b et w een t w o shap es S and M , an in tuitiv e measure is the

a v eraged Euclidian distance b et w een all corresp onding p oin ts:

d2
CP (S; M ) =

1
NS

NSX

i =1

ksi � mi k2

with NS b eing the n um b er of p oin ts of S and M . Ho w ev er, in the GGM-SSM no one-

to-one corresp ondences are computed. Hence, the distance d from an observ ation Sk

with Nk p oin ts ski to the deformed mean shap e M def with Nm p oin ts mj is de�ned

as the square ro ot of the normalized sum of squared di�erences (SSD) with

d2(Sk ; M def ) =
1

Nk

N kX

i =1

kski � mki k2

where mki = arg min m j kski � mj k. This distance measure is not symmetric, hence,

w e also compute

d2(M def ; Sk) =
1

Nm

NmX

j =1

kskj � mj k2

where skj = arg min ski kski � mj k. In addition, the maxim um distance

dmax (Sk ; M def ) is computed as the maximal minimal distance found from Sk to M def

for kski � mki k with mki = arg min m j kski � mj k and resp ectiv ely dmax (M def ; Sk ) .

The Hausdor� distance is then

H (Sk ; M def ) = max (dmax (Sk ; M def ); dmax (M def ; Sk )) :

This symmetric measure is esp ecially useful for ev aluating SSMs on data sets where

some observ ations feature di�eren t shap e details than others.

Ob viously , the measures de�ned ab o v e dep end on the closeness of p oin ts after the

�tting whic h do es not necessarily alw a ys represen t the actual shap e similarit y . F or

example, di�eren t distributions of landmarks o v er the estimated surface of the obser-

v ations migh t a�ect the results. A more indep enden t metho d w ould b e to measure

the v olume o v erlaps b et w een the �tted shap es. Ho w ev er, as the GGM-SSM is based

on unstructured p oin t sets, a binary represen tation can only b e appro ximated for

eac h shap e. This is done when comparing the GGM p erformance to the p erfor-

mance of an MDL-based SSM in section 4.3. Here, the Jaccard co e�cien t is used

to compute the symmetric o v erlap of shap e v olumes A and B :

CT =
jA \ B j
jA [ B j

:
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It has to b e k ept in mind ho w ev er that the Jaccard co e�cien t do es not re�ect w ell

if shap e details - whic h do not con tribute m uc h to the o v erall v olume - are mo deled

or not.

F or computing the distances b et w een a SSM and a giv en observ ation, �rst the mean

shap e of the SSM is aligned with the observ ation. Then, the optimal deformation

co e�cien ts ha v e to b e computed. F or the GGM-SSM, this is done b y optimizing

equation (3.13) with resp ect to the deformation co e�cien ts ! p . Here, k = 1 and

S1 equals the observ ation in question. The resulting co e�cien ts are used to deform

the aligned SSM in order to optimize the matc hing. Finally , the distance of the

deformed SSM to the observ ation is measured.

4.2 Comparison to an ICP-SSM

In this section the p erformance of the GGM-SSM is ev aluated in comparion with an-

other SSM whic h is also based on unstructured p oin t sets. As opp osed to the GGM-

SSM, the henceforw ard called ICP-SSM relies on one-to-one corresp ondences. It is

based on the classical ASM approac h applied to unstructured p oin t sets represen ted

b y v aried n um b ers of p oin ts. The ICP-SSM is computed as follo ws:

1. The observ ations in the training data set are aligned with an initial mean

shap e emplo ying a�ne Iterativ e Closest P oin ts (ICP) registrations. (F or the

algorithm see section 2.2.1.) The ICP matc hes the observ ations and determines

corresp ondences sim ultaneously . The corresp ondences are explicitely giv en b y

the nearest neigh b our for eac h p oin t.

2. The mean shap e is computed on the aligned observ ations. Registration and

mean shap e computation are iterated. F or the data sets used in practice w e

found that after 2 or 3 iterations, the mean shap e do es not c hange signi�can tly

an ymore.

3. A principal comp onen t analysis is p erformed on the aligned data set to de-

termine the eigenmo des and the eigen v alues. Here, a SVD is applied on the

co v ariance matrix cleared of the mean.

The computation of a distance b et w een ICP-SSM and a giv en observ ation follo ws

the same pro cedure as explained for the GGM-SSM in section 4.1.2. Here, the

deformation co e�cien ts ! p are computed b y solving the linear system of equation

(2.2) where M equals the observ ation in question.

The p erformances of the t w o SSM computations are ev aluated on three di�eren t

syn thetic data sets in sections 4.2.1 and 4.3 and on a real data set con taining brain

structures in section 4.2.2.

4.2.1 Syn thetic Data

4.2.1.1 Ellipsoids

The determination of corresp ondences b et w een unstructured p oin t sets is esp ecially

di�cult when one shap e features a certain structure detail and the other one do es
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a)

b)

c)

d)

1 2 1 2

ICP EM-ICP

Figure 4.2: a) Observation examples of a synthetic tr aining data set fe aturing two

distinctive shap e classes (el lipsoids with bump and el lipsoids without bumps). b,c)

R esults of a SSM built on exact c orr esp ondenc es (ICP-SSM)(b) and of a SSM built on

c orr esp ondenc e pr ob abilities (GGM-SSM)(c) for the tr aining data. F or b oth SSMs,

the me an shap e (midd le), and the me an shap e deforme d with r esp e ct to the �rst

eigenmo de (

�M � 3� 1~v1 (left) and

�M +3 � 1~v1 (right)) ar e depicte d. d) One-to-one c or-

r esp ondenc e versus c orr esp ondenc e pr ob abilities. L eft: ICP r e gistr ation, e ach p oint

on c ontour 1 c orr esp onds to the closest p oint on c ontour 2. R ight: EM-ICP r e gis-

tr ation, e ach p oint on c ontour 1 c orr esp onds with a c ertain pr ob ability to al l p oints

on c ontour 2.
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T able 4.1: El lipsoid shap e r esults. Shap e distanc es found in gener alization exp eri-

ments (le ave-one-out tests) with ICP-SSM appr o ach and with GGM-SSM appr o ach.

The distanc es and asso ciate d standar d deviations ar e given in cm.

ICP-SSM GGM-SSM

mean distance target to source 0:207� 0:048 0:139� 0:032
mean distance source to target 0:214� 0:058 0:125� 0:030
maximal distance target to source 0:431� 0:036 0:415� 0:042
maximal distance source to target 0:567� 0:186 0:380� 0:044

T able 4.2: El lipsoid shap e sp e ci�city r esults on 100 r andom shap es found with ICP-

SSM appr o ach and with GGM-SSM appr o ach. The aver age distanc e fr om the r an-

domly deforme d me an to the r esp e ctive closest observation is me asur e d. The dis-

tanc es and asso ciate d standar d deviations ar e given in cm.

ICP-SSM GGM-SSM

a v erage distance 0:102� 0:003 0:160� 0:022

not. F or an exp erimen tal ev aluation, a training data set is generated con taining t w o

distinctiv e shap e classes. The data set consisted of 9 ellipsoids featuring a bump

and 9 ellipsoids without bump. Their sizes as w ell as the bump sizes and their 3D

rotations in space v aried. F or sev eral observ ation examples, see �gure 4.2(a). The

long axes measure around 70mm . The observ ations are represen ted b y 276� 337
p oin ts resp ectiv ely , and the p oin t distances a v erage 0:24mm . The GGM-SSM as

w ell as the ICP-SSM are computed for these data. F or the computation of the

GGM-SSM, the follo wing parameters w ere c hosen: � start = 0 :5mm , reduction

factor = 0 :7, 7 iterations (EM-ICP m ulti-scaling) with 15 SSM iterations. F or the

ICP-SSM, the ICP is iterated 40 times. Then the tests for generalization abilit y are

p erformed in a series of lea v e-one-out exp erimen ts. The sp eci�cit y for b oth mo dels

w as tested using 100 randomly generated shap es.

R esults: The resp ectiv e mean shap es and deformations according to the

�rst mo de of v ariation for the GGM-SSM as w ell as the ICP-SSM are illustrated in

�gure 4.2(b,c). Clearly , the GGM-SSM mo dels the bump of the ellipsoids in its �rst

mo de of v ariation while the ICP-SSM fails to do so. Quan titativ ely , this is bac k ed

up b y the results obtained in the ev aluation of the p erformance measures. The

v alues of the generalization abilit y are depicted in table 4.1 for b oth SSMs. The

mean distances of the left-out observ ation to the resp ectiv e �tted SSM are ab out

35% smaller for the GGM-SSM ( 0:139cm and 0:125cm) than for the ICP-SSM

( 0:207cm and 0:214cm). Also the comparativ ely great Hausdor� distances indicate

that the ICP-SSM is not able to successfully mo del the bump on the ellipsoid

shap es.

The results for the sp eci�cit y are depicted in table 4.2. The a v erage distances of the

randomly deformed GGM-SSM mean shap e to the resp ectiv ely closest observ ation

in the training data set are a bit higher than the a v erage distances of the ICP-SSM.

As a visual insp ection as w ell as the generalization abilit y v alues strongly indicate

the sup erior p erformance of the GGM-SSM on the giv en data, these sp eci�cit y
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Figure 4.3: F our observation examples of a synthetic tr aining data set fe aturing b agel

shap es, shown fr om ab ove and fr om the side.

results corrob orate the problems concerning the sp eci�cit y measure as discussed in

section 4.1.1.

The GGM-SSM based on the EM-ICP mo dels the whole data set, it is able to

represen t the ellipsoids featuring a bump and those without as that deformation

information is included in its v ariabilit y mo del. The SSM based on the ICP ho w ev er

is not able to mo del the bump. This is due to the fact that the ICP only tak es in to

accoun t the closest p oin t when searc hing for corresp ondence. Th us, the p oin ts on

top of the bump are not necessarily in v olv ed in the registration pro cess and do not

con tribute to the v ariabilit y mo del. The EM-ICP , on the other hand, analyzes the

corresp ondence probabilit y of al l p oin ts, therefore, also the p oin ts on top of the

bump are tak en in to accoun t. These t w o concepts are illustrated in �gure 4.2(d).

4.2.1.2 Bagel Shap es

Another in teresting problem regarding statistical shap e mo dels are shap es featuring

non-spherical surfaces. Here, the aim is to ev aluate the p erformance of the

GGM-SSM on shap es with gen us 1 top ology . In the case of a simple ring torus, the

surface can b e created in Euclidean space b y rev olving a circle ab out an axis in its

plane. Non-spherical shap es cannot b e mo deled b y all curren t SSM computation

metho ds, e.g. the SPHARM and the MDL approac hes (section 2) w ork exclusiv ely

for spherical top ologies.

F or the generation of the data set, the rotation axes did not necessarily lie in a

plane. F urthermore, the inner and outer radii from observ ation to observ ation are

v aried whic h means that our bagel shap es are not radially symmetric. F or some

observ ation examples see �gure 4.3. A syn thetic data set w as generated con taining

15 observ ations. The observ ations are represen ted b y 332 � 512 p oin ts, their

b ounding b o xes measure ab out 1500� 1500 � 500mm3
and the p oin t distances

a v erage 82mm . The GGM-SSM as w ell as the ICP-SSM are computed for these

data. F or the computation of the GGM-SSM, the follo wing parameters w ere c hosen:



4.2 Comparison to an ICP-SSM 63

T able 4.3: T orus shap e gener alization r esults. Shap e distanc es found in gener al-

ization exp eriments with ICP-SSM appr o ach and with GGM-SSM appr o ach. The

distanc es and asso ciate d standar d deviations ar e given in mm .

ICP-SSM GGM-SSM

mean distance target to source 41:47 � 6:42 31:08 � 15:01
mean distance source to target 38:25 � 5:18 29:34 � 12:68
maximal distance target to source 87:73 � 11:10 77:83 � 31:09
maximal distance source to target 109:05 � 35:14 75:04 � 25:36

T able 4.4: T orus shap e sp e ci�city r esults on 500 r andom shap es found with ICP-

SSM appr o ach and with GGM-SSM appr o ach. The distanc es and asso ciate d standar d

deviations ar e given in mm .

ICP-SSM GGM-SSM

a v erage distance 45:95 � 2:52 33:82 � 5:47

� start = 100mm , reduction factor = 0 :9, 5 iterations (EM-ICP m ulti-scaling) with

15 SSM iterations. Then the tests for generalization abilit y w ere p erformed in a

series of lea v e-one-out exp erimen ts. The sp eci�cit y for b oth mo dels w as tested

using 500 randomly generated shap es.

R esults: The mean shap e as w ell as the deformations according to the �rst

t w o v ariation mo des of GGM-SSM and ICP-SSM are displa y ed in �gure 4.4.

As can b e seen, the �rst v ariation mo de principally mo dels the thic kness of the

bagel while the second v ariation mo de mainly mo del its �exion. The quan titativ e

ev aluation results for the generalization abilit y are sho wn in table 4.3. The v alues

sho w a b etter generalization abilit y for the GGM-SSM than for the ICP-SSM as

the mean distances are more than 30% smaller. The Hausdor� distances sho w

that apparen tly the GGM-SSM ( 75:04mm ) captured more shap e v ariation than

the ICP-SSM ( 109:05mm ). An illustration is sho wn in �gure 4.5. The �exion in

the bagels seems to lead to erroneous corresp ondences in the ICP-SSM. Lo oking

closer at the lea v e-one-out series, it could b e established that esp ecially the bagel

shap es of whic h the axes do not lie in planes are matc hed b etter b y the GGM-SSM.

This is illustrated in �gure 4.6 with an example. The results for the sp eci�cit y

ev aluation are depicted in table 4.4. The sp eci�cit y v alues are a little b etter for the

GGM-SSM than for the ICP-SSM.
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a)

b)

c)

d)

Figure 4.4: SSM r esults for b agel data set. GGM-SSM (a,c) and ICP-SSM (b,d)

deformations to �rst (a,b)and se c ond (b,c) variation mo de: Me an shap e (midd le),

and me an shap e deforme d ac c or ding to variation mo des, left:

�M � 3� p~vp and right:

�M + 3 � p~vp .

a) b)

Figure 4.5: Schematic il lustr ation of mo dele d amount of �exion. Deformations ac-

c or ding to se c ond variation mo de for ICP-SSM (a) and GGM-SSM (b). A higher

amount of �exion se ems to b e mo dele d by the GGM-SSM.
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a) b) c)

Figure 4.6: Gener alization ability example for one left-out observation with high

amount of �exion. a) L eft-out observation fe aturing high amount of �exion. b)

Fitting r esult of ICP-SSM. c) Fitting r esult of GGM-SSM. The left-out observation

is c olour e d in r e d with low op acity, the r esults of ICP-SSM and GGM-SSM ar e

c olour e d in blue.
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a) b)

Figure 4.7: CT-images with se gmente d putamen in a 2D (a) and 3D (b) view.

4.2.2 Brain Structure MR: Putamen

In this section, the p erformance of the GGM-SSM on brain structure data is

ev aluated. The data has b een collected in the framew ork of a study on hand

dystonia and the p ossible in�uence of this disease on the shap e of the putamen, a

structure b elonging to the basal ganglia situated close to the caudate n ucleus. The

MR images as w ell as the segmen tations of the putamen w ere kindly pro vided b y the

Hôpital La Pitié-Salp êtrière, P aris, F rance. An example of left and righ t putamen

is sho wn in �gure 4.7. The MR images con tain 255 � 255 � 105 v o xels of size

0:94mm � 0:94mm � 1:50mm . The training data set for this exp erimen t consists of

N = 20 left segmen ted putamens (appro ximately of size 20mm � 20mm � 40mm )

whic h are represen ted b y min 994 and max 1673 p oin t. Some observ ation examples

are sho wn in �gure 4.8(a). The computation of a SSM for the putamen data migh t

b e useful either for segmen tation purp oses or for an analysis of the shap e v ariabilit y

in patien t and con trol groups.

The GGM-SSM as w ell as the ICP-SSM are computed for these data and then

tested for generalization abilit y in a series of lea v e-one-out exp erimen ts. The

sp eci�cit y for b oth mo dels w as tested using 500 randomly generated shap es.

F or the computation of the GGM-SSM, the follo wing parameters w ere c hosen:

� start = 4mm , reduction factor = 0 :85, 10 iterations (EM-ICP m ulti-scaling) with

5 SSM iterations. F or the ICP-SSM, the ICP is iterated 50 times. Most of the

parameter v alues w ere found in an heuristic w a y .

R esults: The resulting mean shap es and deformations according to the �rst

t w o v ariation mo des are sho wn in �gure 4.8(b,c) for the GGM-SSM and in �gure

4.8(d,e) for the ICP-SSM. The mean shap es of b oth approac hes resem ble. Ho w ev er,

the �rst and second v ariation mo de of the GGM-SSM mo del more shap e details

than the �rst and second eigenmo des of the ICP-SSM. This visual impression is

con�rmed b y the v alues found for the generalization abilit y as depicted in table 4.5.

The generalization abilit y is computed in dep endence of the n um b er n of v ariation

mo des used. The results for the �rst n = 5 , n = 10 and n = 18 v ariation mo des

are sho wn. Ob viously , the n um b er of v ariation mo des con trols the accuracy of the

deformed SSM. The GGM-SSM p erformed b etter for all cases with a mean distance
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T able 4.5: Shap e distanc es found in gener alization exp eriments with the ICP-SSM

appr o ach and with GGM-SSM appr o ach. The gener alization ability was teste d for

the �rst n = 5 , n = 10 and n = 18 variation mo des. The distanc es and asso ciate d

standar d deviations ar e given in mm .

ICP-SSM GGM-SSM

5 variation mo des

a v erage mean distance + std dev. in mm 0:634� 0:090 0:512� 0:083
a v erage maximal distance + std. dev. in mm 4:478� 0:927 2:929� 0:576
10 variation mo des

a v erage mean distance + std. dev. in mm 0:623� 0:099 0:490� 0:088
a v erage maximal distance + std. dev. in mm 4:449� 0:909 2:496� 0:445
18 variation mo des

a v erage mean distance + std. dev. in mm 0:610� 0:089 0:471� 0:076
a v erage maximal distance + std. dev. in mm 4:388� 0:930 2:559� 0:563

T able 4.6: Shap e distanc es found in sp e ci�city exp eriments (500 r andom shap es)

with ICP-SSM appr o ach and with GGM-SSM appr o ach using 18 eigenmo des.

ICP-SSM GGM-SSM

a v erage mean distance + std. dev. in mm 0:515� 0:117 0:463� 0:052

of 0:471 for the GGM-SSM and a mean distance of 0:610mm for the ICP-SSM

under the use of 18 v ariation mo des. It is in teresting to see that the p erformance

di�erence b et w een the t w o SSMs increased a little with a higher n um b er of v ariation

mo des. The mean distance decrease regarding the case of n = 5 v ariation mo des

and the case of n = 18 v ariation mo des is ab out 5% using the SSM-ICP and ab out

8% using the GGM-SSM. Commonly , the v ariation mo des with great standard

deviations mo del the ob vious v ariabilities as e.g. thic kness or torsion in space while

the v ariation mo des with smaller standard deviations mo del the shap e details.

The Hausdor� distance in the GGM-SSM is more than 40% (nearly 2mm ) smaller

than the Hausdor� distance of the ICP-SSM. This result again indicates that the

GGM-SSM is b etter able to capture shap e details than the ICP-SSM. The results

for the sp eci�cit y ev aluation are depicted in table 4.6. The sp eci�cit y v alues are a

little b etter for the GGM-SSM than for the ICP-SSM.
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a)

b)

c)

d)

e)

Figure 4.8: R e al tr aining data set fe aturing the putamen. a): Observation exam-

ples. b)/c): GGM-SSM. d)/e): ICP-SSM. Me an shap es (midd le) and me an shap es

deforme d with r esp e ct to the �rst (b,d) and se c ond (c,e) variation mo de. L eft:

�M � 3� ~v 1;2 and right:

�M + 3 � ~v 1;2 . The r e gions in cir cles mark shap e details which

ar e r epr esente d by the GGM-SSM and which ar e not mo dele d by the ICP-SSM.
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4.3 Comparison to ICP-SSM and MDL-SSM

In this section, the p erformance of the GGM-SSM is ev aluated in comparison to a

SSM whose computation is based on the minimization of a Maxim um-Description-

Length (MDL). This SSM metho d is explained in detail in section 2.3.2. Basically ,

the MDL is used to optimize the distribution of corresp onding p oin ts on the surfaces

of the observ ations in the training data set. Here, the b est p oin t distributions or cor-

resp ondences yield the b est SSM in terms of simplicit y . One k ey step in computing a

MDL-SSM is the mo v emen t of p oin ts on the surfaces of the resp ectiv e observ ations.

Hence, as it needs explicit surface information, the MDL approac h is not suited to

compute a SSM for unstructured p oin t sets. Nev ertheless, an in teresting prosp ect is

to con trast the p erformance of the ICP-SSM and the GGM-SSM with a MDL-SSM

to p oin t out the di�erences in the approac hes and to p osition our metho d in the

state-of-the-art. In order to b e able to use the MDL-metho d, a training data set

of observ ations with surfaces represen ted b y triangulated p oin ts has to b e generated.

Data Set: Unlik e the GGM-SSM, the MDL-metho d can only b e applied for

data with spherical top ologies. The ob jectiv e is to test b oth approac hes as w ell

as the ICP-SSM on non-con v ex shap es whic h can b e c hallenging, e.g. as p oin ts

lying close do not necessarily b elong to the same part of the shap e. Moreo v er,

p oin ts with similar normal v ector direction do not necessarily lie close to eac h

other. A syn thetic data set is generated con taining 15 observ ations shap ed lik e

bananas, see �gure 4.9. The observ ations are represen ted b y triangulated meshes.

In order to obtain meaningful results, the v ariabilit y in the training data set is

high: The curv ature of the banana as w ell as the size, thic kness and orien tation

in space c hange from observ ation to observ ation. The sizes of their b ounding

b o xes measure around 480 � 720 � 260mm3
. The n um b er of p oin ts range from

minim um 386 p oin ts to maxim um 642 p oin ts. The p oin t distances a v erage 29:3mm .

Set-Up: The MDL-SSM exp erimen ts on this data w ere p erformed b y T o-

bias Heimann of the German Cancer Researc h Cen ter (Departmen t of Medical and

Biological Informatics) who kindly pro vided his ev aluation results for this section.

The alignmen t of observ ations is done using a generalized Pro crustes analysis in

similarit y mo de. The �nal n um b er of p oin ts is set to 648.

F or the computation of the GGM-SSM, the follo wing parameters w ere c hosen:

� start = 15 � 50mm (dep enden t on the observ ation shap e), reduction factor

= 0 :7 � 0:9, 10 iterations (EM-ICP m ulti-scaling) with 5 SSM iterations. F or the

ICP-SSM, the ICP is iterated 50 times. Most of the parameter v alues w ere found

in an heuristic w a y . The mean shap es of the GGM-SSM as w ell as of the ICP-SSM

con tain 446 p oin ts whic h is 200 p oin ts less than used b y the MDL-SSM.

F or determining the p erformance measures in these exp erimen ts, the a v erage p oin t

distances as in tro duced in section 4.2 are only a w ell-suited metric when SSMs with

equal n um b ers of p oin ts and similar p oin t distributions are compared. This is not

the case when comparing the MDL-SSM to the GGM-SSM as the MDL metho d

mo v es the p oin ts o v er the surfaces and can add an y n um b er of p oin ts. Therefore,

in the exp erimen ts the Jaccard co e�cien t (or T animoto co e�cien t) is used as
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Figure 4.9: Synthetic tr aining data set: Non-c onvex b anana shap es with 15 observa-

tions r epr esente d by triangulate d meshes.
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distance metric instead of the p oin t distances. T o do so, a binary represen tation

has to b e appro ximated for all observ ations as w ell as for eac h deformed SSM. F or

the GGM-SSM a w ell as the ICP-SSM this is done b y k eeping the edges of the

triangles in the initial mean shap e for the represen tation of the �nal mean shap e

and its deformations. As the GGM-SSM is based on unstructured p oin t sets, this

pro cedure could theoretically lead to con torsions of the mesh but this w as not the

case in the exp erimen ts.

The generalization abilit y is ev aluated in a series of lea v e-one-out tests. The

distances w ere measured in dep endence of the n um b er n of emplo y ed v ariation

mo des ranging from n = 0 to n = 13 . F or the sp eci�cit y , 500 random shap es

are generated. Due to the high computational time when generating the binary

v olume represen tation, the alignmen t of eac h randomly deformed mean shap e with

all observ ations is omitted. Instead, all observ ations are aligned once with the

undeformed mean shap e. That w a y , for eac h randomly deformed mean shap e, only

one binary represen tation has to b e computed and compared to the observ ations.

R esults: The mean shap es and the deformations according to �rst, second

and third mo de of v ariation are depicted for the ICP-SSM and the GGM-SSM in

�gures 4.10 and 4.11. The �rst three v ariation mo des roughly represen t similar

v ariabilities. Ho w ev er, it is noticeable that the GGM-SSM v ariabilit y mo del is

strongly fo cused on the region of the banana tips whereas the ICP-SSM rather

mo dels global v ariation of the banana shap es. The v alues resulting from the testing

series of the generalization abilit y are illustrated in �gure 4.12 for ICP-SSM, GGM-

SSM and MDL-SSM metho ds. The v olume o v erlap b et w een left-out observ ation

and �tted SSM is used as distance metric. Regarding these v alues, the exp erimen ts

rev ealed that the MDL-SSM has a higher generalization abilit y with an a v erage

Jaccard co e�cien t of 0:92 than the GGM-SSM (Jaccard co e�cien t = 0 :88) and the

ICP-SSM (Jaccard co e�cien t = 0 :86). As - con trary to p oin t-based metho ds - the

MDL-SSM metho d mak es use of the observ ation surfaces as additional information,

this result is not surprising. In particular, it has to b e k ept in mind that the

MDL-SSM approac h optimizes the distribution of corresp onding p oin ts o v er the

observ ation surfaces whic h is one of its great strengths. The GGM-SSM metho d

ho w ev er uses the initial p oin t lo cations. Regarding the banana shap es, the p oin t

distribution at the banana tips is more dense than on the banana corpus. Using

the GGM-SSM, this leads to a more detailed mo deling of the banana tip regions.

Unfortunately , a v olume o v erlap metric do es not necessarily re�ect if shap e details

are w ell mo deled.

Besides, the follo wing bias in the MDL-SSM generalization abilit y v alues has to

b e considered: F or SSMs where the corresp ondences are describ ed b y monotonous

parameterization functions the parameterization of the left-out function is unkno wn.

T o solv e this problem, the left-out shap e is normally included in the corresp ondence

lo calisation. This pro cedure �nally leads to an o v er-estimated generalization abilit y

[Ericsson 2007 ].

The sp eci�cit y v alues are illustrated in �gure 4.13. Here, the GGM-SSM and the

MDL-SSM obtained v ery similar o v erlap v alues while the ICP-SSM obtained v alues

a little higher.
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a)

b)

c)

Figure 4.10: GGM-SSM for the b anana shap e data set. Me an shap es (midd le) and

me an shap es deforme d ac c or ding to the �rst (a), se c ond (b) and thir d (c) variation

mo de.

d)

e)

f )

Figure 4.11: ICP-SSM for the b anana shap e data set. Me an shap es (midd le) and

me an shap es deforme d ac c or ding to the �rst (a), se c ond (b) and thir d (c) variation

mo de.
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Figure 4.12: Gener alization ability. The gener alization ability was teste d in le ave-

one-out tests for the b anana shap es. Her e, the aver age overlap b etwe en deforme d

me an shap e and left-out observation is pr esente d for the MDL-SSM, the GGM-SSM

and the ICP-SSM.

Figure 4.13: Sp e ci�city. The sp e ci�city was teste d for the b anana shap es using 500

testing shap es. Her e, the aver age overlap b etwe en r andomly deforme d me an shap e

and closest observation is pr esente d for the MDL-SSM, the GGM-SSM and the ICP-

SSM. The r andom deformation fol lowe d a natur al distribution with � e qual to the

standar d deviations of the r esp e ctive mo del.
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a) b) c)

Figure 4.14: Gener alization ability example for a r ather extr eme left-out torus ob-

servation. a) L eft-out observation. b) Fitting r esult of ICP-SSM. c) Fitting r esult of

GGM-SSM. The left-out observation is c olour e d in r e d with low op acity, the r esults

of ICP-SSM and GGM-SSM ar e c olour e d in blue.

T able 4.7: Banana shap e gener alization r esults. Shap e distanc es found in gener al-

ization exp eriments with ICP-SSM appr o ach and with GGM-SSM appr o ach. The

distanc es and asso ciate d standar d deviations ar e given in mm .

ICP-SSM GGM-SSM

mean distance target to source in mm 15:75 � 2:28 16:48 � 3:24
mean distance source to target in mm 26:35 � 12:78 17:81 � 2:75
maximal distance target to source in mm 36:23 � 4:60 53:78 � 7:33
maximal distance source to target in mm 83:87 � 54:58 43:81 � 8:41

Ov erall, it could b e established that the GGM-SSM and the ICP-SSM obtain

generalization abilit y v alues whic h lie in the same order as those of the MDL-SSM

for the giv en data set. Moreo v er, the GGM-SSM p erformed b etter than the

ICP-SSM. This is again due to the fact that shap e details are easily lost for the

ICP-SSM. This is demonstrated with an example of a rather extreme left-out

observ ation in �gure 4.14. The ICP-SSM adapts v ery w ell to the corpus of the

banana but fails to deform in to its tip. Y et, the v ariabilit y mo del of the GGM-SSM

is able to represen t the tip region of the banana. This b eha viour is con�rmed b y an

ev aluation of the generalization abilit y under a p oin t distance metric (as in tro duced

in section 4.1.2 and as used for the exp erimen ts in section 4.2.1). The v alues

for ICP-SSM and GGM-SSM whic h are depicted in table 4.7 indicate that the

GGM-SSM p erforms b etter. This b ecomes clear esp ecially regarding the Hausdor�

distances as the GGM-SSM obtains a Hausdor� distance of 53; 78mm whic h is 37%
smaller than the Hausdor� distance of the ICP-SSM ( 83; 87mm ).

4.4 Unsup ervised Classi�cation

In this section the GGM-SSM is applied to a classi�cation problem. This can b e

done directly b y exploiting the observ ation parameters computed during the GGM-

SSM computation. Here, the �nal deformation co e�cien ts ! kp represen t the amoun t

of v ariation for the resp ectiv e observ ation Sk according to eac h v ariation mo de vp .
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Therefore, information ab out shap e c haracteristics can b e gained b y ev aluating the

deformation co e�cien ts [Hufnagel 2007b ]. In SSM metho ds where the deformation

co e�cien ts are not computed during optimization of the mo del, their determination

is less straigh tforw ard.

In an exp erimen tal ev aluation, the deformation co e�cien ts directly serv e as a clas-

si�cation measure regarding the shap e of the observ ations Sk . T o do so, feature

v ectors ! k = ( ! k1; ! k2; :::; ! kn ) are formed and then used as input for a k-means

clustering. This approac h is tested on the syn thetic data set of ellipsoids as used in

section 4.2.1.1. The data set consists of t w o shap e classes as it con tains ellipsoids

with and without 'bump' as can b e seen exemplarily in �gure 4.2(a). An a v erage

Rand index [Rand 1971] of 0:95 is emplo y ed for the k-means clustering. The result-

ing t w o classes coincide with the 'bump' and 'without bump' classes, see �gure 4.15

for an example of the v alues of the 2D feature v ectors (! k1; ! k2) .

T ame approac h is applied to classify the putamen data set as presen ted in section

4.2.2. As the data w as gathered in a study ab out hand dystonia, a relation of

shap e and disease migh t exist. In order to analyse the shap es, the data is tested

for statistically signi�can t shap e di�erences b et w een dystonia patien ts and con trol

group after a�ne normalizations. Again feature v ectors ! k = ( ! k1; ! k2; :::; ! kn ) are

formed and used as input for a k-means clustering. In this case, no t w o distinct

shap e classes w ere found (see �gure 4.16 for the v alues of the 2D feature v ectors

(! k1; ! k2) ). This con�rms the presumption of the concerned ph ysicians.

4.5 Discussion

An accurate and robust mo deling of v ariabilit y is an imp ortan t feature of a SSM,

particularly when it is emplo y ed to the segmen tation of anatomical structures for

radiotherap y or surgery planning where the precision m ust b e high. In order to learn

ab out the qualities of the GGM-SSM as w ell as its standing in the state-of-the-art,

the ev aluation has b een divided in to t w o exp erimen ts: The �rst part w as aimed

at an analysis of the GGM-SSM p erformance in comparison to another SSM for

unstructured p oin t sets (ICP-SSM). The second part of the ev aluation in v estigated

the GGM-SSM p erformance in comparison to a w ell established metho d whic h uses

surface information (MDL-SSM).

A principal di�erence b et w een the ICP-SSM and the GGM-SSM is the in ter-

pretation of corresp ondence. While the ICP-SSM is based on one-to-one p oin t

corresp ondences, the GGM-SSM implemen ts a probabilistic corresp ondence concept

whic h allo ws to tak e in to accoun t all p oin ts of all shap es. This is adv an tageous on

the one hand as all shap e details are in tegrated in to the v ariabilit y mo del. On the

other hand, the approac h is less sensitiv e to p ossible outliers. By ev aluating the

generalization abilit y v alues of GGM-SSM and ICP-SSM for the syn thetic data set

of ellipsoid shap es, it could b e established that shap e details whic h are not captured

v ery w ell b y the ICP-SSM are e�ectiv ely captured and mo deled b y the GGM-SSM.

This is esp ecially the case for training data where not all observ ations feature the

same shap e details. F urthermore, when testing b oth SSMs on shap e data with

a global v ariation in its �exion angle, the generalization abilit y v alues indicate
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Figure 4.15: 2D deformation c o e�cient fe atur e ve ctors ( ! k1; ! k2 ) for the �rst two

eigenmo des of the el lipsoid data set. Observations 'with bump' ar e r epr esente d by

diamonds, observation 'without bump' ar e r epr esente d by stars.
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Figure 4.16: 2D deformation c o e�cient fe atur e ve ctors ( ! k1; ! k2 ) for the �rst two

eigenmo des of the putamen data set. 'Contr ol' observations ar e r epr esente d as dia-

monds and 'p atient' as stars.
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that the ICP-SSM did not mo del w ell the v ariabilit y of �exion. The p erformance

measures of GGM-SSM and ICP-SSM in the exp erimen tal ev aluation on real brain

data sho w a similar picture. The GGM-SSM is b etter able to capture shap e details

whic h can b e observ ed b y a visual insp ection of the principal v ariations mo deled

b y the v ariabilit y mo dels and whic h is also re�ected in the generalization abilit y

v alues. Still, the ICP-SSM faster and easier to handle than the GGM-SSM as less

parameters ha v e to b e estimated b eforehand. The relativ ely high computational

time of the GGM-SSM is mainly due to the costly up date of v ariation mo des whic h

in v olv es sev eral matrix m ultiplications with matrices 2 R3Nm � n
with n um b er of

mean shap e p oin ts Nm and n um b er of v ariation mo des n . Ho w ev er, the analysis of

shap e in medical practice is generally no time sensitiv e matter.

As argued in section 4.1.1, w e doubt the meaningfulness of sp eci�cit y v alues

regarding the qualit y of a SSM. These doubts w ere con�rmed b y the results

obtained for the SSMs in the ellipsoid data set. Here, the generalization abilit y as

w ell as visual insp ection clearly indicate a sup erior p erformance of the GGM-SSM,

but still the ICP-SSM obtain b etter sp eci�cit y v alues.

The second part of the ev aluation serv es to p osition the GGM-SSM in the

state-of-the-art b y outlining its adv an tages and w eaknesses compared to the

w ell-accepted surface-based MDL-SSM metho d. The MDL-SSM approac h mak es

use of surface information for the mo deling of the training data set. During SSM

computation, p oin ts are added and mo v ed o v er the observ ation surfaces in order to

�nd optimal corresp ondences. Therefore, the MDL-SSM is more �exible than the

GGM-SSM as the results do not dep end on the original p oin t distribution in the

observ ation meshes. Y et, it has to b e k ept in mind that the MDL-SSM is explicitly

de�ned on surface represen tations for spherical top ologies. Hence, it cannot b e

emplo y ed for the ev aluation on the bagel shap e training data but a training data set

with banana-shap ed observ ations w as designed. As the training data set con tains

observ ations with v ery non-con v ex shap es, w e deem the obtained results of the

MDL-SSM as w ell as the GGM-SSM to b e quite go o d. In the generalization abilit y

exp erimen ts, the MDL-SSM p erformed b etter than the GGM-SSM b y obtaining

a Jaccard co e�cien t whic h is 3:4% greater than the GGM-SSM and 6:4% greater

than the ICP-SSM. The di�erence b et w een MDL-SSM and GGM-SSM in the

v olume o v erlaps is clearly visible but small enough to suggest the righ t of existence

for the GGM-SSM, esp ecially considering that the usage of surfaces is arguable

for the reasons form ulated in section 1. Moreo v er, the left-out observ ations in the

exp erimen t series for the generalization abilit y of the MDL-SSM metho d ha v e b een

part of the corresp ondence lo calisation step, th us, the v alues of the generalization

abilit y migh t b e o v er-estimated. The analysis of the generalization abilit y for

the banana training data set measured b y p oin t distance metrics sho ws that the

GGM-SSM outp erforms the ICP-SSM; the ICP-SSM fails to mo del shap es featuring

a rather extreme con v exit y .

In order to compute a GGM-SSM of high qualit y , particular atten tion has to

b e paid to the c hoice of parameters in the EM-ICP registration whic h ha v e to b e

adapted to the problem at hand. As demonstrated in section 3.2.3, go o d results
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are obtained for a �nal standard deviation whic h lies in the same range as the

a v erage p oin t distances in the observ ations. A reasonable c hoice for the reduction

factor seems to lie b et w een 0:7 and 0:9 whic h led to go o d results in the exp erimen ts

p erformed in the framew ork of this thesis. The n um b er of GGM-SSM iterations is

k ept as small as p ossible to reduce computational cost.

F rom the ev aluation results, it can b e concluded that the GGM-SSM metho d

is capable to mo del di�eren t kinds of shap es with high precision. Due to the prob-

abilistic mo deling of corresp ondence, the GGM-SSM outp erforms the ICP-SSM

for observ ations with irregular shap e di�erences. The GGM-SSM do es not need

surface information and is w ell suited to mo del non-spherical top ologies as w ell as

coupled structures in one uni�ed v ariabilit y mo del. Therefore, the GGM-SSM is

�t for shap e analysis of v arious t yp es of anatomies whic h mak es it v ery �exible

regarding p oten tial application domains.



Chapter 5

Using the GGM-SSM as a Prior

for Segmen tation

Con ten ts

5.1 Initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 The GGM-SSM in Implicit F unction Segmen tation . . . . . 82

5.3 Ev aluation on Kidney CT Images . . . . . . . . . . . . . . . . 91

5.4 Multiple Shap e Class Segmen tation . . . . . . . . . . . . . . 97

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

Segmen tation algorithms pla y a ma jor role in medical image analysis. Ho w ev er,

due to t ypical medical image c haracteristics as p o or con trasts, grey v alue inhomo-

geneities, con tour gaps, and noise the automatic segmen tation of man y anatomical

structures remains a c hallenge. Lo w-lev el algorithms as region gro wing, thresholding

or simple edge-detection are often b ound to fail or require hea vy user in teraction to

lead to acceptable segmen tation results in 3D images. In order to o v ercome these

problems, a v ery p opular approac h is to emplo y mo dels whic h incorp orate a priori

kno wledge ab out mean and v ariance of shap e or grey lev els of the structure of in ter-

est. These mo dels serv e to constrain the resulting segmen tation con tour to probable

shap es as de�ned b y the underlying training data set. The concept of shap e priors

in segmen tation metho ds has b een analysed in section 2.4.

In this c hapter, a framew ork is dev elop ed for the in tegration of the GGM-SSM cre-

ated in c hapter 3 as a shap e prior for kidney segmen tation. In this new metho d,

prior shap e kno wledge represen ted b y the GGM-SSM is com bined with prior infor-

mation ab out t ypical grey v alue in tensit y distributions inside and outside the organ

to b e segmen ted. The c hapter is structured as follo ws: First an o v erview is giv en

ab out the emplo ymen t of in tensit y distribution kno wledge in medical image segmen-

tation, and the initial placemen t problem is explained in section 5.1. In section 5.2,

a sound mathematical framew ork is dev elop ed whic h in tegrates the GGM-SSM in to

an implicit lev el set sc heme, and the metho d is ev aluated on the segmen tation of

the kidney from CT images. In section 5.4, the lev el set framew ork is extended to

m ultiple-ob ject segmen tation, and the algorithm is applied to hip join t segmen ta-

tion. The c hapter is concluded with section 5.5 where the approac h of com bining

an explicitly represen ted SSM and an implicitly represen ted segmen tation con tour

is discussed.
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5.1 Initialization

5.1.1 Distribution Mo dels for Prior In tensit y Kno wledge

Beside the prior kno wledge ab out the shap e, kno wledge-based segmen tation metho ds

often in tegrate information ab out the grey v alue app earance of the organ whic h are

extracted from a training data set. Classical segmen tation tec hniques using SSMs

mostly rely on edge-detection [Co otes 1992 , Szék ely 1996 , Staib 1996 , W ang 2000].

Recen t metho ds prop ose the utilization of a priori kno wledge ab out in tensit y infor-

mation on its o wn [Nain 2007 , Andreop oulos 2008 ] or in com bination with b oundary

detection [Huang 2004 ] in order to exploit a v ailable image information whic h gen-

erally leads to metho ds that are more robust and e�ectiv e.

In p oin t-based SSMs, a widely-used metho d is to generate lo cal app earance mo dels.

The �rst lo cal app earance mo del w as presen ted b y Co otes et al. [Co otes 1993 ] who

prop osed to sample in tensit y information around eac h landmark in normal direc-

tion. This is done for all observ ations in the training data set in order to determine

mean v alue and principal mo des of v ariation of grey v alue app earance o v er the cor-

resp onding landmarks. During segmen tation, the in tensit y mo del pro�les of eac h

SSM landmark are compared to the curren t p oin t pro�le samples of the deformed

SSM in the image in order to optimize the �t. The lo cal app earance mo dels range

from simple Gaussian in tensit y pro�le mo dels and Gaussian gradien t pro�le mo dels

[Co otes 1994 ] to non-linear in tensit y pro�le mo dels [de Brujine 2002] and histogram

region mo dels [Brunelli 2001 , F reedman 2005 ].

A lo cal app earance mo del as describ ed here is not immediately usable for our GGM-

SSM as one-to-one corresp ondences o v er the observ ations are needed in order to ex-

tract statistical kno wledge ab out the grey v alues at one sp eci�c p oin t of the mo del.

Therefore, a global app earance mo del is emplo y ed whic h means that a priori kno wl-

edge ab out the in tensit y distributions in the regions inside and outside the organ

has to b e extracted. In general, an in tensit y distribution mo del consists of t w o

probabilit y densit y functions whic h mo del the o ccurrence of grey v alues inside ( pin )

and outside ( pout ) the organ. A straigh tforw ard metho d is to sample the grey v al-

ues of organ pixels x in the training data set and compute a mean grey v alue � as

w ell as a standard deviation � g . Then the probabilit y of a v o xel grey v alue g(x)

to o ccur inside the organ is estimated with pin (g) = 1p
2�� g

exp(� (� � g)2

2� g
) . Then,

pout (g) = 1 � pin (g) could directly estimate the probabilit y of a v o xel grey v alue

g(x) to o ccur outside the organ. Ho w ev er, for most soft tissue organs neither the

organ tissue nor the surrounding tissue b elong to only one tissue class and addition-

ally , noise has to b e tak en in to accoun t. Therefore, a classi�cation using a mixture

of Gaussians should lead to a more reliable mo del of in tensit y distributions. Th us,

w e tak e adv an tage of a pattern classi�cation tec hnique in tro duced b y Duda and

Hart [Duda 1973 ] whic h is based on the so-called k ernel densit y appro ximation to

estimate the p oin t distribution function of a random v ariable. This non-parametric

metho d w as �rst prop osed b y P arzen [P arzen 1962] in order to solv e problems in

the �eld of time series analysis. In short, the metho d w orks as follo ws: F or a giv en

random sample X = f x1; :::; xn g the v alue of the underlying but unkno wn probabil-

it y densit y function p(x) is sough t. Using a k ernel or windo w function ' : Rd ! R
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Figure 5.1: Estimate d gr ey value density functions for the inside (gr e en) and the

outside (r e d) r e gion of the kidney using a Parzen window appr o ach.

with the prop erties ' (u) > 0 and

R
' (u)du = 1 , it can b e appro ximated

p̂(x) =
1
n

nX

i =1

1
hd '

�
x � x i

h

�
:

The parameter h de�nes the width of the windo w and is generally c hosen with

resp ect to the size of the sample. A widely-used example for the windo w function is

the Gaussian k ernel ' gauss(x) = 1p
2�

exp(� 1
2x2) . The c hoice of windo w function '

and width h determines the smo othing e�ect on the estimated probabilit y densit y

function. In order to estimate the grey v alue densit y distributions for the inside of

an organ as w ell as for its bac kground, the in tensities Gin and Gout are sampled

around the surface of the organ:

Gin = f g(x)jx inside organ and close to b oundary g

Gout = f g(x)jx outside organ and close to b oundary g

In order to a v oid the in�uence of to partial v olume e�ects and segmen tation inaccu-

racies, the sampling is done at a certain distance from the original organ b oundary

[Sc hmidt-Ric h b erg 2009]. F or an example of the sampling and the resulting grey

v alue densit y distributions see �gure 5.1.

5.1.2 Initial Placemen t Problem

The initial placemen t of an y template in the image pla ys an imp ortan t role regarding

the qualit y of the segmen tation result. Therefore, the initial lo cation, transforma-

tion and deformation of the GGM-SSM has to b e determined carefully . A p osition

to o far a w a y from the organ region or an initial deformation to o di�eren t from the

organ shap e in the image augmen ts the risk of �nding a lo cal minim um whic h is not

consisten t with an acceptable segmen tation. Aside from man ual in terv en tion whic h

yields go o d results but is time-consuming [de Bruijne 2003], sev eral authors suggest

a series of consecutiv e morphological op erations [Soler 2000, Lin 2006 ]. Other ap-

proac hes rely on ob ject recognition [Brejl 2000 ] or a priori kno wledge ab out t ypical
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p ositions of the sough t organ in the CT v olume [Heimann 2006 ] or com bine a priori

kno wledge with morphological op erations [T saagan 2002 ]. While these approac hes

w ork w ell for sp eci�ed organs, they cannot b e generalized for other segmen tation

tasks. In order to come up with a generalizable solution, de Brujine and Nielsen

prop osed an automatic initialization of the template emplo ying shap e particle �l-

tering [de Bruijne 2004] for 2D segmen tation. A similar approac h applied to 3D

segmen tation based on a global-searc h in the image w as prop osed b y Heimann et al.

[Heimann 2007b ]. The algorithm uses the principal ideas of ev olutionary program-

ming [F ogel 1966 ] and ev olutional strategies [Sc h w efel 1995 ] in order to determine

the optimal placemen t of the mo del. The algorithm consists of the follo wing steps:

1. A random set of normally distributed a�ne transformations Tk and deforma-

tions 
 k is generated with k = [1 ; :::; N ].

2. By applying 
 k and Tk to the mean shap e of the mo del, a random p opulation

of shap es R = f S1; :::; SN g is built.

3. The b est quali�ed (or �ttest ) individuals R̂k of the random p opulation are

selected.

4. F or eac h R̂k , the transformation T̂k as w ell as the deformation 
̂ k are mo di�ed

randomly and again applied to the mean shap e of the mo del to generate a new

(b etter) p opulation of shap es.

5. This is iterated un til a go o d initial p osition and a go o d initial mean shap e

deformation are found.

The qualit y of placemen t is measured b y comparing mo del-sp eci�c features to the

features in the image. F or an example of a random shap e p opulation generated for

the GGM-SSM of the kidney please refer to �gure 5.2.

F or our exp erimen ts, the means of the normal distributions for the transformation as

w ell as for the deformation equal zero. The standard deviation for p(T) is determined

heuristically while the standard deviations for p(
) = f ! 1; :::; ! n g are the standard

deviations f � 1; :::; � n g of the GGM-SSM as computed in section 3.5.2. The mo del-

sp eci�c features ev aluated in order to measure the �tness dep end on probabilit y

of p oin ts lying on the b oundary of the organ. This is measured b y the sum of

distances b et w een GGM-SSM p oin ts and the nearest v o xel with high image gradien t

magnitude whic h reliably led to go o d initial placemen t results. F or an example, see

�gure 5.3.

5.2 The GGM-SSM in Implicit F unction Segmen tation

In this section, a metho d is dev elop ed for in tegrating the GGM-SSM in to an implicit

segmen tation sc heme. An implicit segmen tation sc heme has sev eral adv an tages o v er

an explicit one: First, no remeshing algorithms need to b e implemen ted. Moreo v er,

it is easy to in tegrate regional statistics as e.g. grey v alue distribution mo dels and

�nally , they are v ery �exible top ologically . A comprehensiv e review ab out the ad-

v an tages of lev el set metho ds in medical image segmen tation can b e found in the
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Figure 5.2: Five examples of a r andom p opulation of shap es gener ate d for the GGM-

SSM of the kidney in a CT image. The pink c ontour b elongs to the r andomly de-

forme d me an shap e which serves as input for the next iter ation.

Figure 5.3: A utomatic initial plac ement. Example of the r esult of the automatic

evolutionary algorithm: original me an shap e of the GGM-SSM (yel low) and �nal

b est �t (white).

w ork of Cremers et al. [Cremers 2007 ]. As the GGM-SSM is based on a MAP

estimation and is computed b y a global criterion, the in tegration in to an implicit

segmen tation framew ork can b e realized in a closed mathematical form.

This c hapter is organized as follo ws: In section 5.2.1, the mathematical bac kground

of lev el set metho ds and their application to implicit segmen tation is summarized.

The dev elopmen t of the MAP estimation and its solution b y an energy functional is

presen ted in section 5.2.2. Sections 5.2.3 and 5.2.4 are dedicated to the deriv ation

and optimization of the energy functional.

5.2.1 Segmen tation Using Lev el Sets

As explained in the section ab out deformable mo dels (section 2.4.1), the segmen ta-

tion problem in the v ariational framew ork is form ulated as the minimization of an

energy functional E(�) with resp ect to the con tour � . The k ey idea is to mo v e the

con tour in direction of the negativ e energy gradien t � @E(�)
@� . In implicit function

segmen tation, commonly the con tour is em b edded as the zero lev el set of a higher
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a)
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zero-level-set
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z

Figure 5.4: Emb e dding level set function. a) Contour in 2D. b) The same c ontour

emb e dde d in the higher dimensional function � (x) 2 R3
as zer o level set at � (x) = 0 .

dimensional function o v er the image space � : 
 ! R :

� = f x 2 
 j� (x) = 0 g;

see �gure 5.4. Most commonly , the fron t propagation of the con tour is realized

b y ev olving the em b edding function � using lev el set metho ds [Dervieux 1979 ,

Osher 1988, Malladi 1995 ]. Instead of minimizing the functional de�ned on the

space of con tours directly as done e.g. b y Caselles et al. [Caselles 1993 ], sev eral au-

thors prop ose to em b ed E(�) in to the v ariational framew ork describ ed b y E(� ) in

order to searc h for the lev el set function �̂ whose zero lev el set b est describ es the

organ b oundary [Zhao 1996 , Chan 2001 ]:

�̂ (x)

8
<

:

> 0 8x outside the organ

= 0 8x on the b oundary

< 0 8x inside the organ

In that case, E(� ) can b e minimized using the Euler-Lagrangian equation

@�
@t

= �
@E(� )

@�

where the arti�cial time t > 0 is in tro duced for parameterizing the descen t direction.

W e solv e the deriv ation b y computing the gradien t descen t

� t+1 = � t � h
@E(� )

@�

with h > 0 as the step size.

In the literature of medical image analysis, implicit function segmen tation has b een

applied e�cien tly e.g. to the detection of a fetus in ultrasound images [Caselles 1997],

of the fem ur in MR images [Lev en ton 2000a ], of the corpus callosum in MR images

[Lev en ton 2000a ], of glioma in MR images [Drosk e 2001 ], of the left v en tricle in

cardiac MR images [T sai 2003 ], of the prostate of p elvic MR images [T sai 2003],

of lateral brain v en tricles in MR images [Rousson 2004] and of the liv er in four-

dimensional CT images [Sc hmidt-Ric h b erg 2009 ].
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5.2.2 MAP Estimation on the Lev el Sets

As sho wn in the w ork of P aragios and Deric he [P aragios 2002 ], the segmen tation

problem can b e form ulated in a probabilistic framew ork where the a p osteriori prob-

abilit y p(P(X )jI ) of an optimal partitioning P(X ) giv en the image I is maximized.

Based on this principle, in this thesis a maxim um a p osteriori estimation is dev el-

op ed of a lev el set function � whose zero lev el set b est separates the organ from the

bac kground under a shap e constrain t in tro duced b y the GGM-SSM. This leads to a

uni�ed statistical framew ork whic h is presen ted in detail in this section.

Giv en a shap e represen ted as a set of p oin ts with mo del parameters � in our GGM-

SSM, w e �rst mo del the probabilit y of a surface with resp ect to that shap e. This

amoun ts to sp ecifying the probabilit y of a function � whose zero lev el set is the

ob ject b oundary kno wing the GGM-SSM deformation parameters Q = f T; 
 g (The

mo del parameters are detailed in section 3.4). This is the �rst step. F or the next

step, w e w ork with the follo wing image formation mo del: The in tensit y is assumed

to follo w a la w pin for the v o xels inside the ob ject and a la w pout for the v o xels

outside the ob ject. Giv en this generativ e mo del, the segmen tation is the in v erse

problem: The MAP metho d consists of estimating the most probable parameters �
and Q giv en the observ ation of an image I : X ! R . Hence, the lev el set function

� is ev olv ed suc h that p(�; Q jI ) is maximized:

MAP = argmax p(�; Q jI ) = argmax
p(I j�; Q )p(� jQ)p(Q)

p(I )
:

The shap e prior do es not add an y information when the zero lev el set of � is kno wn,

so I and Q are conditionally indep enden t ev en ts p(I jQ; � ) = p(I j� ) , and w e can

write

p(�; Q jI ) = p(�; T; 
 jI ) =
p(I j� )p(� jT; 
) p(T; 
)

p(I )
:

The probabilit y p(I ) is constan t for a giv en image. Besides, the probabilit y of the

transformation p(T) is assumed to b e indep enden t and uniform, so w e deriv e the

follo wing energy functional:

E(�; Q ) = � � log(p(I j� )) � � log(p(� jQ)) � � log(p(
)) (5.1)

with in tro duced w eigh ts �; �; � 2 R to normalize the scale of the distributions. The

�rst term of equation (5.1) describ es the region-based energy with ob ject sp eci�c

priors whic h are giv en b y the normalized grey v alue distributions pin inside the organ

and pout outside the organ as found in the training data set whic h leads to

log(p(I j� )) = �
Z

X
(1 � H � (� (x))) log pin (I (x))dx �

Z

X
H � (� (x)) log pout (I (x))dx:

The function H � (� (x)) is a con tin uous appro ximation of the Hea viside function

whic h is close to one outside the ob ject and close to zero inside the ob ject. The
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Figure 5.5: R e gularization of the He aviside function (top) using e quation (5.2) and

the asso ciate d delta function � � with supp ort � = 1 .

regularization of H are c hosen as prop osed in [Zhao 1996 ]:

H � (� ) =

8
><

>:

1 if � (x) > �
0 if � (x) < � �
1
2

h
1 + � (x)

� + 1
� sin( �� (x)

� )
i

if j� (x)j � �
(5.2)

F or an illustration of the appro ximated curv e see �gure 5.5.

The second term represen ts the fron t propagation of � guided b y the GGM-

SSM whic h mo dels all p oin ts x as a mixture of Gaussian measuremen ts of the

(transformed) mo del p oin ts mj . F ollo wing our EM-ICP principle in tro duced in

section 3.2, the probabilit y of a p oin t x mo deled b y the GGM-SSM giv en Q is the

normalized sum of corresp ondence probabilities of x and all mj and equals

p(xjQ) = p� =
1

Nm

NmX

j =1

exp(�
jx � T ? mj j2

2� 2
�

):

In the follo wing, p� denotes the probabilit y giv en b y a GGM-SSM with mo del

parameters � = f �M; v p; � p; ng whic h means that � is �xed. The probabilit y of a

p oin t x with resp ect to the mo del describ ed b y � then dep ends on the observ ation

parameters Q = f T; 
 g. The parameters are used as de�ned in section 3.3.1.



5.2 The GGM-SSM in Implicit F unction Segmen tation 87

F or a con tour � describing the zero lev el set of � , the log of the probabilit y is

computed b y log(p(� jQ)) = log(
Q

x2 � p(xjQ)) =
R

x2 � logp(xjQ)dx . The in tegration

o v er the whole length of the con tour is then expressed b y

log(p(� jQ)) =
Z

X
� � (� (x)) jr � (x)j log p� dx; (5.3)

with � � (� (x)) ha ving a small supp ort > 0. Then a normalization is added o v er the

length whic h leads to log(p0(� jQ)) = log( p(� jQ)p(� jl0)) =
R

X � � (� (x)) jr � (x)j
(log p� � � )dx with � = 1

l0
2 R where l0 con trols the normalization of the length.

F or p� = const this equation is generalized to the classical smo othing term

Z

X
� � (� (x)) jr � (x)jdx

as used b y Chan and V ese [Chan 2001 ].

The de�nition of the third term in the energy functional p(
) is giv en b y the max-

im um lik eliho o d estimation for the observ ation parameter 
 giv en the mo del, see

equation (3.8) in section 3.3.1.

5.2.3 Deriv ation of the Energy F unctional

In this section, the minimization of the energy functional of equation (5.1) is de-

riv ed with resp ect to the lev el set function � . F or some preliminaries concerning

mathematical rules used in this section, please refer to section A.4.

5.2.3.1 The In tensit y T erms

The di�eren tiation of the in tensit y terms with resp ect to the lev el set function � is

quite easy as

@
@�H � (� ) = � � (� ) :

@
@�

log(p(I j� )) =
Z

X
� � (� ) log pin (xj� 1; � 1)dx �

Z

X
� � (� ) log pout (xj� 2; � 2)dx (5.4)

5.2.3.2 The Shap e Prior T erm

The di�eren tiation of the shap e prior term E � (� ) = log(p(� jQ)) as form ulated in

equation (5.3) with resp ect to � is a bit tric ky . F or one thing, w e ha v e to deal with

the deriv ativ e of the Dirac distribution � 0
� . The solution is based on the principle

of directional deriv ativ es and in tegration b y parts. The aim is to determine the

di�eren tial co e�cien t of E � (� ) , so w e �rst in tro duce the function � : X ! R . In

order to compute

E � (� + �� ) =
Z

X
logp� � � (� + �� )jr � + � r � jdx:
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with � ! 0, w e use the T a ylor dev elopmen t for a linearization of the delta distribu-

tion � epsilon at p oin t (� + �� ) and write

E � (� + �� ) =
Z

X
logp�

�
� � (� ) + �� 0

� (� )�
�

jr � + � r � jdx:

Using the equation jr � + � r � j = jr � j + � r � T r �
jr � j + O(� 2) whic h is deriv ed from

the binomial series in equation (A.7) allo ws to write E � (� + �� ) as a sum of E � (� )
and additional terms:

E � (� + �� ) =
Z

X
logp�

�
� � (� ) + �� 0

� (� )�
�

�
jr � j + �

r � T r �
jr � j

+ O(� 2)
�

(5.5)

= E � (� ) + �
Z

X
logp� � 0

� � � jr � j + �
Z

X
logp� � � (� )

r � T r �
jr � j

+ O(� 2):

W e reform ulate the last term of this equation using the pro duct rule of the div ergence

as stated in equations (A.5) and (A.6). W e set r g = r � and V = log p� � � (� ) r �
jr � j .

Assuming that there are no ob jects outside the image, after sev eral deriv ations w e

obtain

Z

X
< r g ; V >= �

Z

X
g � div(V )

whic h is

Z

X
� � (� ) log p�

r � T r �
jr � j

= �
Z

X
� � div(� � (� ) log p�

r �
jr � j

):

With this information, w e can rewrite equation (5.5) and obtain

E � (� + �� ) = E � (� ) + �
Z

X
logp� � 0

� � � jr � j � �
Z

X
� � div

�
� � (� ) log p�

r �
jr � j

�
:

(5.6)

W e solv e the last term b y again using the pro duct rule for the div ergence stated in

equation (A.5). This time w e set g = � � (� ) and V = log p r �
jr � j . This leads to

Z

X
div

�
� � (� ) log p�

r �
jr � j

�
=

Z

X
� � (� ) � div

�
logp�

r �
jr � j

�
+

Z

X
< r (� � (� )) ; log p�

r �
jr � j

> :

The gradien t of � � (� ) is computed follo wing equation (A.6):

r � � (� ) =

0

B
@

@�� (� )
@x

@�� (� )
@y

@�� (� )
@z

1

C
A =

0

B
@

� 0
� (� ) @�

@x
� 0

� (� ) @�
@y

� 0
� (� ) @�

@z

1

C
A = � 0

� (� )r �;
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a) b)

Figure 5.6: Il lustr ation of the GGM-SSM c onstr aint on the se gmentation c ontour.

The GGM-SSM is r epr esente d by a white c ontour slic e. a) L o g-pr ob ability of c orr e-

sp ondenc e for image p oints x in sp ac e. b) Gr adient magnitude of lo g-pr ob ability for

image p oints x .

By inserting this in to equation (5.6), w e get rid of the � 0
� (� ) terms, so the equation

simpli�es to

E � (� + �� ) = E � (� ) � �
Z

X
�� � (� ) � div

�
logp�

r �
jr � j

�
:

In order to compute the gradien t of E � , w e no w emplo y the pro duct rule of equation

(A.4), setting g = log p and V = r �
jr � j , whic h �nally leads to

r E � (� ) = � � � (� ) � div
�

logp�
r �
jr � j

�

= � � � (� ) log p� div
�

r �
jr � j

�
� � � (� ) < r (log p� );

r �
jr � j

> : (5.7)

The constrain ts of the GGM-SSM on the lev el set propagation are t w ofold. The

scalar pro duct < r (log p� ); r �
jr � j > ensures that the zero lev el set is activ ely dra wn

to w ards the SSM shap e. The v alues of r (log p� ) = r (log p(xjQ)) ob viously dep end

on the distance of p oin ts x to the GGM-SSM shap e. A 2D example is illustrated in

�gure 5.6(b). The curv ature term logp� div
�

r �
jr � j

�
ensures that the smo othness fac-

tor has more in�uence on the zero lev el set ev olution at lo cations of lo w GGM-SSM

probabilit y than at lo cations with high GGM-SSM probabilit y . This is illustrated

in �gure 5.6(a). Hence, w e use a prior whose con tour is length minimizing. The

v ariance � 2
� of the probabilit y distribution p� is a sensitiv e parameter and has to

b e carefully adapted to the problem at hand.
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5.2.4 Optimization of the Energy F unctional

The deriv ativ es of the energy functional terms deriv ed in the last section are summed

up and written in the gradien t descen t function as

@�
@t

= � � (� )
�

� � 1 log(pin ) + � 2 log(pout ) � � < r (log p� );
r �

jr � j
>

+ div
�

r �
jr � j

�
(� � � logp� )

�
: (5.8)

The minimization of the energy functional in equation (5.1) is then done b y al-

ternating the gradien t decen t for the em b edding function � with an up date of the

parameters T and 
 . The up date serv es to �t the GGM-SSM to the curren t zero

lev el set.

The gradien t descen t is solv ed b y a time-step pro cedure. In eac h step, the term

< r (log p� ); r �
jr � j > has to b e up dated, th us w e need to compute

r (log p� ) = @
@xlog

� P
j exp(� jx � T ?m j j2

2� 2 )
�

: This is simply done b y rep etitiv ely em-

plo ying the c hain rule whic h leads to the follo wing explicit GGM-SSM term:

< r (log p� );
r �
jr � j

> =

0

@ 1
� P

j exp(� jx � T ?m j j2

2� 2 )
�

X

j

�
exp(�

jx � T ? mj j2

2� 2 )
T ? mj � x

� 2

�
1

A

T

r �
jr � j

:

In order to �t the GGM-SSM to the curren t zero lev el set, the optimal trans-

formation T and the optimal deformation co e�cien ts 
 ha v e to b e found. The

transformation T is computed b y

@E(�; T; 
)
@T

=
@

@T

Z

X
� � (� (x)) jr � (x)j log

0

@ 1
Nm

NmX

j =1

exp(�
jx � T ? mj j2

� 2
�

)

1

A dx = 0

with �xed � and 
 . It suggests itself to mak e use of the global criterion dev elop ed

for the GGM-SSM computation in section 3.3.2, equation (3.13). The n um b er of

observ ations is set to one with k = 1 , and the only observ ation S1 is represen ted

b y the zero lev el set of the curren t � . The a�ne EM-ICP registration is emplo y ed

to register the SSM to the zero lev el set: First the corresp ondence probabilities

b et w een the zero lev el set and the p oin ts of the SSM are established in the

exp ectation step and then T is computed in the maximization step as explained in

section 3.4.1. Here, the zero lev el set is represen ted b y all v o xels of the lev el set

function where it holds � � 6= 0 . The implemen tation is done e�cien tly emplo ying

sparse �elds.

Subsequen tly , the lev el set function � and the transformation T are �xed and the

deformation co e�cien ts 
 are computed whic h solv e

@E(�; 
 ;T )
@
 = 0 . This leads to
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a matrix form ulation in a closed form solution as explained in section 3.4.2 and

sho wn in equation (3.17).

In summary , our implicit segmen tation algorithm using the GGM-SSM is

implemen ted as sho wn in pseudo co de 5.1

Algorithm 5.1 Pseudo c o de of implicit se gmentation using the GGM-SSM prior

Place GGM-SSM automatically in image (emplo ying the ev olutionary algorithm

in tro duced in section 5.1.2);

Generate initial � based on GGM-SSM;

for t = 0 to MAXITER do

Compute

~� according to equation (5.8);

Up date lev el set: � t+1  � t + ~� ;

Compute GGM-SSM parameters T; 
 (optimizing equation (3.13) with k = 1
and S1 represen ted b y the zero lev el set of � t+1

);

Up date GGM-SSM: M t+1 = T ?( �M +
P

p ! pvp) ;

end for

5.3 Ev aluation on Kidney CT Images

In an exp erimen tal ev aluation, the lev el set segmen tation framew ork is applied to

the segmen tation of the left kidney in noisy CT images impaired b y breathing arte-

facts. The kidneys are a t ypical organ at risk for cancer radiotherap y in the upp er

ab domen. They are exp osed to irradiation during the treatmen t of malignan t tu-

mor t yp es lik e carcinoma of the cervix or carcinoma of the pancreas. Th us, an

exact segmen tation of the kidney helps to reduce the p ossible harm to a minim um.

F ully automatic kidney segmen tation is not an easy task as the grey v alue in tensit y

di�erences b et w een the kidney and neigh b ouring organs as the liv er and spleen are

v ery small. Moreo v er, the grey v alue in tensities inside the individual kidney v olumes

are not v ery homogeneous whic h is partly due to the big kidney v essels whic h are

dark er than the organ itself and partly due to the p o or qualit y of the ab dominal CT

images. F or an example of the kidney images see �gure 5.7.

Most algorithms for (semi-)automatic kidney segmen tation from mostly lo w reso-

lution CT images consist of t w o steps: First, for automatic initialization, a region

in the image is selected where the probabilit y of kidney tissue app earance is high.

Second, a lo cal searc h algorithm is emplo y ed in order to detect the kidney con tour.

Recen tly published metho ds using deformable mo dels include the com bination of

grey lev el app earance of the target with statistical information ab out the shap e

[T saagan 2002] or the training of a non-parametric histogram estimate sp ecifying

the kidney lo cation [Broadh urst 2006 ]. Another metho d prop oses the concatenation

of di�eren t image pro cessing op erations as region gro wing and landmark determi-

nations [Lin 2006]. Lo oking at the ev aluations, all of those metho ds lead to v olume

o v erlaps around 0:88 (where it is not clear whic h measuring co e�cien ts w ere used)

and an a v erage surface distance of 1mm [Broadh urst 2006] and resp ectiv ely around

1 v o xel with resolution 0:63� 0:63� 10mm3
[T saagan 2002 ] b et w een the results and
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Figure 5.7: Examples of ab dominal CT images including the kidney.
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the gold standard. All pap ers rep ort failure of their metho d for some cases whic h

w ere mainly accoun ted for to p o or qualit y of the automatic lo cation initialization.

5.3.1 Segmen tation Exp erimen t

Kidney GGM-SSM: Our training data set consists of 16 CT images of the

ab dominal region whic h w ere tak en from health y liv e liv er donors. The data set

as w ell as the asso ciated segmen tations of the left kidney w ere kindly pro vided b y

the Departmen t of Computer Science, UNC, Chap el Hill. The segmen tations w ere

p erformed b y medical studen ts. The size of the images is 512 � 512 � (32 � 52)
v o xels with resolution 0:98 � 0:98 � (2:9 � 5:0)mm3

where the kidney measures

ab out 75 � 60 � 100mm3
. The GGM-SSM for the kidney is built using a training

data set of 10 segmen ted observ ations. F or some observ ation examples see �gure

5.8. The segmen tation metho d is then tested on the remaining 6 kidneys. F or

computing the GGM-SSM, the global criterion (equation (3.13)) is optimized as

elab orated in section 3. The algorithm m ulti-scale parameters (describ ed in section

3.6) are set to � = 20mm , reduction factor = 0 :9, n um b er of iterations = 20 . The

resulting kidney GGM-SSM can b e seen in �gure 5.9 where the mean shap e and

the deformations according to the �rst and second mo des of v ariation are depicted.

Distribution Mo del: F or our application on the estimation of pin and

pout , the P arzen windo w approac h describ ed in section 5.1.1 is emplo y ed. The

in tensities around the kidney surfaces of our training data set whic h are co ded b y

the Houns�eld scale are sampled. A Gaussian k ernel and a width of h = 5 are used,

see �gure 5.1.

Set-Up: In order to ev aluate the in�uence of the shap e prior term, the results of

our algorithm are compared with the results of the segmen tation algorithm prop osed

b y Sc hmidt-Ric h b erg et al. who use a v ery similar energy functional but without a

shap e prior term [Sc hmidt-Ric h b erg 2009 ]. Eac h data set is segmen ted once with

the lev el set segmen tation without shap e priors as prop osed b y Sc hmidt-Ric h b erg

et al. and once with the GGM-SSM prior information in tegrated in the lev el set

segmen tation as dev elop ed in section 5.2. The algorithm is implemen ted as sho wn

in pseudo co de 5.1. F or the segmen tation, the w eigh ts are set to � 1 = 1 , � 2 = 1 ,

� = 1 , � = 0 and � = f 0:1; 0:2g. In most cases, the algorithm con v erged after 150

iterations. F or b oth metho ds, the same distribution mo del is used. F or an example

of the GGM-SSM deformation during the segmen tation steps please see �gure 5.10.

Results: The results are compared to the gold standard segmen tations b y

ev aluating the Jaccard co e�cien t, the Dice co e�cien t and the Hausdor� distance,

see table 5.1. Both lev el set framew orks using a-priori information on the grey

lev el in tensities yields go o d segmen tation results o v erall. The SSM constrain t on

the lev el set ev olution yields ev en b etter results in all cases. The adv an tage of

adding the prior shap e information can b e seen distinctly for patien t 2 where the

Hausdor� distance diminished from 9:95mm to 5:0mm and for patien t 6 where the

Hausdor� distance diminished from 12:57mm to 7:68mm . This is due to the fact
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Figure 5.8: Examples of surfac e r epr esentations of se gmente d kidneys in the tr aining

data set.

d)

b) a) c)

e)

Figure 5.9: GGM-SSM c ompute d for a tr aining data set of 10 se gmente d kidneys.

(a) shows the me an shap e, (b-e) show the me an shap e deforme d with r esp e ct to �rst

and se c ond mo de of variation:

�M � � 1v1 ,

�M + � 1v1 ,

�M � � 2v2 ,

�M + � 2v2 .
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a) b) c)

Figure 5.10: GGM-SSM during se gmentation a) The GGM-SSM is plac e d in the

image. b) The GGM-SSM is automatic al ly initialize d to its starting p osition. c)

The GGM-SSM deforms under the optimization of the glob al criterion.

only LS LS + SSM

D(A,B) 0.93 0.93

P at1 J(A,B) 0.88 0.87

H(A,B) 8.66 6.40

D(A,B) 0.91 0.93

P at 2 J(A,B) 0.83 0.88

H(A,B) 9.94 5.0

D(A,B) 0.89 0.91

P at 3 J(A,B) 0.81 0.84

H(A,B) 5.83 5.10

D(A,B) 0.88 0.89

P at 4 J(A,B) 0.78 0.80

H(A,B) 8.01 6.40

D(A,B) 0.92 0.92

P at 5 J(A,B) 0.86 0.86

H(A,B) 4.58 4.24

D(A,B) 0.84 0.86

P at 6 J(A,B) 0.73 0.75

H(A,B) 12.57 7.68

T able 5.1: Se gmentation R esults for six di�er ent data sets. L eft: L evel set se gmenta-

tion without GGM-SSM shap e prior as done with the algorithm of Schmidt-R ichb er g

et al. [Schmidt-R ichb er g 2009 ]. R ight: L evel set se gmentation using the GGM-SSM

shap e prior as develop e d in se ction 5.2.2. D(A,B): Dic e c o e�cient. J(A,B): Jac c ar d

c o e�cient. H(A,B): Hausdor� distanc e in mm .
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a) b)

Figure 5.11: Se gmentation R esults on a kidney in CT data, sagittal slic e. The

blue c ontour is the gold standar d se gmentation. Image (a) shows the initial c ontour

in yel low and the c ontour after applying the automatic evolutionary algorithm as

describ e d in se ction 5.1.2 in white. Image (b) shows the r esult of the unc onstr aine d

(r e d) and the r esult of the SSM c onstr aine d (gr e en) level set se gmentation. The r e d

c ontour le ake d into the adjac ent or gan (liver).

that the ev olving zero lev el is attracted b y neigh b ouring organs with similar grey

v alue in tensities as the kidney . The Hausdor� distance can b e seen as an indicator

for the leak age risk. This leak age can b e successfully prev en ted b y in tegrating the

SSM prior on shap e probabilities. As an example, the e�ect on patien t 2 is sho wn

in �gure 5.11(b).

5.3.2 The Role of the P arameters

As our energy functional in equation (5.1) is deriv ed b y a MAP explanation, in

theory all co e�cien ts should b e equal to 1. Expanding on this probabilistic anal-

ogy , the traditional co e�cien ts of the v ariational metho ds (as e.g. in [Chan 2001 ]

or [Rousson 2004]) can b e seen as p o w ering factors whic h �atten or p eak the den-

sit y distributions. Concerning the GGM-SSM term (equation (5.3)), the standard

deviation � � con trols the matc hing of the GGM-SSM to the zero lev el set. This

means that in practice, � � should ha v e v alues around 5mm to guaran tee a success-

ful matc hing for the problem at hand as this is the mean p oin t distance in the mo del.

Ho w ev er, the v alue of � � also con trols the strictness of the spatial constrain t, so

the in tro duction of the co e�cien ts �; � and � is necessary in order to p osition the

in�uence of the SSM with resp ect to the other terms. What is more, � can b e equal

to 0 b ecause the smo othness term div
�

r �
jr � j

�
is also go v erned b y � as can b e seen in

equation (5.8). Moreo v er, emplo ying � � logp� as w eigh t has the adv an tage of using

a distance-dep enden t smo othing term. Figure 5.12(a) sho ws the in�uence of the

c hoice of � � for the Hausdor� distances obtained in the segmen tation exp erimen ts

with � = 1 , � = 0 and � = 0 :1. These parameters lead to satisfying results for all

kidneys except kidney 1. The optimal v alues for � � are similar for all kidneys and

should not exceed 5mm in this case.
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Figure 5.12: Hausdor� distanc es. a) shows the Hausdor� distanc es of the se gmen-

tation r esults under p ar ameters � = 1 , � = 0 and � = 0 :1 for al l kidneys with

r esp e ct to � � . b) il lustr ates the r elation b etwe en the p ar ameters � and � � and their

in�uenc e on the r esulting Hausdor� distanc es.

The relation b et w een the parameters � and � � are illustrated in �gure 5.12(b) where

the Hausdor� distances for t w o kidney segmen tations are plotted with resp ect to

� � for di�eren t v alues of � . F or a smaller � the optimal � � b ecomes smaller as w ell

whic h results in a left shift of the curv e. This is due to the fact that a smaller � �

as w ell as a greater � result in a stricter constrain t of the lev el set fron t propaga-

tion. Ho w ev er, the b est result for the Hausdor� distance remains the same for b oth

c hoices of � .

5.4 Multiple Shap e Class Segmen tation

On the grounds that shap e, size and lo cation of neigh b ouring anatomical structures

in�uence eac h other directly and indirectly , a thriving strategy is the extension of

the region of in terest for the segmen tation to adjacen t structures. The in tegration

of these geometric relation information ab out adjoining structures as a priori kno wl-

edge renders a segmen tation algorithm a lot more robust. This idea can b e exploited

for example in an attempt to simplify segmen tation pro cesses for lo w-con trasted

structures as sho wn e.g. b y P alm et al. who use a ballo on mo del coupled to a SSM
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to �nd the v o cal cord and utilize the results to �nd the glottis next [P alm 2001].

Costa et al. presen t a coupled segmen tation framew ork emplo ying an explicitly rep-

resen ted SSM of the prostate for segmen ting the bladder and prostate sim ultaneously

[Costa 2007 ]. In [Zeng 1999 ], the segmen tation of the cortex from 3D MR images is

p erformed b y a coupled surface propagation. This is realized b y coupling the seg-

men tation results of t w o adjacen t b orders of the cortex b y v erifying that the distance

b et w een the b orders do es not exceed a certain in terv al. Pitiot et al. enhance this

idea b y constructing deformable mo dels for di�eren t brain structures and regulating

the asso ciated segmen tations b y a distance map whic h determines certain distance

v alues that ha v e to hold b et w een the structures [Pitiot 2005 ]. In another approac h,

Ciofolo et al. mo del the distances b et w een brain structure con tours as a fuzzy v ari-

able so to a v oid o v erlapping b et w een con tours of di�eren t lev el sets [Ciofolo 2005].

A v ery in teresting metho d is prop osed b y T sai et al. who emplo y m ultiple signed

distance functions as implicit represen tations of m ultiple shap e classes within the

image [T sai 2004 ]. By doing a PCA on these functions they then obtain a coupling

b et w een the m ultiple shap es within the image and hence e�ectiv ely capture the

co-v ariations among the neigh b ouring structures. Implicit function segmen tation is

top ologically �exible and therefore w ell suited to segmen t non-spherical top ologies

as w ell as ob jects con taining m ultiple shap e classes. As our GGM-SSM prior is able

to mo del non-spherical anatomies and also anatomies consisting of more than one

structure, our aim is to extend the segmen tation algorithm presen ted in section 5.2

for suc h kind of segmen tation. Section 5.4.1 is dedicated to the mathematical adap-

tion of the GGM-SSM to m ultiple ob ject mo deling and its in tegration in to the time

step pro cedure of the segmen tation sc heme. In section 5.4.2, �rst exp erimen ts are

done on acetabulum and femoral head data whic h feature a non-spheric anatom y

and consist of t w o non-connected structures.

5.4.1 Dev elopmen t of the Algorithm

5.4.1.1 Extension of the GGM-SSM to Multiple Structures

F or the segmen tation of more than one shap e class, the shap e prior has to represen t

a training data set of m ultiple-structure observ ations. In order to mo del m ultiple

structures using only one GGM-SSM, an o v erlap b et w een structures b elonging to

di�eren t shap e classes has to b e a v oided. Therefore, the EM-ICP registration used

for aligning the mo del with the observ ations has to b e adapted to that task. T o

recap: for one structure, the corresp ondence probabilit y b et w een an observ ation

p oin t ski and a mo del p oin t mj reads:


 ijk =
exp

�
� kski � Tk ?mkj k2

2� 2

�

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2

�

as explained in section 3.3.2. On the one hand, the ob jectiv e is to compute one

transformation whic h transforms t w o or more structures together in order to k eep

their spatial relationship. On the other hand, an o v erlap of structures of di�eren t

t yp es has to b e a v oided to guaran t y a go o d mo deling. T o do so, it has to b e made
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a) b)

L = 1 L = 1

L = 2 L = 2

c)

L = 1 L = 1

L = 2 L = 2

correspondence probability = 0
d)

L = 1

L = 2

Figure 5.13: EM-ICP for multiple structur e observations. a) Observations c onsisting

of two structur es. b) Structur es ar e lab ele d L = 1 and L = 2 . c) Points b elonging to

structur es with di�er ent lab els have a c orr esp ondenc e pr ob ability of zer o. d) A ligne d

observations.

sure that the corresp ondence probabilit y 
 ijk = 0 if p oin ts mj and ski b elong to

di�eren t structures. This is done b y lab eling the p oin ts congruen tly o v er the whole

training data set and then computing


 ijk =

8
>><

>>:

0 if L (mj ) 6= L(ski )

exp
�

�
k ski � Tk ?m kj k 2

2� 2

�

P N m
l =1 exp

�
� k ski � Tk ?m kl k 2

2� 2

� else
(5.9)

with L = f 1; 2; :::g b eing the lab el of the resp ectiv e structures. F or an illustration

see �gure 5.13. Using the lab eled corresp ondence matrix in the EM-ICP registration

has the e�ect that only p oin t pairs b elonging to the same shap e class guide the reg-

istration. The resulting transformation then tries to align the resp ectiv e structures

without causing an o v erlap inside the observ ation.

5.4.1.2 Extension of the Segmen tation Metho d to Multiple Structures

The goal is to extend the segmen tation algorithm describ ed in section 5.2 (equation

(5.1)) for m ultiple-structure observ ations. As explained ab o v e, only one GGM-SSM

is used to mo del the m ultiple-structure shap e. Ho w ev er, a separate lev el set

function � L is de�ned for eac h structure. This is done for t w o reasons: First, it

allo ws us to de�ne grey v alue probabilities pL
in and pL

out for eac h structure. Secondly ,

additional anatomical constrain ts can b e de�ned as for example in case of di�eren t

shap e structures lying close to eac h other, it is of great in terest to prev en t separate

structures from merging. The ev olution of eac h lev el set function is computed

b y a separate gradien t descen t using the form ulation of equation (5.8). Here, the
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shap e priors in eac h gradien t descen t are represen ted b y the resp ectiv e structures

of the GGM-SSM. Imp ortan tly , the up date of the GGM-SSM is done with resp ect

to all zero lev el sets with � all = min f � 1; � 2; :::g, and this step therefore links the

ev olution of the separate lev el sets.

The implemen tation of the m ultiple-structure segmen tation is presen ted in pseu-

do co de 5.2.

Algorithm 5.2 Pseudo c o de of implicit two shap e class se gmentation using the

GGM-SSM prior

Place GGM-SSM automatically in image (emplo ying the ev olutionary algorithm

in tro duced in section 5.1.2);

Generate initial � 1 and � 2 based on GGM-SSM;

Set d as minimal allo w ed distance b et w een the t w o lev el sets;

for t = 0 to MAXITER do

Compute

~� 1 according to equation (5.11);

Up date lev el set;

{Apply constrain t:}

� t+1
1 =

�
� t

1 + 0 if � t
2(x) < d

� t
1 + ~� 1 else

;

Compute

~� 2 according to equation (5.11);

Up date lev el set;

{Apply constrain t:}

� t+1
2 =

�
� t

2 + 0 if � t+1
1 (x) < d

� t
2 + ~� 2 else

;

F orm one con tour: � t+1 = min f � t+1
1 ; � t+1

2 g;

Compute GGM-SSM parameters T; 
 (optimizing equation (3.13) with k = 1
and S1 represen ted b y the zero lev el set of � t+1

);

Up date GGM-SSM: M t+1 = T ?( �M +
P

p ! pvp) ;

end for

The Boundary T erm :

F or organs whose grey v alue in tensit y di�ers signi�can tly from the bac kground's as

is the case e.g. for b ones, the gradien t information in the image could b e in teresting

to b e exploited for the segmen tation. T o do so, an edge term is added to the

energy functional describ ed in equation (5.1) whic h serv es to activ ely dra w the zero

lev el set to w ards organ b oundaries. Based on the Geo desic A ctiv e Region mo del

prop osed b y P aragios and Deric he [P aragios 2002 ], an energy functional based on

the b oundary term can b e in tro duced b y

Eboundary (� ) =
Z

X
� � g(I )jr � jdX

where

g(I ) =
1

1 + jr (G� � I )j
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with G� b eing a monotonically decreasing function (in our case a Gaussian func-

tion). The deriv ativ e of the b oundary term with resp ect to the lev el set function

� is complex. It is computed analogously to the deriv ativ e of the shap e prior as

elab orated in section 5.2.3. This �nally results in

r Eboundary (� ) = � � � (� )g div
�

r �
jr � j

�
� � � (� ) < r g;

r �
jr � j

> : (5.10)

This term is in tegrated in to the gradien t descen t of equation (5.8) whic h leads to

the extended gradien t descen t

@�
@t

= � � (� )
�

� � 1 log(pin ) + � 2 log(pout ) � � < r (log p� );
r �

jr � j
>

� � < r g;
r �
jr � j

> + div
�

r �
jr � j

�
(� � � logp� � �g )

�
: (5.11)

with � 2 R as the asso ciated w eigh t.

The in tegration of the b oundary term is also adv an tageous when segmen tating t w o

or more neigh b ouring structures sim ultaneously as the leak age risk migh t b e reduced.

5.4.2 Exp erimen tal Ev aluation on Hip Join t CT s

A �rst exp erimen tal ev aluation is done on hip articulation data. These are w ell

suited for our needs as they feature t w o shap e classes (acetabulum and femoral

head) as w ell as a non-spherical top ology since the isc hium and the pubis b one form

a ring. The in tensit y within the b ones is not constan t as the in terior consists of

trab ecular b one whereas the outer shell is a compact cortical b one. This in tensit y

v ariation is a dra wbac k for thresholding tec hniques. Moreo v er, the edges migh t b e

blurred b y artifacts whic h deteriorates the accuracy of region gro wing metho ds.

Besides, a considerable amoun t of noise or blurring often adds to the complications.

Esp ecially the tin y space b et w een the femoral head and the acetabulum p oses a

problem b ecause automatic segmen tation metho ds ha v e di�culties to recognize the

adjoining edges as t w o di�eren t units [W estin 1998].

The CT data set used in this exp erimen t consists of 11 images of the hip join t with

resolutions around 0:71 � 0:71 � 4mm and size 512� 512� (57 � 78) v o xels. The

resolution in z-direction is not high enough to allo w a reliable man ual detection of

the gap b et w een femoral head and acetabulum in man y of the images. Therefore,

the medical exp erts who segmen ted the training data set c hose to augmen t the

resolution in z-direction for a b etter estimation of the gap. These sampled images

then feature resolutions around 1 � 1 � 1mm and size 256 � 256 � (228 � 312)
v o xels, see examples in �gure 5.14. F or eac h data set one man ual segmen tation

w as done b y a medical exp ert. F or the ev aluation, w e are in terested in mo deling

the region of the hip articulation as w ell as the region with the non-spherical

top ology . Therefore, the observ ations are clipp ed to the region of in terest. In

order to do a congruen t clipping o v er all observ ations, the anatomical landmarks

on the b ones are used as reference (see �gure 5.15): The fem ur is clipp ed b y a

horizon tal plane cutting 1mm b elo w the tro c han ter minor. The hip b one is clipp ed
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Figure 5.14: Hip joint CTs: These images b elong to the observations which form the

tr aining data set.

Figure 5.15: F r ontal view of the hipb one and anatomic al landmarks. 1-

Pr omontorium, 2-Spina iliac a anterior sup erior, 3-Spina iliac a anterior inferior,

4-Eminentia iliopubic o, 5-Symphyse, 6-T r o chanter minor.

Figure 5.16: Hip joint observations. These examples fr om the tr aining data set ar e

lab ele d to sep ar ate femur and hip b one structur e.
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d)

b) a) c)

e)

Figure 5.17: GGM-SSM for the hip joint. a) Me an shap e. Deformation along the

�rst (b,c) and se c ond (d,e) variation mo de which mainly a�e ct the bulging of the

femor al he ad, the torsion and size of the ischium as wel l as the CCD angle.

b y a horizon tal plane cutting 5mm ab o v e the spina iliaca an terior inferior. The

results for some of the observ ations are depicted in �gure 5.16. The observ ations

are represen ted b y around 7000 p oin ts (minim um 6544 p oin ts, maxim um 7408
p oin ts). In a prepro cessing step, a lab eling of all observ ations to distinguish hip

b one and femoral head is done where the femoral head is lab eled with L = 1 and

the acetabulum is lab eled with L = 2 . The GGM-SSM for the hip articulation is

built using a training data set of 8 observ ations and the segmen tation metho d is

then exemplarily tested on the remaining 3 hip join ts.

Hip join t GGM-SSM : F or generating the GGM-SSM, �rst the barycen tres

of all observ ations are aligned. Subsequen tly , the global criterion (equation (3.13))

is optimized as elab orated in section 3. The algorithm m ulti-scale parameters (as

in tro duced in section 3.6) are set to � = 10mm , reduction factor = 0 :9, n um b er of

iterations = 15 . The resulting hip join t GGM-SSM can b e seen in �gure 5.17 where

the mean shap e and the deformations according to the �rst and second mo des of

v ariation are depicted.

Distribution Mo del: F or our application on the estimation of pin and
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a) b)

c) d)

Figure 5.18: Estimate d gr ey value density functions for the inside (gr e en) and the

outside (r e d) r e gion of the clipp e d femur (a,c) and hipb one (b,d) using a Parzen

window appr o ach.

pout , again the P arzen windo w approac h describ ed in section 5.1.1 is used. The

in tensities are sampled around the b one surfaces of our training data set whic h are

co ded b y the Houns�eld scale. A Gaussian k ernel and a width of h = 5 are used,

see �gure 5.4.2. The in tensit y distributions for the inside and the outside of the

b ones greatly o v erlap esp ecially for the femoral head due to the colour of the b one

marro w whic h resem bles the bac kground. This means that the information v alue of

the grey v alue distribution prior for the segmen tation is reduced.

Set-Up: F or the segmen tation, the w eigh ts are set to � 1 = 0 :5, � 2 = 0 :5,

� = 1 , � = 0 and � = f 0:5; 0:8g. The cartilage b et w een acetabulum and femoral

head measures at its thic k est p oin t around 4mm (and less in elderly p eople) and is

lo w-con trasted in the images, so this region is v ery di�cult to segmen t based on

in tensit y distribution information alone. In order to activ ely dra w the zero lev el set

to w ards the b one b oundaries, w e additionally emplo y the b oundary term and set

the b oundary w eigh t to � = 0 :3. The function g is Gaussian with � = 7mm . The

algorithm is iterated 200 times.

Results: F or testing purp oses, �rst w e try to segmen t the hip articulation

using the lev el set segmen tation without shap e prior emplo ying the algorithm as

prop osed b y Sc hmidt-Ric h b erg et al. [Sc hmidt-Ric h b erg 2009 ]. As the grey v alues

of the b one marro w greatly resem ble the bac kground in some regions, this leads to

non-satisfying results as the segmen tation con tour sometimes lo oses its connectivit y .

An example for this b eha viour is sho wn in �gure 5.19(a) and (b). By in tegrating
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a)

b) c)

Figure 5.19: Pr oblematic r e gion for se gmentation. Figur e a) shows a zo om on the

ischium structur e of the hip b one wher e the gr ey value intensities of b one marr ow

and b ackgr ound r esemble and no cle ar b oundary c an b e se en. b) Se gmentation r esult

of level set se gmentation without shap e prior. c) Se gmentation r esult of level set

se gmentation with shap e prior.

T able 5.2: Se gmentation r esults. The table shows the me an surfac e distanc e and the

Hausdor� distanc e of the �nal deforme d SSM and the manual se gmentation in mm .

P at. 1 P at. 2 P at. 3

F em ur Hipb one F em ur Hipb one F em ur Hipb one

mean dist. in mm 3.0 2.9 3.5 3.0 2.1 3.1

Hausdor� dist. in mm 11.6 12.5 15.8 16.8 16.4 14.3

the shap e prior, these problems could b e a v oided (see �gure 5.19(c)). T w o result

examples with a close-up on the articulation region are sho wn in �gure 5.20. The

shap e prior w as able to successfully mo del the non-spherical top ology formed b y

the pubic b one and isc hium (see �gure 5.21(d))

Because of the femoral marro w, the zero lev el set of the implicit function sometimes

creates holes inside the femoral structure. Therefore, instead of the Dice co e�cien t,

the surface distance b et w een the deformed GGM-SSM and the exp ert segmen tation

is used to asses the ev aluation results. These are depicted in table 5.2. The mean

distance measures around 3mm whic h seems to b e acceptable with regard to the lo w

qualit y of the data. The distances are illustrated for the hipb one and the femoral

head in �gure 5.21(a) and (b). It b ecomes clear for patien t 2 that the b order of

the acetabulum p osed a problem for the segmen tation algorithm. This migh t b e

due to the fact that the con trast in that region is v ery lo w whic h is sho wn in �gure

5.21(c). Ev en for the exp ert, this region m ust ha v e b een v ery di�cult to detect. In

order to v alidate the results further, in ter-individual v ariabilit y ev aluations should

b e p erformed in a series with sev eral medical exp erts.

Ov erall, the results obtained in this exp erimen t indicate that the metho d is w ell

suited for t w o shap e class segmen tation.
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a) b)

c) d)

Figure 5.20: Se gmentation r esults. The images show a view on the se gmentation

on p atient 1 (a,c) and p atient 2 (b,d). The initial se gmentation is shown in yel low

(ab ove) wher e as the r esults ar e shown in gr e en (b elow).
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a)

b)

c) d)

Figure 5.21: Se gmentation R esults. a) Surfac e distanc es b etwe en gold standar d and

deforme d GGM-SSM after se gmentation for the hipb ones of p atient 1, p atient 2,

p atient 3. b) Surfac e distanc es b etwe en gold standar d and deforme d GGM-SSM after

se gmentation for the femor al he ads of p atient 1, p atient 2, p atient 3. c) Cut thr ough

the ac etabulum of p atient 2 in CT image. The yel low el lipse marks the r e gion with

low c ontr ast which the se gmentation metho d did not dete ct wel l as se en in image (c),

midd le hipb one. d) Deforme d GGM-SSM (white p oints) during the se gmentation of

the hipb one (in purple).
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5.5 Discussion

A no v el algorithm for automatic segmen tation of anatomical structures w as

prop osed. The segmen tation sc heme couples an explicitly represen ted SSM with

an implicitly represen ted segmen tation con tour. This approac h is new to our

kno wledge of the literature on this sub ject and op ens new insigh ts on ho w to tak e

the b est of b oth w orlds. Implicit segmen tation metho ds o�er sev eral adv an tages

o v er explicit ones as no remeshing algorithms are needed, the in tegration of regional

statistics is straigh tforw ard and �nally , they are v ery �exible to di�eren t top ologies.

F urthermore, an implicit form ulation of the segmen tation allo ws to easily tak e

adv an tage of the capabilities presen ted b y the GGM-SSM: It is able to mo del

non-spherical and m ultiply-connected ob jects as w ell as sev eral ob jects at once.

P arametric deformable mo dels are not w ell suited for suc h segmen tation tasks.

The ev olving con tour of implicit mo dels, ho w ev er, is able to split and merge

naturally and allo ws the sim ultaneous detection of sev eral ob jects. In order to put

the implicit represen tation within a uni�ed statistical framew ork, a maxim um a

p osteriori estimation of a lev el set w as dev elop ed. The MAP explanation leads to a

t w o-phase form ulation whic h is optimized based on the image information as w ell

as the GGM-SSM information ab out probable shap es. This approac h is re�ned

further b y in tegrating prior kno wledge ab out grey v alue distributions inside and

outside the organ in order to robustify against in tensit y inhomogeneities across

patien ts as w ell as inside the resp ectiv e structures.

Segmen tation exp erimen ts on kidney CT s impaired b y breathing artefacts

demonstrated the e�ciency of the new algorithm. A daptiv e w eigh ts ensure that

the SSM constrain t is optimally exploited. The results sho w that the new metho d

w orks w ell and impro v es for some cases the approac h of using an unconstrained

lev el set segmen tation. Esp ecially when the in tensit y patterns of the organs close

b y are similar to the organ of in terest, the lev el set segmen tation can leak and

pro duce erroneous results. The leak age problem of lev el set algorithms can b e seen

in di�eren t segmen tation tasks suc h as the prostate. The prop osed algorithm o�ers

a solution to this problem b y including the SSMs in a probabilistic framew ork suc h

that they bring robustness to the segmen tation pro cess.

The metho d is then extended to m ultiple-structure segmen tation b y in tro-

ducing a lev el set function for eac h structure. The shap e prior information ho w ev er

is mo deled b y a single GGM-SSM for all structures sim ultaneously . During segmen-

tation, the ev olution of the di�eren t lev el set functions is link ed and constrained b y

the m ultiple-shap e GGM-SSM. F urthermore, b y in tegrating a b oundary term in to

the energy functional, the metho d is adapted to b one segmen tation.

First exp erimen ts on hip articulation data indicate that the metho d is w ell suited

for mo deling and segmen ting m ultiple ob jects at once and also sho ws that the

GGM-SSM is able to b e emplo y ed as a shap e prior for non-spherical anatomies as

sho wn on the example of isc hium and pubic b one. Inheren tly , implicit segmen tation

tec hniques are sensitiv e to the initial placemen t. This problem gets w orse for

segmen tation of structures lying close-b y whose in tensities are close. In case of the
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hipb one articulation segmen tation, the grey v alue distributions from femoral head

and hip b one are v ery similar (see �gure 5.4.2). This means that the segmen tation

will fail if the automatic initial placemen t p ositions the initial femoral structure

inside the hip structure or vice v ersa. Therefore, the initial placemen t has to b e

con trolled carefully .

Ev en from a lo w n um b er of samples a prior on the probabilities can b e ex-

tracted so that no h uge training data set is necessary . F rom a theoretical p oin t of

view, a v ery p o w erful feature of this metho d is that a unique criterion is optimized.

Ho w ev er, the practical con v ergence rate has to b e in v estigated more carefully as it

dep ends on the c hoice of w eigh ts in the functional as w ell as the v ariance � 2
� whic h

con trols the probabilit y of o ccurrence with resp ect to the SSM. In the case of an

organ shap e whic h di�ers greatly from the shap es in the training data set for the

SSM, a great sigma is needed in order to not constrain the con tour ev olution to o

m uc h (as e.g. for P at. 1, �gure 5.12(a)), so � � is momen tarily used somewhat as

in teractiv e parameter whic h is not the optimal solution. F urthermore, the MAP

form ulation could b e re�ned b y in tegrating a priori kno wledge ab out the exp ected

v olume V0 whic h is giv en b y the probabilit y p(� jV0) where V0 can b e determined

b y ev aluating the training data set.

Concerning the metho d for m ultiple-structure segmen tation, the implemen tation is

curren tly done using one energy functional for eac h con tour. This approac h could

b e impro v ed b y form ulating a single energy functional con taining all indep enden t

lev el set functions as parameters. The obligatory constrain t whic h forbids an

o v erlap of the indep enden t con tours could then b e in tegrated as side condition.

Ov erall, to consolidate the results of m ultiple-structure segmen tation, a more

elab orate ev aluation on a bigger data set is needed.
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Statistical shap e mo dels pla y an imp ortan t role in medical image analysis, and a

wide range of metho ds w ell adapted to v arious applications exists in the literature.

The emphasis of this thesis ho w ev er w as not so m uc h to prop ose a con v enien t SSM

to solv e a sp eci�c practical problem but to in v estigate the p ossibilities of a no v el

approac h to SSM computation. The fo cus of this man uscript is t w ofold: First, a

no v el SSM metho d w as dev elop ed in a probabilistic framew ork. Then, b y taking

adv an tage of the particular c haracteristics of the probabilistic SSM, it w as in tegrated

in to an implicit segmen tation sc heme. Both parts w ere form ulated on a sound

theoretical foundation and feature new views on w ell-kno wn problems.

In this c hapter, the con tributions dev elop ed in the course of this man uscript are

review ed and an outlo ok on p ossible future researc h on the sub ject is giv en.

6.1 Con tributions

6.1.1 Mo del Computation

As a �rst step on the path to a no v el SSM computation metho d, an a�ne extension

of the Exp ectation Maximization - Iterativ e Closest P oin t registration algorithm

w as prop osed whic h directly yields a solution to the fundamen tal corresp ondence

problem. Here, the observ ations are represen ted b y unstructured p oin t clouds, and

eac h observ ation p oin t is mo deled as a noised measuremen t of the mo del p oin ts.

This approac h actually amoun ts to represen ting the surface of the shap es b y a

mixture of Gaussians. The probabilistic concept o�ers an in tuitiv e and coheren t w a y

to determine corresp ondences b et w een smo oth organ surfaces as w ell as b et w een

shap es where not all observ ations feature the same prominen t shap e details. It

should b e noted that the SoftAssign algorithm [Rangara jan 1997a ] o�ers a related

probabilistic form ulation but is only justi�ed for a pair-wise registration, not for the

group-wise mo del to observ ation registration whic h is required for building the SSM.

The in tro duction of probabilistic corresp ondences giv es w a y to a large con tribu-

tion of this thesis whic h is the dev elopmen t of a sound mathematical framew ork for

SSM computation presen ted in c hapter 3 and [Hufnagel 2007b , Hufnagel 2008b ].

T o realize this, the SSM problem has b een view ed from the new angle of generativ e
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mo dels: Giv en a set of observ ations, it has b een sough t for the mo del whic h most

probably generated those observ ations. As the mo del itself is mo deled as a random

v ariable describ ed b y a Gaussian distribution, a maxim um a p osteriori estimation

of the whole scene has b een form ulated. Here, observ ation and mo del parameters

w ere uni�ed in one global criterion whic h has not b een done b efore to the author's

kno wledge. It could b e sho wn that the optimization of the criterion led to closed

form solutions for all parameters except the v ariation mo des whic h are e�cien tly

solv ed for iterativ ely . Since the SSM computation is done b y optimizing a global

criterion, a theoretical con v ergence of the algorithm is ensured. F urthermore, in

con trast to metho ds using the principal comp onen t analysis, the v ariation mo des

of the SSM presen ted here only mo del the shap e v ariation and not the noise

whic h is represen ted separately through the Gaussian Mixture. This implies a

p ossible answ er to mo deling the uncertain ties inheren t to surface represen tations of

segmen ted organs.

Apart from the metho dological con tributions, the GGM-SSM resulting from the

new computation algorithm itself signi�can tly adds to the state-of-the-art. A main

adv an tage is the simplicit y of the p oin t-based SSM with resp ect to its p o w er. The

application to an arbitrary training data set is straigh tforw ard since no prepro cess-

ing to establish corresp ondences is needed, and the p oin t n um b ers from observ ation

to observ ation as w ell as the p oin t densit y ma y v ary . As the connectivit y b et w een

p oin ts do es not pla y a role, the GGM-SSM is v ery �exible to di�eren t kinds of top olo-

gies and therefore w ell-suited to mo del non-spherical or m ultiply-connected ob jects

as w ell as sev eral ob jects at once. The sup erior qualit y of the GGM-SSM compared

to a classical p oin t-based SSM computed under the use of the iterativ e closest p oin t

algorithm and a principal comp onen t analysis (ICP-SSM) could b e demonstrated on

syn thetic and real data sets as presen ted in c hapter 4 and [Hufnagel 2009a ]. While

the ICP-SSM is a faster metho d, the GGM-SSM reliably succeeded in capturing

shap e details as w ell as extreme shap e v ariations whic h w ere lost for the ICP-SSM.

Throughout this thesis, the con�dence in surface information for SSM computation

is considered arguable as these are only appro ximations of the true surfaces. Nev er-

theless, in practice surface-based SSMs obtain useful results. In order to place the

new approac h in the literature, a comparison of a MDL-SSM and the GGM-SSM

w as p erformed on a syn thetic data set whic h pro v ed to b e a di�cult endea v our as a

comparable metric had to b e de�ned. Finally , the results w ere ev aluated using the

Jaccard co e�cien t for whic h surfaces had to b e appro ximated for the GGM-SSM re-

sults. The exp erimen ts sho w ed that the GGM-SSM almost reac hed the p erformance

of the MDL-SSM. The di�erence is probably due to the fact that in the MDL-SSM

p oin ts are allo w ed to freely mo v e o v er the surfaces so that the results do not dep end

on the original p oin t distribution in the observ ation meshes. Unlik e the GGM-SSM

ho w ev er, the MDL-approac h is constrained to surface represen tations for spherical

top ologies.
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6.1.2 Segmen tation

Another signi�can t con tribution of this thesis lies in the dev elopmen t of a no v el

segmen tation algorithm as presen ted in c hapter 5 and [Hufnagel 2009c ]. The algo-

rithm in tegrates an explicitly represen ted shap e prior in to an implicit segmen tation

sc heme.

Most implicit segmen tation sc hemes whic h mak e use of shap e priors do statistics

on signed distance maps whic h do not constitute a linear space. F urthermore,

the principal comp onen ts of implicit shap e mo dels describ e the v ariabilit y of

the distance maps but not the v ariation of the em b edded con tours. Therefore,

understanding the v ariabilit y information on distance functions is not ob vious.

In con trast, the v ariabilit y mo del of a parametric SSM enco des the v ariation for

eac h p oin t of the mo del whic h allo ws a direct ph ysical in terpretation of the shap e

v ariabilit y .

The ob jectiv e in this w ork w as to exploit the adv an tages o�ered b y implicit segmen-

tation metho ds without relinquishing the b ene�ts giv en b y explicitly represen ted

SSMs. Since the GGM-SSM w as form ulated in maxim um a p osteriori explanation

and is computed in a probabilistic form ulation, its in tegration in to an implicit

segmen tation framew ork could b e realized quite elegan tly: A maxim um a p osteriori

estimation of a lev el set function whose zero lev el set b est separates the organ

from the bac kground w as form ulated under a shap e constrain t in tro duced b y the

GGM-SSM. This led to an energy functional whic h w as optimized in a t w o-phase

form ulation alternating a gradien t descen t with resp ect to the em b edding lev el

set function and the GGM-SSM deformations. The coupling b et w een p oin t-based

statistical shap e mo dels and lev el sets is new to our kno wledge of the literature

and op ens new insigh ts on ho w to tak e the b est of b oth w orlds. F rom a theoretical

p oin t of view, a v ery p o w erful feature of the metho d is that a unique criterion is

optimized, th us, the con v ergence is ensured. Due to the implicit form ulation of

the approac h, new a priori kno wledge or constrain ts can b e tak en in to accoun t

as needed for sp eci�c applications. This w as exemplarily demonstrated b y the

in tegration of a b oundary term in to the energy functional.

As demonstrated further, the segmen tation metho d could b e adapted to

m ultiple-ob ject segmen tation in a straigh tforw ard manner. The shap e and lo cation

relations of an anatomical structure with regard to their neigh b ouring structures

are in teresting information to b e used as a-priori kno wledge in a segmen tation

pro cess in order to render the result more robust. F or the segmen tation algorithm,

a separate lev el set function w as de�ned for eac h ob ject. Their spatial ev olutions

during segmen tation w ere then link ed and constrained b y a single GGM-SSM whic h

mo dels all in v olv ed ob jects in one shap e prior. This constitutes another scien ti�c

con tribution not y et published elsewhere.

Ev aluations on kidney data sho w ed that the in tegration of the shap e prior in to

the lev el set segmen tation o�ers a solution to the t ypical implicit segmen tation

problem of leak age and suc h brings robustness to the segmen tation pro cess. A �rst

ev aluation on hip articulation data indicated the w ell-p osedness of the new metho d



114 Chapter 6. Conclusion

to m ultiple-ob ject segmen tation and segmen tation of ob jects featuring non-spherical

top ology .
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6.2 P ersp ectiv es

6.2.1 P arameters

The role of the adjustable parameters in b oth the SSM metho d and the segmen-

tation metho d should b e sub ject to further researc h. Up to no w, the parameter

v alues are determined largely heuristically whic h is not an optimal approac h.

SSM Computation: Since the EM-ICP registration is implemen ted in a

m ulti-scale framew ork, the three parameters 'initial v ariance', 'reduction factor'

and 'n um b er of iterations' (or �nal v ariance resp ectiv ely) ha v e to b e �xed b e-

forehand. The exp erimen ts conducted during the researc h for this thesis suggest

that a go o d c hoice for the �nal v ariance is a v alue whic h lies in the order of the

squared a v erage p oin t distance of the observ ations. The c hoice for the initial

v ariance dep ends on the shap e di�erences in the training data set. In general, a

slo w er reduction of v ariance reduces the risk of freezing in a lo cal minim um during

optimization. Ho w ev er, in practice a reasonable balance b et w een computational

time and that risk has to b e found. In theory , these parameters could b e mo deled

in a probabilistic form ulation. By doing so, the EM-ICP parameters migh t b ecome

part of the optimization pro cess in the SSM computation and b e in tegrated in to the

maxim um a p osteriori estimation presen ted in c hapter 3 as additional observ ation

parameters.

Segmen tation: In the segmen tation metho ds, w eigh ting co e�cien ts are em-

plo y ed to con trol the in�uence of the di�eren t terms in the energy functional as

presen ted in c hapter 5. As the energy functional is deriv ed b y a MAP explanation,

in theory all co e�cien ts should b e equal to 1. Expanding on this probabilistic

analogy , the traditional co e�cien ts of the v ariational metho ds can b e seen as

p o w ering factors whic h �atten or p eak the densit y distributions. While the free

c hoice of w eigh ts renders the algorithm �exible to di�eren t segmen tation demands,

it also requires a certain user-in teraction whic h should b e reduced. This could b e

done b y ev aluating the in�uence of eac h term and esp ecially the relations b et w een

di�eren t terms on a set of standard segmen tation problems. F or example, the

exp erimen ts conducted in the course of this thesis suggest that a smo othing term

b ecomes obsolete if the SSM term is w eigh ted noticeably .

F urthermore, it w ould b e of in terest to in v estigate an approac h w ere the w eigh ts

are no longer represen ted b y scalars but b y spatial functions. This w ould allo w

an adaption of the impact of the resp ectiv e terms to lo cal image c haracteristics.

Needless to sa y , the task of de�ning go o d w eigh ts w ould b ecome ev en more complex

but it could mak e sense to try for certain sp eci�c applications.

6.2.2 Application

The segmen tation metho d presen ted in the course of this thesis joins the adv an tages

of explicitly represen ted shap e priors and the adv an tages of implicit segmen tation

sc hemes. The algorithm is therefore v ery �exible to di�eren t kinds of segmen ta-

tion problems. Esp ecially m ultiple-ob ject segmen tation is of in terest as not man y
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approac hes exist in that domain. P ossible applications are the segmen tation of

lung and other organs at risk supp orting the radiotherap y planning for lung tu-

mors. T ypically , the lung mo v emen t during inspiration and expiration in�uences

the mo v emen t and deformations of the organs lying close b y as for example the

liv er. The new segmen tation metho d o�ers an easy in tegration of regional statistics.

The grey v alue distributions of the lung and the grey v alue distributions of the liv er

could b e sampled and mo deled separately . The shap e prior on the other hand could

comprise the lung and the liv er in a single GGM-SSM. By adjusting the in�uence

of the resp ectiv e terms in the energy functional, the segmen tation pro cess can b e

adapted to the demands of the sp eci�c patien t's images. F or example in images

featuring noise or lo w con trasts, the shap e prior term w eigh ts could b e turned up

with resp ect to the w eigh ts of the image information term, so a robust segmen tation

should b e p ossible. First exp erimen ts are curren tly done in co op eration with the

group around J. Ehrhardt from the Univ ersit y Medical Cen ter Ham burg-Epp endorf.

6.2.3 Related W ork

F or further researc h in shap e mo deling it w ould b e w orth while to study the mathe-

matical relations of the Gaussian mixture mo del prop osed here and the concept of

another generativ e statistical mo del without one-to-one corresp ondences as recen tly

prop osed b y Durrleman et al. [Durrleman 2009 ]. Similarly to the metho d presen ted

in this thesis, they in terprete the shap e observ ations as randomly generated b y

the mo del and form ulate the mo del computation in a maxim um a p osteriori

explanation. Ho w ev er in their approac h, the similarit y of shap es is measured b y a

distance on curren ts that do es not assume an y t yp e of p oin t corresp ondences.

Concerning the segmen tation algorithm, an in teresting approac h w as prop osed

b y Ra viv et al. [Ra viv 2009 ] whic h is also dev elop ed in a probabilistic framew ork.

An energy functional similar to the one presen ted in this thesis is optimized for the

implicitly represen ted segmen tation con tour. Ho w ev er, their approac h is designed

for group-wise segmen tation and c ho oses a generativ e metho d where the unkno wn

segmen tation con tours are in terpreted as randomly generated b y the shap e prior.

As a no v elt y , the shap e prior (describ ed b y an atlas) is in tegrated as an additional

unkno wn parameter whic h is inferred from the data set through an alternating opti-

mization of the functional. This idea could b e extended b y replacing the implicitly

represen ted atlas with an explicitly represen ted SSM whic h o�ers a ph ysically in ter-

pretable v ariabilit y mo del. As the GGM-SSM already is computed in a probabilistic

form ulation in a generativ e metho d, the extension of the segmen tation algorithm

presen ted here to a generativ e segmen tation algorithm should b e quite direct.

6.2.4 Other

In c hapter 4, the problems of the SSM p erformance measure 'sp eci�cit y' w ere illus-

trated. In general, a fair comparison of di�eren t SSM metho ds is di�cult. First, the

qualit y of SSMs is strongly related to the qualit y of corresp ondence determination.

Ho w ev er, no gold standards for corresp ondences exist. Secondly , the comparison of
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SSMs based on di�eren t represen tations is a c hallenge as most metrics will inher-

en tly fa v or one or the other SSM. In the case sho wn in this thesis, a surface-based

SSM w as compared to the p oin t-based GGM-SSM. As a v olume o v erlap metric w as

deemed to b e more meaningful than p oin t distances in the resp ectiv e exp erimen ts,

a surface had to b e appro ximated for the GGM-SSM. Naturally , the accuracy of the

binary represen tation then dep ended on the qualit y of the appro ximated surfaces

whic h means that the ev aluation results ha v e to b e tak en with a pinc h of salt.

An in teresting approac h to tac kle the problem of �nding a corresp ondence-

indep enden t b enc hmark has recen tly b een prop osed b y Munsell et al. who in tro duce

a ground truth SSM [Munsell 2008 ] for 2D ev aluation. The prop osed b enc hmark

�rst generates a syn thetic training data set b y randomly sampling a giv en SSM that

de�nes a ground-truth shap e space. The qualit y of a new SSM computed on the

training data set is ev aluated b y comparing its shap e space against the ground-truth

shap e space. An extension of the algorithm to 3D SSMs should b e straigh tforw ard.

F urthermore, the approac h could b e extended to a general framew ork whic h also

allo ws an equitable comparison of SSMs based on di�eren t represen tations.
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Appendix A

Mathematical Bac kground

A.1 Mathematical Prep ositions

Singular V alue Decomp osition (SVD)

An y real matrix A 2 Rm� n
can b e decomp osed in to

A = U� V T

with U b eing an orthogonal matrix U 2 Rm� m
, V T

b eing the transp ose of the

orthogonal matrix V 2 Rn� n
and � b eing a diagonal matrix � 2 Rm� n

with the

singular v alues � i on the diagonal in descending order � 1 � � 2 � ::: � � min (m;n ) .

This singular v alues are all non-negativ e.

Ho w ev er, the n um b er of non-zero v alues in � is less or equal than min (m; n) . F or

the follo wing let us assume n < m . By arranging the information giv en b y the SVD

in the optimal w a y w e can sa v e a lot of disk space b y reducing the matrix dimensions

to

A = ~U ~� ~V T

with

~U 2 Rm� n
,

~V 2 Rn� n
and

~� 2 Rn� n
.

The singular v alues and asso ciated pairs of singular v ectors u and v of a matrix A
satisfy

Av i = � i ui

and

AT ui = � i vi :

In a geometric sense this means that for ev ery rectangular matrix w e can �nd

an orthogonal basis V of whic h eac h i -th v ector vi is mapp ed to a non-negativ e

m ultiplicativ e of the i -th v ector of a orthogonal basis U (if n > m it is Av i = 0 for

i > m ).

The singular v alues � i of a matrix A are the square ro ots of the eigen v alues of AT A .

Eigen v alue Decomp osition Using the Jacobi Metho d

A real symmetric matrix A 2 Rn� n
has alw a ys real eigen v alues and orthogo-

nal eigen v ectors. A can then b e written as

A = USUT
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where S 2 Rn� n
is a diagonal matrix whic h con tains the eigen v alues of A on its

diagonal, and U 2 Rn� n
is comp osed of the eigen v ectors of A and is therefore

orthogonal. This form ulation of A is called sp e ctr al or eigen decomp osition.

In order to calculate the pseudoin v erse A+
for a symmetric matrix, w e can use the

eigen v alue decomp osition instead of the SVD as

AA + A = USUT US+ UT USUT

= USUT US+ SUT

= USUT UUT

= USUT

= A:

The Jacobi metho d is an iterativ e algorithm for �nding all eigenpairs for a symmetric

matrix A 2 Rn� n
. F or small matrices, the Jacobi metho d giv es uniformly accurate

results comparable to the QR algorithm. The algorithm determines the sequence of

orthogonal matrices U1; U2; :::; Un and the sequence S0; S1; ::: as follo ws:

S0 = A

Sk = UT
k Sk� 1Uk :

The sequence U1; U2; :::; Un is constructed in a w a y that

lim
k!1

Sk = S = diag(� 1; � 2; :::; � n )

with � 1; � 2; :::; � n b eing the eigen v alues of A .

The algorithm generates

Sn = UT
n UT

n� 1:::UT
1 AU1U2:::Un :

As all Uk are orthogonal, w e can write

A = U1U2:::UnSnUT
n UT

n� 1:::UT
1 :

F or n ! 1 w e obtain Sn = S , and hence U = U1U2:::Un represen ts the matrix of

eigen v ectors of A whic h giv es the eigen v alue decomp osition

A = USUT :

In practice, the algorithm is stopp ed when the o�-diagonal elemen ts of S are close

to zero.

The eigen v alue decomp osition using the Jacobi metho d can also b e applied

to the computation of the pseudo-in v erse A+
of the real symmetric matrix A .

A+ = US+ UT :

The computation of S+
can b e done directly b y replacing ev ery non-zero en try in S

with its recipro cal and then transp osing the resulting matrix.
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A.2 The ICP as a sp eci�c case of the EM-ICP

W e w an t to tak e a closer lo ok at the computation of the exp ectation of the corresp on-

dence probabilities as de�ned in equation (3.15). This form ulation is n umerically

unstable, so w e reform ulate it to

EH ij =
exp(� � (si ; T ? mj ))

P
k exp(� � (si ; T ? mk ))

=
1

1 +
P

k6= j exp(� (si ; T ? mj ) � � (si ; T ? mk ))
: (A.1)

If w e assume homogeneous and isotropic Gaussian noise with the v ariance � 2
, equa-

tion (A.1) can b e written as

EH ij =
1

1 +
P

k6= j exp
�

(si � T ?m j )2 � (si � T ?mk )2

2� 2

� =
1

1 +
P

k6= j r ijk
:

lim
� 2 ! 0

r ijk =
�

0 if (si � T ? mj )2 < (si � T ? mk )2

+ 1 if (si � T ? mj )2 > (si � T ? mk )2 :

W e see that

lim
� 2 ! 0

EH ij =
�

1 if (si � T ? mj )2 < (si � T ? mk )2

0 if (si � T ? mj )2 > (si � T ? mk )2

so the exp ectation v alue for the corresp ondence b et w een t w o p oin ts si and mj is 1
if and only if mj is the closest p oin t to si . F or all other p oin ts mk with k 6= j the

exp ectation v alue of the corresp ondence b ecomes 0. This sho ws that the EM-ICP

algorithm b eha v es lik e the ICP algorithm for small v ariances.

A.3 Mathematical Deriv ations Chapter 3

Deriv ativ e of the Second T erm for the Global Criterion

By optimizing the global criterion in equation (3.13) alternately with resp ect

to the op erands in f Q; � g, w e are able to determine all parameters w e are

in terested in. As some terms recur in the di�eren t optimizations, w e will in tro duce

the follo wing notations for simpli�cation reasons:

The deriv ativ e of the second term of the global criterion is alw a ys p erformed in the

same manner. W e will demonstrate the application of c hain and pro duct rule and

then name the resulting terms. The deriv ativ e of

� kij (Tk ; 
 k ; �M; v p; � p) = log
NmX

j =1

exp
�

�
kski � Tk ? mkj k2

2� 2

�
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with resp ect to one of the function's parameters (let's sa y x ) is found as follo ws:

@�(x)
@x

= log( u(x))

=
1

u(x)
@u(x)

@x
;

u(x) =
NmX

j =1

exp
�

�
kski � Tk ? mkj k2

2� 2

�
:

@u(x)
@x

=
NmX

j =1

exp(f (x))
@f(x)

@x
; (A.2)

f (x) = �
kski � Tk ? mkj k2

2� 2 :

@f(x)
@x

= �
@
@x

(ski � Tk ? mkj )T (ski � Tk ? mkj )
2� 2

= �
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@x

So w e �nd the recurring deriv ativ e with

@�
@x

= �
NmX

j =1

exp
�

� kski � Tk ?mkj k2

2� 2

�

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2

�
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@x

:

By denoting the w eigh t in tro duced b y the corresp ondence probabilities with


 ijk =
exp

�
� kski � Tk ?mkj k2

2� 2

�

P Nm
l=1 exp

�
� kski � Tk ?mkl k2

2� 2

�

the deriv ativ e is simply written as

@�
@x

= �
NmX

j =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@x

: (A.3)

Optimization with Resp ect to the A�ne Matrix

W e ha v e to solv e the deriv ativ e of the criterion C0
k(Qk ; �) with resp ect to

Ak . Here, w e use the deriv ativ e form sho wn in equation (A.2) and hence

di�eren tiate f (x) with resp ect to Ak :

@C0k (Qk ; �)
@Ak

= �
N kX

i =1

NmX

j =1


 kij
@

@Ak

ks0
ki � Akm0

kj k2

2� 2
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@
@Ak

ksiki � Akm0
kj k2 =

@
@Ak

(s0
ki � Akm0

kj )T (s0
ki � Akm0

kj )

=
@

@Ak
(s

0T
ki s0

ki � s
0T
ki Akm0

kj � (Akm0
kj )T s0

ki � (Akm0
kj )T Akm0

kj )

=
@

@Ak
(s

0T
ki s0

ki � s
0T
ki Akm0

kj � s
0T
ki Akm0

kj + m
0T
kj AT

k Akm0
kj ):

Setting the deriv ativ e to zero, w e �nd

@C0k (Qk ; �)
@Ak

= 0

, Ak

N kX

i =1

NmX

j =1


 kij m0
kj m

0T
kj =

N kX

i =1

NmX

j =1


 kij s0
ki m

0T
kj

, Ak � k = 	 k ; � k ; 	 k 2 R3� 3:

Optimization with Resp ect to the Deformation Co e�cien ts

F or the deriv ativ e of the second term of the criterion, again the general deriv ativ e

describ ed in equation (A.3) is emplo y ed:

@Ck (Qk ; �)
@!kp

=
! kp

� 2
p

+
N kX

i =1

NmX

j =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � Tk ? mkj )
@!kp

=
! kp

� 2
p

+
N kX

i =1

NmX

j =1


 kij
(ski � Tk ? mkj )T

� 2

@(ski � tk � Akmkj )
@!kp

:

As w e kno w mkj = �mj +
P n

q=1 ! kqvqj w e di�eren tiate

@(ski � tk � Akmkj )
@!kp

=
@

@!kp
(ski � tk � Ak ( �mj +

nX

q=1

! kqvqj ))

= � Akvpj :

and �nally �nd

@Ck (Qk ; �)
@!kp

=
! kp

� 2
p

�
1
� 2

N kX

i =1

NmX

j =1


 kij (ski � T ? mkj )T Akvpj :

Setting

@Ck (Qk ;�)
@!kp

= 0 lea v es us with the follo wing three comp onen ts:

0 =
� 2

� 2
p

! kp �
N kX

i =1

NmX

j =1


 kij (ski � tk � Ak �mj )T Akvpj

+
nX

q=1

! kq

N kX

i =1

NmX

j =1


 kij vT
qj A

T
k Akvpj :
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The solution of this equation with resp ect to all ! kp is then done b y switc hing to a

matrix notation.

A.4 Mathematical Deriv ations Chapter 5

In this section w e presen t some mathematical rules whic h w ere used for the deriv a-

tiv es of the energy terms in section 5.2.3.

A.4.1 Div ergence Calculus

W e denote div(V ) as the div ergence of the con tin uously di�eren tiable v ector �eld

V . The div ergence in the 3D Euclidian space is de�ned as the scalar v alued function

div(V ) =
@Vx
@x

+
@Vy
@y

+
@Vz
@z

:

The result is in v arian t under orthogonal transformations.

F or sev eral deriv ativ e steps in section 5.2.3, w e need the follo wing pro duct rule:

div(g � V ) = g � div(V )+ < r g ; V > (A.4)

or in in tegral form

Z



div(g � V ) =

Z



g � div(V ) +

Z



< r g ; V > : (A.5)

W e denote r g as the gradien t of the scalar �eld g. r g is a v ector �eld with eac h

v ector p oin ting in the direction of the steep est slop e. The steep er the slop e, the

longer the asso ciated v ector.

r g =

0

B
B
B
B
@

@g
@x1
@g

@x2
.

.

.

@g
@xn

1

C
C
C
C
A

:

W e also kno w that the in tegral of the div ergence of a v ector �eld equals the pro jec-

tion of that �eld on the normal v ectors n at the edge (the in tegral of the surface

b oundary):

Z



div(g � V ) =

Z

@

< g � V ; n > dn:

This means that

Z



g � div(V ) +

Z



< r g ; V >=

Z

@

< g � V ; n > dn: (A.6)

Besides, assuming that there are no ob jects outside the image, w e kno w thatR
@
 < g � V ; n > dn = 0 whic h lea v es us in that cases with

Z



g � div(V ) = �

Z



< r g ; V > :
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A.4.2 Helpful Deriv ations

This deriv ation is used for the di�eren tiation of the shap e prior term in section 5.2.3.

jx + �y j =
p

(x + �y )2

=
q

jxj2 + 2 �x T y + � 2jyj2

= jxj

s

1 + 2�
xT y
jxj2

+ � 2 jyj2

jxj2

= jxj(1 + �
xT y
jxj2

+ O(� 2))

= jxj + �
xT y
jxj

+ O(� 2): (A.7)

The transfer from line 3 to line 4 mak es use of a binomial series.
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