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Abstract

Diffusion tensorimaging(DT-MRI or DTI) is an emerging imagingmodalitywhoseimportancehasbeen

growing considerably. However, theprocessingof this typeof data(i.e. symmetricpositive-de�nite matri-

ces),called`tensors'here,hasproveddif�cult in recentyears.UsualEuclideanoperationsonmatricessuffer

from many defectson tensors,whichhave led to theuseof many adhocmethods.Recently, af�ne-invariant

Riemannianmetricshave beenproposedasa rigorousandgeneralframework in which thesedefectsare

corrected.Thesemetricshave excellent theoreticalpropertiesandprovide powerful processingtools, but

alsoleadin practiceto complex andslow algorithms.To remedythislimitation,anew family of Riemannian

metricscalledLog-Euclideanis proposedin thisarticle.They alsohave excellenttheoreticalpropertiesand

yield similar resultsin practice,but with muchsimplerandfastercomputations.Thisnew approachis based

onanovel vectorspacestructurefor tensors.In this framework, Riemanniancomputationscanbeconverted

into Euclideanonesoncetensorshavebeentransformedinto theirmatrixlogarithms.Theoreticalaspectsare

presentedandtheEuclidean,af�ne-invariantandLog-Euclideanframeworksarecomparedexperimentally.

The comparisonis carriedout on interpolationandregularizationtaskson syntheticandclinical 3D DTI

data.
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INTRODUCTION

Diffusiontensorimaging(DT-MRI or DTI or equivalentlyDT imaging)(1) is anemergingimagingmodality

whoseimportancehasbeengrowing considerably. In particular, mostattemptsto reconstructnon-invasively

theconnectivity of thebrainarebasedon DTI (see(2–7) andreferenceswithin for classical�ber tracking

algorithms). Other applicationsof DT-MRI also include the study of diseasessuchas stroke, multiple

sclerosis,dyslexia andschizophrenia(8).

Thediffusiontensoris a simpleandpowerful modelusedto analyzethecontentof Diffusion-Weighted

images(DW-MRIs). It is basedon theassumptionthatthemotionof watermoleculescanbewell approx-

imatedby a Brownianmotion in eachvoxel of the image.This Brownianmotion is entirelycharacterized

by a symmetricandpositive-de�nite matrix, calledthe`diffusiontensor'(1). In this article,we restrictthe

term`tensor'to meanasymmetricandpositive-de�nite matrix.

With theincreasinguseof DT-MRI, therehasbeenagrowing needto generalizeto thetensorcasemany

usualvectorprocessingtools. In particular, regularizationtechniquesarerequiredto denoisethem.Further-

more,classicaltaskslike interpolationalsoneedto begeneralizedto resampleDT images,for exampleto

work with isotropicvoxels,asrecommendedin (6). It would alsobevery valuableto generalizeto tensors

classicalvectorstatisticaltools,in orderto analyzethevariability of tensorsor modelthenoisethatcorrupts

them.Previousattemptsto dosoareonly partiallysatisfactory:for example,it wasproposedin (9) to de�ne

a Gaussiandistribution on tensorsasa Gaussiandistribution on symmetricmatrices,without taking into

accountthepositive-de�nitenessconstraint.Thisbecomesproblematicwith Gaussianswhosecovarianceis

large: in thiscase,non-positive eigenvaluesdoappearwith asigni�cant probability.

Many ad hoc approacheshave alreadybeenproposedin the literatureto processtensors(see(10,11)

andreferenceswithin). But in orderto fully generalizeto tensorstheusualPDEsor statisticaltoolsusedon

scalarsor vectors,oneneedsto de�ne a consistentoperationalframework. Theframework of Riemannian

metrics(12,13) hasrecentlyemergedasparticularlyadaptedto this task(14–17).

The Defectsof EuclideanCalculus

ThesimplestRiemannianstructuresaretheEuclideanones.Let S1 andS2 betwo tensors.An exampleof

Euclideanstructureis givenby theso-called̀ Frobeniusdistance':dist2(S1 ; S2) = (Trace((S1 � S2)2)) .

This straightforward metric leadsa priori to simplecomputations.Unfortunately, thoughEuclideandis-

tancesarewell-adaptedto generalsquarematrices,they areunsatisfactoryfor tensors,which arevery spe-

ci�c matrices.Typically, symmetricmatriceswith null or negative eigenvaluesappearon clinical dataas

soonaswe performon tensorsEuclideanoperationswhich arenon-convex. Exampleof suchsituations

aretheestimationof tensorsfrom diffusion-weightedimages,theregularizationof tensors�elds, etc. The

noisein thedatais at the sourceof this problem. To avoid obtainingnon-positive eigenvalues,which are

dif�cult to interpretphysically, it hasbeenproposedto regularizeonly featuresextractedfrom tensors,like

�rst eigenvectors(18) or orientations(11). This is only partly satisfactory, sincesuchapproachesdo not

take into accountall theinformationcarriedby tensors.

After a diffusion time � , we know with a con�dencesay of 95% that a water moleculeis located

within a region calleda con�denceregion, which is the multidimensionalequivalentof a con�dencein-
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terval. The larger thevolumeof theseregions,the larger is thedispersionof the randomdisplacementof

watermolecules.In the caseof Brownian motion, the randomdisplacementis Gaussian,andcon�dence

regionsarethereforeellipsoids. Thevolumesof theseellipsoidsareproportionalto thesquareroot of the

determinantof the covariancematrix of the displacement.In DT-MRI, this covariancematrix is equalto

thediffusiontensormultipliedby 2� (1). Thevalueof thedeterminantof thediffusiontensoris thereforea

directmeasureof thedispersionof thelocal diffusionprocess.But theEuclideanaveragingof tensorsgen-

erally leadsto atensorswellingeffect(11,19,20): thedeterminant(andthusthedispersion)of theEuclidean

meanof tensorscanbelargerthanthedeterminantsof theoriginal tensors!Introducingmoredispersionin

computationsamountsto introducingmorediffusion,which is physicallyunrealistic.

RiemannianMetrics

To fully circumvent thesedif�culties, af�ne-invariantRiemannianmetricshave beenrecentlyproposedfor

tensorsby several teams. The applicationof thesemetricsto the averagingof tensorsandthe de�nition

of a Riemanniananisotropy measurewerepresented(15,21). The generalizationof principal component

analysis(PCA) to tensorswasgiven in (17). Theaf�ne-invariantstatisticalframework andits application

to the segmentationof DT-MRI waspresentedin (16). PDEswithin the af�ne-invariant framework were

studiedin (14)with applicationsto theinterpolation,extrapolationandregularizationof tensor�elds.

With af�ne-invariantmetrics,symmetricmatriceswith negative andnull eigenvaluesareat an in�nite

distancefrom any tensorandthe swelling effect disappears.Practically, this preventsthe appearanceof

non-positive eigenvalues,which is particularlydif�cult to avoid in Euclideanalgorithms.But thepricepaid

for thissuccessis ahighcomputationalburden,essentiallydueto thecurvatureinducedonthetensorspace.

This substantialcomputationalcostcanbeseendirectly from theformulagiving thedistancebetweentwo

tensorsS1 andS2 (14):

dist(S1 ; S2) =





 log

�
S1

� 1
2 :S2 :S1

� 1
2

� 




 ; [1]

wherek:k is a Euclideannormon symmetricmatrices.In general,af�ne-invariantcomputationsinvolve an

intensive useof matrix inverses,squareroots,logarithmsandexponentials.

We presentin this article a new Riemannianframework to fully overcomethesecomputationallimi-

tationswhile preservingexcellenttheoreticalproperties.Moreover, we obtainthis resultwithout any un-

necessarycomplexity, sinceall computationson tensorsareconvertedinto computationson vectors.This

framework is basedon anew family of metricsnamedLog-Euclidean, whichareparticularlysimpleto use.

They resultin classicalEuclideancomputationsin thedomainof matrix logarithms.In thenext section,we

presentthetheoryof Log-Euclideanmetrics(moredetailson this theorycanbefoundin a researchreport,

see(22)). In the Methodssection,we describethe adaptationof classicalprocessingtools to the Log-

Euclideanframework for interpolationandregularizationtasks.Wealsopresentahighly usefultool for the

visualizationof differencebetweentensors:theabsolutevalueof a symmetricmatrix. Then,we show that

theaf�ne-invariantandLog-EuclideanframeworksperformbetterthantheEuclideanonefor theinterpola-

tion andregularizationof our syntheticandclinical 3D DT-MRI data.Af�ne-invariantandLog-Euclidean

resultsarevery similar, but computationsaresimplerandexperimentallymuchfasterin theLog-Euclidean

thanin theaf�ne-invariantframework.
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THEORY

Matrix Exponential, Logarithm and Powers

The notionsof matrix logarithmandexponentialarecentralin the theoreticalframework presentedhere.

For any matrix M , its exponentialis givenby: exp(M ) =
P 1

k=0 M k=k!. As in thescalarcase,thematrix

logarithmis de�ned astheinverseof theexponential.Oneshouldnotethatfor generalmatrices,neitherthe

uniquenessnortheexistenceof alogarithmis guaranteedfor agiveninvertiblematrix(23,24). However, the

importantpointhereis thatthelogarithmof a tensoris well-de�ned andis asymmetricmatrix. Conversely,

theexponentialof any symmetricmatrix yieldsa tensor. This meansthatunderthematrix exponentiation

operation,thereis aone-to-onecorrespondencebetweensymmetricmatricesandtensors.

Thisone-to-onecorrespondencecanbeseenquiteintuitively thanksto thesimplespectraldecomposition

of thesematrices.Indeed,thematrix logarithmL of a tensorS canbecalculatedin threesteps:

1. performa diagonalizationof S, which providesa rotationmatrix R anda diagonalmatrix D with the

eigenvaluesof S in its diagonal,with theequality:S = R T :D :R .

2. transformeachdiagonalelementof D (which is necessarilypositive, sinceit is aneigenvalueof S) into

its naturallogarithmin orderto obtainanew diagonalmatrix ~D .

3. recompose~D andR to obtainthelogarithmwith theformulaL = log(S) = R T : ~D :R .

Conversely, the matrix exponentialS is obtainedby replacingthe naturallogarithmwith thescalarexpo-

nential.Onealsogeneralizesof thenotionof powers(andin particularsquareroots)to tensorsby replacing

theireigenvaluesby thecorrespondingscalarpower (for exampleby their squareroots).

De�nition of Log-EuclideanMetrics

Basedonthespeci�c propertiesof thematrixexponentialandlogarithmontensorsthatwepresentedabove,

we cannow de�ne a novel vectorspacestructureon tensors.This is quitea surprisingresult: in thesense

of this new algebraicstructure,tensors canbealsolookeduponasvectors! As will beshown in therestof

this article, this novel viewpoint providesa particularlypowerful andsimple-to-useframework to process

tensors.

Sincethereis a one-to-onemappingbetweenthe tensorspaceandthevectorspaceof symmetricma-

trices,onecantransferto tensorsthestandardalgebraicoperations(addition“+ ” andscalarmultiplication

“ :”) with thematrix exponential.This de�neson tensorsa logarithmicmultiplication� anda logarithmic

scalarmultiplication~ , givenby:

8
<

:
S1 � S2

def
= exp(log(S1) + log(S2))

� ~ S
def
= exp(�: log(S)) = S� :

The logarithmicmultiplication is commutativeandcoincideswith matrix multiplicationwhenever the two

tensorsS1 andS2 commutein thematrixsense.With � and~ , thetensorspacehasby constructionavector
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spacestructure, which is not theusualstructuredirectlyderivedfrom additionandscalarmultiplicationon

matrices.

Whenoneconsidersonly themultiplication� on thetensorspace,onehasa Lie groupstructure(13),

i.e. a spacewhich is botha smoothmanifoldanda groupin which multiplicationandinversionaresmooth

mappings. This type of mathematicaltool is for exampleparticularlyuseful in theoreticalphysics(25).

Here,thesmoothnessof � comesfrom the fact thatboth theexponentialandthe logarithmmappingsare

smooth(22). Among Riemannianmetricsin Lie groups,the mostconvenientin practicearebi-invariant

metrics, i.e. metricsthatareinvariantby multiplicationandinversion. Whenthey exist, thesemetricsare

usedin differential geometryto generalizeto Lie groupsa notion of meanwhich is completelyconsis-

tentwith multiplicationandinversion. This approachappliesparticularlywell in thecaseof thegroupof

rotations(26–28). However, suchmetricsdo not alwaysexist, as in the caseof the groupsof Euclidean

motions(29,30) andaf�ne transformations.It is remarkablethatbi-invariantmetricsexist in our tensorLie

group. Moreover, they areparticularlysimple. Their existencesimply resultsfrom the commutativityof

logarithmicmultiplicationbetweentensors.WehavenamedsuchmetricsLog-Euclideanmetrics,sincethey

correspondto Euclideanmetricsin the domainof logarithms. From a Euclideannorm k:k on symmetric

matrices,they canbewritten:

dist(S1 ; S2) = k log(S1) � log(S2)k: [2]

FromEq. [2], it is clearthatLog-EuclideanmetricsarealsoEuclideandistancesfor thevectorspacestruc-

turewe de�ned earlier. We did not de�ne themdirectly from thelatteralgebraicstructureto emphasizethe

factthatthey arealsoRiemannianmetrics, like af�ne-invariantmetrics.

As onecansee,theLog-Euclideandistanceis muchsimplerthantheequivalentaf�ne-invariantdistance

givenby Eq. [1], wherematrix multiplications,squarerootsandinversesareusedbeforetaking thenorm

of the logarithm. The greatersimplicity of Log-Euclideanmetricscanalsobe seenfrom Log-Euclidean

geodesicsin thetensorspace.In theLog-Euclideancase,theshortestpath
 LE(t) goingfrom thetensorS1

at time 0 to thetensorS2 at time1 is astraightline in thedomainof logarithms.This geodesicis givenby:


 LE(t) = exp((1 � t) log(S1) + t log(S2)) :

Its af�ne-invariantequivalent
 Aff(t) involvestheuseof squarerootsandinversesandtakesthe following

form:


 Aff(t) = S1
1
2 : exp

�
t log

�
S1

� 1
2 :S2 :S1

� 1
2

��
:S1

1
2 :

Contraryto the classicalEuclideanframework on tensors,onecanseefrom Eq. [2] that symmetric

matriceswith null or negative eigenvaluesareat anin�nite distancefrom any tensorandthereforewill not

appearin practicalcomputations.Thesamepropertyholdsfor af�ne-invariantmetrics(14).

InvariancePropertiesof Log-EuclideanMetrics

Log-Euclideanmetricssatisfya numberof invarianceproperties, i.e. are left unchangedby several op-

erationson tensors.First, distancesarenot changedby inversion,sincetaking the inverseof a systemof
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matricesonly resultsin themultiplicationby � 1 of their logarithms,whichdoesnotchangethevalueof the

distancegiven by Eq. [2]. Also, Log-Euclideanmetricsareby constructioninvariantwith respectto any

logarithmicmultiplication,i.e. areinvariantby any translationin thedomainof logarithms.However, there

is more. AlthoughLog-Euclideanmetricsdo not yield full af�ne-invarianceastheaf�ne-invariantmetrics

de�ned in (14), a numberof themareinvariantby similarity (orthogonaltransformationandscaling)(22).

This meansthat computationson tensorsusingthesemetricswill be invariantwith respectto a changeof

coordinatesobtainedby a similarity. In this work, we usethesimplestsimilarity-invariantLog-Euclidean

metric,which is givenby:

dist(S1 ; S2) =
�
Trace

�
f log(S1) � log(S2)g2� � 1

2 :

Log-EuclideanComputations on Tensors

Froma practicalpoint of view, onewould like operationssuchasaveraging,�ltering, etc. to beassimple

aspossible. In the af�ne-invariantcase,suchoperationsrely on an intensive useof matrix exponentials,

logarithms,inversesand squareroots. In our case,the spaceof tensorswith a Log-Euclideanmetric is

in fact isomorphic(the algebraicstructureof vectorspaceis conserved) andisometric(distancesarecon-

served)with thecorrespondingEuclideanspaceof symmetricmatrices.As aconsequence,theRiemannian

framework for statisticsandanalysisis extremelysimpli�ed. To illustratethis, let us recall the notion of

Fréchetmean(12,31), which is theRiemannianequivalentof theEuclidean(or arithmetic)mean.Givena

Riemannianmetric,theassociatedFréchetmeanof N tensorsS1 ,...,SN with arbitrarypositiveweightsw1,

...,wN is de�ned asthepointE(S1 ; :::; SN ) minimizing thefollowing metricdispersion:

E(S1 ; :::; SN ) = arg min
S

NX

i =1

wi dist2(S; Si );

wheredist(:; :) is thedistanceassociatedto themetric. TheLog-EuclideanFréchetmeanis a directgener-

alizationof thegeometricmeanof positive numbersandis givenexplicitly by:

ELE(S1 ; :::; SN ) = exp

 
NX

i =1

wi log(Si )

!

: [3]

Theclosedform givenby Eq. [3] makesthecomputationof Log-Euclideanmeansstraightforward. On the

contrary, thereis no closedform for af�ne-invariantmeansEAff(S1 ; :::; SN ) assoonasN > 2 (21). The

af�ne-invariantis only implicitly de�ned throughthefollowing barycentricequation:
NX

i =1

wi log
�

EAff(S1 ; :::; SN )� 1=2:Si :EAff(S1 ; :::; SN )� 1=2
�

= 0: [4]

In the literature,this equationis solved iteratively, for instanceusinga Gauss-Newton methodasdetailed

in (14,16,17). This optimizationmethodhastheadvantageof having quitea fastconvergencespeed,like

all Newtonmethods.

Contrary to theaf�ne-invariantcase, theprocessingof tensors in theLog-Euclideanframeworkis simply

Euclideanin thelogarithmicdomain. Tensorscanbetransformed�rst into symmetricmatrices(i.e. vectors)
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usingthe matrix logarithm. Then,to simplify even morecomputations,thesematriceswith 6 degreesof

freedomcanberepresentedby 6D vectorsin thefollowing way:

log(S) ' ~S =
�

log(S)1;1 ; log(S)2;2 ; log(S)3;3 ;
p

2: log(S)1;2 ;
p

2: log(S)1;3 ;
p

2: log(S)2;3

� T
;

wherelog(S) i;j is thecoef�cient of log(S) placedin the(i; j ) position.With thisrepresentation,theclassical

Euclideannormbetweensuch6D vectorsis equalto aLog-Euclideansimilarity-invariantdistancebetween

thetensorsthey represent.Notethatthis is trueonly for theparticularsimilarity-invariantdistanceusedin

this work. To dealwith anotherLog-Euclideandistance,oneshouldadaptthe6D vectorrepresentationto

themetricby changingadequatelytherelative weightsof thematrixcoef�cients.

Oncetensorshave beentransformedinto symmetricmatricesor 6D vectors,classicalvectorprocessing

toolscanbeuseddirectlyon these6D representations.Finally, resultsobtainedon logarithmsaremapped

backto thetensordomainwith theexponential.Hence,vectorstatisticaltoolsor PDEsarereadilygeneral-

izedto tensorsin this framework.

Comparisonof the Af�ne-In variant and Log-EuclideanFrameworks

As will be shown experimentallyin theResultssection,Log-Euclideancomputationsprovide resultsvery

similar to their af�ne-invariantequivalent,presentedin (14). The reasonbehindthis is the following: the

two familiesof metricsprovide two differentgeneralizationsto tensorsof thegeometricmeanof positive

numbers. By this we meanthat the determinantsof both Log-Euclideanand af�ne-invariant meansof

tensorsareexactly equalto thescalargeometricmeanof thedeterminantsof thedata(22). This explains

theabsenceof swellingeffect in bothcases,sincetheinterpolationof tensorsalonggeodesicsyieldsin both

casesthesamemonotonicinterpolationof determinants.

Thetwo Riemannianmeansareevenidenticalin anumberof cases,in particularwhenaveragedtensors

commutein the senseof matrix multiplication. Yet, the two meansare different in general,as shown

theoreticallyin (22) (the traceof theLog-Euclideanmeanis alwayslarger (or equal)thanthe traceof the

af�ne-invariantmean)andexperimentallyin theResultssection.More precisely, Log-Euclideanmeansare

generallymoreanisotropicthantheiraf�ne-invariantequivalent.Weobservedthatthisresemblancebetween

thetwo meansextendsto generalcomputationswhich involve averaging,suchasregularizationprocedures,

asis shown in theResultssection.

METHODS

Inter polation

Voxelsin clinical DT imagesareoftenquiteanisotropic.Algorithmstrackingwhitemattertractscanbebi-

asedby thisanisotropy, andit is thereforerecommended(e.g.see(6)) to useisotropicvoxels.A preliminary

resamplingstepwith anadequateinterpolationmethodis thereforeimportantfor suchalgorithms.Adequate

interpolationmethodsarealsorequiredto generalizeto thetensorcaseusualregistrationtechniquesusedon

scalaror vectorimages.The framework of Riemannianmetricsallows a directgeneralizationof classical
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resamplingmethods,by re-interpretingthemascomputingweightedmeansof theoriginal data. Thenthe

ideais to replacetheEuclideanmeanby its Riemanniancounterpart,i.e. theFréchetmean.See(14) for a

moredetaileddiscussionof this topic. Thiswayonecangeneralizetheclassicallinear, bilinearandtrilinear

interpolationsto tensorswith a Riemannianmetric.For bothmetricsmentionedin this work, this entailsin

onecaseusingdirectlyEq. [3] andin theothercaseiteratively solvingEq. [4].

Regularization

DT imagesarecorruptedby noise,andregularizingthemcanbe a crucialpreliminarystepfor DTI-based

algorithmsthatreconstructthewhite matterconnectivity. As shown in (14),Riemannianmetricsprovide a

generalframework to regularizeto tensorsusualvectorregularizationtools.

Practically, ananisotropicregularizationis very valuable,sinceit allows a substantialreductionof the

noiselevel while sharpcontoursandstructuresaremostlypreserved.Wefocushereonasimpleandtypical

Riemanniancriterionfor theanisotropicregularizationof tensor�elds, which is basedon � -functions(11,

32). In thiscontext, theregularizationis obtainedby theminimizationof a � -functionalReg(S) givenby:

Reg(S) =
Z



�

�
kr SkS(x ) (x)

�
dx;

where
 is thespatialdomainof the imageand�( s) a functionpenalizinglargevaluesof thenormof the

spatialgradientr S of thetensor�eld S(x). Thespatialgradientis de�ned hereasr S = ( @S
@x1

; @S
@x2

; @S
@x3

),

wherex1, x2 andx3 arethe threespatialcoordinates,andwhere @S
@x i

is the matrix describinghow S(x)

linearly variesnearx in the i th spatialdirection. Note that @S
@x i

is only symmetricand not necessarily

positive de�nite becauseit is given by an in�nitesimal differencebetweentwo tensors,which is a non-

convex operation.For moredetailson how spatialgradientscanbepracticallycomputed,see(14) Section

5.

Here,we usetheclassicalfunction �( s) = 2
p

1 + s2=� 2 � 2 (11). We would like to emphasizethat

contraryto theEuclideancase,thenormof r S dependsexplicitly on thecurrent point S(x) (see(14,22)

for moredetails)andis givenby:

kr Sk2
S(x ) =

3X

i =1










@S
@x i

(x)









2

S(x )
:

In general,this dependenceon thecurrentpoint leadsto complex resolutionmethods.Thus,in theaf�ne-

invariantcase,thesemethodsrely on an intensive useof matrix inverses,squareroots,exponentialsand

logarithms(14). However, in the Log-Euclideanframework the generalRiemannianformulation is ex-

tremelysimpli�ed. Thereasonis thatthedependenceon thecurrenttensordisappearson thelogarithmsof

tensors(22),sothatthenormof thegradientis givenby:

kr SkS(x ) = (< r S; r S > S(x ) )
1
2 = kr log(S)kId ;

whereId is the identity matrix. This meansthat only the scalarproductat the identity needsto be used.
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Thetransformationof tensorsinto theirmatrixlogarithmstransformsRiemanniancomputationsatS(x) into

Euclideancomputationsat Id . As a consequence,the energy functionalcanbe minimizeddirectly on the

vector�eld of logarithms. Theregularizedtensor�eld is given in a �nal stepby thematrix exponentialof

regularizedlogarithms.

In theregularizationexperimentsof this article,theminimizationmethodusedis a �rst-order gradient

descentwith a �x ed time stepdt. We usean explicit �nite differenceschemeon logarithmsin the Log-

Euclideancase(see(33) for detailsaboutnumericalschemesandothersaspectsof theimplementation)and

thegeodesicmarchingschemedescribedin (14) in theaf�ne-invariantcase.In theEuclideanframework,

wealsouseaf�ne-invariantgeodesicmarchingratherthanaclassicalexplicit schemeto limit theappearance

of non-positive eigenvalues,proceedingsimilarly asin (11). HomogeneousNeumannboundaryconditions

areused,parameterswereempiricallychosento be� = 0:05, dt = 0:1, and100iterationsareperformedin

theresultsshown in Fig. 5 and50 iterationsfor thoseshown in Fig. 6.

AbsoluteValueof a Symmetric Matrix

When several variantsof an algorithm are usedto processtensorsimages,visualizationtools are quite

valuableto inspectthe results. A simplesolutionis to visualizean imageof the norm of the (Euclidean)

differencebetweentensors.Regrettably, all informationaboutorientationis lost in this case.

To visualizesimultaneouslythemagnitudeandtheorientationof differences,onecanusetheabsolute

valueof a symmetricmatrix. Similarly to the exponentialor squareroot, it is de�ned asthe symmetric

positive semi-de�nitematrix obtainedby replacingtheeigenvaluesof theoriginal matrix by their absolute

values. Thus, this absolutevalue retainsall the informationaboutthe magnitudeand the orientationof

any symmetricmatrix, and can still be visualizeddirectly with the usualellipsoid representation.As a

consequence,this mathematicaltool is very usefulto visualizethedifferencebetweentwo tensors,ascan

beseenin theResultssection.We �rst introducedthis tool in (34).

Materials

Theexperimentsin thisstudyarecarriedoutpartlyon synthetictensorimages,andpartlyon aclinical DTI

volume. The clinical scanof the brain wasacquiredwith a 1.5-T MR imagingsystem(SiemensSonata)

with actively shieldedmagnetic�eld gradients(G maximum,40 mT/m). A sagittalspin-echosingleshot

echo-planarparallelGrappadiffusion-weightedimagingsequencewith accelerationfactortwo andsix non

collineargradientdirectionswasappliedwith two b values(b=0 and1000s:mm � 2. Field of view: 24:0 �

24:0 cm; imagematrix: 128� 128voxels;30sectionswith athicknessof 4mm;nominalvoxel size:1:875�

1:875 � 4mm3. TR/TE= 4600/73ms. The gradientdirectionsusedwereasfollows: [(1=
p

2; 0; 1=
p

2);

(� 1=
p

2; 0; 1=
p

2); (0; 1=
p

2; 1=
p

2); (0; 1=
p

2; � 1=
p

2); (1=
p

2; 1=
p

2; 0); (� 1=
p

2; 1=
p

2; 0)] providing

thebestaccuracy in tensorcomponentswhensix directionsareused(35). Theacquisitiontimeof diffusion-

weightedimagingwas5 minutesand35 seconds.Imageanalysiswasperformedon a voxel-by-voxel basis

by usingdedicatedsoftware (DPTools, http://fmritools .h d. fr ee.fr ). Beforeperformingthe

tensorestimation,anunwarpingalgorithmwasappliedto theDTI datasetto reducedistortionsrelatedto
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eddycurrentsinducedby thelargediffusion-sensitizing gradients.Thisalgorithmreliesonathree-parameter

distortionmodel including scale,shear, and linear translationin the phase-encodingdirection (36). The

optimalparameterswereassessedindependentlyfor eachsectionrelative to theT2-weightedcorresponding

imageby themaximizationof themutualinformation.However, dueto thelow signal-to-noiseratio in these

images,part of the distortionsremained.The tensorswereestimatedusingthe methoddescribedin (33),

with a small regularization. The parametersof this estimationwereset to � = 0:25 and � = 0:1. 50

iterationswereused.

Figure1: Geodesicinterpolation of two tensors. Left: interpolatedtensors.Right: graphsof the de-
terminantsof the interpolatedtensors.Top: linear interpolationon coef�cients. Middle: af�ne-invariant
interpolation.Bottom: Log-Euclideaninterpolation.Thecoloringof ellipsoidsis basedon thedirectionof
dominanteigenvectors,andwasonly addedto enhancethecontrastof tensorimages.Notethecharacteristic
swellingeffect observed in theEuclideancasedueto a parabolicinterpolationof determinants.This effect
is notpresentin bothRiemannianframeworkssincedeterminantsaremonotonicallyinterpolated.Notealso
thatLog-Euclideanmeansaremoreanisotropictheiraf�ne-invariantcounterparts.

RESULTS

Inter polation

Resultsof the(geodesic)linearinterpolationof two synthetictensorsarepresentedin Fig. 1. Onecanclearly

seethe swelling effect characteristicof the Euclideaninterpolation,which hasno physicalinterpretation.

On thecontrary, a monotonic(andidentical)interpolationof determinantsis obtainedin bothRiemannian

frameworks.Thelargeranisotropy in Log-Euclideanmeansis alsoclearlyvisible in this �gure.

Fig. 2 shows the resultsobtainedfor the bilinear interpolationof four synthetictensorswith three

methods:Euclidean(linear interpolationof coef�cients), af�ne-invariantandLog-Euclidean.Again, there

is a pronouncedswelling effect in the Euclideancase,which doesnot appearin both Riemanniancases.
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Figure 2: Bilinear interpolation of 4 tensors at the corners of a grid. Left : Euclideanreconstruc-
tion. Middle: af�ne-invariantreconstruction.Right: Log-Euclideaninterpolation.Note thecharacteristic
swellingeffect observed in theEuclideancase,which is not presentin bothRiemannianframeworks. Note
alsothatLog-Euclideanmeansareslightly moreanisotropicthantheiraf�ne-invariantcounterparts.

Also, thereis a slightly larger anisotropy in Log-Euclideanmeans.Oneshouldnotethat thecomputation

of theaf�ne-invariantmeanhereis iterative, sincethenumberof averagedtensoris greaterthan2 (we use

theGauss-Newton methoddescribedin (14)),whereastheclosedform givenby Eq. [3] is useddirectly in

theLog-Euclideancase.This hasa large impacton computationtimes: 0:003s (Euclidean),0:009s (Log-

Euclidean)and1s (af�ne-invariant)for a5 � 5 grid onaPentiumM 2 GHz. Computationswerecarriedout

in the Matlab™framework, which explainsthe poor computationalperformance.A C++ implementation

would yield muchlower computationtimes,but theratio would be comparable.This clearly demonstrate

that Log-Euclideanmetricscombinegreatersimplicity andperformance,ascomparedto af�ne-invariant

metrics,at leastin termsof interpolationtasks.

Figure3: Bilinear interpolation in a real DTI slice. Left : Original DTI slice, beforedown-sampling.
Middle: Euclideaninterpolation.Right: Log-Euclideaninterpolation.Half the columnsandlinesof the
originalDTI slicewereremovedbeforereconstructionwith abilinearinterpolation.Thesliceis takenin the
mid-sagittalplaneanddisplayedin perspective. Again,thecoloringof ellipsoidsis basedonthedirectionof
dominanteigenvectors,andwasonly addedto enhancethecontrastof tensorimages.Notehow thetensors
correspondingto theCorpusCallosum(in red,above thelargeandroundtensorscorrespondingto a partof
theventricles)arebetterreconstructed(moreanisotropic)in theLog-Euclideancase.
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Fromanumericalpointof view, oneshouldnotethatthecomputationof Log-Euclideanmeansis more

stablethanin theaf�ne-invariantcase.Onsyntheticexamples,wenoticedthatfor largeanisotropies(for in-

stancewith thedominanteigenvaluelargerthan500timesthesmallest),largenumericalinstabilitiesappear,

essentiallydueto limited numericalaccuracy of the logarithmcomputations(evenwith doubleprecision).

This cancomplicategreatlythecomputationof af�ne-invariantmeans.In thecaseof ourclinical DTI data,

this typeof phenomenonalsooccurs,althoughto a lesserdegree.We observedthatthecomputationof the

af�ne-invariantmeancanin this casebe5 to 10 timeslongerthanusualat times,whentheaverageddata

presentsa substantialinhomogeneity. On the contrary, the computationof Log-Euclideanmeansis much

morestablesincethe logarithmandexponentialaretakenonly onceandthusevenvery large anisotropies

canbedealtwith. Of course,on clinical DT imagesanisotropiesarenot sopronouncedanddrasticinsta-

bilities will not appear. But for theprocessingof othertypesof tensorswith muchhigheranisotropies,this

couldbecrucial.

Similarity Measure Euclideaninterpol. Af�ne-invariantinterpol. Log-Euclideaninterpol.

MeanEuclideanError 0.2659 0.2614 0.2611
MeanAf�ne-invariantError 0.2703 0.2586 0.2584

Log-EuclideanError 0.2694 0.2577 0.2575

Table1: Mean reconstructionerrors for the clinical slice reconstructionexperiment. The threeinter-
polationresultsarequite close. However, both Riemannianframeworks performslightly betterthan the
Euclideanone, independentlyof the similarity measureconsidered.This is essentiallydue to the better
Riemannianreconstructionof theCorpusCallosum.

TocomparetheEuclideanandRiemannianbilinearinterpolationsonclinicaldata,wehavereconstructed

by bilinear interpolationa down-sampledDTI slice. Onecolumnout of two andoneline out of two were

removed.Theslicewaschosenin themid-sagittalplanewherestrongvariationsarepresentin theDT image.

Theresultsin Fig. 3 show thatthetensorscorrespondingto thecorpuscallosumarebetterreconstructedin

theLog-Euclideancase.Af�ne-invariantresultsareverysimilar to Log-Euclideanonesandnotshown here.

In other regions, the differencesbetweenthe interpolationsaremuch smaller. The meanreconstruction

errorsfor all threeframeworks are shown in Tab. 1. We assessedthe reconstructionerrorswith three

similaritymeasures:with ourEuclidean,Log-Euclideanandaf�ne-invariantmetrics,wecomputedthemean

distancebetweenoriginalandreconstructedtensors.As canbeseenin this table,Log-Euclideanandaf�ne-

invariant resultsare quantitatively slightly betterthan Euclideanresults,independentlyof the similarity

measureconsidered.This is essentiallydue to the betterreconstructionof the CorpusCallosumin both

Riemanniancases.

Regularization

To comparetheEuclidean,af�ne-invariantandLog-Euclideanframeworks, let usbegin with a simpleex-

amplewherewe restoreda noisysyntheticimageof tensors.Theeigenvaluesof theoriginal tensorswere
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Figure4: Regularization of a synthetic DTI slice. Left : original syntheticdata. Middle Left : noisy
data. Middle Right: Euclideanregularization. Right: Log-Euclideanregularization. The original data
is correctlyreconstructedin theLog-Euclideancase,asopposedto theEuclideancasewherethe resultis
marredby theswellingeffect.

setto (2; 1; 1). We addedsomeisotropicGaussianwhite noiseof variance0:5 on the b0 imageandeach

of the6 syntheticdiffusion-weightedimages,andtensorswereestimatedwith themethodpresentedin (33)

with parameters� = 0:25 and� = 0:1 (theregularizationwassmall).Resultsareshown in Fig. 4: surpris-

ingly, althoughno anisotropic�ltering otherthantheonedescribedin theMethodsSectionwasused,the

boundariesbetweenthe two regionsarekeptperfectlydistinct, thanksto thestronggradientsin this area.

Furthermore,the impactof theEuclideanswellingeffect is clearlyvisible. On thecontrary, bothRieman-

nian frameworks yield very goodresults,the only extremelysmall differencebeingaspredictedslightly

moreanisotropy for Log-Euclideanresults. Af�ne-invariant resultsarenot shown herebecausethey are

very closeto theLog-Euclideanones.Like in theinterpolationreconstructionexperiment,we assessedthe

reconstructionerrorswith theEuclidean,Log-Euclideanandaf�ne-invariantmetrics. For eachmetric,we

computedthemeandistancebetweenoriginalandreconstructedtensors.Thequantitative resultsareshown

in Tab. 2: asexpectedaf�ne-invariantandLog-Euclideanresultsarecloseandyield muchbetterresultsthan

in theEuclideancase,regardlessof thesimilarity measureused.

Similarity Measure Euclideanregul. Af�ne-invariantregul. Log-Euclideanregul.

MeanEuclideanError 0.228 0.080 0.051
MeanAf�ne-invariantError 0.533 0.142 0.119

Log-EuclideanError 0.532 0.135 0.111

Table2: Mean reconstruction errors for the synthetic regularization experiment. Both Riemannian
resultsaremuchbetterthantheEuclideanone,independentlyof thesimilarity measureconsidered.This is
dueto theabsenceof swellingeffect in bothRiemanniancases.

Let us now turn to a clinical DTI volume, which presentsa substantiallevel of noise. A quantita-

tive evaluationor validationof the restorationresultspresentedhereremainsto be done,andthis general

problemwill be the subjectof future work. However, asshown in Fig. 5, both Riemannianresultsare

qualitatively satisfactory: thesmoothingis donewithoutblurring theedgesin bothRiemanniancases,con-

trary to theEuclideanresultswhich aremarredby a pronouncedswellingeffect, especiallyin the regions
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of high anisotropy. Also notethat to a lesserdegree,this swelling effect is presentin regionswith much

lessanisotropy, in factalmosteverywhereexceptin theventricles.Theaf�ne-invariantandLog-Euclidean

resultsareverysimilar to eachother, with only slightly moreanisotropy in theLog-Euclideancase.

To highlight this similarity, we display in Fig. 5 the absolutevaluesof the (Euclidean)differences

betweenaf�ne-invariant andLog-Euclideanresults. The de�nition of the absolutevalueof a symmetric

matrix is givenin theMethodssection,andthismathematicaltool is muchusefulto visualizethedifference

betweentwo tensors.We canseein Fig. 5 thatthedifferencesaremainly concentratedalongthedominant

directionsof diffusion,which is explainedby thelargeranisotropy in Log-Euclideanmeans.However, this

relative differenceis verysmall,of theorderof lessthan1%.

A regularizationof DT imagesshouldnot only correctly regularizethe determinantsof tensors,but

alsoadequatelyregularizeotherscalarmeasuresassociatedto tensors. In Fig. 6, the effect of the Log-

Euclideanregularizationon the fractionalanisotropy (FA) andon the normof thegradientareshown. In

thisexperiment,only half of theregularizationusedto obtaintheresultsof Fig. 5 is kept.As onecansee,the

regularization,which is performeddirectly on the tensors,inducesa regularizationof theFA andgradient

norm. Qualitatively, major anisotropicstructureshave beenpreserved, including for examplethe internal

capsule,while thenoisehasbeensubstantiallyreduced.

As in thecaseof interpolation,thesimplerLog-Euclideancomputationsarealsosigni�cantly faster:our

currentimplementationin C++ requiresfor 100iterations30 minutesin theLog-Euclideancaseinsteadof

122minutesfor af�ne-invariantresultsonaPentiumXeon2.8GHzwith 1 Goof RAM. Ourimplementation

hasnotbeenoptimizedyetandwill beimprovedin thenearfuture.Consequently, thevaluesgivenhereare

only upperboundsof what canbe achieved. However, thedifferencein computationtimesis typical and

Log-Euclideancomputationscanevenbe6 or 7 timesfasterthantheir af�ne-invariantequivalent(22).
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Figure5: Regularization of a clinical DTI volume (3D). Top Left : close-upon a slice containingpart
of the left ventricleandnearby. Top Right: Euclideanregularization.Bottom Left : Log-Euclideanregu-
larization. Bottom Right: highly magni�ed view (� 100) of the absolutevalueof the differencebetween
Log-Euclideanandaf�ne-invariantresults.Theabsolutevalueof tensorsis takento allow thesimultaneous
visualizationof theamplitudeandorientationof thedifferences.SeetheMethodssectionfor ade�nition of
theabsolutevalue. Note that thereis no tensorswelling in theRiemanniancases.On thecontrary, in the
Euclideancase,a swellingeffect occursalmosteverywhere(exceptmaybein theventricles),in particular
in regionsof high anisotropy. Lastbut not least,thedifferencebetweenLog-Euclideanandaf�ne-invariant
resultsis very small. Log-Euclideanresultsareonly slightly moreanisotropicthantheir af�ne-invariant
counterparts.
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Figure6: Log-Euclidean regularization of a clinical DTI volume (3D): typical effect on FA and gra-
dient. Top left: FA beforeLog-Euclideanregularization. Top right: FA after regularization. Bottom
left: Log-Euclideannormof thegradientbeforeregularization.Bottom right: Log-Euclideannormof the
gradientafterregularization.Theeffectof theLog-EuclideanregularizationonscalarmeasureslikeFA and
thenormof thegradientis qualitatively satisfactory: thenoisehasbeenreducedwhile moststructuresare
preserved.
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DISCUSSION AND CONCLUSIONS

The Defectsof EuclideanCalculus

As shown in theResultssection,Log-Euclideanmetricscorrectthedefectsof theclassicalEuclideanframe-

work (20): thepositive-de�nitenessis preservedanddeterminantsaremonotonically(geometrically, in fact)

interpolatedalonggeodesics.Log-Euclideanresultsareverysimilar to thoseobtainedin theaf�ne-invariant

framework, only recentlyintroducedfor diffusiontensorcalculus(14–17). This is not surprising:we have

shown that thetwo familiesof metricsarevery close,sincetheir respective Fréchetmeansarebothgener-

alizationsto tensorsof thegeometricmeanof positive numbers.Yet, thesetwo metricsaredifferent,and

it is striking that this similarity in resultsis obtainedwith muchsimplerandfasteralgorithmsin theLog-

Euclideancase.This comesfrom thefact thatall Log-Euclideancomputationson tensorsareequivalentto

Euclideancomputationson thelogarithmsof tensors,whicharesimplevectors.

Of course,this large simpli�cation is obtainedat the costof af�ne-invariance,which is replacedby

similarity-invariancefor anumberof Log-Euclideanmetrics,like theoneusedin thisstudy. Thismeansthat

af�ne-invariant resultscannotbe biasedby the coordinatesystemchosen,whereasLog-Euclideanresults

potentially can. However, invarianceby similarity is alreadya strongproperty, sinceit guaranteesthat

computationsarenotbiasedneitherby thespatialorientationnorby thespatialscalechosen.Moreover, the

very large similarity betweentheLog-Euclideanandaf�ne-invariantresultson typical clinical DT images

show thatthis lossof invariancedoesnot resultin any signi�cant lossof quality. Onewouldhave to change

thesystemof coordinatesvery anisotropically, for instancerescalingonecoordinateby a factorof 20 and

leaving the other two unchanged,to substantiallybiasLog-Euclideanresults. But suchsituationsdo not

occur in medicalimaging,wherethe usualchangesof coordinates(e.g. changingcurrentcoordinatesto

Talairachcoordinates)arenotanisotropicenoughto inducesucha bias.

In termsof regularization,theLog-Euclideanframework alsohastheadvantageof taking into account

simultaneouslyall the informationcarriedby tensors,like the af�ne-invariant one. This is not the case

in methodsbasedon the regularizationof features extractedfrom tensors,like their dominantdirection

of diffusion (18) or their orientation(11). An alternative representationof tensorsareCholesky factors,

which areusedin (37). However, with this representation,tensorscan leave the setof positive de�nite

matricesduringiteratedcomputations,andthepositive-de�nitenessis not easilymaintained,asmentioned

in (37). Also, it is unclearhow thesmoothingof Cholesky factorsaffect tensors,whereasthesmoothingof

tensorlogarithmscanbeinterpretedasageometricregularizationof tensorswhichgeometricallysmoothes

determinants.

In this article, we have presentedresultsobtainedonly with oneparticularLog-Euclideanmetric, in-

spiredfrom the classicalFrobeniusnorm on matrices.The relevanceof this particularchoicewill be in-

vestigatedin futurework. This is necessary, becauseit hasbeenshown (38) that thechoiceof Euclidean

metricon tensorscansubstantiallyin�uence theregistrationof DT images.This shouldalsobethecasein

theLog-Euclideanframework.

Last but not least, in this work, we have assumedthat diffusion tensorsare positive-de�nite. This

assumptionis consistentwith thechoiceof Brownian motion to modelthemotionof watermolecules.It
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couldbearguedthatour framework doesnot applyto diffusiontensorswhich have beenestimatedwithout

takinginto accountthis constraint,andcanthereforehave non-positive eigenvalues.But thesenon-positive

eigenvaluesare dif�cult to interpretfrom a physicalpoint of view, and are essentiallydue to the noise

corruptingDW-MRIs! The problemlies thereforein the estimationmethodand not in our framework.

Non-positive eigenvaluescanbeavoidedfor exampleby usingasimultaneousestimationandsmoothingof

tensors,whichreliesonspatialcorrelationsbetweentensorsto reducetheamountof noise.In thiswork, we

have usedthemethoddescribedin (33),whichwasinspiredby theapproachdevelopedin (37).

Conclusionsand Perspectives

In thiswork, wehavepresentedaparticularlysimpleandef�cient Riemannianframework for diffusionten-

sorcalculus.Basedon Log-Euclideanmetricson thetensorspace,this framework transformsRiemannian

computationson tensorsinto Euclideancomputationson vectorsin the domainof matrix logarithms. As

a consequence,classicalstatisticaltools andPDEsusually reserved to vectorsaresimply andef�ciently

generalizedto tensorsin theLog-Euclideanframework.

In thisarticle,we only focuson two importanttasks:theinterpolationandtheregularizationof tensors.

But this metricapproachcanbeeffectively usedin all situationswherediffusiontensorsareprocessed.In-

deed,ef�cient Log-Euclideanextrapolationtechniquesarepresentedin (22), aswell astheLog-Euclidean

statisticalframework for tensors.In this framework, for instance,a Gaussiandistribution of randomten-

sorsis given by the exponentialof a classicalGaussianin the vectorspaceof symmetricmatrices. An-

other importanttask is the estimationof tensorsfrom DW-MRIs. Adapting ideasfrom (37) to the Log-

Euclideanframework, we have completeda joint estimationandregularizationof diffusiontensorsdirectly

from the Stejskal-Tannerequations(33). This joint estimationandsmoothingis largely facilitatedby the

Log-Euclideanframework becauseall computationsarecarriedout in avectorspace.

In futurework,wewill studyin furtherdetailtherestorationof noisyDT images.In particular, weplanto

quantifytheimpactof theregularizationon thetrackingof �bers in thewhite matterof thehumannervous

system.We alsointendto usethesenew tools to modelandreconstructbetterthe anatomicalvariability

of the humanbrain with tensorsaswe beganto do in (34). Last but not least,the generalizationof our

approachto moresophisticatedmodelsof diffusionlikegeneralizeddiffusiontensors(39)or Q-balls(40) is

achallengingtaskwe planto investigate.
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