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Abstract

Diffusiontensorimaging (DT-MRI or DTI) is an emeging imaging modality whoseimportancehasbeen
growing considerably However, the processingf this type of data(i.e. symmetricpositive-de nite matri-
ces),called’tensorshere hasproveddif cult in recentyears.UsualEuclidearoperation®n matricessuffer
from mary defectsontensorswhich have led to theuseof mary ad hocmethods Recently af ne-invariant
Riemanniarmetricshave beenproposedas a rigorousand generalframeavork in which thesedefectsare
corrected. Thesemetricshave excellenttheoreticalpropertiesand provide powerful processingools, but
alsoleadin practiceto complex andslow algorithms.To remedythis limitation, anew family of Riemannian
metricscalledLog-Euclideans proposedn this article. They alsohave excellenttheoreticapropertiesand
yield similarresultsin practice but with muchsimplerandfastercomputationsThis new approachs based
onanovel vectorspacestructurefor tensorsin this framevork, Riemanniarcomputationganbe converted
into Euclidearonesoncetensorshave beentransformednto theirmatrixlogarithms.Theoreticahspectare
presentedndthe Euclideanaf ne-invariantandLog-Euclidearframevorks arecomparedxperimentally
The comparisonis carriedout on interpolationand regularizationtaskson syntheticandclinical 3D DTI
data.
Key words: DT-MRI, Riemanniarmetrics,vectorspacejnterpolation regularization.



INTRODUCTION

Diffusiontensorimaging(DT-MRI or DTI or equivalentlyDT imaging)(1) is anemeging imagingmodality
whoseimportancehasbeengrowing considerablyln particular mostattemptgo reconstruchon-irvasively
the connectiity of the brainarebasedon DTI (see(2—7) andreferencesvithin for classical ber tracking
algorithms). Other applicationsof DT-MRI also include the study of diseasesuchas stroke, multiple
sclerosisdyslexia andschizophrenig8).

Thediffusiontensoris a simpleandpowerful modelusedto analyzethe contentof Diffusion-Weighted
images(DW-MRISs). It is basedon the assumptiorthatthe motion of watermoleculescanbewell approx-
imatedby a Brownianmotionin eachvoxel of theimage. This Brownian motionis entirely characterized
by a symmetricandpositive-de nite matrix, calledthe “diffusiontensor'(1). In this article, we restrictthe
term tensor'to meana symmetricandpositive-de nite matrix.

With theincreasinguseof DT-MRI, therehasbeena growing needto generalizdo thetensorcasemary
usualvectorprocessingools. In particular regularizationtechniquesrerequiredto denoise¢hem. Further
more, classicaltaskslik e interpolationalsoneedto be generalizedo resampleDT imagesfor exampleto
work with isotropicvoxels, asrecommendeth (6). It would alsobe very valuableto generalizeto tensors
classicalectorstatisticaltools,in orderto analyzethevariability of tensorsor modelthe noisethatcorrupts
them. Previousattemptdo do soareonly partially satishctory: for example,it wasproposedn (9) to de ne
a Gaussiardistribution on tensorsas a Gaussiardistribution on symmetricmatrices,without taking into
accounthe positive-de nitenessonstraint.This becomegroblematiovith Gaussiansvhosecovarianceis
large: in this case hon-positve eigevaluesdo appeamith asigni cant probability

Many ad hoc approache$iave alreadybeenproposedn the literatureto procesgensors(see(10,11)
andreferencesvithin). Butin orderto fully generalizdo tensorgheusualPDEsor statisticatoolsusedon
scalarsor vectors,oneneedgo de ne a consistenbperationaframenork. The framewvork of Riemannian
metrics(12,13) hasrecentlyemepgedasparticularlyadaptedo thistask(14-17).

The Defectsof Euclidean Calculus

The simplestRiemanniarstructuresarethe Euclideanones.Let S; andS; betwo tensors An exampleof
Euclideanstructureis given by the so-called Frobeniusdistance': dist?(S1;S;) = (Tracd(S1  S»)2)).
This straightforvard metric leadsa priori to simple computations.Unfortunately though Euclideandis-
tancesarewell-adaptedo generalsquarematricesthey areunsatisactoryfor tensorswhich arevery spe-
ci ¢ matrices. Typically, symmetricmatriceswith null or negative eigevaluesappearon clinical dataas
soonaswe performon tensorsEuclideanoperationsvhich are non-cowex. Exampleof suchsituations
arethe estimationof tensordrom diffusion-weightedmages the regularizationof tensorselds, etc. The
noisein the datais at the sourceof this problem. To avoid obtainingnon-positve eigewvalues,which are
dif cult tointerpretphysically it hasbeenproposedo regularizeonly featuesextractedfrom tensorsjike
rst eigervectors(18) or orientations(11). This is only partly satishctory sincesuchapproacheslo not
take into accountall theinformationcarriedby tensors.

After a diffusiontime , we know with a con dence say of 95% that a water moleculeis located
within a region called a con denceregion, which is the multidimensionalequivalent of a con dencein-



tenal. The larger the volume of theseregions, the larger is the dispersionof the randomdisplacemenof

watermolecules.In the caseof Brownian motion, the randomdisplacements Gaussianand con dence
regionsarethereforeellipsoids. The volumesof theseellipsoidsare proportionalto the squareroot of the
determinantof the covariancematrix of the displacementin DT-MRI, this covariancematrix is equalto

thediffusiontensomultipliedby 2 (1). Thevalueof thedeterminanof thediffusiontensoris thereforea
directmeasuref thedispersiorof thelocal diffusion process But the Euclideanaveragingof tensorggen-
erallyleadsto atensorswellingeffect(11,19,20): thedeterminanfandthusthedispersionpf the Euclidean
meanof tensorscanbe largerthanthe determinant®f the original tensors!introducingmoredispersionn

computation@mountgo introducingmorediffusion,whichis physicallyunrealistic.

Riemannian Metrics

To fully circumwentthesedif culties, af ne-invariantRiemanniarmetricshave beenrecentlyproposedor
tensorsby several teams. The applicationof thesemetricsto the averagingof tensorsandthe de nition
of a Riemanniaranisotroy measurevere presenteq15,21). The generalizatiorof principal component
analysis(PCA) to tensorswasgivenin (17). The af ne-invariantstatisticalframevork andits application
to the segmentationof DT-MRI was presentedn (16). PDEswithin the af ne-invariantframework were
studiedin (14) with applicationgo theinterpolation extrapolationandregularizationof tensor elds.

With af ne-invariantmetrics,symmetricmatriceswith negative andnull eigevaluesareat anin nite
distancefrom ary tensorand the swelling effect disappears.Practically this preventsthe appearancef
non-positve eigewvalues,whichis particularlydif cult to avoid in Euclideanalgorithms.But the price paid
for this successs a highcomputationaburden,essentiallydueto thecunatureinducedon thetensorspace.
This substantiatomputationatostcanbe seendirectly from the formula giving the distancebetweertwo
tensorsS; andS; (14):

dist(S1;S;) = log S; %:Sz:Sl 2 : [1]
wherek:k is a Euclideamnormon symmetricmatrices.In generalaf ne-invariantcomputationgnvolve an
intensie useof matrixinversessquareroots,logarithmsandexponentials.

We presentin this article a new Riemannianframenork to fully overcomethesecomputationalimi-
tationswhile preservingexcellenttheoreticalproperties.Moreover, we obtainthis resultwithout ary un-
necessargompleity, sinceall computationsn tensorsareconvertedinto computationsn vectors. This
framework is basedn anew family of metricsnamedLog-Euclideanwhich areparticularlysimpleto use.
They resultin classicaEuclideancomputationsn thedomainof matrix logarithms.In the next sectionwe
presenthetheoryof Log-Euclidearmetrics(moredetailson this theorycanbefoundin aresearcheport,
see(22)). In the Methodssection,we describethe adaptationof classicalprocessingools to the Log-
Euclideanframework for interpolationandregularizationtasks.We alsopresent highly usefultool for the
visualizationof differencebetweertensorsithe absolutevalue of a symmetricmatrix. Then,we shav that
theaf ne-invariantandLog-Euclidearframevorks performbetterthanthe Euclideanonefor theinterpola-
tion andregularizationof our syntheticandclinical 3D DT-MRI data. Af ne-invariantandLog-Euclidean

resultsarevery similar, but computationsresimplerandexperimentallymuchfasterin the Log-Euclidean
thanin theaf ne-invariantframework.



THEORY

Matrix Exponential, Logarithm and Powers

The notionsof matrix logarithmand exponentialare centralin the theoreticalframeavork presentedere.
For ary matrix M , its exponentialis givenby: exp(M ) = &:0 M K=Kl. As in the scalarcase the matrix
logarithmis de ned astheinverseof the exponential.Oneshouldnotethatfor generaimatricesneitherthe
uniguenessortheexistenceof alogarithmis guaranteeor agiveninvertiblematrix (23,24). However, the
importantpoint hereis thatthelogarithmof atensoris well-de ned andis a symmetricmatrix. Corversely
the exponentialof ary symmetricmatrix yieldsatensor This meansthat underthe matrix exponentiation
operationthereis a one-to-oneorrespondendeetweersymmetricmatricesandtensors.

Thisone-to-one&orrespondenceanbeseemuiteintuitively thanksto thesimplespectralecomposition
of thesematrices.Indeedthe matrix logarithmL of atensorS canbe calculatedn threesteps:

1. performa diagonalizatiorof S, which providesa rotationmatrix R anda diagonalmatrix D with the
eigevaluesof S in its diagonal with theequality:S = RT:D:R.

2. transformeachdiagonalelementof D (whichis necessarilyositive, sinceit is aneigewalueof S) into
its naturallogarithmin orderto obtaina nen diagonalmatrix D .

3. recompos@® andR to obtainthelogarithmwith theformulaL = log(S) = RT:D:R.

Corversely the matrix exponentialS is obtainedby replacingthe naturallogarithmwith the scalarexpo-
nential. Onealsogeneralize®f the notionof powers(andin particularsquareroots)to tensorsy replacing
their eigervaluesby the correspondingcalamower (for exampleby their squareroots).

De nition of Log-Euclidean Metrics

Basedonthespeci c propertief thematrix exponentialandlogarithmontensorghatwe presentedbove,
we cannow de ne a novel vectorspacestructureon tensors.This is quite a surprisingresult: in the sense
of this new algebraicstructure tensos canbe alsolooked uponasvectos! As will beshavn in therestof
this article, this novel viewpoint provides a particularly powerful and simple-to-usdramework to process
tensors.

Sincethereis a one-to-onemappingbetweerthe tensorspaceandthe vectorspaceof symmetricma-
trices,onecantransferto tensorghe standardalgebraicoperationgaddition“+ " andscalarmultiplication
“:") with the matrix exponential. This de nes on tensorsa logarithmic multiplication anda logarithmic
scalarmultiplication~, givenby:

8

<51 S, % exp(log(Sy) + log(Sy))

~ 5% exp(: log(s)) = S :

Thelogarithmicmultiplicationis commutativeand coincideswith matrix multiplication wheneer the two
tensorsS; andS,; commutan thematrixsenseWith and~, thetensorspacehasby constructioravector



spacestructue, whichis notthe usualstructuredirectly derived from additionandscalarmultiplicationon
matrices.

Whenoneconsidersonly the multiplication  onthetensorspacepnehasa Lie group structure(13),
i.e. aspacewhichis botha smoothmanifoldanda groupin which multiplicationandinversionaresmooth
mappings This type of mathematicatool is for example particularly usefulin theoreticalphysics(25).
Here,the smoothnessf = comesfrom the factthat both the exponentialandthe logarithmmappingsare
smooth(22). Among Riemanniarmetricsin Lie groups,the mostcorvenientin practiceare bi-invariant
metrics i.e. metricsthatareinvariantby multiplication andinversion. Whenthey exist, thesemetricsare
usedin differential geometryto generalizeto Lie groupsa notion of meanwhich is completelyconsis-
tentwith multiplication andinversion. This approachappliesparticularlywell in the caseof the group of
rotations(26-28). However, suchmetricsdo not always exist, asin the caseof the groupsof Euclidean
motions(29,30) andaf ne transformationslt is remarkableghatbi-invariantmetricsexist in our tensorLie
group. Moreover, they are particularlysimple. Their existencesimply resultsfrom the commutativityof
logarithmicmultiplicationbetweertensors We have namedsuchmetricsLog-Euclidearmetrics,sincethey
correspondo Euclideanmetricsin the domainof logarithms. From a Euclideannorm k:k on symmetric
matricesthey canbewritten:

dist(S1;S,) = klog(S1) log(S)k: [2]

FromEq. [2], it is clearthatLog-EuclidearmetricsarealsoEuclideandistancegor the vectorspacestruc-
turewe de ned earlier We did notde ne themdirectly from the latteralgebraicstructureto emphasizehe
factthatthey arealsoRiemanniarmetrics like af ne-invariantmetrics.

As onecanseetheLog-Euclideardistancas muchsimplerthantheequialentaf ne-invariantdistance
givenby Eq. [1], wherematrix multiplications,squarerootsandinversesare usedbeforetaking the norm
of the logarithm. The greatersimplicity of Log-Euclideanmetricscanalso be seenfrom Log-Euclidean
geodesicén thetensorspaceIn theLog-Euclidearcasetheshortespath |g(t) goingfrom thetensorS;
attime 0 to thetensorS, attime 1 is astraightline in the domainof logarithms.This geodesids givenby:

Le(t) = exp((1  t)log(Ss) + tlog(S2)) :

Its af ne-invariantequivalent as(t) involvesthe useof squarerootsandinversesandtakesthe following
form:

N
N[

aff(t) = Sl%:exp tlog S %:82:81 'S 2

Contraryto the classicalEuclideanframenork on tensors,one canseefrom Eq. [2] that symmetric
matriceswith null or negative eigemvaluesareatanin nite distancefrom ary tensorandthereforewill not
appeaiin practicalcomputationsThe samepropertyholdsfor af ne-invariantmetrics(14).

Invariance Propertiesof Log-Euclidean Metrics

Log-Euclideanmetricssatisfy a numberof invariance properties i.e. areleft unchangedy several op-
erationson tensors.First, distancesare not changedy inversion,sincetaking the inverseof a systemof



matricesonly resultsin themultiplicationby 1 of theirlogarithmswhich doesnotchangahevalueof the
distancegiven by Eq. [2]. Also, Log-Euclideanmetricsare by constructioninvariantwith respecto ary

logarithmicmultiplication,i.e. areinvariantby ary translationin thedomainof logarithms.However, there
is more. Although Log-Euclidearmetricsdo not yield full af ne-invarianceasthe af ne-invariantmetrics
de ned in (14), a numberof themareinvariantby similarity (orthogonakransformatiorandscaling)(22).

This meangthat computationson tensorsusingthesemetricswill be invariantwith respecto a changeof

coordinatesbtainedby a similarity. In this work, we usethe simplestsimilarity-invariant Log-Euclidean
metric,whichis givenby:

dis(S1;S») = Trace flog(S1) 10g(S2)g® ©:

Log-Euclidean Computations on Tensors

Froma practicalpoint of view, onewould like operationsuchasaveraging, Itering, etc. to be assimple
aspossible. In the af ne-invariant case,suchoperationgely on an intensve useof matrix exponentials,
logarithms,inversesand squareroots. In our case,the spaceof tensorswith a Log-Euclideanmetric is
in factisomorphic(the algebraicstructureof vectorspaceis consered) andisometric(distancesare con-
sened)with the correspondindzuclideanspaceof symmetricmatrices.As a consequencéhe Riemannian
framework for statisticsandanalysisis extremelysimpli ed. To illustratethis, let us recall the notion of
Fréchetmean(12,31), whichis the Riemanniarequivalentof the Euclidean(or arithmetic)mean.Givena
Riemanniammetric,theassociated#récheimeanof N tensorsS,,..., Sy with arbitrarypositive weightswy,
..., Wy isde nedasthepointE(Ss;:::; Sy ) minimizing thefollowing metricdispesion

X
E(Sy;:Sn) = agmin - w, dis?(S; S);
i=1
wheredist(:; :) is thedistanceassociatedo the metric. The Log-EuclidearFréchetmeanis adirectgener
alizationof the geometriomeanof positve numbersandis givenexplicitly by:
!

X
ELe(S1;:5Sn) = exp wi log(Si) [3]
i=1
Theclosedform givenby Eq. [3] makesthe computatiorof Log-Euclideamrmeansstraightforvard. Onthe
contrary thereis no closedform for af ne-invariantmeansE as(S1; :::; Sy ) assoonasN > 2 (21). The
af ne-invariantis only implicitly de ned throughthefollowing barycentricequation:

X
wilog Ear(S1;:5SN) F2:SiEar(S1; i Sy) 2 =0 [4]
i=1
In the literature,this equationis solved iteratively, for instanceusinga Gauss-Neton methodasdetailed
in (14,16,17). This optimizationmethodhasthe advantageof having quite a fastcornvergencespeed]ike
all Newton methods.
Contrary to theaf ne-invariant case the processingftensosin theLog-Euclidearframevorkis simply

Euclideanin thelogarithmicdomain Tensorcanbetransformedrst into symmetricmatriceg(i.e. vectors)

5



usingthe matrix logarithm. Then,to simplify even more computationsthesematriceswith 6 degreesof
freedomcanberepresentedly 6D vectorsin thefollowing way:

log(S)' S= log(S)11; l0g(S)22; log(S)s3; IOE:log(S)l;z; IOE:log(S)l;g; 'Oézlog(S)z;3 T;

wherelog(S);; isthecoefcient of log(S) placedn the(i; j ) position.With thisrepresentatiortheclassical
Euclideamormbetweersuch6D vectorsis equalto a Log-Euclidearsimilarity-invariantdistancebetween
thetensorghey representNotethatthis is true only for the particularsimilarity-invariantdistanceusedin
this work. To dealwith another_og-Euclideardistance pneshouldadaptthe 6D vectorrepresentatioto
the metricby changingadequatelyhe relative weightsof the matrix coefcients.

Oncetensorshave beentransformednto symmetricmatricesor 6D vectors classicalvectorprocessing
tools canbe useddirectly on these6D representationgrinally, resultsobtainedon logarithmsare mapped
backto thetensordomainwith the exponential.Hence vectorstatisticaltools or PDEsarereadilygeneral-
izedto tensordn this framework.

Comparison of the Af ne-In variant and Log-Euclidean Frameworks

As will be shavn experimentallyin the Resultssection,Log-Euclideancomputationgprovide resultsvery
similar to their af ne-invariantequialent, presentedn (14). The reasorbehindthis is the following: the
two familiesof metricsprovide two differentgeneralization$o tensorsof the geometricmeanof positive
numbers. By this we meanthat the determinantf both Log-Euclideanand af ne-invariant meansof
tensorsare exactly equalto the scalar geometricmeanof the determinant®f the data(22). This explains
theabsencef swellingeffectin bothcasessincetheinterpolationof tensorsalonggeodesicyieldsin both
caseghesamemonotonicinterpolationof determinants.

Thetwo Riemanniai@meansareevenidenticalin anumberof casesin particularwhenaveragedensors
commutein the senseof matrix multiplication. Yet, the two meansare differentin general,as shavn
theoreticallyin (22) (the traceof the Log-Euclidearmeanis alwayslarger (or equal)thanthe traceof the
af ne-invariantmean)andexperimentallyin the Resultssection.More precisely Log-Euclidearmeansare
generallymoreanisotropidhantheiraf ne-invariantequivalent. We obseredthatthisresemblancbetween
thetwo meansextendsto generakomputationsvhich involve averaging suchasregularizationprocedures,
asis shavn in the Resultssection.

METHODS

Inter polation

Voxelsin clinical DT imagesareoftenquite anisotropic. Algorithmstrackingwhite mattertractscanbe bi-
asedvy thisanisotrop, andit is thereforeecommendece.g.see(6)) to useisotropicvoxels. A preliminary
resamplingstepwith anadequaténterpolationmethodis thereforamportantfor suchalgorithms.Adequate
interpolationmethodsarealsorequiredto generalizéo thetensorcaseusualregistrationtechniquesisedon
scalaror vectorimages. The framevork of Riemanniarmetricsallows a direct generalizatiorof classical



resamplingmethodspy re-interpretinghemascomputingweightedmeansof the original data. Thenthe
ideais to replacethe Euclideanmeanby its Riemanniarcounterpartj.e. the Fréchetmean.See(14) for a
moredetaileddiscussiorof thistopic. Thisway onecangeneralizeéhe classicalinear, bilinearandtrilinear
interpolationgo tensorswith a Riemanniarmetric. For bothmetricsmentionedn this work, this entailsin
onecaseusingdirectly Eq. [3] andin the othercaseiteratively solvingEq. [4].

Regularization

DT imagesarecorruptedby noise,andregularizingthemcanbe a crucial preliminary stepfor DTI-based
algorithmsthatreconstructhe white matterconnectiity. As showvn in (14), Riemanniarmetricsprovide a
generalframevork to regularizeto tensorausualvectorregularizationtools.

Practically an anisotropicregularizationis very valuable,sinceit allows a substantiateductionof the
noiselevel while sharpcontoursandstructuresaremostly presered. We focushereon a simpleandtypical
Riemanniarcriterionfor the anisotropicregularizationof tensor elds, whichis basedon -functions(11,
32). In this contet, theregularizationis obtainedby theminimizationof a -functionalReq(S) givenby:

z
Req(S) = kr Skgx)(x) dx;

where is the spatialdomainof theimageand ( s) a function penalizinglarge valuesof the norm of the
spatialgradientr S of thetensoreld S(x). Thespatialgradientis de ned hereasr S = (%; %; %),
wherexi, X2 andxs arethethreespatialcoordinatesandwhere% is the matrix describinghowv S(x)
linearly variesnearx in the i spatialdirection. Note that % is only symmetricand not necessarily
positive de nite becauseét is given by an in nitesimal differencebetweentwo tensors,which is a non-
cornvex operation.For moredetailson how spatialgradientscanbe practicallycomputed see(14) Section
5.

Here,we usethe classicalfunction ( s) = 2p 1+ s2= 2 2(11). We would like to emphasizehat
contraryto the Euclideancase the normof r S dependsxplicitly on the current point S(x) (see(14,22)
for moredetails)andis givenby:

@& 2

(x) 1

kr SKZ, . = -
S(x) @ S00

i=1
In general this dependencen the currentpoint leadsto complex resolutionmethods.Thus,in the af ne-
invariant case,thesemethodsrely on anintensve useof matrix inverses,squareroots, exponentialsand
logarithms(14). However, in the Log-Euclideanframewvork the generalRiemannianformulationis ex-
tremelysimpli ed. Thereasoris thatthe dependencen the currenttensordisappearsn thelogarithmsof
tensorg22), sothatthe normof the gradientis givenby:

kr Skgixy = (< r S;r S>S(X))% = kr log(S)kyq ;

whereld is theidentity matrix. This meansthat only the scalarproductat the identity needsto be used.



Thetransformatiorof tensorsnto theirmatrixlogarithmsransformsRiemanniarcomputationst S(x) into
Euclideancomputationsat Id . As a consequencedhe enegy functionalcan be minimizeddirectly on the
vector eld of logarithms Theregularizedtensor eld is givenin a nal stepby the matrix exponentialof
regularizedlogarithms.

In the regularizationexperimentsof this article, the minimizationmethodusedis a rst-order gradient
descenwith a x edtime stepdt. We usean explicit nite differenceschemeon logarithmsin the Log-
Euclideancase(see(33) for detailsaboutnumericalschemesndothersaspect®f theimplementationjand
the geodesianarchingschemedescribedn (14) in the af ne-invariantcase.In the Euclideanframework,
we alsouseaf ne-invariantgeodesianarchingratherthana classicakxplicit schemeo limit theappearance
of non-positve eigevalues,proceedingsimilarly asin (11). Homogeneousleumanrboundaryconditions
areused parametersvereempiricallychosertobe = 0:05, dt = 0:1, and100iterationsareperformedn
theresultsshavn in Fig. 5 and50iterationsfor thoseshavn in Fig. 6.

Absolute Value of a Symmetric Matrix

When several variantsof an algorithm are usedto processtensorsimages,visualizationtools are quite
valuableto inspectthe results. A simple solutionis to visualizeanimageof the norm of the (Euclidean)
differencebetweertensorsRegrettably all informationaboutorientationis lostin this case.

To visualizesimultaneouslythe magnitudeand the orientationof differencespnecanusethe absolute
value of a symmetricmatrix. Similarly to the exponentialor squareroot, it is de ned asthe symmetric
positive semi-de nite matrix obtainedby replacingthe eigervaluesof the original matrix by their absolute
values. Thus, this absolutevalue retainsall the information aboutthe magnitudeand the orientationof
ary symmetricmatrix, and canstill be visualizeddirectly with the usualellipsoid representation.As a
consequencehis mathematicatool is very usefulto visualizethe differencebetweentwo tensorsascan
beseenn theResultssection.We rst introducedhistool in (34).

Materials

Theexperimentdn this studyarecarriedout partly on synthetictensorimages andpartly onaclinical DTI
volume. The clinical scanof the brain wasacquiredwith a 1.5-T MR imaging system(SiemensSonata)
with actively shieldedmagnetic eld gradients(G maximum,40 mT/m). A sagittalspin-echosingle shot
echo-planaparallelGrappadiffusion-weightedmagingsequencavith acceleratioriactortwo andsix non
collineargradientdirectionswasappliedwith two b values(b=0 and100G:mm 2. Field of view: 24:0
24:0 cm;imagematrix: 128 128voxels;30sectionswith athicknesof 4mm; nominalvoxel size:1:875
1:875p 4mm3F’). TR/TE:p4600/F7)3ms. Thep gradiengdirectiogsusegwereasfoII%ws: [g:p 2:0; 1:p 2);
( 1= 20;1= 2);(0;1= 2;1= 2);(0;1= 2; 1= 2);(1= 2;1= 2,0);( 1= 2;1= 2;0)] providing
thebestaccurag in tensorcomponentsvhensix directionsareused(35). Theacquisitiontime of diffusion-
weightedimagingwas5 minutesand 35 secondslmageanalysiswasperformedon a voxel-by-voxel basis
by using dedicatedsoftware (DPTools, http://fmritools .h d. fr ee.fr ). Beforeperformingthe
tensorestimation,an unwarpingalgorithmwasappliedto the DTI datasetto reducedistortionsrelatedto



eddycurrentdinducedby thelargediffusion-sensitizig gradients Thisalgorithmreliesonathree-parameter
distortionmodelincluding scale,shear and linear translationin the phase-encodingdirection (36). The
optimalparametersvereassesseimdependentlyor eachsectionrelative to the T2-weightedcorresponding
imageby themaximizationof themutualinformation. However, dueto thelow signal-to-noiseatioin these
images,part of the distortionsremained.The tensorswere estimatedusingthe methoddescribedn (33),
with a small regularization. The parameter®f this estimationweresetto = 0:25and = 0:1. 50
iterationswereused.
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Figure 1. Geodesicinterpolation of two tensors Left: interpolatedtensors. Right: graphsof the de-
terminantsof the interpolatedtensors.Top: linearinterpolationon coefcients. Middle: af ne-invariant
interpolation.Bottom: Log-Euclidearinterpolation.The coloring of ellipsoidsis basedon the directionof
dominanteigewectors,andwasonly addedo enhancehecontrasof tensorimages.Notethecharacteristic
swelling effect obseredin the Euclideancasedueto a parabolicinterpolationof determinantsThis effect
is not presentn bothRiemanniarframenvorkssincedeterminantsremonotonicallyinterpolated Note also
thatLog-Euclidearmeansaremoreanisotropicheir af ne-invariantcounterparts.

RESULTS

Inter polation

Resultof the(geodesic)inearinterpolationof two synthetidensorsarepresentedh Fig. 1. Onecanclearly
seethe swelling effect characteristiof the Euclideaninterpolation,which hasno physicalinterpretation.
Onthe contrary a monotonic(andidentical)interpolationof determinantss obtainedin both Riemannian
frameworks. Thelargeranisotrop in Log-Euclideammeands alsoclearlyvisiblein this gure.

Fig. 2 shaws the resultsobtainedfor the bilinear interpolationof four synthetictensorswith three
methods:Euclidean(linearinterpolationof coefcients), af ne-invariantandLog-Euclidean.Again, there
is a pronouncedswelling effect in the Euclideancase,which doesnot appearin both Riemanniarcases.
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Figure 2: Bilinear interpolation of 4 tensors at the corners of a grid. Left: Euclideanreconstruc-
tion. Middle: af ne-invariantreconstructionRight: Log-Euclideaninterpolation.Note the characteristic
swelling effect obseredin the Euclideancase whichis not presenin both Riemanniarframevorks. Note
alsothatLog-Euclidearmeansareslightly moreanisotropichantheir af ne-invariantcounterparts.

Also, thereis a slightly larger anisotroy in Log-Euclidearmeans.Oneshouldnotethatthe computation
of the af ne-invariantmeanhereis iterative, sincethe numberof averagedensoris greaterthan?2 (we use
the Gauss-Ne&ton methoddescribedn (14)), whereaghe closedform givenby Eq. [3] is useddirectly in
the Log-Euclidearncase. This hasa large impacton computatiortimes: 0:003 (Euclidean),0:00% (Log-
Euclideanlandls (af ne-invariant)for a5 5 grid onaPentiumM 2 GHz. Computationsverecarriedout
in the Matlab™framavork, which explainsthe poor computationaperformance.A C++ implementation
would yield muchlower computatiortimes, but the ratio would be comparable.This clearly demonstrate
that Log-Euclideanmetrics combinegreatersimplicity and performanceas comparedo af ne-invariant
metrics,atleastin termsof interpolationtasks.

BU@IIROPUT T T VT T T T i@ 0RRR Y Y T T T T 0B evRY YT Y v - =
HillNescccooe 00O @ O @

Figure 3. Bilinear interpolation in a real DTI slice Left: Original DTI slice, beforedown-sampling.
Middle: Euclideaninterpolation. Right: Log-Euclideaninterpolation. Half the columnsandlines of the

original DTI slicewereremovedbeforereconstructionwith abilinearinterpolation.Thesliceis takenin the

mid-sagittalplaneanddisplayedn perspectie. Again,thecoloringof ellipsoidsis basednthedirectionof

dominanteigevectors,andwasonly addedto enhanceahe contrasiof tensorimages.Note how thetensors
correspondingo the CorpusCallosum(in red,abore thelarge androundtensorscorrespondingo a partof

theventricles)arebetterreconstructedmoreanisotropic)n the Log-Euclidearcase.
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Froma numericalpoint of view, oneshouldnotethatthe computatiorof Log-Euclidearmeanss more
stablethanin theaf ne-invariantcase On syntheticexampleswe noticedthatfor large anisotropiegfor in-
stancewith thedominanteigervaluelargerthan500timesthesmallest)Jarge numericalinstabilitiesappear
essentiallydueto limited numericalaccurayg of the logarithmcomputationgeven with doubleprecision).
This cancomplicategreatlythe computatiorof af ne-invariantmeansin the caseof ourclinical DTI data,
this type of phenomenomlsooccurs althoughto a lesserdegree. We obsered thatthe computatiorof the
af ne-invariantmeancanin this casebe 5 to 10 timeslongerthanusualat times,whenthe averageddata
presentsa substantialnhomogeneity On the contrary the computationof Log-Euclidearmeansis much
morestablesincethe logarithmandexponentialaretaken only onceandthusevenvery large anisotropies
canbedealtwith. Of course,on clinical DT imagesanisotropiesarenot so pronouncedanddrasticinsta-
bilities will notappearBut for the processingf othertypesof tensorsvith muchhigheranisotropiesthis
couldbecrucial.

Similarity Measure Euclideaninterpol. Af ne-invariantinterpol. Log-Euclidearinterpol.
MeanEuclidearError 0.2659 0.2614 0.2611
MeanAf ne-invariantError 0.2703 0.2586 0.2584
Log-EuclidearError 0.2694 0.2577 0.2575

Tablel: Mean reconstructionerrors for the clinical slicereconstruction experiment. The threeinter
polationresultsare quite close. However, both Riemannianframevorks performslightly betterthanthe
Euclideanone, independentlyof the similarity measureconsidered. This is essentiallydue to the better
Riemanniameconstructiorof the CorpusCallosum.

To compargheEuclidearandRiemanniarbilinearinterpolationnclinical data,we have reconstructed
by bilinearinterpolationa dovn-sampledTI slice. Onecolumnout of two andoneline out of two were
removed. Theslicewaschoserin themid-sagittaplanewherestrongvariationsarepresenin theDT image.
Theresultsin Fig. 3 shav thatthetensorscorrespondingo the corpuscallosumarebetterreconstructeéh
theLog-Euclidearcase Af ne-invariantresultsarevery similarto Log-Euclidearonesandnotshavn here.
In other regions, the differencesbetweenthe interpolationsare much smaller The meanreconstruction
errorsfor all threeframeavorks are shavn in Tah 1. We assessethe reconstructiorerrorswith three
similarity measureswith our Euclideanlog-Euclidearandaf ne-invariantmetrics we computedhemean
distancebetweeroriginal andreconstructetensors As canbe seenin thistable,Log-Euclidearandaf ne-
invariant resultsare quantitatvely slightly betterthan Euclideanresults,independentlyof the similarity
measureconsidered.This is essentiallydue to the betterreconstructiorof the CorpusCallosumin both
Riemanniarcases.

Regularization

To comparethe Euclidean af ne-invariantand Log-Euclidearframenorks, let us begin with a simple ex-
amplewherewe restoreda noisy syntheticimageof tensors.The eigetvaluesof the original tensorswere
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Figure 4. Regularization of a synthetic DTI slice. Left: original syntheticdata. Middle Left: noisy
data. Middle Right: Euclideanregularization. Right: Log-Euclideanregularization. The original data
is correctlyreconstructedh the Log-Euclideancase,asopposedo the Euclideancasewherethe resultis
marredby the swellingeffect.

setto (2;1;1). We addedsomeisotropic Gaussianwhite noiseof variance0:5 on the by imageandeach
of the 6 syntheticdiffusion-weightedmages andtensorsvereestimatedvith the methodpresentedhn (33)

with parameters = 0:25and = 0:1 (theregularizationwassmall). Resultsareshavn in Fig. 4: surpris-
ingly, althoughno anisotropic Itering otherthanthe onedescribedn the MethodsSectionwasused,the
boundariedbetweenthe two regionsare kept perfectlydistinct, thanksto the stronggradientsin this area.
Furthermoretheimpactof the Euclideanswelling effect is clearly visible. Onthe contrary both Rieman-
nian frameawvorks yield very goodresults,the only extremely small differencebeing as predictedslightly

more anisotroy for Log-Euclideanresults. Af ne-invariant resultsare not shavn herebecausehey are
very closeto the Log-Euclidearones.Like in theinterpolationreconstructiorexperiment,we assessethe
reconstructiorerrorswith the Euclidean,Log-Euclidearandaf ne-invariantmetrics. For eachmetric, we

computedhe meandistancebetweeroriginalandreconstructetensors.The quantitatve resultsareshavn

in Tah 2: asexpectedaf ne-invariantandLog-Euclidearresultsarecloseandyield muchbetterresultsthan
in the Euclideancaseyegardlesof the similarity measuraised.

Similarity Measure Euclidearregul. Af ne-invariantregul. Log-Euclidearregul.
MeanEuclidearError 0.228 0.080 0.051
MeanAf ne-invariantError 0.533 0.142 0.119
Log-Euclidear&rror 0.532 0.135 0.111

Table 2: Mean reconstruction errors for the synthetic regularization experiment. Both Riemannian
resultsaremuchbetterthanthe Euclideanone,independentlypf the similarity measureonsideredThisis
dueto theabsencef swellingeffectin bothRiemanniarcases.

Let us now turn to a clinical DTI volume, which presentsa substantialevel of noise. A quantita-
tive evaluationor validation of the restorationresultspresentedhereremainsto be done,andthis general
problemwill be the subjectof future work. However, asshawvn in Fig. 5, both Riemanniarresultsare
gualitatively satishctory: the smoothings donewithout blurring the edgesn both Riemanniarcasescon-
trary to the Euclideanresultswhich aremarredby a pronouncedwelling effect, especiallyin the regions
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of high anisotrop. Also notethatto alesserdegree,this swelling effect is presentin regionswith much
lessanisotrop, in factalmosteverywhereexceptin theventricles.The af ne-invariantandLog-Euclidean
resultsarevery similarto eachother with only slightly moreanisotroy in the Log-Euclidearcase.

To highlight this similarity, we displayin Fig. 5 the absolutevaluesof the (Euclidean)differences
betweenaf ne-invariantand Log-Euclideanresults. The de nition of the absolutevalue of a symmetric
matrixis givenin the Methodssection,andthis mathematicalool is muchusefulto visualizethe difference
betweertwo tensorsWe canseein Fig. 5 thatthe differencesaremainly concentrate@longthe dominant
directionsof diffusion,whichis explainedby the larger anisotrop in Log-Euclidearmeans However, this
relative differences very small,of the orderof lessthan1%.

A regularizationof DT imagesshouldnot only correctly regularize the determinantof tensors,but
also adequatelyregularize other scalarmeasuresssociatedo tensors. In Fig. 6, the effect of the Log-
Euclideanregularizationon the fractionalanisotroy (FA) andon the norm of the gradientare shawvn. In
this experimentonly half of theregularizationusedto obtaintheresultsof Fig. 5is kept. As onecansee the
regularization,which is performeddirectly on the tensorsjnducesa regularizationof the FA andgradient
norm. Qualitatively, major anisotropicstructureshave beenpresered, including for examplethe internal
capsulewhile the noisehasbeensubstantiallyeduced.

Asin thecaseof interpolationthesimplerLog-Euclidearcomputationsrealsosigni cantly faster:our
currentimplementatiorin C++ requiresfor 100 iterations30 minutesin the Log-Euclidearcaseinsteadof
122minutesfor af ne-invariantresultsonaPentiumXeon2.8 GHz with 1 Go of RAM. Ourimplementation
hasnot beenoptimizedyetandwill beimprovedin thenearfuture. Consequent|ythe valuesgivenhereare
only upperboundsof what canbe achieved. However, the differencein computationtimesis typical and
Log-Euclidearcomputationganevenbe 6 or 7 timesfasterthantheir af ne-invariantequivalent(22).
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Figure5: Regularization of a clinical DTI volume (3D). Top Left: close-upon a slice containingpart
of theleft ventricleandnearby Top Right: Euclideanregularization.Bottom Left: Log-Euclidearregu-
larization. Bottom Right: highly magni ed view (100 of the absolutevalue of the differencebetween
Log-Euclidearandaf ne-invariantresults.The absolutevalueof tensords takento allow the simultaneous
visualizationof theamplitudeand orientationof the differences Seethe Methodssectionfor ade nition of
the absolutevalue. Note thatthereis no tensorswellingin the Riemanniarcases.On the contrary in the
Euclideancase,a swelling effect occursalmosteverywhere(exceptmaybein the ventricles),in particular
in regionsof high anisotroy. Lastbut notleast,the differencebetween_og-Euclidearandaf ne-invariant
resultsis very small. Log-Euclideanresultsare only slightly more anisotropicthantheir af ne-invariant
counterparts.
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Figure6: Log-Euclidean regularization of a clinical DTI volume (3D): typical effecton FA and gra-
dient. Top left: FA beforelLog-Euclideanregularization. Top right: FA after regularization. Bottom
left: Log-Euclideamorm of the gradientbeforeregularization.Bottom right: Log-Euclideamormof the
gradientafterregularization.The effect of the Log-Euclidearregularizationon scalammeasure$ike FA and
the norm of the gradientis qualitatively satishctory: the noisehasbeenreducedwhile moststructuresare
presered.
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DISCUSSION AND CONCLUSIONS

The Defectsof Euclidean Calculus

As shavn in theResultssection Log-Euclideammetricscorrectthedefectsof the classicaEuclidearframe-
work (20): thepositve-de nitenesss preseredanddeterminantsremonotonically(geometricallyin fact)
interpolatedalonggeodesicsl.og-Euclidearresultsarevery similarto thoseobtainedn theaf ne-invariant
frameawork, only recentlyintroducedfor diffusiontensorcalculus(14-17). Thisis not surprising:we have
shavn thatthe two familiesof metricsarevery close,sincetheir respeciie Fréchetmeansareboth gener
alizationsto tensorsof the geometricmeanof positive numbers.Yet, thesetwo metricsaredifferent,and
it is striking thatthis similarity in resultsis obtainedwith muchsimplerand fasteralgorithmsin the Log-
Euclideancase.This comesfrom thefactthatall Log-Euclidearcomputation®n tensorsareequivalentto
Euclideancomputation®n thelogarithmsof tensorswhich aresimplevectors.

Of course,this large simpli cation is obtainedat the costof af ne-invariance,which is replacedby
similarity-invariancefor anumberof Log-Euclidearmetrics like theoneusedin this study Thismeanghat
af ne-invariantresultscannotbe biasedby the coordinatesystemchosenwheread_og-Euclidearresults
potentially can. However, invarianceby similarity is alreadya strongproperty sinceit guaranteeshat
computationsrenot biasedneitherby the spatialorientationnor by the spatialscalechosenMoreover, the
very large similarity betweernthe Log-Euclideanand af ne-invariantresultson typical clinical DT images
shaw thatthis lossof invariancedoesnotresultin ary signi cant lossof quality Onewould have to change
the systemof coordinatesrery anisotropicallyfor instancerescalingone coordinateby a factorof 20 and
leaving the othertwo unchangedto substantiallybias Log-Euclideanresults. But suchsituationsdo not
occurin medicalimaging, wherethe usualchangef coordinateqe.g. changingcurrentcoordinatedo
Talairachcoordinatesarenot anisotropicenoughto inducesucha bias.

In termsof regularization the Log-Euclideanframevork alsohasthe adwantageof takinginto account
simultaneoushall the information carriedby tensorsjike the af ne-invariantone. This is not the case
in methodsbasedon the regularizationof featues extractedfrom tensors,like their dominantdirection
of diffusion (18) or their orientation(11). An alternatve representatiomf tensorsare Cholesl factors,
which are usedin (37). However, with this representationtensorscan leave the setof positve de nite
matricesduringiteratedcomputationsandthe positive-de nitenesss not easilymaintainedasmentioned
in (37). Also, it is unclearhow the smoothingof Cholesly factorsaffecttensorswhereaghe smoothingof
tensorogarithmscanbeinterpretedasa geometricregularizationof tensorswvhich geometricallysmoothes
determinants.

In this article, we have presentedesultsobtainedonly with one particularLog-Euclideanmetric, in-
spiredfrom the classicalFrobeniusnorm on matrices. The relevanceof this particularchoicewill bein-
vestigatedn future work. This is necessarybecausét hasbeenshavn (38) thatthe choiceof Euclidean
metricon tensorscansubstantiallyin uence theregistrationof DT images.This shouldalsobethe casein
the Log-Euclidearframeavork.

Last but not least,in this work, we have assumedhat diffusion tensorsare positive-de nite. This
assumptioris consistenwith the choiceof Brownian motionto modelthe motion of watermolecules.|t
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couldbe amguedthatour framenvork doesnot applyto diffusiontensorswvhich have beenestimatedwvithout
takinginto accounthis constraintandcanthereforehave non-positve eigewvalues.But thesenon-positie
eigewvaluesare dif cult to interpretfrom a physical point of view, and are essentiallydue to the noise
corruptingDW-MRIs! The problemlies thereforein the estimationmethodand not in our framework.
Non-positie eigevaluescanbe avoidedfor exampleby usinga simultaneougstimationrandsmoothingof
tensorswhichrelieson spatialcorrelationsdetweertensorgo reducetheamountof noise.In thiswork, we
have usedthe methoddescribedn (33), whichwasinspiredby theapproachdevelopedin (37).

Conclusionsand Perspectives

In thiswork, we have presented particularlysimpleandef cient Riemanniarframeawvork for diffusionten-
sor calculus.Basedon Log-Euclideammetricson the tensorspacethis framewvork transformsRiemannian
computationon tensorsinto Euclideancomputationson vectorsin the domainof matrix logarithms. As
a consequence;lassicalstatisticaltools and PDEsusually resered to vectorsare simply and ef ciently
generalizedo tensordn the Log-Euclidearframevork.

In this article,we only focuson two importanttasks:theinterpolationandthe regularizationof tensors.
But this metricapproacttanbe effectively usedin all situationswherediffusiontensorsareprocessedin-
deed,efcient Log-Euclidearextrapolationtechniquesare presentedn (22), aswell asthe Log-Euclidean
statisticalframawork for tensors.In this framework, for instancea Gaussiardistribution of randomten-
sorsis given by the exponentialof a classicalGaussiarin the vector spaceof symmetricmatrices. An-
otherimportanttaskis the estimationof tensorsfrom DW-MRIs. Adaptingideasfrom (37) to the Log-
Euclideanframeavork, we have completeda joint estimationandregularizationof diffusiontensordirectly
from the Stejskal-Bnnerequationg33). This joint estimationand smoothingis largely facilitatedby the
Log-Euclidearframenork becausall computationg@recarriedoutin avectorspace.

In futurework, wewill studyin furtherdetailtherestoratiorof noisyDT images.In particular we planto
guantifytheimpactof theregularizationon thetrackingof bers in thewhite matterof the humannenous
system. We alsointendto usethesenew toolsto modeland reconstructbetterthe anatomicalvariability
of the humanbrain with tensorsaswe beganto do in (34). Lastbut not least,the generalizatiorof our
approacho moresophisticateanodelsof diffusionlike generalizedliffusiontensorq39) or Q-balls(40)is
achallengingaskwe planto investigate.
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