BELLMAN FUNCTION TECHNIQUE IN HARMONIC ANALYSIS

ALEXANDER VOLBERG

ABSTRACT. It is strange but fruitful to think about the functions as random pro-
cesses. Any function can be viewed as a martingale (in many different ways)
with discrete time. But it can be useful to have continuous time too. Processes
can emulate functions, expectation of profit functional on the solution of stochas-
tic differential equation can emulate the functional on usual familiar functions.
The advantage is that now we have “all” admissible functions “enumerated” as
solutions of one stochastic differential equation, and choosing the best function
optimizing a given functional becomes a problem of choosing the right control
process. But such problem has been long since solved in the part of mathematics
called Stochastic Optimal Control. So-called Bellman equation reduces an infi-
nite dimensional problem of choosing the best control to a finite dimensional (but
non-linear as a rule) PDE called Bellman equation. Its solution, called Bellman
function of a given optimization problem, gives us a lot of information about op-
timum and optimizers. This method gave some interesting results in the classical
Harmonic Analysis, having on the surface nothing to do with probability. Some-
times the results obtained by this method did not find “classical” proofs so far. It
is especially well-suited to estimates of singular integrals, probably because of the
underlying probabilistic structure of classical singular integrals.

1. QUASICONFORMAL MAPS: SHARP DISTORTION ESTIMATES AND SHARP
REGULARITY

We deal first with Beltrami equation
(1) ff - :ufZ = 07

with bounded function p called Beltrami coefficient, for simplicity p is compactly
supported on C, f being analytic near oo (see (|1))) supposed to have the following
Laurent decomposition at infinity

(2) f(z):z+co+cz;1+....

If 1 is smooth it is not difficult to see that the solution is smooth on the whole
C. But we are interested in just measurable bounded u:

(3) litll ooy = B < 1.

Several natural questions appear:

1. What is the smoothness of f depending on u, k?

2. What are distortion properties of f? How it distorts the area and other
measures?

3. In what classes (Sobolev say) we can solve ([I)) in such a way that it will be
continuous C — C, where C = C U c0? As at infinity it is a perfect holomorphic

map, this question concerns only finite part of C, so it is local.
1
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Denote g := f;. It is a function with compact support. We can restore f:
1 1
0 1) = [ o) dmalc) + o+ 2.
™ Jc C —Z

We used and we naturally assume integrability of g.
Then obviously

1 1
ﬁz—éa——w@mm@+L

T —2)
where the integral is singular and should be understood , e.g. in the sense of principal
values. This is an important operator called the Ahlfors—Beurling transform (AB
transform):
Tg = [ o pal€) dmalc)
=— | —— m :
9T (e 2)29 ’

Then automatically becomes

(5) g—pTg=U—-pT)g=h,

where h = p is bounded with compact support. So in particular A € N>, LP(C).

It is easy to make Fourier analysis of convolution kernel % of AB operator, and to
see that it is the Fourier multiplier with symbol /(. Therefore, ||T'||z2(c) = 1 and
having then || T'||2(c) < k < 1, we can conclude that has a solution in L?(C)
given by the usual Neumann series:

(6) g=h+pulTh+plTpTh+...,.

Notice that g is compactly supported (as p is). Restore f by . The boundedness
of T in L? implies now that

(7) f € Wiiee(C).

Let us see now that g given in @ is actually better than in L2. Operator T has
norm 1 in L? and it has norm close to 1in L?, p > 2,p ~ 2. In fact, it is an operator
with Calderéon-Zygmund kernel, and as such it is bounded in all L?. Interpolating
between, say L? and L*, we get

(8) |T||ze(cy =: n(p) = 1, p — 2.

So we can find such a p = p(k) = 2+¢(k),e(k) > 0, that the series in () converges
in this L?**®). So g € L?***) Again restore f by formula (4] (it is the same f of
course), again use that f, = Tf: +1 = Tg + 1, and that T is bounded in all L?
being a Calderén-Zygmund operator. We got that f self-improves from to

9) few! . (C), p=2+¢(k),e(k)>0.

Jloc

We formulate this small fact as a fundamental Ahlfors—Bers—Bojarski’s theorem:

Theorem 1.1. Any solution of in Wty self-improves to being in Wi;fc(k),
e(k) > 0. In particular, any such solution is continuous on C and even Hélder

continuous. There exists a solution, which is a homeomorphism of@ into itself.
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New questions appear:

4. What is the largest 2 + (k)7

5. What is n(p) in (§)?

To this we want to add some more questions. Introduce a constant

1+E K—-1
K = - € [1,00); k_K+1'

It has a geometric meaning: it gives the maximal ratio of the axis of infinitesimal
ellipses obtained as the images of infinitesimal circles by all possible solutions of .
Definition. Any solution of from Theorem is called K-quasiregular map.
Any homeomorphic solution is called K-quasiconformal map or K-quasiconformal
homeomorphism. It is basically unique because by normalization at infinity it can
be only shifted.

Again questions:

6. What is the sharp distortion of K-quasiconformal maps? Namely, if f(D) = D,
where I denotes the unit disc and f(0) = 0, then what is the sharp (largest)
exponent in

(10) VE CD, |f(E)| < Ck|BE|"07

Without normalizations, allowing f to be any K-quasiconformal map this becomes
the question what is the best (largest) exponent in

f(E)| |E[\
(1) wen. gso(m)

Function )
fo(z) = z|z|x 71 |2] <1, and = z,for |z > 1
shows that e(K) < .

Gehring’s problem: e¢(K) = +. It is equivalent to saying (we will se that) in

Question 4 the sharp exponent of Sobolev integrability is 2 + (k) = 1 + %—. This
is very tough, but it was done by Astala [I].

Glance now at @: it gives that if we want to show that the exponent p of Sobolev
integrability goes up to 1 + %—, it is enough to prove that

1T\ prsrrn = 1/k,
in other words that
(12) T =p—1,p>2.

This is very open, we will show how Bellman function gives partial results.

Big Iwaniec’s problem or p — l-problem: n(p) = max(p — 1, 1% —1).

Yet another question naturally arises: in Theorem [I.1)we started with a priori solu-
tion in le 1o How much below this we can start to have the same self-improvement?
7. Let f € Wﬁloc solves (1), and ¢ € (1,2). What is the smallest ¢ = ¢(k) such that

we still have for each such f self-improvement to W¢,,.? (And then automatically
to W12+6(k) by Theorem , and then up to W11+1/k_ by Astala’s [1]7?)

Joc Jloc

Iwaniec’s problem: ¢(K) =1+ k.
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We will prove it here using Bellman function technique and Astala’s sharp distor-
tion result [1]. We follow the exposition of [2].

1.1. Invertibility of Beltrami operator. If Big Iwaniec’s problem were solved
than we would immediately get

C(k
(13) I£p e [2,1+1/k), then [[(I — pT) 1 < —C )
1+ P
(Actually even with C(k) = 1/k, but this we do not care about as k is fixed and we
vary p.)

By duality and small talk one would get

. C(k)
= - 1 p<—.
(1) Wpe b= (14 b1+ 1K), then (1= 1) Mo < g s

Big Iwaniec’s conjecture is still a conjecture, but this is a Theorem of Petermichl—

Volberg [58], which we start to prove now. It will use Bellman function technique.
Notice that now there exists an even more precise version of this result, namely, see

3.

Theorem 1.2. Ifp € I := (14 k, 1+ 1/k), then (I = nT) " |1» < gmothrs -

Let f be a K-quasiconformal homeomorphism, let p € [2,1+1/k), where k = %

]
Denote J; = |f,]* — | fz|*, the Jacobian of f. We need lemma:

Lemma 1.3. Let f, p be as above, denote w := J}fp/? Then w € Ay with
2
P C(K)
[wla, < T

+5—D
Remark. We will give the proof following [2]. There is another very interesting
proof in [3].
Proof. Notice first that
(15) L=k < Tp =1L = 1P S ULP < L+ 1P
That is all this quantities are comparable with C' = C(K). The next step is to

show that there is C'(K) such that if B C C is a disc and if f is a K-quasiconformal
homeomorphism of C, then

1 o PCE) (IFBE
(16 g7 L0+ < R (L

Using linear maps to pre-compose and to post-compose with f we reduce it to
normalized case |f(B)| = |B| = 1. Apply proved by Astala in [1] to the set

E={zeB:|fP+|f>t},t>0
we get

B0 < 7 [ ORR+1Pme < 1 [ (2 15, =

Ey

1 1 1
K| f(B) < CLK) B
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Therefore,

|E,| < min(1, Co(K)—)

tE-1

This is the same as

{2 € B L]+ 12 > £} < min(L, C3(K) —e)

tE-1

Distribution function calculation now shows

(17)

/ (f. 1+l < C'+C"p / Tr ey / Tl gp<coyon—
B o | R e l+1—p’

as 28 =1+ % This proves ([16]).

K-1

Now we are ready to prove Lemma . Notice that w = J}_p/Q = (Jp10 fp/2—1,
Then

wdm 10 p/21 m p/2 (O
|B|/ iy = |B\/Jf PP ) dmafz rB|/ <<>d2(0’

where we made the change of variable z = f71(¢). We continue

o2 ¢ pC(K) ( |B] \"?|f(B)]
|Br/ - rB\ (B \/ T (Qdma(Q) < 77 (!f(B)!) Bl

18) 157 v < 1p+CE & (|f|59|>|)p/2_1'

We used here with K-quasidisc f(B) instead of a disc B. But this does not
matter as any K — quasidisc (:= the image of a disc by K-quasiconformal map) is
an almost disc with constants depending only on K.

Now notice that we assumed p > 2, so if p, := p — 2 we can write

‘%/Bw_l dmgy = % /B(Jf)p/z_l(z) dmy(z) = %ﬂ /B J}jn/z(z) dms(z),

and we use again with p, replacing p, gives us:

L[ pnC(K) (\f(B)|>p"/2:maX(C’,p—2)C(K)(|f(B)|)p/H
w5 E 5] -

k

O
Multiplying and we get Lemma
1-3 1 p*C(K)
(20) w:Jf 2)p€[2,1+z):>[1U]A2_1+%_p

Now we can reap a first consequence:

Theorem 1.4. Suppose ||ulloe =k <1, let p € I; := (1+k, 14 ). Then operators
I —pT, I —Tu are boundedly mvertzble in LP.
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Proof. We can work with I — uT as [ — T = T(I — uT)T~! and T is boundedly
invertible in each L1 < ¢ < oo (T~ is again a Fourier multiplier of Calderén—
Zygmund type).

Suppose we know how to prove the estimate from below

(21) (I = uT)gllp = c(p, K)ligllp, Vg € LP(C), p € Ii..

Then we would now exactly the same for I — T, and, so, for the adjoint operator
(I — pT)*. Then I — uT would have dense images in all L? we consider. Joining
this with the estimate from below (21)) we would conclude that I — pT" are invertible
in in all L, p € I;.

So it is enough to have . And we would like a good estimate for ¢(K, p) in it.

It is enough to prove for the dense set of functions
g € C5°(C), /gdm2 =0.
C

Let ¢ be the Cauchy transform of g: ¢ = £ [ £ dmy(¢).
Denoting h := g — uT'g we come to equation

¢z — pup, = h,in which we want to estimate ||¢z||, < C(K,p)|h|l, if p € I) .
By Theorem there is a K-qc homeomorphism f satisfying f; — uf, = 0. Set
u=gof,
and let us see how equation ¢ — u¢, = h will be transformed by this change of

variable.
We calculate

¢z = (uz 0 f)fs + (uz 0 f)f.,

¢z = (uz 0 f)fe + (uz0 f)fz,
¢2_,U¢z_h:(Uzof)f2+(Uzof)fz—ﬂ((uzof)fz+(uzof)
(uzo f)f. = pluz o fiafe —h = (1= |ul*)(uz o f) f. = h =

Hence obviously

/ luz o PP < C(K) / hp = / fuz o )P 227Ny < C(K) / P

And changing variable we get

(22) / iz P (T )P = / s P|(J; 0 S < C(K) / hp
On the other hand,

)—h=

|

=}

k> _ k? _
JluopPiar < 5 [luo prizta = 2 [P

Denote by W := (J;-1)17P/2. Tt is the one in Lemma , only f replaced by f=1,
which is a K-qc homeomorphism as well.
But the last expression above can be written as

[y = [irpo 0 = [ raew v
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(in fact, u can be restored from uz by Cauchy integral with no addition because u
vanishes at infinity; then u, = T'(uz). Notice that says that

(23) /mmwsmxmw

Combine with (here I is some “unknown” function on [1,00), but finite for
all finite arguments)

10 = [ IT@)PW = F(fwla) [ lusw

to get
@0 oy < O JuspW + [ IT@IPW) < CUO -+ Ffula)-

Noticing that Lemma gives the estimate [w]4, < Ifﬁ(iz, we conclude finally
k
that

2
p*C(K) . 1
—)||h fpel2,1+-).

We need the same estimate now for 1 + k& < p < 2. We need W € A, (now
p < 2. But it is the same as to say that W=Y®=) ¢ A, p = p/(p —1). In

our case W = (J;-1) 72 so WY@~ will be (J;-1)7 !, which is inverse to the
one in Lemma , so also in Ay C A,. We get for the whole interval of p’s:
pely=1+k1+3)also

pP’C(K) p*C(K)
1+1—p 14+1—p
Theorem [L.1] is proved.

lgll, < CO)E(

p’C(K)

(25)  |lgll, < F(max( dist(p, R\ I

DAl = F( Al

g

In [2] the following conjecture was formulated that claims that function F in
is just linear. Notice that this would in fact easily follow from Big Iwaniec’
conjecture.

Conjecture

) 2
p*C(K) ) -1 p°C(K)

< — <2

26) ol < bl eauialently (7 = ), < 5 Oy

We will prove now this conjecture using the Bellman function technique. But first
let us derive the corollary of the conjecture. As always || =k < 1.

Theorem 1.5 (Corollary of the conjecture). Any solution of

F;—pukF, =0,
which is in Wf;;lz 1s automatically in Wf and so satisfies Theorem H It auto-
matically self-improves then (by Astala’s [1]) to be in WH%f

1,loc

loc?

First use Conjecture to prove

Lemma 1.6 (Behavior at the end points of interval Iy). Operators I — uT, 1 —Tp
have dense range in L& and, correspondingly, trivial kernels on L'**.
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Proof. By T(I —puT)T—' = I —Tu and invertibility of T" in all spaces L?,1 < p < oo,
it is enough to prove just the dense range of I — uT" in L'*%. Consider £ > 0 and
equation

(27) Pe — (1 - 5)MT¢E =h

for nice h € C§°. We want to consider the solution for po = 14 ;. We consider this
Po in I1_oy, because ||(1 — €)plle = (1 —€)k. Point py is obviously C(K)e close to
the right end point of I(1_.).
Hence, applying conjecture we conclude that
C(K)
€

ellpo < 115, -

Notice two things: 1) In L? the norma of ¢, are uniformly bounded by C'(K) just
by using Neumann series in L? in ; 2) in LP° the norms of T'(e¢.) are uniformly
bounded. It is immediate to conclude from 1) and 2) that

e T¢. converges weakly to zero in L.

Rewrite our equation as follows:
¢ = pT'oe = h —epT'¢. .

The right hand side weakly in L converges to any function h, whose family is
strongly dense in L*°. So the right hand side is weakly dense in LP° = L'*%. But it
is in Range(I — uT), so this range is weakly dense in L%, Being a linear set this
range is then strongly dense in L%, Lemma is proved

0

The proof of Theorem[1.5. Consider R; — uR, = 0,R € Wlljrolz. Choose ¢ € C§°.
Set G = ¢R. Then

GZ - Gz = (9252 - M¢z)R

Looking at this formula we can start to think that the support of p is compact (is
contained in the support of ¢).

As G vanishes at infinity it is the Cauchy transform of its G = G, and therefore,
G, = TGs. We can rewrite the equation

2(1+k)

(I —pT)yp=h; =Gz, h= (¢ —p¢.)Re L% C L*(C)N L***(C).

The inclusion above for function R is by Sobolev imbedding, in fact, we assumed
that R € Wllfolz, and by the compactness of the support of R. It has been already
remarked, that in the last two equation we have the right to think that u = 0
outside of the support of ¢. Let us consider the convergent in L?*(C) of the series of

compactly supported functions:
Vo =h+puTh+pTuyTh+....

It solves our equation, it is in L?(C) and it is compactly supported, hence it is in
L'*k(C). Therefore we got a solution vy of (I — uT)1hy = h, which is in L'** 0 L2,
But ¢ = G; is also in L'**. By Lemma we have ) = 1y € L?. It means that
R € W7y, Theorem [1.5]is proved.

loc*

t
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l—i
Example. f = ELE for 2 E ]D) f= ; outside . It is a solution of Beltrami
equation with g, ||,u||oo =k= K+1’ and it is in W, . for every ¢ < 1+ k. But it is
NOT K- quasiregular mapping, it has a smgularlty at 0.

This example shows how sharp is Theorem [I.5] Its proof hinges on Conjecture [26]
We prove this Conjecture now using Bellman technique. First we analyze function
F from (28)). Recall that W := (J;-1)'"?/2 and if p € (1+k,1+ 1) the estimate in
is F,([W]a,), where F, is the best function one can have in the estimate

T || ooy < Fp((Wla,) -
Suppose we can prove
Theorem 1.7. F(z) < C pmax(11/(e=1)

Then we recall that for 1+k < p < 2, p’ = L we already estimated [W]l/p (p=1)

[W—l/(p—l)]Ap/ < [W—l/(p—l)] < p C And for 1 —i— >p>2, W, < %Q

These estimates were based on sharp dlstortlon theorem of Astala [I]. We made
these estimates in Lemma|l.3| These estimates and Theorem [1.7|then imply trivially
conjecture . Hence this Theorem is the only ingredient left to be proved to
have Theorem [L5l

2. LINEAR ESTIMATES OF WEIGHTED AHLFORS—-BEURLING TRANSFORM BY
BELLMAN FUNCTION TECHNIQUE

Let w be any weight on R?, denote its heat extension into R by w(z,t) =

w(xy, z9,1):
llz =yl
// y) exp(————)dy1dy> .
2 ¢

p—1
[wheet .= sup w(x,t) (w_ﬁ(x,t» :
? (z,t)eRY

We define

The weights w with finite [w ]h‘;“t are called A, weights. There is an extensive
theory of A, weights, see for example [55],[40]. The usual definition differs from the
one above, but it describes the same class of weights. Actually, we will say more
about the relationship between the classical definition and ours. But first we state
two more theorems, whose combined use gives Theorem at least for p > 2.

Remark. The method called Rubio de Francia extrapolation—one can see its ex-
position in [27]-actually shows that to have a full range of p’s in Theorem [1.7] it is
enough to prove it only for p = 2.

Theorem 2.1. For any A, weight w and any p > 2 we have
_1
IT|| Lo (wan) Lo (wany < C(p)([w]s*)r=

We want to discuss the connection between [w]ﬁﬁ“t and [w]i{‘;ss. Here [w]i{jﬁs

denotes the following supremum over all discs in the plane:

1 1 . Pt
w]4ss = sup (— wdA) . (—/ w_P—ldA) .
| ]AP B@r \|B(7,R)| B(z,R) |B(z, R)| B(z,R)
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Obviously, there exists a positive absolute constant a such that for any function
w
class heat
a [w]Ap < [w]Ap :
Remark. The opposite inequality is easy to prove too. In fact, we have

Theorem 2.2. There exists a finite absolute constant b such that
]t < bluder.
Proof. Constants will be denoted by the letters ¢, C'; they may vary from line to line

and even within the same line. We introduce the following notations. Bj denotes
B(0,2%), k = 0,1,2,..., (f)p stands for the average ﬁfB fdA, f(B) stands for

[ fdA. It B = B(0,7), then (f)% stands for -1 [[o, f(z) exp(— 8 dz das.

T2 r2

Lemma 2.3. Suppose f and g, positive functions on the plane, are such that
supg (f)B(g)s = A, then there exists a finite absolute constant ¢ such that

(f)lg)p < cA
for any disc B.

Proof. Scale invariance allows us to prove this only for one disc B = B(0,1). We
start the estimate:

(f)sl9)h < c(f)ple2® eXp(—ZQk_Q)ﬁ .

On the other hand (f)p, > ¢(f)p,_, > ...c"(f)p (recall that B is the unit disc).
Plugging this in the inequality above, we get

A
<f>B<g>% < C<f>BEka exp(—22k_2>m )
In other words,
<f>B<9>% < CAEkC'k exp(—22k—2) — cA
and the lemma is proved. -

Now we want to prove Theorem 2.2l Fix B. Again by scale invariance it is enough
to consider B = B(0,1). By the previous lemma, we know that

(28) (£ o)l < cA
for any k.
Now
(Nh{0)h < clg) b2 exp(=2"2)(f)p, < clg)hx2" exp(—22k‘2)_(gc>Ah |
By,

The last inequality used (28)).
On the other hand, (g)% > c(g)} | > ...c"(g)} (recall that B is the unit disc).
Plugging this in the inequality above, we get
hy \h h k ak—2y CA
(VB{9)B < c{g)pXrC" exp(—2 )<g>h :
B

In other words,
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(M)l < AT CF exp(—277%) = PA.

Theorem [2.2]is completely proved.
Ll

The next result proves Theorem [I.7] for p = 2. We will show later how to extrap-
olate just from the result at p = 2 to all possible p’s.

Theorem 2.4. For any As weight w we have

1T L2 () L2 (waay < C Tw] 42

Proof. There will be many steps. But we are going to prove only Theorem and

only for p = 2. By Theorem [2.2] and Rubio de Francia extrapolation this is enough.
The operator T is glven in the Fourier domain (&, &) by the multlpher = <|2 =

4 2

(Egég) = £%i£2 52%2 + 27 géfgg Thus, T can be written as T = R? — R> +22R1R2,

where Ry, Ry are Riesz transforms on the plane (see [55] for their definition and

properties). Another way of writing 7" is

T =my +1imgy,

where mq, my are Fourier multiplier operators. Notice that the multipliers them-
selves (as functions, not as multiplier operators) are connected by

Mg =My10p,
where p is /4 rotation of the plane. So the multiplier operators are related by
meo — Up ma U;l s

where U, is an operator of p-rotation in (z1,22) plane. But for any operator K we
have

U, KUp_1||L2(wdA)—>L2(wdA) = || K| L2 (wop~1dA)— L2 (wop—1dA) -
Combining this with the fact that Q&' = Z?pt_l , for any rotation, we conclude

that we only need the desired estimate of Theorem |2 - for m; = R? — R3. Actually,
we will show that

(29) 1 R? | 2 wany—r2wany < C QLS i=1,2.

w,2

To prove (2.6) we fix, say, R? and two test functions o, v € C§°. We will be using
heat extensions. For f on the plane, its heat extension is given by the formula

12
y,t): 7rt/ 2f exp(— 2 ty’)dxldxg, (y,t) € RY..
R

We usually use the same letter to denote a function and its heat extension.

Lemma 2.5. Let p,¢ € C5° . Then the integral fff o g—idxldxgdt converges
absolutely and

dp oY
(30) / / R2p - b duydars — —2 / / / 22 2L dndeait.
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Proof. The proof of this lemma is actually trivial. It is based on the well-known fact
that a function is an integral of its derivative, and also involves Parseval’s formula.
Consider ¢,y € C§° and now

[ eredonin, - // Pl (61— =

2///0 e ETD 20 (¢, &)1(81, &) dEdEadt =

- /ooo / / 619 (€1, &)e TR g ) (—&y, —&)e TR dE deydt =

_2/ // xlax27 8¢ (SCl,l'g, )dxldedt =
(91’1 I‘l

0
_2// RB 8:(:1 xl,x2’ >87701(:C17:U27 )dl‘ldﬂfgdt

Above we used Parseval’s formula twice, and also we used the absolute convergence
of the integrals

/ / / e HETD 206, )i (6, £)dérdExdt
R}

9 )
// ; a_Z(xl,xQ,t)a_Z(xl,xZ,t)dxldedt.
+

For the first integral this is obvious. The absolute convergence of the second integral

can be easily proved. We leave this as an exercise for the reader .
0

Our next goal is to estimate the right side of from above.

Theorem 2.6. For any ¢,v € C§°, and any positive function w on the plane we

have
1
dzq dzs dt < AQhe“t (// || ?w dzy dry +/ [v|*— dx; dx2>
w

IR

where A 1s an absolute constant.

(91‘1 (%1

Bellman function

In the proof we at last use a Bellman function tailored for this problem. It is B
from the following theorem. The meaning of () in the next theorem is () := [w]ffg”.

We use the notation H; for the Hessian matrix of function f : R¥ — R (the
matrix of second derivatives of f), and d?f for the second differential form, which
is the quadratic form (Hy(z)dz,dz), where (-,-) is the usual scalar product in R, x

is a point in the domain of definition of f, dz is an arbitrary vector in R¥.
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Theorem 2.7. For any QQ > 1 define the domain Dg = {0 < (X,Y,z,y,7,s) :
2 < Xs,y? < Yr,1 <rs < Q}. Let K be any compact subset of Dg. Then
there exists a function B = Bo x(X,Y,x,y,r,s) infinitely differentiable in a small
neighborhood of K such that

1)0< B<5Q(X +Y),
2) — d*B > |dz||dy| .
We prove Theorem [2.7] later. Now we use it to obtain the proof of Theorem [2.6]

Proof. Given a non-constant smooth w that is constant outside some large ball, we
consider ) = ngt. We treat only the case w € A,, that is () < oo, for otherwise
there is nothing to prove. Consider two nonnegative functions ¢, ¢ € C§°. Now take
B = Bg i, where a compact K remains to be chosen.

We are interested in

b(z,t) == B((¢*w)(z,t), (*w™) (2, 1), o(z,1), (1), w(z, t),w (1))
This is a well defined function, because the choice of () ensures that the 6-vector
v, consisting of heat extensions of corresponding functions on R2

v = ((Pw)(x, ), (W) (@, 1), (@, 1), 92, 1), we, 1), w™ (2,1))
lies in Dg for any (z,t) € R3. Also we can fix any compact subset M of the open
set Ri and guarantee that for (x,t) € M, the vector v lies in a compact K. In fact,
notice that for our w and for compactly supported ¢, ¥ the mapping (z,t) — v(z,t)
maps compacts in R? to compacts in Dg. Now just take K large enough.
The main object we want to study is

(31) (% —~ A) b(x,t) .

For simplicity we assume that B is already C? up to the boundary of Dg. The
technical details what to do without this assumption are left to the audience, see
[58]. We want to estimate the expression in 1) from above in average and 2)
from below in a pointwise way.

1) Take a “slab” S. g := {(x,t) € R3 : e <t < H}. Notice that for any fixed
positive ¢

/ Ab(z,t)dx =0.
R2

This is because we assumed B to be smooth and because v(z,t) — 0 for a fixed ¢
when x — oo rather fast, and the same is true for Vu(z,t). Hence,

/ 9 _ A ) b(z,t)dedt = / 2b(x,t) dxdt = / b(z, H) dx — / b(z,e)dx.
Se.H 8t Se.H at R2 R2

Now we recall that b = B o v, that B > 0 (so we can throw away a “minus” term
above), and that B(X,Y,...) < 5Q(X +Y). Then we get (functions below are heat
extensions of the corresponding symbols on R?):

0
— <
/SE’H <8t A) b(x,t) dedt <
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(32) 5Q /RQ(gozw(x, H) 4+ ¢*w Y (z, H)) dov = 5Q RZ[(QOQU))(I') + (V*w ) (2)] d .

2) Now we make a pointwise estimate of from below. The next calculation
is simple but it is key to the proof. In it as everywhere

= ((¢*w)(@, 1), (W w)(z, 1), o2, 1), (@, 1), w(z, 1), w (2, 1))

Lemma 2.8.

0 ov Ov ov Ov
— — A _ 2B - - 2B Y MY )
(815 )b( ) (< d ) 8:1:1’8561>R6+ <( d ) 81‘2’8.1'2)R6

Proof.
0 ov
ab - (VBv E)RG 5
ov  Ov ov Ov
_ 2p\ 2 7 2By — — B. Av)gs
Ab ((d B)é?xl’ &El)M + ((d B)(‘?xg’ 8$2>R6 + (VB, Av)g

We just used the chain rule. Now

O Ao (v gy 2 Y (g
(a A)b_(VB( ” Av))w ((d P aﬁ) (<dB>ax2’ (%)

However, the first term is zero because all entries of the vector v are solutions of the
heat equation. U

By Theorem
—d*B > |dx||dy| .
Therefore, for (z,t) Lemma [2.8] gives:

0 o O
(33) (a B A) b< ) > 8I1 81'1 81'2 8ZE2
Combining (32 . we get
2, —1
(34) ///eH(a%’l 0z, - Oxo 31’2) e (//tpw—i-/ v )

Theorem [2.6|is completely proved by using a Bellman function of our problem
whose ex1stence is claimed in Theorem 2.7
OJ

Theorem [2.4] is proved.
]

Remark. The proof of Theorem is actually “equivalent” to solution of an
obstacle problem for a certain fully non-linear PDE. Consider

10, 1
|1, 0]
Then we need Hg+0 > 0 in each point in Dg. As we a looking for the best possible

B satisfying these relationships, it is natural that we should require
det(Hg +0)=0or det(Hg —0) =0,
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these are Monge—Ampere equations. This approach is used in [59], [54]. Now
we use another method to prove the existence of B required in Theorem

2.7

2.1. More Bellman functions to prove the existence of Bellman function
Bg from Theorem Dyadic shifts. We start with a much simpler “model”
operator—7T,. The logic will be the following. We want to get a sharp weighted
estimate of ||TUHL2(w)_>L2(w) via the A, characteristic of w. In the paper of Nazarov,
Treil, Volberg, see [50], one can find that the norm (|75 12()—r2(v) is attained on
some “simple” test functions—and that this holds for every pair u,v. Thus also
for u = v = w. However, on the family 7 of test functions one can compute the
Nuo(T,) = sup{||Tot||r2w) : t € T, ||t||L2(w) = 1} It turns out that

Theorem 2.9. N, »(T,) ~ Q5%*.

J. Wittwer does that in [63] basing her approach on [50]; see also [56]. Thus, we
get ||T0'HL2(1,U)*)L2(U)) = Nw,Q(Tcr) ~ chll;?;s’

So let us show what the model operator is, what its sharp weighted estimate is,
and how one obtains a special function (Bellman function) from this estimate.

Consider the family of dyadic singular operators T,:

15 f = Xrepo(I) (f, hi) hr .

Here D is a dyadic lattice on R, h; is a Haar function associated with the dyadic
interval I (h; is normalized in L*(R, dz)), and o(I) = +1. We call the family T, the
martingale transform. 1t is a dyadic analog of a Calderén-Zygmund operator. Here
are important questions about Ty, the first one about two-weight estimates and the
second one about one weight estimates:

1) What are necessary and sufficient conditions for sup, ||75|| 2 (u)—r2() < 007

2) What is the sharp bound on sup, ||75||2(w)-s12(w) in terms of w? How can one
compute sup, ||75 | L2 (w)—r2(w)?

These questions are dyadic analogs of notoriously difficult questions about “clas-
sical” Calderén-Zygmund operators like the Hilbert transform, the Riesz transforms
and the Ahlfors-Beurling transform. The dyadic model is supposed to be easier than
the continuous one. This turned out to be true. The answers to the questions above
appeared in [50], [63]. Moreover these answers are key to answering questions about
“classical” Calderén-Zygmund operators.

Strangely enough, the answer to the second question (which seems to be easier,
because it is about “one weight”) seems to require the ideas from the “two-weight”
case. Here is our explanation of this phenomena. The necessary and sufficient
conditions on (u,v) to answer the first question were given in [50]. They amount
to the fact that sup, ||7, | 2(uw)—r2(v) is almost attained on the family of simple test
functions. This fact has beautiful consequences in the one weight case. For then
supg |75 || L2(w)—L2(w) 18 attainable (almost) on the family of simple test functions.
One may try to compute sup, |75 t|| 22w for every element of this test family, thus
getting a good estimate for the norm sup, ||7% || 12 (w)—r2(w)- Test functions are rather
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simple, so this program can be carried out. This has been done in Wittwer’s paper
[63]. We will give another proof below. Here is the result. Recall that

Q5" = sup(w)r{w™);.
1eD

Theorem 2.10.
Sup HT HLQ )—L2(w < A Qdyadzc

Remark. We will postpone the proof of Theorem m (another use of Bellman
function technique), here we will use it first to finish the proof of the existence of
By claimed in Theorem [2.6]

So we assume now that Theorem [2.10}is already proved. Let us rewrite Theorem
2.10 as follows

(i;lpi Srepo (1) (f,hr) (g, h)| < AQES™ N Fll 2wy 91l 221
o(l)==%1

or

Sren|(f, )l (g, h)| < AQWE™ || £l 2wy 19 22w -
This inequality is scaleless, so we write it as

(35)

reP 4!1J|Z’€D real (e = (Dl Hg) e = (@) 1] < AQUE™(f2w) (g fw) *.

Here I_, I, are the left and the right halves of I, and (-); means averaging over
[ as usual. Given a fixed J € D and a number () > 1, we wish to introduce the

Bellman function of :

B(X7 Yax7y>r75) Sup{4|J|EI€DJCJ|<f>I— - <f>1+’ |<g>1_ - <g>I+H[’ :

<f>J =z, <g>J =1, <’U)>J =r, <w—1>J =,
<f2w>J =X, <92/w>J =Y, we Agyadz’c7 Qdyadzc < Q}

Obviously, the function B does not depend on J, but it does depend on Q. Its
domain of definition is the following:

Ro :={0< (X,Y,z,y,7,8), 1 < Xs, > <Yr,1<rs<Q}.
By it satisfies

(36) 0< B <AQX'?Y1/2.
We are going to prove that it also satisfies the following “differential” inequality.
Denote v := (X YI Y Y, T 3) (X Yo y Ly Y—T—y' S —)av-l-: (X+,Y+,C(]+,y+,7’+,8+),

let v,v;,v_ lie in Rg, and let v= 2(1}_ + v+). Then

(37) B() — 5 (Bw,) + B.)) > oy — o llys —y|
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In fact, let f, g, w almost maximize B(v) (on the interval J), let fi, g, w, do this
for B(vy), f-, g—,w_ do this for B(v_). The freedom of scale for B allows us to put
fi,90,wyon Jy and f_ g ,w_ on J_. Then we have “gargoyle” functions

P fr onJg a9+ on.J, D KL onJ,
fo onJ_ g onJ_ w_ onJ_.

Obviously, <F>J - %(l‘+ —|—(L’_) =, <G>J =Y <W>J =T <W_1>J =5 <F2W>J -
X, (GPW™1; = Y. These numbers together form the vector v. In other words
F,G,W compete with f,g,w in the definition of Bellman function B(v). By
this definition,

1
B(v) > leenlcﬂ(mh —(F) 1 | G)r = (G)r, [I1].

But the almost optimality of f,, g, wy on J; and f_,g_,w_ on J_ gives us (recall
that F' = fL on Jy, G =g+ on Jyi):

1
B(vy) < e+ mzfemcm(ﬂz_ = (E) i (@) =G ]

and

Blu)<e+t ﬁzmmwm_ — ()1 |G e — (G|

Combining these, we get

B() — 5(B(o) + B-)) > ~25 + {[{F)s — ()| [G)s — (G,

= 22t ()0 — () o)y — (g, = ~22+ Tl — ally- — vl

We are done with because ¢ is an arbitrary positive number. Therefore, our
B is a very concave function. We are going to modify B to have its Hessian satisfy
the conclusion of Theorem [2.7 To do that we fix a compact K in the interior of
Rg, and we choose € such that 100e < dist(K,0Rg). Consider the convolution of B
with 5p(%), v € RS, where ¢ is a bell shape infinitely differentiable function with
support in the unit ball of R®. It is now very easy to see that this convolution (we
call it Bk ) satisfies the following inequalities

(38) 0< Bkgg< 6Q(X +Y),
and for any vector & = (£1,&,&3,64,65, &) € R,
(39) — (°Bg g€, &re > 2|6|[&5] .

The factor 2 appears because B(v) — 3(B(vy) + B(v_)) in corresponds to
—%d2B, and |x — x| = %|x_ — x| (the same being valid with y’s replacing =’s and
— replacing +).

Theorem [2.7]is completely proved modulo the proof of Theorem [2.10]



18 ALEXANDER VOLBERG

Proof of Theorem[2.1(} To prove Theorem [2.10] we need the following decomposi-
tion:

Lemma 2.11.
(40) hi = arhl + ﬁf% ,
where

1) |au] < /w1,
2)181] < Iﬁj;‘;', where Ajw = (w)r, — (w)y, ,
3) {h¥}; is an orthonormal basis in L*(w),

4) by assumes on I two constant values, one on I and another on I_.

Proof. To find e, 3 we first apply || - |75, to both parts of [ 0): (w)r = |[hsl[72(, =

a? + 3%(w);, and secondly we multiply by x1/+/|I| and integrate with respect
to wdz: 3((w), — (w)r,) = Br(w);. Clearly Lemma is proved.

g

Now let

SF := Zc;(f, hr) hy, where constants ¢ are such that |¢;| < 1.
I

Let o := w™! for the rest of the proof. Fix ¢ € L*(w),v € L*(o). We need to
prove

(41) (S gw, yo)| < Cllfluwlllls -
We estimate (S ¢w, o) as

1> er(gw, hr)(vo, hy)| <

S lex(éuw, 1)/ T (o, h) |/ ()] +
T |c1<¢w>z%<w7 W)@V +

T |c1<wa>J%<¢w,h;”>¢<w>Iﬁ| n

> yc1<¢w>1<¢a>J%é—I>‘jﬁﬁ| — [+ I+ 11T +1V.

So we have

1<) (¢w, b))/ (w) (o, hf)\/ (o), 1T < (ow, h}“>w<w>1-<wom%m,

I < Z<¢w>,|<ﬁu§;§’ VIT-(a, k) (0)r, TV < Z<¢w>1%\/ﬂ<wa>z‘é§i‘ ST
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The estimate of I is trivial because h?, h§ are orthonormal systems in L?(w), L? (o)
correspondingly:

(42 fssgp¢<w>1<o>z\/2<¢w,h;v>2\/Zwo—,hy)?s[ w26l

To estimate the rest let us fix a € (0,1/2) and introduce

(13) = (g (i + e .

We are going to give a Bellman function proof of the following lemma.

Lemma 2.12. The sequence {us}rep is a Carleson sequence with Carleson constant
at most C [w]%,.

We take Lemma for granted till the end of the proof of Theorem [2.10, First
introduce a notation, let u be a positive measure on R, then

Mef(z):= su /
)= s o [l

This is called dyadic weighted maximal function. We will use it with y = wdx or
odx.
To estimate I'V, 11, and symmetric to it /11 we notice that

|AIU| —a —a
\/|f|< o)y,

so, choosing p € (1,2)

AT T < () P20 () o) = <
<w>—a/2<a>}‘“/2 361;§<M§|w|p<x>>”f’ Vi

where M is the dyadic Weighted maximal function. Therefore,

IV < Z )= O‘mf(Md]wV’)l/p lnf(Md\¢|p)1/p

o inty (M)
N
1

The estimate of IT I will be totally symmetric, so we omit it. We continue:

IV < [w]l asz (M2 |P)H/P . 1nf(Md|q§|p)1/p

fr(Md P)2/p
7 < [w 1 a/2 / ¢w ) \/ZIHI ]P) g

Choose F' = (M2[s)[P)'/P. Md|gb|p P and G = Md|w|p)2/p and apply the follow-
ing simple lemma (Exercise!)
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Lemma 2.13. Let {ay}rep define Carleson measure with intensity B. Let F be a
positive function on the line. Then

(44) > (inf F)a, < 2B / Fdx.

T L R

inf; G /G
45 ar <CB | —dx.
45) 2 Ty, v =CB

Then using Lemma [2.12] we get

1V < ol ol [P - (uop) P ds =
R
wlas [ QLGP QLo P w20 2o <

\/ Ly [ Olol) 2/pwdx\/ [ ugiopyie ods < Clulalélullélo

As to I, we have again using Lemma - (the second part) and Lemma -

11<Clw 1 a/2 a/2 / gbw h) \// Md|¢|p )2/P(x) dz <

w]A2\|¢|lw\//R(Mﬂwp)”p(w) o(z)dr < Clwlal|ollwl[¢lls -

Theorem is completely proved, function By is constructed.

g

We need only to see the validity of Lemma [2.12] This is done by yet another
Bellman function.

Bellman proof of Lemma[2.13. We prove even a more general statement, namely we
prove the version in R? and even in each metric space with geometric doubling
condition and doubling measure p. So let us have a metric space with geometric
doubling condition, meaning that every ball of radius r can fit only at most K
disjoint balls of radius r/2, K being independent of the ball and its radius. Such
metric spaces carry a doubling measure p by a theorem of Konyagin—Volberg [48],
and let D denote the family of “dyadic cubes” on this metric space (constructions
are numerous, the first belongs to M. Christ [20]), and let s;(I) are dyadic children
of I € D. Finally, let I € D and let

[y = <<w>u’l_<a>ml)a((<w>u78i(1) ; <w>u71) 4 (<a>#,8¢(1) ; <0>u,[) )M(I)-

<w>,uJ <0—>N71
Lemma becomes the following statement, which we are proving below:
(46) VIeD Y py < Cowldau(l).

JeD,JCI
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Let Q > 1,0 < a < % In domain Qg = {(z,y) : z > 0,y > 0,1 < zy < Q}

function bg(z,y) = x*y* satisfies the following estimate of its Hessian matrix (of
its second differential form, actually)

—d’bg(z,y) > a1 — Za)xaya<(dx)2 + (dy)2> .

T2 y2

The form —d?bg(z,y) > 0 everywhere in z > 0,y > 0. Also obviously 0 < bg(z,y) <
Qa in QQ.

Proof. Direct calculation. O

Fix now a cube I and let s;(I),7 = 1,..., M, be all its sons. Let a = ((w) .1, (o) u.1),
bi = ((W)psi(1) (O)pss(n), © = 1,..., M, be points—obviously-in {2, where @) tem-
porarily means [w]4,. Consider ¢;(t) = a(1—1)+b;t,0 <t <1 and ¢;(t) := bo(ci(t)).
We want to use Taylor’s formula

(47) 4:(0) — g:(1) = —q/(0 /dx /

Notice two things: Sublemma shows that —¢/(t) > 0 always. Moreover, it shows
that if ¢t € [0, 1/2], then we have that the followmg qualitative estimate holds:

(1) = al0) 2 c((whur(o)un) ( (et ety (st 2 s )

(w) w1 (o >i[

This requires a small explanation. If we are on the segment [a,b;], then the first
coordinate of such a point cannot be larger than C' (w), ;, where C' depends only on
doubling of x (not w). This is obvious. The same is true for the second coordinate
with the obvious change of w to o. But there is no such type of estimate from below
on this segment: the first coordinate cannot be smaller than k (w), ;, but k& may
(and will) depend on the doubling of w (so ultimately on its [w]4, norm). In fact, at
the “right” endpoint of [a,b;] the first coordinate is (w), 1) < [; wdp/u(si(1)) <
C [, wdp/u(I) = C(w),,r, with C' only depending on the doubling of x. But the
estimate from below will involve the doubling of w, which we must avoid. But if
t € [0,1/2], and we are on the “left half” of interval [a, b;] then obviously the first
coordinate is > 1(w),; and the second coordinate is > (o), .

We do not need to integrate —g/'(¢) for all ¢ € [0,1] in (47). We can only use
integration over [0, 1/2] noticing that —¢/(¢) > 0 otherwise. Then the chain rule

g7 (t) = (bo(ei(t))” = (d*bo(ci(t))(bi — a),b; — a)

(where (-, ) means the usual scalar product in R?) immediately gives us with
constant ¢ depending on the doubling of u but independent of the doubling of w.

Next step is to add all ., with convex coefficients %, and to notice that

M % 7(0) = Vbo(a) M, (a — bl)“(j(()) = 0, because by definition

& ulsi(1)
B> u(I)

1=

—_
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Notice that the addltlon of all ., with convex coefficients 2L (())) gives us now (we
take into account (48) and positivity of —¢/'(t))

L),
2 uy 0=

s (bl Z( et @l | (ot @)

_ w1 <U>uf

(I))) > ¢; (recall that s;(1)
and [ are almost balls of comparable radii). We rewrite the previous inequality
using our definition of Ajw, Ajo listed above as follows

M
of (Aqw)?  (Aro)?
= D)6 = ces (fuhalobon)® (2525 + S .
i=1 I s
Notice that bg(a) = (w)§ ;(0)5 ;. Now we iterate the above inequality and get for
any of dyadic I’s:

Z ((w)p,1(0) u,0)*

JclI,Je D

We used here the doubling of i again, by noticing that &

(s, (Beo)

(s ()

)M(J) <CQQ ().

This is exactly the Carleson property of the measure {y;} indicated in our Lemma
2.12 with Carleson constant C'Q®. The proof showed that C' depended only on
a € (0,1/2) and on the doubling constant of measure p. Lemma is completely
proved.

t

3. ESTIMATES FOR AHLFORS—BEURLING OPERATOR. TOWARDS THE BIG
IWANIEC PROBLEM BY BELLMAN FOOTSTEPS

In the previous section we estimated AB operator T in weighted L?*(w). The
estimate was sharp in [w]a,:
|

(49) (Tf,9)] < Clwlas [l 2w ll9ll 221y
it implied a sharp in [w],, estimate in weighted LP(w):

m &X

(50)  UTf g9l <C(p)[wly, ™ 7 1A o @) llgll o w170y » P =D/ (P = 1)

But we did not care about O, C(p) at all. Now we consider just w = 1, but we
care about C'(p) very much. Big Iwaniec’s problem conjectures

(51) C(p) = max(p,p/(p—1)) —1=:p" — 1.
This is open at the moment of writing this phrase. Using various Bellman
functions we will show the row of improvements

(52) C(p) <2(p"—1).

(53) Clp) <1.7(p" = 1).
(54) C(p) < 1L.575(p" —1).
(55) Clp) < 14(p" - 1).
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Recall things that we already know: 1) T' = R? — R3+2iR; Ry, where R; are Riesz
transforms = multipliers with symbol & /(&% + |&[2)Y2, i = 1, 2;

of 0
(56) 2) (R2f,g) = —2 / / T e,

where f, g in the left hand side are from C§°(R?), and f, g in the right hand side are
heat extensions of functions in the left.
Hence Conjecture |51]is nothing else as the following innocent looking conjecture

dg dg
o ‘// (5L igl) - (52 +ig ) dodt| < (o= Dl laly 9> 2.

Let complex-valued functions f = u + iv, g = ¢ + i1p. Consider [ := (u,v) as a
map R? — R? do the same with G := (¢, ). We have Jacobian matrices DF, DG
then. These are 2 x 2 matrices.

Imagine that we want to have a stronger estimate than (which is probably
too much!):

(58) / /R 3

This is exactly

dg
0xy T To

drdt < (p = D[ fllpllglly > p>2.

81:1 IQ

(59

2 [[ (IDFi~2det DF)/2( DG - 26t DG) P dudt < (p = D) lulall > 2.
Y

where | - | is the Hilbert-Schmidt norm of the matrix.

Nobody can prove and equivalent to it . They may be wrong!

However, we will start with proving slightly lighter estimates:
dg of

//]R& 8%1 8[E1 8x1 axl

Moreover, we will prove a stronger than (but weaker than (58])) estimate
L|or 9 [* |9

2\ 1/2 1/2
— — < _ , )
//Rs ( oy 8x2 ) ( Oy Oz, > dzdt < (p=D)[|fllpllglly, p>2

This will give us , correspondingly. To get to and further improve-

ments as (55 we will need a bit more (stochastic integrals).
Notice that we already know (by ) that immediately proves the following

Theorem 3.1. |[R? — R3||, <p—1,p>2.

drdt < (p = D[ fllpllglly > p>2.

2

Because 2R1Ry = U o (R? — R3) o U™, where U is an isometry in all L? spaces
(in fact, U is the rotation of the argument of function by 45°), we get from
doubling the claim of Theorem
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proof of . The first step is by examination of what we already had in Section
after the statement of Theorem We do now exactly the same:

Suppose we have the following inequality for functions on interval [0, 1]
provided with dyadic lattice D:

(62) Yren|(f; ) (g k)l < (0 = D) [ Flleellgll o 2 = 2.

This inequality is scaleless, so we write it as

(63)

1 1
J €D, MEIGD,ICJ|<JC>L —{(Ar oy = (o < (0= {FP) gl "

Here I_, I, are the left and the right halves of I, and (-); means averaging over [
as usual. Given a fixed J € D, p > 2, we wish to introduce the Bellman function of

(35):

B,(X,Y,z.y) sup{ﬁzzep,wm_ e — (@)l

(flo=x 9=y (fI")s=X, (gl")s=Y}.

Obviously, the function B does not depend on .J, but it does depend on p. Its
domain of definition is the following:

Ry = {(X.Y,x,y), X" < X, [y|" <V}.
By it satisfies

(64) 0<B<(p—1) XYyl

We are going to prove that it also satisfies the following “differential” inequality.
Denote v := (X, Y,x,y), v = (X_,Y_,x_,y_), vy = (X, Y, x,,y4), let v,0p, 0

lie in R,, and let v = $(v_ + v4). Then

(65) B() — 5 (Bw,) + B(.)) > ghee —x_llys —y-|.

The proof is verbatim the same as in Section 2.1} And this inequality in infinites-
imal sense becomes

(66) d’B, > 2|dx]|dy| .

Having the function B, satisfying

1)0< B, <(p—1)XYryl/v,

2) —d?B,, > 2|dx]||dy]|.

Assuming that B, is sufficiently smooth (which incidentally it is, one can write
the formula for B,), we can repeat verbatim we can repeat the proof of Theorem
we start with analyzing (z = (21, z2) € R?)

(67) (% - A) bz, t)
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exactly as in the proof of Theorem : the only difference that b now is not Bgov
but our B, o v and v also slightly different, it is now

o(a,t) = (IfP(x, ), |9l (2, 1), f(a, 1), g(x,1))
where these are heat extensions of functions on R? with corresponding symbol. We

estimate the expression in in a pointwise way from below using 2), and in the
average on a slab, using 1) we got exactly , Theorem , and, therefore, .

Remark. Notice that variables x,y are complex, they are “bench guards” (“mesto-
blyustiteli”) for complex-valued functions f = u + iv,g = ¢ + ). So actually B, is
a function of 6 real variables, and, hence, should be understood as

(63) — d*By(X;Y;u,v;6,) = (Hg,h, h) > 2V/du? + dv2/d¢? + dy? ,

where u, v, ¢, are just real variables (they are “bench guards” for functions with
the same symbols and their heat extensions), and h = (dX,dY, du, dv,d¢,dy) is a
notation (strange may be) for an arbitrary vector in R®. U

To obtain we notice first that in Theorem [3.1|we can use R; cos — Ry sin 6 in
place of Ry, and R;sinf + Ry cosf in place of Ry. In fact this is just application of

rotation on 6 in arguments. Then we notice that (R; cos — Ry sin0)? — (Ry sinf +
Rycos0)? = (R? — R%) cos 20 — 2Ry Ry sin 20. Therefore, we got

Theorem 3.2. For any ¢ € (0,27], ||[(Rf — R3)cos¢ — 2R Rysing|l, < p—1 if
p=>2.

We notice that a certain estimate of T = (R? — R3) + 2iR; Ry can be obtained if
we answer the following question. Suppose A, B are two operators in LP(u), and for
any angle |[Acos¢ — Bsin¢||, < 1, then what is the estimate of ||A — iB||,?

This is easy on real functions, let f € L? (u), and let A, B map real functions

to real functions (A = R? — R2, B = 2R, Ry are such). In fact,

/|f|pdu2 /\(Af)(a:)cosgb~|—(Bf)(x)sin¢|pd#:

JOASE 4 BIFP cos(ala) - )P due).

Integrate this over % fo% ..., by Fubini’ theorem we will get
1 2
©) U [(A5F IR dee o [ cosop do.
0
Put

2m 1/p
)= (52 [ leoselras)

then on real functions
(70) |A+iB||, <sup|Acos¢+ Bsing|,/7(p) .
¢

Unfortunately this was in real category. We do not know how obtain for
something like that—for general operators A, B on complex function. May be this is
also an exercise?

However, we will obtain now (53)). First we need
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The proof of . We use the following elementary lemma from Linear Algebra:

Lemma 3.3 (Linear Algebra lemma). Let A, B,C be nonnegative matrices of size
dxd. Let

(71) (Ah, h) > 2(Bh, h)"/*(Ch,h)Y? | ¥h e C?.
Then there ezists T € (0,00) independent of h such that
(Ah,h) > 7(Bh,h) + %(Ch, h), Vh e C.
Proof. Exercise. U
We apply this lemma separately to hy, hy, where (f =u+iv,g = ¢ + i), )
I = D 1P (2,8), 00, |97 (2, 1), B, 1), B0 (2, 8), Dy (2, ), By (2, 1))

ha = (Dua| P (2,8), 00, |97 (2, 1), By, 1), B0 (2, 1), Dy (2, ), Dy (2, 1) ),
and A = Hp, (|f|P(x,1), |g]" (z, 1), u(z,t), v(z,t), d(2, 1), 9 (z,t)), and B consisting of
all zeros except 3,3 and 4,4 entries, where we have 1, and C consisting of all zeros

except 5,5 and 6,6 entries, where we have 1.
Then we immediately get .
O

The proof of . We use the previous notations. We want a better estimate of
Tf=(A+iB)(u+iv) = Au— Bv+i(Av+ Bu). Using the trick above we can
average the following equality over (0, 27)

/ |(Au — Bv)(x) cos ¢ + (Av + Bu)(z)sin ¢[Pdy =

/ (14u — Bol? + |Av + Bul?[%| cos(a(x) — &) Pdu(x) .
Then we get

() ( / TP < supl / |(Au — Bu)(z) cos ¢ + (Av + Bu)(z) sin §J?) /7 =

sup  sup /[(Au — Bv)(x)cos ¢ + (Av + Bu)(z) sin ¢|¢(z) de =: E
¢ realyy, |||, <1

However the last expression can be rewritten using and integration by parts as
follows:

E =2R // (Opy +100,) f (2, 1) (O, + 104, ) 0(z, t)dadt <
Ry

M// (0 PP+ 1020 f12) 2 (00,00 + (001))* < V200 = 1) fllp > 2.
We used . Here /2 appeared trivially from

Oy + i00)f (@, D] < V2 (100 + 100 f )72
Finally we get

V2(p— 1)
(% fo% | cos pJP d¢)

(72) 17l < b > 2.
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Asymptotically this is 1.41...(p — 1). Choosing large p, interpolating between L2,
where the norm of T is 1 and the estimate for this large p, then optimizing by
the choice of p one can get (exercise!).

]

Notice that immediately proves the following

Theorem 3.4. 1) ||T: [P, , — LP|| <V2(p—1), p > 2;
2 ITf 9l < ®—=DIplglly, p =2, i f,g are real valued.

Proof. Just look at (59), compare it with and the fact that (|[DF|32—2det DF)'/? <
V2|DF|, F = (u,v). We also need to notice that in this inequality for real valued
f = u+i0 we have det DF = 0 and the constant v/2 can be replaced by 1. Finish
the proof: exercise.

g

So everything above hinges on inequality . This inequality was proved by
Burkholder in mid 80’s and it is one of the remarkable inventions. It is done by
use of Bellman function technique.

3.1. The proof of inequality . Burkholder’s Bellman function. We fol-
low [19], [23], [25]-but loosely. See also the exposition in the review paper [4].

Let f be real valued on [0,1] =: Iy. Let {h;}rep be the usual Haar functions on
Iy normalized in L?. Consider an operator

Tgf = Ze’:‘[(f, h[)h[, g = {6]}], Er = +1.

1eD

This family is called martingale transforms.
Burkholder proved the following remarkable

Theorem 3.5. sup, ||1:||, = p* — 1 := max(p,p/(p — 1)) — 1.

He gave several proofs, all difficult, to be found in [19]-[25]. Another proof by
Vasyunin—Volberg see arxiv: 1006.2633, [59].

In all these proofs the following object is indispensable. It is Burkholder’s Bell-
man function.

Let Q :={(z,y,2) : |z|P < z} and let

B(x,y, 2) = sup{llgll} : (/) r, = 2, {910 = 4, {|f")1o = 2, YL € D (g, hr)| = |(f, ho)]} -
Symmetries:

(73) B(tz,ty,t’z) = t* B(x,y, 2), B(—xz,y) = B(z,y), B(x,—y) = B(x,y).

Burkholder found the formula for B:
Consider for positive x,y

yP — (p* = 1)Pa? | ify < (p* — 1)x;
p (1 B #)p_l (y+2)P "y —(p* = Da), ify > (p* — Dz
Consider the solution of an implicit equation:

Fy(Jl, lyl) = Ey(="7, BYP(z,y, 2)) .

F:D(x?y) =
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If p > 2 Burkholder’s function is the solution of this equation. If p € (1,2], then
one considers F,(|y|, |z|) = F,(BY?(z,y, 2), 2/P).
Obviously one gets a

Theorem 3.6. B(0,0,1) = (p* — 1),
which gives Theorem from which we get that is proved right away. In fact,

The proof of (62)). We write sup, [(T.f, 9)| < (p* — 1)||fll»|lglly, which follows from
Theorem [3.5] But this supremum obviously is equal to

Siep|(f, o)l (g, hr)| -
Therefore is proved. U

Remarks. 1) As soon as is proved we have our Bellman function B,.

2) It gives all our inequalities like and its consequences like .

3) It is not Burkholder’s function.

4) The existence of our Bellman function B, follows from the existence of Burkholder’s
Bellman function. These are demographic creatures, they create one another—
we saw this in previous sections too.

We are left to prove Theorem (3.5 Instead of finding exact formula for B(zx,y, z)
listed above we will use a certain shortcut (invented already by Burkholder himself).
Suppose Burkholder’s B is finite.

The shortcut proof of Theorem[3.9. Along with symmetries it has very good

concavity properties:

(74) B(xay7z)_%(B(vx‘i‘a,y‘i‘@,z‘i‘ﬂ)‘{‘B(l'—@,y—Ck,Z—ﬁ)) 20,

if all points lie in €. Also
1
(75) B(a:,y,z)—§(B(x+oz,y—a,z+5)+B(.T—a,y+a,z—,8)) 20,

if all points lie in €.

Inequalities , are left as exercise.
Notice that this means that

M(a,b,c) := B(a+b,a—b,c)

is concave in (a,c), and in (b, ¢).
Definition. Such M is called bi-concave.
Definition. Function ¢ on R? is called zigzag concave if

1
go(m,y)—§(g0(x+a,y+a)+g0(x—a,y—a) ZO,

1
go(a:,y)—§(g0(:v+oz,y—a)+go(x—oz,y+a) 20’

or, which is the same as,

4ix,y)—-%(w(x+,y+)+—¢(x‘,y‘h >0, if

_ - 1 ~ 1 B
M+—w|=w+—yhx=§@*+x),y=§w++y%
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Theorem 3.7. Put ¢(z,y) := sup,, . ea[B(7,y,2) — (p* — 1)P2]. It is zigzag con-
cave. 1t is the least zigzag concave majorant of h(x,y) = |y|f — (p* — 1)P|x|P.
There is no zigzag concave majorant 1 such that V(tx,ty) = tP(x,y) of function
he := |y[P —cla|? if ¢ < (p* = 1)P.
Proof. Put ¢, = (p* — 1)?. Fix (z7,y~) and (z*,y"). Find 2z~ which almost gives
supremum in ¢(z~,y~) = sup[B(z~,y ", 2) — ¢pz]. Do the same for p(z*,y™) to find
z*. Then
B(z7,y ,2 ) —cz <ox,y )< Bz ,y ,z2 )—cz +¢,
Bzt yt, 2") — 2t <ozt y") < Bzt yt, 2T) — 2t + .
Let x = 3(z" +27), y=2(y" +y ) and put z = (2" + 27). Then

1
(,0(55,3/> =Ssup--- > B(:C,y,Z) — Cpr = B($7yaz) - Cpi(zJr + Zﬁ) >
1 - .1
5(3(2} Y 5% >_CPZ )—|—§(B(J:+,y+,z+)—cpz+)2
So ¢ is zigzag concave. Also

(p(x™,y ) +p@t,y")) —2¢.

N —

o(z,y) =sup--- > lm [B(x,y,z2)— cpz] > |y|P — ¢plz|’ = h(x,y).

z—|z|P+

So @ is a zigzag concave majorant of h. Why the least? Let i) be any zigzag concave
function such that

h <.
Put U := ¢(x,y) + cp,z. Then it is easy to see that U satisfies , . Also on
002 = {z = |z|’} we have
V(x,y,2) = h(z,y) + ¢z = h(z,y) + cplzl” = [y]”.
Then combination of the last inequality and the fact that ¥ satisfies , gives
(attention exercise!)
U(z,y,2) > B(z,y,2).
This a non-trivial exercise. But then trivially for every (z,y)

U(z,y) = sup [W(z,y,2) —cz] > sup  [B(z,y,2) — ¢z = p(a,y).
z:(x,y,2)EQ z:(x,y,2)EQ

We need now to prove that h., ¢ < ¢, does not have zigzag concave homogeneous
majorant.
This and more is done in

Lemma 3.8. Function h.,c < ¢, does not have zigzag concave homogeneous magjo-
rant. If ¢ = c,, then the function h., =: h has such magjorant given by

P ( ) o ’y|p_(p* __11)17: h(z,y), th§07
T e (- 2) (ol e Gl - = Dlal), i >0,

Another zigzag concave magorant of h = he, (but not the least) is given by

B(a,y) = p (1 _ pi) L2l ] - 0 - Dlal).

Remark. The fact that ®g(x,y) < 0 if |z| > |y| will be crucial for the proof of
Theorem [3.5
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The proof of Lemma[3.8, We work in the firs quadrant. Homogeneous ¢ can be
written as

Y y—x 1+s Y 1—s5 x
x,y) = (z+ , , 8= , then = , = .
Pl y) = ( y)go(x+y x—l—y> y+o 2 T +y 2 r+y
, 1+s , 1-s
s, = — =

ety VY T4y
We put g(s) := ¢(+52, 2). Next we list some results of computations:
o = platy) " g(s)+ ( Y (5)(14s) s oy = pla+y)"~ g(s)+(z+y)"~ g/ (s)(1-3).
e = p(p—1)(@+y)"g(s) = 2(p—1)(z+y)" g/ (s)(1+5) + (x +y)"2g"(s) (1 +5),
Py = p(P—1)(@+y)P2g(s) +2(p—1) (@ +y)P g (s)(1—s) + (x+y)"2¢"(s) (1~ s)?,
oy = p(p — D(x +y)"2g(s) = 2(p — 1)(a +y)" g/ (s)s — (x +y)"2¢"(s)(1 — 7).
Soonx+y=1
oy = —[(1 = 5%)g"(s) +2(p = 1)sg'(s) — p(p — 1)g(s),

oo+ oy = 2(1+ 5%)g"(s) — 4lp — 1)sg'(s) + 2p(p — 1)g(s) -

So combining the two:
(Oo—y)*0 = Puz — 200y + pyy = 49" (5).-

(D)’ = Puo+ 200y + 0y = 49" (5) +4uy = 4(5°9"(5) +(p—1)(=259(s) +pg(5))) -
Zigzag concave means the last two lines have sign < 0. To find ¢ satisfying these
two < 0 differential inequalities, let us try first to find it in such a way that the first
inequality is equality! Hence we seek for the linear g! Then put

p
p

I+s 1—35
(70 s a5 -0t
Then the second inequality s2¢”(s) + (p — 1)(—=2s¢'(s) + pg(s)) < 0 becomes
(77) 25g/(8) —pg(S) > 07 on [_17 1] :

It is satisfied (as g is linear) if and only if it is satisfied in —1 and 1. We get
a(l+p—p) >0, —a(l+p+pp) >0.
As g is greater than (%)p —c (%)p, it is positive at s = 1, so a > 0. then we get

from previous inequalities that

1
pZmax(p—l,—) =p*—1.
p

-1
Let us try linear g with p = p* — 1. So g has zero at s, such that
p* o 1 — 1 _I_ Sp .
1—s,
But if , ,
1+s 1-s
o) = G+ rs) 1) = () =0 (F50)

then H has zero at the same point s,. Now let us find a from the condition

H'(s,) = g'(sp) = a = p (1 - pi) |



BELLMAN FUNCTION TECHNIQUE IN HARMONIC ANALYSIS 31

Where H is concave on [—1,1]? Inflection point i, is such that

1+s\7? 1—s\"?
— ¢ =0.
2 2

So it is clear that it is always > s,. As H is concave on [—1,4,] it is concave on
[—1,s,] (and a little bit on the right of s, too).
It is also easy to see that on [—1, s,

(78) SH"(s) + (p— 1)(~2sH'(s) + pH(s)) < 0.

This is an exercise.

Put now

H(s), se€[—1,sp).
Then @o(z,y) = (v + y)P4(;5;. ;%) is exactly the same @y as in Lemma ’s
statement. We just checked that it is a zigzag concave majorant of h(z,y). We
also checked that ®(z,y) = (z +y)Pg(;F;, 755), Where g is our linear function built
above, is zigzag concave majorant of h(x,y) as well. It is exactly function ® as in

Lemma [3.8s statement.

3(s) = {our linear g(s) s € [sp, 1];

Now let ¢ < ¢,. Linear function cannot be higher than corresponding H, on [—1, 1]
and satisfy (77). In fact, if as + $ is higher, then o+ 3 > 0. Also (77) gives

2sa —pla+6)>0=al2—p)s—pB>0,a(p—2) —pB>0.

Then g < 0, > 0. So linear function is positive in 1 and negative at zero. So it
must vanish on [—1, 1], hence it has the form (76). Hence, we we can see that their
minorant H, can have only ¢ > ¢,. In fact, we remember that p > p* — 1 in (76|
Then the zero of our linear function must be > ¢,. But if our linear function is a
majorant of H. with ¢ < ¢, it is also a majorant of H,. . Therefore, its zero must be
< ¢p. This is a contradiction, and a linear solution of two differential inequalities
will not have minorant with ¢ < ¢,. Concave solution will not have such minorants
either. Exercise.
Lemma [3.8 is finished.
O

Theorem [3.7] is completely proved.
]

Finishing the proof of Theorem[3.5 The real case. Now that we have function @
(P will work too) that is

1) zigzag concave on the plane,

2) is such that ®(x,y) > h(x,y) := |y|P — (p* — 1)?|x|?,
we can do the following. Fix f, g step functions on I := [0,1]. Consider points
P = (z,y) = (HrA9n), PT = (5y") = (N, {9r), PT = (a7,y7) =
((f)r_. (9)r_). Notice that of course P = 2(P* + P~). Also |[z" — 27| = |yt —y~|

because this differences are ﬁK fyhr) and ﬁKg, hr) correspondingly, and we as-

sumed in Theorem that for every dyadic interval |(f, hr)| = |(g,hs)|- Let also
|z| > |y| (for example both are zeros)
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Then we can use properties of ®:
0> ®(z,y) > (a",y") Ly + (7, y ) I-|.
As intervals I, I~ are as good as I we can repeat this for them. Just iterating this
procedure and denoting by [ dyadic intervals of size 27" with ¢ being any string
of £+ of length n we get
Yo®(x?,y?)|[I°] < 0.

Combine this with property 2) above. Then

Yoly?IPII7| < (p" = 1)"Ee[a” 7| 17] .
But by our construction y7 = (g) -, 2% = (f)r-. So we get

Yol(g)ie M7 < (0™ = )26 |(f)1e P 17]

Going to the limit when n — oo we get (|g|"); < (p* — 1)P(|f|");, which gives the

claim of Theorem in the case of real-valued f, g.
O

Finishing the proof of Theorem[3.5. The complez-valued and Hilbert-valued cases. A
certain “miracle” happens: ®, o have extra properties of symmetry, not apparent
at this moment.

Extra symmetry. Consider p(z,y) = ®(\/2? + 22, /y? + y2). We use standard
notations, now x,y are vectors, | - || is the norm of a vector, dz := (dzy, dxs),dy =
(dyr, dys) are also arbitrary vectors.

We want to see that

dr| |dz
_ 2 . : te e ol LSt}
1) —d*p = —(H, [dy] , {dy}) > 0, if ||dz|| = ||dy||. This is “zigzag concavity

direct analog.
2) p(x,y) = h(llz lyll)-
The second is obvious, but the first happens by a “miracle”. Let us prove it and
see, where the “miracle” happens.
Calculations (really abusing the language we understand that ®,, ®, are partial
derivatives of ® with respect to the first and the second variables):
xrq 4

' N Vi + a3
2 2 2 2
x x x x
mx:(bxx L + @, 2 ) :Ex:q)x:r—2+ x—l
e T T G T T ]
— P T1T9 1T
R T R R
Symmetrically for y derivatives. Also
TiYj .
priyj: 4 77'732172'

D, -
Vi + a3yl v
Therefore,

de| |dx O, (odry — xydry\’ D Yodyr — y1dys ?
e o)l = i ) i ( +
7 ldy] |dy ] ||| [yl [yl

Todry + x1dTo 2 Todry + x1dTo Yodyr + y1dys Yody1 + y1dys 2
R T T2 \ T ] AT
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6} N
= ldz]|* + =) (dy, Ly,
] H I alEd ] HyH Iyl

where dAx, dAy are projections of vectors dx,dy on direction orthogonal to z,y corre-
spondingly.
Recall that up to a positive constant (which we drop now abusing the language)

O(z,y)=(y—(p—Dz)(z+yP ", ifp>2,

deHQ-{-@m( ) +29,, (dv =)+ @y (dy, 7=

and

(p=1)@(z,y) = —(z— (p— Dy)(x +y)" ", if p< 2.
Let us consider p > 2, the other case being similar. Looking at the formulae above
we get by direct calculation with formula for ® that for any numbers A/, &/

D, h?+20,, WK +®,, k"% = —p(p—1)(x+y)P 2 (h*—K?)—p(p—1)(p—2)z(x+y)P > (h'+K')?.

(By the way we immediately see that this form is < 0 if |k’| = |I/|, which is infini-
tesimal version of zigzag concavity.)

Now let us combine our formulae, putting b’ = (dx, %), k' = (dy, ”—zH) Then

2 Jlell /2

dx dx 2 _y 2 2 p—2(7/2 _ 1.2
] o)) = Tl + el = o = ]+l = 1)

—p(p — 1) (p — 2ll|([|=]] + )P (h + &)
Let us look at the ﬁrst line of the last formula. Calculate
d o, D,
Tl l? = (54 ) l? o+ 0 = 1)+ Term,
|| | HyH ]| [yl |||

where Term := HT”T'(HhHZ — ||k||?). This is just because ||dz||2 + 2 = ||h|?, and the
same is true for k. In particular,

(79) Term = 0 if ||h]| = ||k]|, and Term < 0,if ||h]| > [|K], .
In fact,
D, p2

Combine three last formulae. Then we have

1 i) L)) = (o + o) o

+Term —p(p — 1)(p = 2)llzl|([|=]| + [ly D"~ (h" + &')*.
The second line is obviously negative (see (79))). To have the first line negative it is
necessary and sufficient to have

(81) (i ) <°

Calculate:

II(I;_yII = pllyll = (= Dllz =] + llylh—*

Combine this with to get

o, @ ) 2]
(nxrﬁuyn) ~(all + Nl (<p D-palp -2 ||>
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Uil Tl
(82) p(p—2) T

The case p < 2 goes along the same lines with corresponding change in the formula
for ®. The proof of Theorem is finished in the complex-valued case. One can
notice that the same proof works in any Hilbert space, not just 2-dimensional as
above, exercise!

<0,ifp>2.

g

Theorem is finally completely proved.
0

We want to remember a formula that has been just obtained (p > 2):

cty ][] = =2 PR i) =1l -l

(83) —p(p = 1) =2zl 2]l + lly])*~ ((dﬂf, ”%”) + (dy, ﬁ)) ,

where [|dy||* = [|dy* — (dy, %)% Also

llyll

1\?! .
(84) p (1 - E) o> lylP — (° — L7l
On the other hand, if 1 < p < 2, we know that

p(z,y) = (lylI” = " = DDzl + vl
will satisfy

it [ ][]y = == LA I ey 2 =)

(85) —p(p =D =pll(lll + lyl)" ((d% ﬁ) + (dy, ﬁ)) :

where ||dz||? = ||dz||?—(dz, 7op)?- The same majorization happens for 1 < p < 2
as well.

Inequalities (52)), are completely done. However, to move further, in partic-
ular to , (55)), we need a new tool=stochastic integrals.

4. STOCHASTIC INTEGRALS. ITO’S FORMULA

Let w(s) := w, denote Brownian motion started at 0, that is wy = 0, and for all
11 <ty < t3, random variables wy, — wy,, w, — wy, are Gaussian independent with
zero average and variances \/to — t1, \/t3 — ty correspondingly.

We want to understand what does it mean

/a ’ £(t)dw, .

It is not the Riemann sum defintion as the following example shows.
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Example. Consider two simplest Riemann sums built on a partition of the interval

[a, b]:
¥ = Zw(ti_l)(w(ti) —w(ti—1)),

To =) w(ty)(w(t) — w(tiny)).
i=1
If refinement is small, we should have had (if stochastic integral were a Riemann
sum thing) that these two random variables 3; and 3, are close. Let us see, whether
this is the case.
Notice that uniformly (when the partition changes) they are in L*(Q, F,P), where
(Q, F,P) is the probability space on which Brownian motion is given.

E(S1)” =Y E(w(tio)(w(t:) — w(ti))w(ti) - (w(t:) — w(ti))+

i<j

D E((w(tia)* (w(t)—w(ti1)®) =D Elw(ti)(w(t:) —w(ti))w(t; ) E(w(t;)—w(ti1)+

i 1<j

Also
E(:)” = 2EX] + 2E0> ((w(ti) — w(t;i—1))*)* <

2

2b(b — a) +2E(>_ €)%,

where & := w(t;) — w(t;_1) are Gaussian independent with average zero and o? =
|t1 - ti—1|- Then

E() &) =2) EGEE +EE =

1<j

22 |tZ - ti_1||tj - tj_1’ + 32 ‘tz - tz‘_1|2 S 5(b - CL)2 .
i<j i

The correct definition of integral should have been such that if 31, 35 are uniformly
in L? and are both the Riemann sums, they should have been close in some sense.
Suppose they are close (as random variables) in probability (one of the weakest
sense possible). Then we use a simple exercise that if || f,||.2p) < C, f, = 0, then

| follz2 @y — 0.
In our case, nothing like that happened:

EZl - O,
EXy =EX) + EQ) (w(ty) —w(tiz1))? =) (ti—tis)) =b—a #0.

A 7

We understand now that stochastic integral f:é’ (t) dw(t) is a much more subtle
thing than Riemann sum integral. Stochastic integrals were understood by Kioshi
It6.
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4.1. A bit on It6’s definition.

Let BF be a sigma algebra of sets A C R x (2 such that for every t € [a, b] we have
AN ((—o0,t] x Q) is in B; x F;, where By is Borel sigma algebra on (—oo, t], F; is a
sigma algebra generated by {ws}s<¢. Let Ms[a, b] is the set of functions measurable
with respect to BJF such that

(a) f(t) is measurable with respect to F; for each t,

(b) with probability 1, fb |f(t)]?dt < oo.

For all such random functlons (random processes) [t6 defines

(56) /f {) dut
Definition. f € Ms[a,b] is called a step function if there exists a partition such

that f(t) = f(t;)(w),for t € [t;,t;+1). We introduce the stochastic integral for them
in a natural way

[ pd =Y p(6)@) - wltinn) — wit).

Lemma 4.1. For every f € Ms|a,b] there exits a sequence of step functions as above
such that with probability 1

b
LY RFORSACIE A

B [P <o,

then step functions can be chosen to have

Moreover if in addition

hmE/ |f(t) t)?dt =0.

We need the following Lemma.

Lemma 4.2. Let ¢ be a step function as above. Let §,e > 0. Then

]P{|/ t) dw(t \>5}<—+IP’{/ o) dt > 6.

This lemma immediately gives the following reasoning. If-as above—f € Mj|a, b]
and f, are step functions from Lemma [4.1] then

—hm/ |f(t) (t)]*dt =0.
Then
P— lim |fm(t)_fn(t)|2dt:0'

By definition

b
Ve >0, ]P’{/ fnt) — Fu(D)2dE > 2} = 0. m.n — oo
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Now we use Lemma [4.2] to have

b
limsupP{| [ £,() ,/“ )du(t)] > <} < 5
m,n—00 a

for any 6 > 0. So the sequence of random variables &, := f fu(t) is Cauchy

convergent in measure (in probability). So in probability it converges to a certain

random variable £&. This £ is by definition fab fdw(t). Itd’s stochastic integral
is constructed.

This integral has many nice properties:

IfE [7|f(t)2dt < oo, then E [* f(t) dw(t) = 0 and

B[ fdu() = [ 150 at

If in addition E f lg(t)]? dt < oo then

(87) w/f@mmw/gwww»:@/ﬂwgmw

(Integral of the product is the product of integrals.)

4.2. Stochastic differential. Let b(t) € Ms[a,b], and a(t) be measurable with
respect to JF; for every t, and
b
/ la(t)] dt < oo

Suppose ((t) is a random process such that for all ¢1,¢5 such that a < t; <ty <b
to to
Clty) — Clty) = / a(t) dt +/ b(t) duw(t)
t1 t1

Then we write the above line as stochastic differential:

dC(t) = a(t)dt + b(t)dw(t) .

Remark. If a = 0 this integral is a martingale (obviously) on the filtration {F;};~¢
of sigma algebras generated by Brownian motions.

4.3. Ito’ formula. Let ¢ have the stochastic differential in the sense above and let
u(t, ) be a (several times) smooth function. Consider new process

n(t) := u(t, (1))
Theorem 4.3. Then n also has stochastic differential and

dn(t) = Tuq(t, C(£) + g (¢, ())a(t) + ; U (£, C()) - b3 (1)] dt + (¢, (1)) - b(t) - du(t) .

Proof. The proof is quite subtle. See [45], [62].
U
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Matrix Ito’s formula also exists and will be used. Let a be m x 1 column of
processes, o is a m X k matrix of processes (with entries in Ms[a, b]). Let W(t) be
a column of k independent Brownian motion. Let ((¢) be a m x 1 process with
stochastic differential

d¢(t) = a(t)dt + o dW(t).

Let u(t, ) be a smooth function, where z € R™. Let n(t) = u(t,((t)). Then 7 also
has stochastic differential, and matrix 1t6’s formula gives

(88) dn(t) = [0u/Ot + V,u(t,C) - alt) + %traee(o H,(t,{)o")]dt + Vu-odW(t).
Here - is the scalar product in R™.

4.4. Space-time Brownian motion. Let us discuss Theorem If @ = 0, then
the process ( is a martingale (see Remark before the theorem). However, it is quite
unrealistic to expect that if we consider the composition of a non-linear function u
and a martingale, then we would get another martingale. And in fact, if a = 0 the

formula in Theorem [4.3 becomes (if a = 0)
1
(89) dn(t) = [, C(8) + Guily (£, C(1)) - D (D)) dE + 1 (¢, C(1) - (1) - dw(t),
and the “non-martingale” part (called drift) in square brackets is very much present.
But there is one very important exception.

Suppose f € C&° and u/(t,r) is the heat extension of f, in other words, the
solution of the heat equation:

(90) (3 _ 18—2) W =0, 0l (0,2) = f(x).

Fix large positive T and consider function of (¢, z) given by u = u/(T —t,z). We
want to compose it with stochastic process as in Theorem [£.3, with a = 0,0 = 1
Then we get the process

n=ul (T —t,w).
It will be a martingale on [0, 7. In fact, we can use to get

ou 102! oul
dn(t) = [—a—“t(T —tow) + 56—;@ —t,wy)] dt + (T — t,w,)dw;,

ox
and by the drift term in the brackets disappears.
If we work with heat extension for functions on R* the same will be true. Now
Brownian motion W is k-dimensional (just k£ independent Brownian motions) and
u’ is the solution of heat equation

0
(91) (— - —A) uw! =0, u(0,2) = f(x).
Then we get the following stochastic differential
(92) dul (T —t,W,) = Vu! (T —t,W,) - dW,,

where - is the scalar product in R*.
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We are interested now in the case of complex valued function f on R?, so k = 2.
Thinking that gradient is always column vector and W; is 2-dimensional row vector
it is convenient to rewrite as

(93) f(Wyp) —uf(T,0) = /OT dW; - BJ ul (T —t, W) .

%

Definition. The expressions fOT dWwy - [ 9
y

} u/ (T — t,W,) will be called heat mar-

tingales.

But we will need a bigger class, where heat martingales are supplemented by
their martingale transforms. The simplest martingale transforms are given by
expressions

Sawoal? -
/ d t A Uf(T—t, t)7
0 ay

where A is a fixed matrix not depending neither on w (elementary event) nor on
time ¢.
Consider a special matrix

o e[ )

Then we get
T .
81 + Zay f
which is
! 9]
(95) 2/ th-[.—}uf(T—t,Wt).
0 10

This is quite suggestive. In fact, denoting temporarily the Ahlfors-Beurling trans-
form R? — R2 + 2iR; Ry by symbol AB, we recall that ABJ = 0. The following
theorem holds.

Theorem 4.4.
T
D) dim B[ dw, - %[ = W) W = 2) = £(2),
T—00 0 ay
T .
2) %EEOE(/O AW, - L‘(%iili%i)} W (T — £, W) [Wr = 2) = AB(f)(2).

Proof. Let us consider a test function g and build a heat martingale X (¢),0 <t < T,
by formula 1), but with f replaced by g¢:

X(t) == ¢(T,0) + /Ot AW, - BJ W(T — 5, W,).

Let Y(t),0 <t < T, denote the martingale in formula 2):

[ O, +id, | ;
Y(t) .:/0 AW - [i(@x—ki@y)} u (T — s, Wy).
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Then by “rule” that the product of stochastic integrals is “the integral of the prod-

—e xiyg)

uct”, we get (below k(t;z,y) = 55

2rn TE(Y/(T)-X(T)) = 27TT/ / oul (T —t; z,y) Ou? (T —t; v, y)k(t; x,y) dedy dt
R2

T
= —27TT/ / oul (t;x,y) oud (t; z,y)k(T — t; z,y) dedy dt .
R2

Notice that 20 T k(T — t;z,y) — 1 if T goes to infinity. It is not then difficult to
see that the last expression becomes very close to

T
/ / ou! (t; z,y) Oud (t; x, y) dedy dt
0 R?

when 7" goes to inﬁnity.
Recall formula and formula AB = R? — R2 + 2iR; Ry.( Number 2 in
should be dropped now as we are working with extensions with respect to 2 % — 1A

unlike before formula (30)), where we worked with gt — A.) Combined they give us

that the last expression would be equal to (AB(f),g) if the integration would be
fooo ...dt and not fOT ...dt. But as T'is large and f, g are nice the “error” goes to zero

when 7' goes to infinity. So
(96) 2eTE(Y(T) - X(T)) = (AB(f), 9) + o(1).

On the other hand, X (T') = g(Wr) by (93]) with f replaced by g. Therefore, for any
test function g

WTEY(T) - g(Wr)) = 2nT / dur(2E(Y (T) | Wi = 2)g(2),

2 2
Le_% dms(z) is given by the density distribution of Wr. Now using

*T
the facts that g is a nice test function and that 2777 o TE )) — 1 pointwise and in a

bounded fashion when T — oo we obtain

where dur =

/CIE(Y(T) | Wr = 2)g(2) dmy(2) = 2nTE(Y(T) - g(Wr)) + o(1).

Comparing this with we get the formula

T—o00

T
(97) AB(f)(z) = lim E(/ AW, - AV, ud (T — t; W) |Wr = 2).

0
Theorem is proved. u

Remark. It is very easy to see now that for martingale {Y'(¢)}o<;<7 constructed
above

IAB(N Lo amoy < Jim 27 TEY(T)[?

for any p. It is a sort of averaging operator. Moreover, for martingale { X (¢) }o<t<7
we obviously have limiting equality

p . .
||gHLp(<c,dm2) = 211_1){)10 2r TE[X(T)[".
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This is trivial from : just raise both part to the power p and take the expectation
(first conditioning over Wr = z, then integrating with respect to dur(z)) and use
again the fact that QWT% — 1.

Now put g = f. We see that

[AB(H)llp < 2Mp|[ £l

follows from E|Y'|? < M,E|X? for martingales Y, X. Notice that Y is just the
martingale transform of X with the help of matrix A, whose norm is 2. This
explains the constant 2 in the above display inequality. This is why we study below
X,Y and their relationship.

Remark. The reader can find many interesting examples, references and explana-
tions in recent review of Banuelos devoted to Burkholder’s estimate: [4].

4.5. Orthogonal (conformal) martingales. Introducing two martingales on the
filtration of Brownian motion

t
X(t) ::/ dWS-VI’yuf(T—s;WS),OStST;
0

t
Y(t) := / AW, - AV, uf (T —s;W,) = Ax X(),0<t < T,
0
and using the previous remark, we get that it might be a fruitful idea to look for a
sharp martingale transform inequality
(98) EfAx X (@), < ME[X]; .
Let f = ¢ + . Introduce the notations
Hls = [ug(T - 5 WS), u%(T - S WS)} )
Hy = [v)(T — 5; W), vf (T —s;W,)] .
K} = [ul(T — ;W) —ul (T — s; Wy), uf(T —s; W) +ul(T —s;W,)] ,
K; = [_ug(T -5 Ws) - Uf(T - S Ws)7 uﬁ(T -5 Ws) - UZ<T -5 Ws)} )

we can write complex martingale X = X; +iX,, Y = Ax X =Y; + Y5 in the form
(below dW; is a 2-row-vector)

(99) [(X1(t), Xo(t)] = /O t dW, {Zﬂ = /O t(Hfdw;JrH;dwg).
¢ Ks t

(100) Yi(t), Ya(t)] :/0 dW, {Kj Z/O(dew;JrK;dwg).

Properties of H, K. Vector processes H and K are related by

(101) IKTI1P + (1117 < 4(1H | + (| Hs (1%

for all elementary events w and all times s.
Relationship ((101)) is called differential subordination of martingale Y to mar-
tingale 2.X.

Theorem 4.5 (Burkholder’s theorem). If martingale M 1is differentially subordi-
nated to martingale N, then

E[M@), < (0" = DE[N(@®)lp, p" := max(p,p/p—1).
The constant is sharp.



42 ALEXANDER VOLBERG

In particular,
(102) EfAxX|l, <2(p" = DEX ()], -

But the constant is not sharp! We followed the probabilistic proof in [7], which
“randomize” the idea of [58]. There is an analytic proof following [58] more directly,
see [49).

More properties of H, K. Vector processes K have extra properties:
(103) Ky K5 =0, ||K7| = [| K3l

for all elementary events w and all times s. Such martingales are called orthogonal
or conformal.

Theorem 4.6 (Banuelos—Janakiraman’s theorem). We make the exposition of [5]
using the notations above. If martingale M 1is differentially subordinated to martin-
gale N, and martingale M is conformal and ||M(0)|| < ||N(0)|| then

p(p—1)
2

E|M@)l, < EN@pp > 2.

In particular,

(104) EfAxX|l, < v2plp = DEIX ()], p > 2.

But the constant is not sharp!
However, this inequality gives

I1Tll, <+v/2p(p—1),p>2.

Interpolation between p = 2 and large p with this estimate, optimization in this
large p, will give ([54)).

The proof of Theorem [4.6. Our main tool will be formula . Trivial renormaliza-
tion shows that to prove Theorem it is enough to prove that if M, N are two
martingales on the filtration of 2-dimensional Brownian motion and M is differen-

tially subordinated to @ - N, p> 2, and M is conformal then

(105) EIM @), < (p = DE[N@)p,p > 2.
Consider such M, N, and their Hy, Hy, K1, K5. We know that
2(p—1)
(106) IK[1* < THHHQ,

where [ K[|* := || K[| + | K[|, [|H[[* = [[Hy]|* + || Ha||*, and
ki1 ko1 + k1o - koo = 0.

This and equality || K || = || K2|| easily implies

(107) ki1 - kig + ko - koo = 0.

Let V(M,N) = ||M|P — (p = DIIN|P, p > 2, (M, N) := p(1 — 1/p)P~*(|[M|| +
INIDPHUIM| = (p = DINT]).

We would like to prove that E(V (M (t), N(t)) < 0. But it has been proved that
V < . So it is enough to prove

(108) E(p(M(t),N(t))) <0.
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To prove (108]) we use:

(109) p(M(t), N(t)) =¢(M(0)7N(0))+/0 dp(M(s), N(s)) -

To compute Edyp we use It6’s formula, which of course involves Hessian H,. More

precisely, dp(s) will involve
o3 H3
(H, {Kf} ’ {Kf])+

H3| | H3
o 1G] 1]
Now we look at formula , which gives

dp = p(1-1/p)" (A+B+C+D), A= —p(p—1)([IM (s)|+I|IN ()P (I H 3= [ K1)

B = —p(p=2)(IM(s)||+ N () )7 [ M ()] [(Mknﬂ}fm) (MQthA}ﬁW k) ] ,

where we need to recall that M = M; 4 My, My, M5 being its real and imaginary
parts. Part C' comes from the last part of formula , and, obviously,

C<o,
D = ..dw! + ..dw?,
where ... involve functions of kf;, h%; and V(M (s), N(s)). This shows that fg D(s)

150 'Yig
is a martingale starting at 0 and so
t
(110) E/ D(s) = 0.
0

We open the brackets in B, use (107)), and the fact that k%, + k2, = k3, + k2,, to
get

1 _
B < —p(p— 2)(§|IKII§)(HMH + NP2
Now

_ p
At B = —p(IM]|+ NP2 - DIHIZ - S1KI3] <0,

if (106)) is valid. Term C'is non-positive. Term D disappears after integration E f(f ,
As a result we come to (see (109))):

E/O dp(M(s), N(s)) = Ep(M(0), N(0)) = (M (0), N(0)) <0,

because if z := ||M(0)|| <y := [|N(0)|| then ¢(z,y) < 0, which is obvious from the
formula for ¢.

4

As we already mentioned, this proves . To prove one needs even more
careful stochastic analysis, and we leave this for the next round of lectures somewhere
in the future.
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5. BELLMAN FUNCTION OF STOCHASTIC OPTIMAL CONTROL PROBLEMS

Let W be d; dimensional Brownian motion. Let x(¢) is a d-dimensional process
given by

(111) :c(t):x—i—/o b(a(s),x(s))ds—i—/o o(als), z(s)) W,

in other words the process starts at + € R? and satisfies a stochastic differential
equation

dx(t) = bla(t), z(t)) dt + o(a(t), z(t)) dWy,

where « is a dy-dimensional control process, we can choose it ourselves, but it must
be adapted, that is «(s) has to be measurable with respect to sigma algebra Fj
generated by W;,0 < t < s. Also values of the process a are often restricted:
as,w) € A C R%.

Matrix function o is smooth and d x d;-dimensional, and b is a smooth column
function of size d. Everything happens in Q C R? (often =R9).

The choice of adapted process «(s) gives us different motions, all started at the
same initial z € R%.

This is a “broom” of motions, hidden elementary even w gives “one stem of a
broom”.

Suppose we are given the profit function f(«,x), meaning that on a trajectory of
x(t), for the time interval [t,t + At], the profit is f(«a(t), x(t)) + o(At). So on the
whole trajectory we earn

/OOO Fla(t), (1)) dt

We are also given the pension—we call it bonus function F—~how much one is given
at the end of the life. We want to choose a control process a = a(s) to maximize
the average profit:

(112) v (x) = E/OOO fla(t),z(t)) dt + limsup EF (z(t)) .

t—o00

If b =0 and F' is convex then one ca write lim instead of lim sup.
The optimal average gain, or

(113) v 1= supv”(z)

(e}

is called the Bellman function of stochastic optimal control problem (111)), (112)).

Usually the analysis consists of

a) writing Bellman PDE on v;

b) solving it;

¢) using “verification theorem”, which says that under certain conditions on data

o,b, F, f,Q, A the classical solution of Bellman PDE is exactly v from (113]).
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5.1. Writing Bellman PDE.. This consists of a) [t0’s formula, b) Bellman’s prin-
ciple of dynamic programming.
Using [t0’s formula we get

Z 8% Z 7@ dwj

where
di
x) = Z oi(a, z)oy;(a, )
k=1

is 7, j matrix element of d X d matrix oco*.
Introduce two linear differential operators with non-constant coefficients:

: 0
r) =) bk(a’gj)@_a:k ,
k=1

d 52
Lo(a,x) := E ai;(a, x) ,
i1 (%18%

and
Lo, x) = Ly(a,x) + Lo, x) .

Let us hit our formula for dv(z(t)) above by the expectation E, then the first line
becomes 0, and we get

Or
(114) Ev(z(t)) = v(x) + ]E/O [L1(a(s),z(s)) + La(a(s), z(s))|v(x(s)) ds .

Now we need the second ingredient to write the Bellman equation: the Bellman
principle= dynamic programming principle. It is in this next equality:

—sup]E/ f(a ))dt + limsup...]
(115) —supE/ Fla(), 2(t)) dt + v(z(t))], V¢ > 0.

A minute though shows that this reflects the stationarity of Brownian motion and
the fact that to be perfect one has to be perfect every second.

Now plug Ev(z(t)) from (114]) into (115)). We get
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0= sgp]E[/OoO fla(t),z(t)) + L(a(t),z(t))v(z(t))] dt, Yt > 0.

Divide by t and tend t to zero. We “obtain” Bellman equation:

(116) sup[(L(a, x)v)(x) + f(o, )] =0.

acA

Positivity (usually present) of f and convexity (usually present) of F' imply (if
there is no drift, that is if b(a, ) = 0) obstacle condition:

(117) v(z) > F(x), Ve € Q.
Often it becomes boundary condition:
(118) v(z) = F(x), Yo € 00.

The definition of v in domain (not in the whole R?) should be slightly changed. The
integration of profit function now is not from zero to infinity, but from zero to the
stopping time of the first hit of 9 by the trajectory x(t).

See details of obtaining in the beautiful book of N. Krylov [47].

In applications one is also interested in supersolutions of the Bellman equation
(T16) :

(119)

a€cA

V(z)>F(x), z€Q .
Lemma : Let V solves (4) and let v be the Bellman function,then V' > v in Q.
Proof : Equation (116) states that —L(«, )V (x) > f(a, x). Using (114) for V' and
then (119)), one gets

V() =EV(x(t) - E/ (L(a(s),z(s)V)(x(s))ds

{ sup(L(co, )V (z) + fla,z)] < 0,2 € Q,

>EF(z(t)) + E/o fla(s),z(s))ds.

Writing tm of both parts,we get V(x) > v*(z). It rests to take the supremum over
—00

the control process a.
5.2. Special matrices o bring us to Harmonic Analysis. Let us consider a
very simple matrix ¢ not depending on x:
aq
(120) di=1,o(a,z)=|:| =a.
Qq

If on the top of that b = 0 then operator £ just involves Hessian matrix H, of
function v:
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We claim that this is the generic case of Harmonic Analysis problems in R'. Equation

(116]) becomes

ac

(121) { sug[%(Hv(x)a,@ + fla,z)]=0,2€Q,
v(z) > F(z), 1€ Q.

If b # 0 then we just add the first order differential operator (called drift):

(122) { zlég[%<Hv(I)oz, a) + 3 bila, :c)%v(x) + fla, )] =0,z €9,
v(x) > F(x), x€Q.

Harmonic analysis on R? “becomes” the analysis of the following Bellman equation
(and this is exactly what we did in the sections above devoted to the analysis of the
Ahlfors—Beurling operator):

Q11 012
(123) di =2, ola,x) = | ¢ ] =

Qg1 Qgo

Conformal restrictions: Matrix « can have restrictions a € A of the type that
the first row is orthogonal to the second row and that the norms of the rows are
equal. The reader can notice that these are Cauchy—Riemann conditions, and
the corresponding solution of will be a conformal martingale (again if b = 0).
Bellman equation becomes

a€A

(124) { sup[strace(a* Hy(z)a) + > 5, bk(@,x)%v(x) + fla,z)] =0,z € Q,
v(x) > F(z), t € Q.

Remarks. 1) This is (exactly as (122))) very non-linear (actually an example of
so-called fully non-linear) equation of the second order.

2) This equation is much more difficult to analyze than . On the other hand,
we can easily notice that conformal restrictions on a makes clear that Hessian of v
should be replaced by Laplacian of v (or some kind of semi-Laplacian-semi-Hessian).

6. EXAMPLES SHOWING ALMOST PERFECT ANALOCY BETWEEN STOCHASTIC
OPTIMAL CONTROL AND HARMONIC ANALYSIS

6.1. A, weights and associated Carleson measures. Buckley’s inequality.
We call a nonnegative function on R an A, weight (dyadic A, weight actually) if

(125) (w); < Crellew)s VjeD.

Here D is a dyadic lattice on R, ( - ); is the averaging over J.We are going to
illustrate our use of Bellman function technique by a collection of examples, the
first of which is the result of Buckley that can be found (along with “continuous
analogs”) in the paper of Fefferman-Kenig-Pipher [39].
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Theorem 6.1. Let w € A,. Then
I (w)e, = (w)e )
(126) VIeD, (*— [ < Cy
7,2
Where Cy depends only on Cy in (125)). Here {1 are right and left sons of { € D.

Who moves ?

Ty, 19 = (W) , (logw),
a1 = <w>son ofJ — <w>J = |a1| - %|<w>J - <w>J+| .

Function of profit can be read off (126]) if one notices thatﬁ > +-- is the
(CI,teD
average over the lines of life. Each line of life initiates at I and then proceeds to

I.,(e1 = +1 org; = —1), then to I ., (g0 = +1 or g5 = —1), etc.

Thus ﬁ ZCIZEGD .-+ plays the role of E fooo -+, This allows us to choose the correct

profit function 2
fla,z) = :c_%l :
Bonus function F' = 0 here. Bellman equation reads now
2

(127) a:?;l},)ag) {(Hva, a) + %] =
to be solved in
(128) Q={(z1,22) : 1 <me™™ < ¢y}
with the obstacle condition
(129) v(z) >0 VreQ.

Compare with !

6.2. A two-weight inequality.
\V/JED<U>J<’U>J§1:>VIGD
1
= > ey = (el [(w)er = (w)e-] |1

T en

1/2, \1/2
< Cluy "),
Who moves ?

x1,x9 = (u)y , (V).

As in the previous problem f*(z) is easy to find :

fla,2)) = 4aa] |ag].
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Bonus function F' = 0 here again. Bellman equation

sup [(Hya, ) + 8lay] |ae]] =00 >0inQ = {z = (21,22) : 0 < 2y, 2952120 < 1}.

a=(a1,a2)ER?

Compare with ((121))!

6.3. John-Nirenberg inequality : Bellman equation with a drift but with
fla,z) =0.
VI € D(lp—(p)s?)s<o=>VIeED

(ef) < Csel?h

Who moves ?

Notice that (t = n):

+ — +_ =\ 2
o~ Blafr ) = - T (TI)

But

ot — B2 2" = oy

t+1 t+1
o=ty / odw® + / bds .
t t

Thus drift b stands for E(z*1|z!) — 2¢ (in the case of discrete time). Therefore,

On the other hand,

bla, ) = ( (;2> in our case. Notice that f(«,z) = 0 as there is no ﬁ > ... in the
et I
functional. Bellman equation in this case has a form

sup F(d%a,@ _ v 2] =0.

—
a=(a1,a2) 2 8332 !

Compare with (122!

In other words :

v __9du 0% v _9du 0%
8;v% Oxrs  Ox10x2 &v% Ors  Ox10T2
(130) <0, det = 0.
v 2%v v 2%v
Ox10x2 690% Ox10x2 890%

in Qs = {z = (21,22), 21 € R,0 <25 < 0}. The obstacle condition is
(131) v(x) > F(x) = e™ in Qg
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Denote B the dyadic Bellman function of a corresponding problem. There are
many solutions of the above equation in €25 which satisfy the obstacle condition
> e" in {25 and even satisfying the boundary condition = e** on x5 = 0. These are

1— e =,
Peg(@1,T2) = Q%emﬂg_”_ﬁ,é <e<lg>1.
— /e

One can compute vs-the smallest solution of the above equation satisfying the ob-

stacle condition.
L=V =2 oivimve
1-V6 '
This is not B¢! In fact, B§ > vs. However, vs is the Bellman function for non-

dyadic John—Nirenberg inequality!!! The rest is in Vasyunin’s lectures and in
[53].

Vs =

6.4. Burkholder-Bellman function.

VI€DKg)r+ —(g)i-| < [ f)rr — ()]
= VI € D such that |{g);] < |{f)/]

one has

(gl r < =D fIP)rp=2.

The constant (p — 1)? is sharp. This is a famous theorem of Burkholder which he
proved by constructing the corresponding Bellman function. He found it by solving
a corresponding Bellman PDE - a complicated one. We would like to show a simple
“heuristic” method of solution.

‘Who moves ?

x1={9)s, x2=(f)s xs=(|f[")s

Our rules say that f(«,z) = 0, EF (2}, 2%, 2%) = E|g[P. Denoting by F; the o-algebra
generated by dyadic subintervals of I of length 27"|I|,¢ = 2", we can write E|g|? =~
E|(Ex:|F;)|P = E|t [P which gives us the correct bonus function F(z1, z9, 23) = |21|P.
Notice that A = {a = (a1, a2, a3) : || < |as|} now.

This is because |az| = 1[(g)s4+ — (9)s—], |as] = L[(f)s+ — (f)s—|, and we are given
that the first quantity is always majorized by the second one.

So we have the Bellman equation

sup (Hya,a) =0

lar|<|az], a3
in Q={x: (r1,22,23) : |22/P < 23} (convex), with obstacle condition
v(wy, o, x3) > |21 |7

Compare with (121))!

This example is interesting because we have a non-trivial set of restrictions A for
“control” a.

Solutions were given by Burkholder [19] (see also [20]-[25]) and also (a different
approach using Monge-Ampere equation) can be found in [59]. See also a very
interesting review [4].
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An interesting Bellman function built by the use of Monge—Ampeére equation can
be also found in [60], [61].

7. THE TECHNIQUE OF LAMINATES, BELLMAN FUNCTION, AND ESTIMATES OF
SINGULAR INTEGRALS FROM BELOW

Definition. Laminate on Ms,, is a positive finite measure on symmetric real ma-
trices M5, such that

(132) f(A) > / F(A+ M) du(M)

for all rank 1 concave functions f.

Theorem 7.1. Any laminate on M3, ., can be approximated weakly by the push for-
ward of Lebesque measure on the plane by the Hessian of smooth compactly supported
functions, in other words, for any good F

/ F(M) dv(M) ~ /R F(Du) dady,

where Du(x,y) := lum u:cy:|'

Uyz  Uyy

are just exactly

Observation. Laminates supported by diagonal matrices [0 Y}

exactly the measures on R? such that (z = (X,Y))

(133) /fa+zdu 2)
for all bi-concave (meaning separately concave in X and Y') function f.

Definition. ([ X dv, [Y dv) is called baricenter of a laminate v supported on
diagonal matrices.

Fix p> 2 and p, =p+n,n> 0. Put
2 Dn K+1
=1—-—, K := 1=
S0 pn7 _27p n K —1

We are going to construct very interestmg laminates supported on

1
Y=KX,Y+=X.
5 +K

Fix p > 2, fix small n > 0, put
Ppi=p+1,
2 1 P 2K K
134 =1-= K:=—=-"1 = — —1=
( ) S0 pn) S0 pn_27p77 K_17p17 K

We are going to present an interesting laminate with baricenter (1,1) supported
by lines

+1

H

1
Lg: Y =KX, Li: Y:KX'



52 ALEXANDER VOLBERG
Let f be a bi-concave function and
(135) f(z) =0(|]z]), z — 0.

Then concavity in horizontal variable gives

(136)

f(t,t+h)> -

T t+h

Rewrite it as

(t+h) h
%(t+h)f(t+h’t+h)+t+h—%(t+h)

| N|H

=

—(t+h).t+h).

t+h—+(t+h)
t— = (t+h)

The concavity in vertical variable gives

(137) f(t+h,t+h) <

Ftt+h)— Fa(t+h), th).

t— % (t+h)

t— =t h 1

(138) ft,t) > ﬁf(t,tjt h) + TJrhf(t, Evt) :
K

From ([137)), (138]) we obtain (of course we divide by h, and next, we will make h
tend to 0)

ft+ht+h)—f(t,t) 1[t+h—%(t+h) -4
<= —1+1——=5 | f(t,t+h)—
h T h| t—%(t+h) t—wt+h A )
1 1 1 1
———f(=({t+h),t+h) — ———flt,
t—%(t+h)f(K( Fh)t4h) —%t+hf( K>
Make h — 0. Then
: 2K f(t,t) K f(gtt) K [t %)
_ < — — .
(139) fie1) K-1 ¢t — K-1 t K—-1 t

P

/
We recall (134)) and multiply by 1/t"7. Notice that after that LHS = (M) )

We integrate from 1 to oo and use (135 to forget the term at infinity. Then we
obtain for any bi-concave function on the plane

K [® 1. d
(140) — f(1,1) <——/ f ¢, tpil—K_l/l f(t,?t)tpnil

Introduce v

K
5 Pdvi, = / ¢ t,t tmﬂ
It is a laminate supported by L : Y = KX. And introduce vy

K o 1 dt
- ¢dV1/K,n = ﬁ \/1 Cb(t, ?t)m .
It is a laminate supported by L/ : Y = %X . Now ([140)) can be rewritten as

(141) f(1,1) > /f(dVK,n +dvyicy)
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If all our concavity in getting (141]) become linearities then we have equality in({141)).
So dvg, + dvi /i, is a laminate with baricenter (1,1).
Consider a new laminate, now with baricenter (0, 0):

1 1 1
prcn = (Vi + dvyicn) + 7010 + 500 -

Test it on
P1(X)Y) = [X + Y[, o(X,)Y) = [X = Y|P
Then
(42) 4Ol _ (KA1 + (K + D)7/ KP)n + (K — 1)

S Gadpscy KK = 1P + (K = 1)p/EP)y~! + 5(K — 1) + 320(K — 1)
Choosing 1 > 0 very small we get

[ drduk, (K+ 1)p
143 > —Chn.
(143) [ padpge, — \K —1 1

Notice that we can consider a bit different laminate than px ,,, Namely let us push
forward pig, by the map X — XY — —Y. The new measure is called o ,. Then

(143)) transforms to

fqbde'Kn K+1 P
k] > _ .
(144) Tondory, = \K—1 Cn

Now we use Theorem It implies that there exist smooth functions with
compact support on the plane such that

[ Ttz — gy P dmy K +1\?
145 >(——] —Cn.
(145) [ gz + uyylPdmy = \ K — 1 n
Notice that K depends on 7 (see (134))) but

K+l — 1,n—=0
x— 1 P-Ln—=0.
Thus from ([145)) we get the estimate
(146) IRY — Rall, >p—1,

if p> 2.

This argument can be applied to some other interesting singular operators. Con-
stant p* — 1 can be described as the smallest constant ¢ = ¢, such that the function

he(X,Y) =Y + X|P — Y — XJP

has a bi-concave majorant.
Definition. Let us call ¢,(X,Y’) the smallest bi-concave majorant of h.(X,Y) =
Y + XP — |Y — X|P for the smallest (as we know) possible ¢ = ¢, = p* — 1.

We will recall a formula for ¢, in the next section.

Now let us consider a different family (it is a perturbation of h.):

her = |((Y +X)2 +72(X = Y)))V2P — |y — X|P.
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Here is a result proved in [18].

Theorem 7.2. For sufficiently small universal 79 > 0, any p € (1,00), and any
T € [—70,70], the smallest ¢ for which there exists a bi-concave majorant of he, is

() = (0" = 17+ 7)1,

Using the same considerations with laminates as above (especially Theorem [7.1))
we can prove the following estimate from below for “quantum” linear combination
of secon order Riesz transforms:

Theorem 7.3. For sufficiently small 7 and any small positive € one can find g €
LP(my) such that

I(I(RE = RY)gl* + 7B + R3)g*) [l = (0" = 1)* + 1)l gll, — €.

This gives rise to the following problem:
Problem. For sufficiently small 7
|| lR% - R%

1 } : Lp<m2) — LP(R2,Z2>H _ ((p* _ 1)2 —|—7‘2)1/2?

The answer is affirmative, see [I§]. Notice that for p € (1,2) and large 7 this is
no longer true. Somewhere we have a “phase transition” of the sharp constant. It
is not clear what is the critical 7(p).

7.1. “Explanation” of laminates above via Burkholder’s function ¢,(X,Y)
and its properties. We introduce coordinates (z,y):

Y=y4+2, X=y—=x.

Let )

Yp =p(1 — E)p_l :
In the first and second quadrants of zy, Burkholder’s function in these coordinates
is equal to (here the reader should glance at (134]) and make n = 0 in it, sy and k
below are as in (134)), but with n = 0)
By — (0" = Dl + P i 5 250 = 1-2 =4

v — (5 — L[l if — 1< LE < gy

(147)  pp(z,y) = {

Now extend ¢, (z,y) to the whole plane by

wp(,y) = ep(=2, —y).
Burkholder proved [19]

Theorem 7.4. Such a function coincides with the smallest majorant of h.(z,y) =
ly|P — P|z|P, ¢ = p* — 1 bi-convex in X,Y coordinates. For ¢ € [0,p* — 1) there is
no such bi-concave majorant of h..

Observation 2. We use here both coordinates (X,Y) and (z,y). In the cone
X <Y < KX function ¢, is linear along Y = const segments. Similarly, In the
cone %X <Y < X function ¢, is linear along X = const segments.

This linearity allows to calculate (we are in (X,Y’) now)

LPp(t +h,t+h) — ‘Pp(ta t)
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virtually without any loss if we use the T-shape 4-tuple of points in R?: ((%(t +
h),t+h),(t,t+ h),(t + h,t+ h), (¢, %t)) as in Section .

If we move one of the lines L, Ly /x then two things may happen: 1) we go outside
of these linearity cones, and subsequently we get strict inequality for ¢,(1,1), or 2)
if we do not go outside of linearity cones, but then we loose

Pp = hpr—1

equality because by the definition of of ¢, (see (147))) this equality holds only on
the boundary of and outside of the union of linearity cones.

Notice also that on these lines L, L1 ,/x (recall that K = p_’;;g if p > 2) we have
that

Op R hp_1 =0, o, > hye_q.

For ¢ larger than p* — 1 we can again choose the lines where h, coincides with its
bi-convex majorant, but then they will be quite negative there and integration of
h. along a laminate supported on such lines cannot be almost positive as it was the
case above.

8. STOCHASTIC CALCULUS AND 1/2 QUASICONVEXITY

We have a bijection of matrices M = [Z’ Z] onto (z,w): z =a+d+i(b—c), w =

a —d+i(b+c). Notice that 2 det M = |z|*> — |w]>.
Recall that Sverak’s function is the following “simple” object
{w ~ lul?, 2] + fw] <1

S(z,w) == :
2|z| — 1, otherwise

Function

Up(z,w) = ((p = D)l2] = Jwl)(|2] + Jw])"~, p > 2,
can be easily obtained from S using the idea of Iwaniec, see e.g. [9]. The process is
a certain averaging. Therefore, the fact that S is rank-1 convex implies that 1, is
also rank-1 convex.

To solve the Big Iwaniec problem of the previous sections it would be enough that
any of these functions is quasiconvex at zero matrix. This is an outstanding and
very difficult problem.

On the other hand we can formulate two problems which seem to be easier and
may be readily reachable by Stochastic Calculus methods:

Problem. Prove that S(z, %w) is a quasiconvex function at zero matrix.

At least we feel that the following problem is directly reachable by methods of
Stochastic Calculus:

Problem. Prove that v,(z, %w), p > 2, is a quasiconvex function at zero matrix.

See interesting results in recent paper [3].
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