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1 Problem formulation and symmetries

Consider the eigenvalue problem with the Poisson kernel

TAE = s N =1 [ i@, elaa), 1)

D(T):= {f € L?*(R): supp f C [—a,a]},

where a, h > 0.

Since the Poisson kernel is real and symmetric, T is self-adjoint and compact (integration is over a finite range,
and Py, is non-singular), which ensures us that there exist countably many eigenvalues A € R accumulating to 0 and
corresponding eigenfunctions f are mutually orthogonal and complete in L? (—a, a).

We start by noting symmetries of the operator with respect to reflection and complex conjugation. First of all,
the operator T preserves parity: if R is the sign-inversion operator (i.e. Rf (x) = f(—=x)), then we check that the

operators R and T commute:

rrie =t [ Ao et [ I w TR @),

But the vanishing commutator {R,T} = RT — TR = 0 implies that the spectral problem (1) can be splitted into
two, for odd and even eigenfunctions, so we consider them separately. Similarly, since the kernel is real, it is evident

that if f (z) is an eigenfunction, so is Ref (z) and hence it is sufficient to consider only real-valued functions.

2 Going to the Fourier domain...

sin 2mak

First of all, since {[_qq) (k) = [, e 2™ *ody = and Py, (k) = e~ 2™"*| in the Fourier domain, the problem

Y
recasts as

T [f} (k) := /IR Sinzm(k_%)e—%h’”flf (k:) di = \f (k) (2)

w(k—/%)



where f € PWo = {ge H(C)NL?(R): |[g(k)| < Ce2 ™kl for some C > 0}.

Next, we notice that the identity f () = X[—a,q) (%) f (¥) implies!
f (k) = _ k) = (X ) (k)= | K (k&) f(k)dk
F0) = F Dxieaa ] 0 = (i1a = F) 00 = [ 0 (F) £ (B) d, 8

K (k, l~c> := 2asinc2a (k: — l;:) .

1 .
Another observation is that since Fourier transform is an isometry on L? (R), and {e””x/“X[_%a] (x)}
a neZ

is an orthonormal basis in L? (—a, a), the functions {v/2a sinc (2ka — n)}neZ constitute orthonormal basis in PW®.
. 1 .
Moreover, due to (3), if f(k) = >.o° __ fnV2asinc(2ka —n), then f, = \/Tf (;), that is, the expansion
a a

coefficients of a function in are essentially its values on a uniform grid.
As it was mentioned, eigenfunctions of the operator 7" are either odd or even. We now focus on finding class of

odd eigenfunctions so assume that f (z) = —f (—z) and it is real-valued. Then the Fourier transform f (k) := F [f]

is an odd purely imaginary function: f (k) = —f (—k) = —f (k) for k € R. Then the problem (2) transforms into

T, M (k) == /00o K, (k k) e HEf (k) ke = \f (k). (4)

Ko (k‘, l;) = 2a {sinc2a (k — l~c) — sinc2a (k + 15)] , H:=2mh,

and —/C, (k, 15) is a reproducing kernel for the odd Paley-Wiener space
PWo = {g ePW: g(k)=—g(—k)=—g(k) for k R}
with respect to the standard L? (0, 00) inner product:

<_KO (k")’f>L2(R+) - /OO<> Ko (k,l}) (_f(

2.1 Some differential operators

It would be desirable to construct a differential operator D : PW® — PW¢ such that?

[ (R e [ ()] i = [ [ (1.8)] 5 ()

since then the problem would reduce to solving a differential equation D [ f} = A f . We have not succeeded with

that, yet observed an interesting differential property.

inmk
We use the definition sinc(k) := SmmE

b iy
2The index k in Dy, stands for the variable on which D operates.



Lemma 2.1. Define Dy : PW® — PW&, Dy [f] := k2f" + 2kf' + A2k%f = (ka')/ + (Ak)® f, A:=2ra. Then
/OOO e HhD, ¢ [ico (k: k)} i (k:) dk = \D; [f(k)} . (5)

Proof. We observe that go (k) := sinc (2ak) is a scaled zeroth spherical harmonic and hence is a solution to the
following Bessel equation

k290 + 2kgy + A%k go = 0. (6)

Set g (k) = 2ago (k) so K, (k, l;) =y (k — l::) —g (k + l%) By linearity, ¢ (k) satisfies the same equation (6),
hence ¢’ (k) = f%k lg" (k) + A%g (k)].

We compute

0Ky (kk) - —% (k _ fc) [g” (k - l%) + A% (k _ k)}
+% (k + l?:) [g" (k + fc) + A%g (k + l?:)}
- —%k [a,ﬁico (k:k) +A%K, (kk)] +U; (k k) ,
where U, (k k) — %k (CZ:Q + A2) [g (k - k) +g (k + k)} Similarly

0k, (ko) = —%1; (071C, (k. E) + 42, (k&) | + Uz (k).
with U (1F) s= g (405 42) [g (k= R) +. (k+) - Since 403 (k.F) = K02 (k. E), we obtain the relaion

kDKo (k k) — k0K, (k k) - (1;2 - k2> [a,%;co (k k) + A2, (k k)] . (7)

[N

Since 92K, (k, l::) = GI%ICO (k, l%), we can combine

| ehnan, (k) £ (R) dk = xef ) [T e tok, (E) £ (R) di = A b

0
with (7) to yield the property (5). O

Remark 2.2. Repetetive integration by parts of (5) leads to

/ooo eI, (k%) D1 [ ] (k) ak = XDy [ ] (k) + /000 K, (k%) D2 | f] (F) dk, (8)



where Dy [f] (k) := Hk [2f (k) — HEf (k) + kf’ (k)]. In other words, we have the following commutation property
(70, 0.8) 1] - (22 1] o

2.2 False solution by nonlinear Laplace transformation

Now moving to a further idea, we slightly modify the domain D (T'): let us additionally assume super smoothness,
that is f € C¢° (—a,a), and hence T becomes a densely defined operator. It then follows that f is in the Schwartz
class S, and thus so is f (since F : & — 8). Therefore, f (k) k™ € L?(R) for any n € Ny and we observe that
f (k) k2" and f’ (k) k2"+! are in PW2. Taking inner product of (4) with each of these functions and using the

reproducing kernel property, we obtain, respectively
/ e HE f2 (k) 2 dk = A / 72 (k) k2" dk, (10)
0 0

/O e HEf (k) f (k) B2 g = )\/0 F k) F (k) k2. (11)

Denote the Laplace transform F (s) := L [ fg} (s) and employing the following properties?

zKﬁﬂ@=%Vﬂ@—F@=ww,

e f2 )] () = (1" T L[ 2] () = (-1 F™ (s),
(sF (5)) 2" = sFE D (5) + (20 +1) F) (s),  n €N,

we realize that (10)-(11) are nothing but the following relations between derivatives

(12)
@+l (H) + (2n+ 1) F2n) (H) =X(2n+1) F(2n) (0).
This simplifies to
FCY(H) = AFG (0),
(13)

FE) (H)  =0.

Since F' (s) is analytic in the right half-plane of C (as a Laplace transform), we can expand, in particular, about

s = 1 and such expansion must be valid at least up to the point s = 0, that is in the disk |s — H| < H. Taking into

3Since f(k) vanishes at the origin as it is odd and holomorphic. But in fact, the same would also remain true for the case of even
eigenfunctions as it is stated in Lemma 3.1.



account the second equation in (13), we have

O N pem gy B )T
F(s) mz::OF (H) =i
Since ( :
2 _ = 2m (s — H)2 ok
ol k)(s)_mz::kF( )(H)m’

the first equation in (13) yields

> H2(m—k) 1
;CW ACEDIE

that is

A e H2k
Cm = ﬁzcm’“@’ (14)
k=1

where we introduced c,, := F*™) (H).

To sum up, we are searching for the set {c¢,,} ~_, C C satisfying, for some A\ € R, (14) which is an infinite-
dimensional system with upper-triangular Toeplitz matrix with zero diagonal elements. However, the solution is
not unique for a given A, for if {c,,} -, is a solution, then so are {¢y4n},_, for any n € N (this corresponds
to the fact that if F (s) is a solution, then F(") (s), n € N are solutions as well). This is in contrast with the
original formulation of the problem which does not allow infinite multiplicities for each given eigenvalue 0 < A < 1
(as suggested by the general spectral theory of compact self-adjoint operators; the fact that eigenvalues are positive
is seen, for instance, from (10)). The issue arises from the nonlinear transformation f — L [fz] which breaks
equivalence of the problems. Therefore, we have to formulate a criteria to weed out those solutions to (14) which
are not Laplace transforms of the square of a function from the space PW2. The Bernstein theorem (see Th.12b
in [4]) which characterizes Laplace transforms of non-negative functions can serve as one such filter. Namely, if
F (s) is a Laplace transform of a non-negative function, then it must be completely monotonic, meaning that, for
all k£ € Ny, (fl)k F®) (s) >0, s € Ry. In our case, since f is purely imaginary, F'(s) is Laplace transform of a

non-positive function, and hence must satisfy, for all £ € Ny,
(-1 F® (5) >0, seRy. (15)
We can see that even such condition is already restrictive enough to make simplest solutions to (14) fail. Indeed,

suppose the solution is in the form ¢, = ¢paf)* for some ¢y, ag € R. Then (14) leads to

A 1

i H?kq
1= -2 = A=
1— e~ (2k)! cosh (H/ao)

ox




< (e H)2m

F(S):Con;)aoW:COCOSh[(S*H)\/%], (16)
which also comprise cosine functions when the parameter ag is negative. However, in either case, the derivatives
fail to have a constant sign on R; and therefore, such family does not qualify to yield appropriate solutions by
the criterion (15). In fact, the general solution does not differ much from this. It is due to the mentioned shift
invariance property that solutions must be of the form ¢, = cpay’, but in the general case it should be ag € C,

which would give, for any 3, € C,

F(s) = Z Br, cosh [11{ (arccosh (1/A) + 2min) (s — H)| . (17)

n=—oo

However, because of the fact that Laplace transform of a real function must be real on the real axis, the restriction
to the case ag € R was appropriate and we have not reduced generality in (16) where parametric representation
immediately allowed to sort out meaningless solutions. The same result would be obtained (17) should one impose
simple conditions on derivatives: real-valuedness of F (s) and F’(s) for s € R, already implies that Sy € R and
Brn, =0 for all n # 0.

This approach fails due to a fundamental issue which can pinned down to the following problem. Taking n = 0

/0oo e (2 (k) db = )\/Oook (72 (k) a.

which (under automatically fulfilled condition k f2 (k) W 0) integrates by parts to yield
— 00

in (11), we have

k2 _ X HEp 2 [T
/Oe 72 (k) dk H/O e~ HELF2 () dk )\/0 72 (k) dk.

But, on the other hand, the first term here exactly equals to the right-hand side due to (10) for n = 0. Therefore,

/Ooe—HkkF (kydk=0 = f(k)=0.

0

This nonsense stems from the assumption k f’ (k) € L? (R) which means that we cannot assume more regularity

than L2-integrability of the extended by zero function in the original D (T'). We thus conclude with the following

Remark 2.3. An (odd) eigenfunction of T, f(x), being smooth inside the interval (—a,a) (as the convolution
with a smooth kernel), must tend to a non-zero constant when approaching the boundary of the interval so the
distributional derivative of its extension by zero outside (—a,a) would result in a Dirac delta function there, and
hence the eigenfunction would fail to be in the Sobolev space W12 (R) (which is not a surprise realizing that 7' will

not be self-adjoint when defined on such space).



2.3 Remedy attempts with linear Laplace transform
2.3.1 General strategy, Mittag-Leffler functions, etc

Even though we arrived to a wrong solution by making a wrong assumption, we don’t want to give up the previous
approach since it is proven to be constructive. But instead of “projecting” the integral equation (4) on k2" f (k)
and k2717 (k) as done in (10)-(11), we now would like to find a family of suitable functions g (k) meaning that
they are from the space PW¢ and generate sufficient amount of information to reconstruct a single function in
Laplace domain which is directly related to f (k). However, finding functions in PW¢ may already be a challenge
not to mention having any nice connection between their Laplace transforms. Ideal candidate would be a PW¢-
function decaying on R faster than any polynomial (so we can generate infinitely many moments), such functions
can be obtained as Fourier transform of infinitely smooth bump functions supported on [—a,a], for instance,

1
g(k)y=F [X[—a,a] (z) exp <—22>} , however it is not clear if we can obtain any explicit form of them.
a? —x

2ak\ "™
A naive guess would be g, ,, (k) = k*n*! <sinc> for any m € Ny, n € Ny such that 2n + 1 < m which,
m
due to loss of integrability at infinity, for a given m, limits the number of moments we can obtain whereas, on the

other hand, varying m makes it difficult to establish any neat relation between the functions.
n

o z
2in=o T'(an+ 3)
is known to be entire and of order 1/«. Namely, taking odd part, scaling and rotating by 7/2 in the C-plane to

More intelligent constructions can be made from the Mittag-Leffler function E, g (z) := which

achieve the decay at infinity on the real axis, we construct

e o] _lTLAk_2n+1
Z( )" (Ak)

95 (k) = T2n+1+p)’

(18)

n=0

where as before we denoted A := 2ma. We see that for 8 = 1 this gives g1 (k) = sin (Ak) which is not L2-summable

1

)= T [cos (Ak) — 1] is already suitable, so perhaps gg (k) for any 8 > 3/2 is good enough. From the
A

integral representation of the Mittag-Leffler function, we can also obtain gg (k) = Q—k fC
i

whereas go (k
Z1=Bex

22 + (2mak)?

the contour C starts and ends at —oo going counterclockwise encompassing all three singular points z = 0, £iAk.

dz, where

2.3.2 Bessel functions

One can also consider different generalized versions of the Mittag-Leffler function, while we notice that Bessel
functions J,, (Ak) might serve as suitable candidates as well: they are entire, have even/odd parity according to
the index n, have properly restricted exponential growth along the imaginary axis, but they lack L?-integrability
due to insufficient asymptotic decay J, (Ak) ~ % cos (Ak —nw/2 —7/4) as k — +oo. This can be remedied
by improving power of denominator which is possible to do without adding singularities due to the fact that J,

have zero at the origin of order n. Finally, let us also introduce an additional scaling degree of freedom 0 < v < A

1 1
and hence consider function families WJQ" (vk) and k27mJ2n+1 (vk) for n, m € Ny, m < n, which are by



construction in PW2 but suffer from the same problem as sinc-family functions defined above: for a given order
n, only limited number of (negative) moments are possible to construct?, however there are number of recurrence
formulas which might be useful to establish a link between functions in those two families with different values n

QJT/L (Z) = Jn-1 (Z) - Jn+1 (Z) s 27’”*]'0 (Z) = Jn+1 (Z) + Jn—1 (Z) 5 % (Zan (Z)) = Zan_l (Z) .

However, now we want to employ other relations for Bessel functions which can be obtained from their generating

function, namely

sin (zsinf) =2 Jopy1 (2) [sin (2n + 1) 0] (19)
n=0
cos (zsin ) )+ 2 Z Jon (2) cos (2nB),  cos (z cos6) )+ 2 Z )" Jon () cos (2n8)
= cos(zsinf) —cos(zcosh) =4 Z Jant2 () cos[(2n + 1) 20) (20)
n=0

We are going to work with the both families of the mentioned functions fixing m = 1. As before, for the sake of

brevity, denote H := 2wh. We therefore have

o HFk Jon (’Yk) 7 - Jon (VE) ;
e 08 g ar = [ 7RI f i ae

/ e—H’CJQ”“(”k k) dk = A / J2"+1 (V) 7 (k) dk.
0

Premultiplying this with the respective cosine or sine factors and summing over n according to the right-hand side

of (20), we obtain

/OQ e H¥ [cos (kvysin ) — cos (kv cos )] 1 (k) dk = /\/OO [cos (kysin @) — cos (kv cos )] 1 (k) dk, (21)
0 0

Tk Tk
/OO e ¥ [sin (kysin 0) — 2.J; (kvysin 0)] ! (f) dk =\ /OO [sin (kvysin @) — 2.J; (kvysin6)] ! (f) dk. (22)
0 k 0 k

We are going to proceed with (21) denoting F (s) := L [f(k) /k} (s). Then, we are facing a problem of finding

analytic in Res > 0 function satisfying the functional equation

F(H +iysin0) + F (H —iysinf) — F (H +iycosf) — F (H —iycosf) =

AF (iysinf) + F (—iysind) — F (iycosf) — F (—iycos0)]. (23)

T
We note that the substitution § — 6 + 7/2 does not change the equation so the solution must be §—periodic in

4 Again the same problem is encountered when one tries to work with family of spherical Bessel functions: jan—1, n € Ny.



0 and singular when either § = 7/4 or v = 0 as the equation degenerates. In other words, instead of matching
discrete moments as in the previous approach, the left- and right-hand sides of (23) must match for continuous set
of parameters 6 € {O, %) U (%, g) and vy € (0, A].

Moreover, since F'(s) is purely imaginary on the real line, we have F (H —ivysinf) = F (m) =

—F (H +ivysin®), so F (H 4 ¢ysinf) + F (H — iysin ) = 2ImF (H + iysin#) and (23) becomes
v (H,ysinf) —v (H,vycosf) = Av(0,vysind) — v (0,7ycosh)], (24)

where v (z,y) := ImF (z+dy). Since F (s) is analytic in Res > 0, we have Av = 0 in the right half-plane
{(z,y): >0} C R2

Denote g (y) :=v (0,y), y € R, then v (z,y) = (Py * g) (x,y) and (24) reads

°° 9(y) /°° 9 (y) ™ :
dy — dy = —X\ sinf) — cosf)],
./_oo (y —vsinf)® + H? Y —oo (y —ycosh)® + H? Y& ot )9y )
that is
* gly+ysind) —g(y+ycosb) 7w . , z
[m e dy=TA[g(rsin0) —g (yeosd)], ve[0,Al0e[0.7]. ()

We now note the connection with the original eigenfunctions f:

90 =0 0.9) =B (i) = [ cos () L

= d = [ sinh) Lk = S [711] (/2m) = 5 (/2.

i
In particular, due to the support of f, this implies that g(y) = C for |y| > A and, by continuity (as a result of
integration) and parity, it follows that C' = g (4) = g (—A).

Therefore, (25) becomes

[H /A 90 4 Ag(msg)]_ [H /A 90 gy rg(ysin0)| = R(7,0), (26)

T J_a H? + (y — ycos )’ T J_a H? 4 (y — ysin6)?

where

H H H H

Y oos— 2 ol A
arctan (HCOSQ H) + arctan (HCOSG+ H)]

A A
R(v,0): = 2C+ ¢ {arctan (7 sin @ — ) — arctan (FY sinf + >
™

By rescaling and trigonometric transformations, (26) can also be rewritten as the equation in x € [0, a] involving



the original quantities h and a:

[h /a dic) dt — \g (27 cos 9)] N [h /a g21%) di — A\g (2mzsin6)| = Ry (x,0)

T J_q (& — xcos)® + h? T J_q (& — xsinf)® + h?

1 2az? (cos? 6 — sin? 9)
Ry (z,0)/C = 2+ —arctan — —
™ 4a2h+ h3 (1 4@ —ach251n 9) (1 4 a —:zh200s 9)
1 2az2 cos 20
= 2+ —arctan ——— — ,
T 4a2h + B3 |:(1 + 2a2h—2x ) oz 11234 29:|

moreover, by parity of g (or by noting that the change of variable 8 — 746, x — —x leaves the equation invariant),
the range of validity of this equation extends to x € [—a,a]. In other words, the original eigenvalue problem (1)

reformulates into finding odd functions w (z) := g (2rx) € L? (—a,a) such that
T [w] (xcosf) — T [w] (xsin@) = X\ [w (xcosh) — w (xsinh)] + Ry (z,0) .

Since Ry (z,0) is a given term (up to a normalization constant), it can be computed for any value 6. In particular,
™

when 6 is close to VR all the differences entering the equation are small, but must be comparable in some sense.

Perhaps, at this point, tools like Stieltjes inversion formula or secondary measure may be useful after an appropriate

change of variable.

2.3.3 Power series approach after “regularization”

We recall the discussion that the bump functions are ideal candidates to project the equation since they act as
regularizing multipliers allowing us to work with infinitely many moments exactly as it was done before when the
nonlinear transformation was considered. In this subsection, we would like to pursue this approach but now paying
more respect to functional spaces.

For the sake of determinicity, put

0 (1) = F [y (00w (- 23 )| 0. (27)

a2 — 12

however, we are not going to use the specific form of this function rather than just general properties of a Fourier
transformed infinitely smooth even bump function. Namely, if we denote g, (k) := ¢, (k), then the functions

gn (k) := k?"*lg. (k) and g, (k) := k®"g, (k), n € Ny are all in the space PW2. Let us introduce the following

10



“regularized” Laplace transforms

Because of vanishing at the origin of f (k) g. (k), we have the connection formulas

G(s)=sF(s)—Q(s) = G®(s)=sF® (s)+2nF D (s)—Q®(s), neN,.

Analogously to (10)-(11), we have

These give
F(2n+1) (H) _ )\F(2n+1) (O) ,

HFCY (H) 4 2nFC@=Y (H) — QB (H) =X (2nF@=Y (0) — Q2™ (0)),

F(2n+1) (H) — )\F(2n+1) (O) ;
= n e N().

HFE (H) - Q) (H) = -2Q®" (0),

F (s) is analytic in the right half-plane Res > 0, so

F(s)= i Fm) (H)(S;nif'{)m = FO iF Ij_[)lm)l
m=0 ’ m=l

(28)

(31)

Denoting c,, := F(™) (H), due to the validity of the expansion in the disk |s — H| < H up to the origin, the system

(31) reads
1
- (2n) _ (2n)
can = 77 (Q (H) = 2Q™ (0)
H)m 2n—1
Cont1 = A Z S ——
m=2n-+1 —2n - 1)

If we relabel the coefficients a,, := ca,,41, then, for n € Ny,

0 HQ(k n)+1

Zak = bnv

oo 2(k—n)—1
A <Q<2k> (H) — Q") (0)) m
k=n+1 .

11



which are infinite systems with solvable matrices (see [1, 2, 3]). Nevertheless, such a decoupling does not seem
to be useful since the coefficients a,, and b,, are certainly not independent, as F' (s) and @ (s) are connected with
each other by means of f according to (28). Establishing this connection requires if not explicit form but at least
more precise characterization of (27) or similar functions. Alternatively, we can try to fill this gap working out the

projections of (8).

3 Meanwhile in the original domain...

3.1 Use of the Green’s identity

There is an observation about the Fourier transform of the solution to (1) which can be obtained without transferring

the problem to the Fourier domain. Perhaps the same approach may yield other useful results.
Lemma 3.1. Regardless of parity of f, we have f (0) := F[f] (0) = 0.

Proof. Suppose that f solves (1) for some fixed A # 0. For = € [—a,a], y € [0, h], consider

1 / @y
u(x,y) = Py *x (X—aalf) = — — 7 dZ. 32
(@) = Py (X-aa)f) = — Gt (32)
By the property of the Poisson kernel, this defines a harmonic function in the rectangle R := [—a, a] x [0, h] such

that lim+u (7,9) = X|—a,a)f () pointwise. In other words, u (z,y) solves the following boundary value problem
y—0

Au(z,y) =0, (z,y) € R,

w(-ay) =L o L@y

e,
T (et @) 4y

u(a7y) = %fja (a_fi%dxv Yy € [OVh]v
u(x,0) = f(z),
u(z,h) = Af (z), x € [—a,al.

Proof. Let us now apply the Green’s identity

/ (uAv 4+ Vu - Vo) dedy = §1§ uVv-dS
R R

choosing v (z,y) = y (so Av = 0 and J,v = 0, hence contribution from the vertical boundaries in the right-hand

12



side is zero) and w (z,y) as in (32). Then, using the boundary conditions, we have

a h a a a
/7 /anudxdy:f(lnL)\) i flx)de = (A-1) 3 fx)de=—(14+X) 3 f(z) dx,

and therefore, since A # 0, we conclude that [, f(z)dz =0= ["_ f(z)dz = f(0). O

— 00

3.2 Reformulation with the Plemelj-Sokhotski formulas

By partial fraction expansion, the equation (1) can be rewritten as

A L@ / AP

2 (/;aif—fﬂ—l—’ihdx _af—m—ihdl‘ =N (x), =z€[—a,qa]. (33)
1 = 7) 1 W P ‘ |

Now consider F'(z) := i -0 3 (l’i dz = 5 I, g(zi dz. It defines the functions Fy (z) and F_ (z) analytic
s — T _

in the horizontal half-planes Imz > 0 and Imz < 0, respectively. The Plemelj-Sokhotski formulas provide information

of boundary behavior of these functions:

Then (33) reads
Fy (x+ih)— F_(z—th)=X(Fy (z) — F_(z)), =z€][—a,a], (34)

whereas F (z) = F_ (z) for ¢ € R\ [—a,a]. In other words, we are after finding an analytic function in the cut
complex plane C\ [—a, a] with (34) characterizing a jump across the cut. At least for small h, this formulation of the
problem reduces to some perhaps already available in literature results and thus makes our problem asymptotically

solvable.
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