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1 Formulation of the problem

It is of physical interest to recover magnetization M of a planar sample from the measurements of normal components of
magnetic-flux density available above and below it [3, 4]. We consider a toy version of this is a problem on a plane where the
sample is placed on a line.

Introducing scalar magnetic potential ® such that the magnetic field is H = —V® (which is possible due to V x H = 0).
With the choice of system of units where the vacuum permeability constant is normalized to one, the magnetic flux density

then reads B = —V® + M. Due to the Maxwell equation V - B = 0, we thus arrive at
AP =V -M. (1.1)

Denote the radius vector r = (x,y), where the coordinate system is chosen such that the sample is in the middle of the
line y = 0, that is,
M(r):m(w)@éo(y), m:(mx7my)7

where g is the Dirac delta function supported at 0, the notation that should not be confused with further instances of use
of § symbol, say dr denoting variation of a function F.

The Poisson equation (1.1) on the plane has solution in terms of the logarithmic potential 5= logr (see, for instance, [6]),

1
= %//RQV~M(r/)10g|r—r'\d2r',

which upon integration by parts (under the formal decay assumption lim |[M (r)|logr = 0) becomes
r—00

where r = |r|,

// r/)er/:i mm(x/)(iil’/)dl‘/—l—i/ my (z') y da’.
“5 LMo e - [ L
1
Introducing the Poisson kernel P, (z) := P (z,y) = ——; e and the conjugate Poisson kernel Q, (z) := Q (z,y) =
Tax?+y
1 =z .
————, We can write
T2 + y2
L@, xmy+P,xmy,) , y>0,
Bry)=4° v (1.2)
%(Qy*mx —P_,xmy) , y<o,

employing x as notation for convolution in z variable.
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Next, since P, (z) is an approximate identity for y > 0 (e.g. [7]), we realize that

1 1
lim @ (z,y) = 57—[ [mg] + 5™y

y—0%t

where H denotes the Hilbert transform defined as H [f] := lin% (Qy* f).
Yy—

By uniqueness of harmonic extension upward/downward from the boundary, we can then rewrite (1.2) as
1
@ (r,9) = 5Py x (Hlme) £my), 320, (13)
and hence the normal component of magnetic flux density is given by

B, (1,) *%aypy*(’H [me] +my) , y >0, w4
y (z,y) = }
—%(’%P,y * (H[mz] —my) , y<O0,

1 2 _ 2
where notation 9,P_, should be understood in a sense that 0, P, := (0, P,)| - - 55

—a —— 5, the convention we adopt
(et a?)

and will use further.

Advantage of such representation is that we can use the property of Poisson kernels P, x 0yP,, = 0yFy, +y,, which
is similar to the known semigroup property Py, x P,, = Py, 4y, and is evident on the Fourier transform side, given that
FP)] (k) = e~2mI%l and combine measurements of magnetic flux density on both sides of the sample to separate unknown
magnetization components m, and m,. Namely, suppose m is supported on a set S C R and By, (z, k1), By, (z, he) are known
for x € I C R, where hy; > 0, hy <0, |ha| > hq.

Let S = (—a,a), I = (=b,b) for a, b > 0. For arbitrary 0 < hy < hy, v € R, consider
Uy, ho (x’ y) = Ly—hi—hs *By (xay +h1 — hO) - P’Y *By (J?, —y+ ha + hO) ’ (15)

Uy ho (2,Y) = Py_py—hy * By (x,y + h1 — ho) + Py By (x,—y + ha + ho) . (1.6)

Then, if the measurement area is much wider than the sample size, that is, a < b, the convolution integrals can be truncated
and the quantities

U, ho (I7 hO) = P’Y—hl—h2 *By (I7 hl) - P’Y *By (xv hQ) ;
Vy,ho (T3 h0) = Py—hy—ny *x By (2, h1) + Py x By (z, h2)

are considered to be approximately known for x € S.
On the other hand, we note that in the expressions (1.5)-(1.6), the second arguments in B, in the both terms are of

constant and opposite signs when y > 0, so due to (1.4) and the mentioned property of Poisson kernels, we obtain

Uy, ho (‘Tvy) = _aynyhtho+7 * My,  Vy,hg (x,y) = _ayPy*hthwF’Y *H [mI] ’
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which are harmonic functions in the upper halfplane providing that v > hy + ha. The choice v = hg + ho leads to

U(IE,y) = Up, (x,y) = 731/575 (l',y), v (I7y) = Upy (I7y) = - yizf (xvy)a (17)

where ¢, 1 are harmonic functions in the upper half-plane such that ¢ (x,0) = my, ¥ (,0) = H [my].
Alternatively, we may consider a more realistic physical setup corresponding to I = S where, however, we shall restrict

to the situation with hy = —ho. In this case, we set hg = hy, v = 0 to simply work with the expressions

’LL(LU,y) = By (x7y) - By (x7 _y)’ v ($>y) = By ($>y) + By (l‘, _y) )

which are exactly known for z € S, y = hg and, on the other hand, can be represented in terms of ¢, @Z precisely as in (1.7).
Introduce, for y > 0,

f(z) =0 (x,y)+io(x,y), g(2)=v¢(zy) +ip(zy), (1.8)

where ¢ (z,y) := Q, xm, and ¥ (z,y) := —Q, *H [m,]. Then, the expressions in (1.8) define analytic functions in the upper

half-plane. Moreover, lim+c/) (x,y) = my, 1im+w (x,y) = mg, and hence the real parts of f (z) and g (z) on y = 0 inherit the
y—0 y—0

magnetization support S. If S is bounded, we can construct analytic continuations through {(z,0) : € R} \S downwards

defining

F(z) = fz), v>0, G(z) = 9(z), >0, (1.9)

—f(2), y<O, —g(2), y<o.

Without loss of generality, we proceed further working with F' alone, situation with G is absolutely the same.
Note that here and onwards we identify the complex plane C with R? and abuse notation referring to x or y as a real or

imaginary part of the variable z = x + iy € C or a coordinate of the point (x,y) € R2.

Lemma 1. For my € L} (R) such that suppm, C S, |S| < oo, the integral

F(z) = i/ My (&) 4e (1.10)

mJg £€— 2
defines an analytic function on C\S such that lim F (x +1y) = £my + H [m,].
y—0

Proof. Consider the rectangle V = [—xg, 2o] X [—Y0, yo] for some x5 > a and yo > 0. Since S x {0} C V, for z € C\V, by the

P =g [ T

2 Joy €2

Cauchy formula, we have

where the rectangular contour 9V is traversed in the counterclockwise direction.
In order to obtain the representation (1.10), we would like to take limit as yo — OF. First of all, contribution from
the vertical segments & € [—xo — iyo, —xo + iYo], [To — Yo, To + yo] is negligible under such limit passage because of the

mean-value theorem which applies due to analyticity of F' across {(z,y) : y = 0} \\S. Therefore, employing (1.9), since m,, is
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real-valued, we obtain

1 Zo VR —Zo N / 1 Zo 2 /
271 yo—0+ o ~Wot+ T —2 w0 Wot+T —2 27e yo—o+t \J_y T — 2
= i/ My ©) e
m Jg £€—2
where the limit passage under the integral sign is justified since m, € L' (S) and z ¢ S. O

Lemma 1 shows that magnetization components m, and m, uniquely define the functions F' and G, respectively, which

are analytic in C\S, and in the upper half-plane in particular. Now, because of the Cauchy-Riemann equations,

89:¢ = - yd)a 3x¢ = ay'(/;v

and since the quantities u, v are known on Iy := S x {ho} from the measurement data as described above, we can compute

Wj(z) == /w u (2’ ho)da!, Wy (z):=— /1 v(a' ho)da', z € (—a,a), (1.11)

—a —a

the quantities which, up to constants, give estimates on I for qz~5, 1, respectively. Based on this, we attempt to recover analytic

functions F', G, and thus magnetization components m,,, m,, respectively, by casting the following bounded extremal problems

min HImF - W , min |[ReG —W,, + C’O‘ , (1.12)
FeBu, L2(Io) GEBu, L2(Io)
Co€ER
where
Bur = {F e H : supp (ReF|,_q ) C S, [ReF|| g, < M}, (1.13)
H? = {F analytic for y > 0: sup/ |F (2 +iy)|* dz < oo} , (1.14)
y>0JR

My, M, denote positive constants which a priori bound L?-norms of My, My, accordingly, and Cy is an integration constant
from (1.11) that cannot be absorbed by the definition of By, .

We shortly discuss motivation to formulate such bounded extremal problems. Without loss of generality, let us focus on
the first one in (1.12). We have seen in Lemma 1 that given m, supported on S extends uniquely to an analytic function
F. But an analytic function can also be uniquely represented from a subset of a line by means of the Carleman’s formula
for a half-plane (Ch.1, Th.5.1 in [1]). Applying this to known data on I (real part is zero, imaginary part is an available
function from measurements processing), we obtain an analytic function above hg which must coincide with restriction of
the original function F' produced by m,, and hence the obtained function is, in fact, analytic all the way down to y = 0
where its real part must be exactly m,. However, not every square-integrable on Iy function is the restriction of an analytic
function (see, for instance, Th.11.2 in [5]), and in practice it is never the case since measurement and numerical processing of
data are necessarily prone to errors. Therefore, assuming that the available data Wd—) are only L? (Iy), the minimum is never

zero, and as it is approaching, we expect growth on other segments (namely, on Jy := (R x {yo}) \Io) that would blow-up
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H?-norm in the spirit of [2]. This growth is, nevertheless, controlled by the imposed requirement in B M- Indeed, one can
show (as a consequence of Lemma on p.122 and the top of p.127 in [8]) that [[ImF|;k) = |[ReF|;25) < M, and thus
1 2oy < NE N g2 = 1] 2wy < 2M-

2 Solution

Again, for the moment we focus on the first bounded extremal problem in (1.12). Omitting proof of existence and uniqueness
(which hinges on demonstration that By is a closed convex subset of Hﬁ), we skip to obtaining an integral equation for the
magnetization component and further set up a fixed-point argument procedure for its solution.

Given W3 € L? (Io), we denote

T = HImF _ Wd;’

2
b)
L2(Io)

we pursue the idea of Lagrange multipliers [9], and thus require, for A € R,

57 = 2\ (ReF, Redp) 125y, 07 =2 <ImF - W¢~7,Im6F>L2(IO) :

where, by means of Lemma 1,

57”/
5F: 1 ﬁdf = R8($F:Py*5my, ImdF:Qy*dmy

Esf—z

for arbitrary 6,,, € L?(S).
Therefore, (2.2) implies
<Qh0*my_w$’ Qho*émy> = /\<my75my>L2(S)’

L2(s)

that is,

1 1 r—x , 7
- ] — = m, (@) dx Wi (x /—§m 2" dz”! dsc:)\/ my (2") 0. (2 d”.
7T/S<7T/S(:cx’)2+h(2) v (@) ¢()><s(x:c”)2+h(2) v () ) s y (27) 0m, (")

Using Fubini theorem to interchange the order of integration in z and z” in the left-hand side, we have

1 x—a” } ) )
s |m Sm(@m*my—w&)(m)dx—)\my(m) O, (") dz" =0,

or equivalently,

<—Qh0 * Qny x My + Qpy * Wq; — Amy, 5m”>L2(S) =0,

and hence, by arbitrariness of d,,,, we conclude

_Qho * (XS (Qho *my)) + th * (XSW(Z)) = )\my, (23)

where xg is a characteristic function of the set S.
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We, therefore, have deduced the following

Theorem 1. If solution to the bounded extremal problem (1.12) for F exists, m, = lim+ReF (x + iy) must satisfy (2.8),
y—0

where the parameter X has to be chosen such that the inequality constraint in By, is fulfilled.

We will now show that the Fredholm integral equation of the second kind arising in the problem has the unique solution
which can be constructed by the Banach fixed-point theorem once we rewrite (2.3) in the operator form m, = T [m,] and

prove

Proposition 1. The operator

Ty: L*(S) — L*(S)

(@ # (x5 (@uo % ) + Qi+ (x5W5))

> =

f — T [f] =

] traction for |\ > | ——1 |4 A 2

is a contraction for — o — .
27 & h?

Proof. Since T) is affine, we need to show that

<l (24
L2(5)

Hi (Qno * (x5 (Qno * £)))

for some 0 < ¢ < 1.

First, writing Qp, = Q}IL{) QQ,IL{) 2, we employ the Cauchy-Schwarz inequality to estimate

1/2 1/2
1 x—a 2 x—a ,
[(Qno x f) (x)] < W(/s(a:—x’f—i—hglf(x)l dm) ([g(x—x’)2+hgd$>

1/2
7,1/2 T —
- (/g oy inm (“”')'de'> ’
0

where

—a 1 —a)+h2| 1 4a?
r = sup / #dw’ =—- sup |log W = —log (1 + (12)
zes \Js (z — /)" + h3 2 ve(~a,a) (x +a)” + hi 2 hg

dax

sincelog| 1 — ————
(z +a)® + hZ

) is a monotonically decreasing function on z € [—a, a].

Therefore
442

1
1Pho* Aiacs) < 2 18lacs) < g 0w (14 5 ) flliacs

r
™

11 1a?\]? 1 1a*\ ]
and hence (2.4) holds with ¢ = oy [2 log (1 + ;2)] for |A| > {2 log (1 + ;2 )} : =
™ 0 ™ 0
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