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1 Introduction

The present study concerns situations where, for Lipschitz-smooth connected bounded
open sets S, @ C R? and h > 0:

- the unknown magnetization distribution m (with values in R?) is supported on Sx {0} C
R? x {0} C R?, m € [L*(5)]°.

- values bz [m] (with values in R) of the normal component of the magnetic field produced
by m are available on @ x {h} C R? x {h} C R3, and b3 [m] € L*(Q),

and we want to recover the net moment (m) of m (in R3) which is given by its mean
value on S.

Or higher order moments as well.

The present work is a sequel to [2] and [3], where silent sources and magnetizations which
are equivalent to a given one are studied for thin plates.

Approx. pb et BEP, see [2, Conclu.].

2 Notations, preliminaries, framework

2.1 Notations

Notations and definitions are as in [2, Sec. 2].

Lipschitz-smooth connected bounded open sets 2 C R2.

Hilbert-Sobolev spaces W'2(Q), W, *(Q). In Section 4: W322(Q), W52(Q) for 1/2 <
f < 3/2, [6] (or within the proof...). Spaces of Holder continous functions C*(2), 0 <
a <1, [6].

2.2 Preliminary properties

Properties of Poisson and Riesz operators are discussed [2, Sec. 2], [3, Sec. 2] along with
orthogonal Hodge decompositions of vector fields.
Preliminary properties in view of moment recovery are discussed in [2, Sec. 4].

2.3 Related operators

The operator m — bs [m] and it’s adjoint are studied in [2, Sec. 3]. We precise below
those among their main properties that will be used in the sequel, see also [2, Sec. 4.3].
Let m = (my,mg,ms) € [L2(S)])” and m = m v 0 € [L2(R?)]®. The operator by :
[L2(9)]° — L(Q) is defined by, see [2, Sec. 3]:

balm] = _% [0y Py * (Ry 1 + Ro i + 103))j0x {n}

and can also be written as:

bg[m] = —@ (8331 Ph *7%1 + 0@ Ph *7712 + [8x3Pz5 *’Fngth:h) s

2 lQ

using properties of Poisson and Riesz operators, see [2, Sec. 2].



Say a bit more about Poisson/Riesz, see what properties are actually used.
These are to the effect that b3 is continuous and can be rewritten as:

R 1 C ) w

The adjoint operator b5 : L*(Q) — [L2(S)]” of by acts on ¢ € L*(Q), with ¢ = ¢V 0 €
L*(R?), as, see [2, Sec. 4.3]:

R1 i 6:1:1 Ph * %
b; [(b] = % R? [axgpmg * ¢:| \es=h = % 8902 Ph * gb
-1 ’ |S _[8903P13 * ¢]|9€3:h

| S

It is continuous (because so is b3), and the following bound is available in [2, Sec. 3.3]:

Ho 42

el < b with b= 20 32 (2)

which implies that b3 is injective ([2, Lem. 1]) whence b3 has a dense range in L*(Q).
For ¢ € W,*(Q), with ¢ = ¢ vV 0 € WH?(R?), note that:

Ph*axli%
bi[g] = 1O Py Oy ¢

Ph*(Rlam%Rg@m%) .

From [2, Prop. 1 & Lem. 2|, the following properties hold true for the kernel of b3 and
the range of b3 in [L?*(S)]3. If we set Dg = Ker bs then

Ds = {(=00, ¢, 00, ¥, 0) , ¥ € Wy*(8)} C [L*(S)]* and

(3)
D& = Ranbj = Vo, WH2(S) x L2(S) C [L3(S)],

where D¢ stands for the orthogonal space to Dg in [L?*(S)]3. Also, since we have
in [L*(Q)]? (see [2, Rmk 1]):

(Vo WE(@Q)] = {(=0uy b, 0 ¥b) , ¥ € WH(Q)} C [L2(Q)), (4)

we see that vector fields in [V W, ’2(Q)} ~ are divergence free in R2.

2.4 A density result

Moment recovery issues (define e;, see [2]):
Given bz [m)]... recover (m) = ((my), (m2), (ms)), through the scalar product of b3[m| by
o:
<mi> = <m> ei)[LQ(S)]3 ) <b3[m], ¢>L2(Q) = <m, b;[qbb[L?(S)}?’
such that bi[¢] ~ e;..., see Rmk 1.



Because @ is bounded, Poincaré inequality [5, Cor. IX.19] is to the effect that there exists
a constant C' > 0 (depending on @) such that

16l 120y < C V2 0ll2oy2 » Vo € WoP(Q) (5)

It implies that ||| 12y and [|Va [-][|z2(gy? are equivalent norms on Wy (Q).
From this property and [2, Lem. 4], we get the following density and unstability proper-
ties. For e € Ranbj C [L2(9)]°,

inf b [¢] — e 5 =0.
nE 1B l6] = el

Whenever ¢, € Wy*(Q) is such that ||b% [pn] — ell 252 — 0 as n — oo, then either

e € b; [W(}’Z(Q)} or [|[Vénl|(r2gyz — co. Note that e € b3 [Wol’z(Q)} is the only case
where the above inf is reached.

Comment about constraint on ¢ € Wy*(Q) and IV&l[(12(g)? rather than constraint on
|#]| (@) and ¢ € Cy(Q) which we indeed need (for constructive reasons, a vanishing
boundary condition being used for solving Dirichlet problems, see Section 4, and the
continuity property of ¢ will be ensured from further results, see Proposition 3).
Comment about situations with e € [L*(9)]?, e & Ranbj: the best we can do is to
approximate the orthogonal projection Ppée € Ran b3.

Comment moments recovery, e; € Ran b}; discuss (state?) [2, Lem. 7] for e; (and other
interesting functions towards higher order moments estimation).

Remark 1 From the above density result (see also [2, Sec. 4.3]), the quantity:

(b3 [m] , ®)r2(q) — (M, ei>[L2(S)]3 < (|65 [¢] - eiH[LQ(S)]3 HmH[LQ(S)}3 :

can be made arbitrarily small, at the expense of an unbounded ||V ¢||[L2(Q)]2.
Note that the left hand side of the above inequality vanishes if and only if m € Dg (m is
a silent sources). Indeed, we have

(b3 [m] , )r2(q) — (M, €i>[L2(3)]3 = (b3 [¢] — e, m)[L2(S)]3 :

Moreover, from [2, Lem. 7], e; € D&, hence b} [p]|—e; € Dg, using (3). Therefore, if m €
Ds, then the above quantity vanishes. Conversely, assume that (b5 [¢]—e; m>[L2(S)]3 =0.
From [2, Lem. 7] again, e; ¢ Ranbi, whence b [¢p] — e; cannot identically vanish and
must be orthogonal to m in [L*(S)]°. This implies that m € Dg.

For m € [L(S)]?, the solution ¢ = ¢, to (BEP) below will furnish a trade-off between
the error [|b5 [¢] — €;l||2(5) and of the constraint M on [[V2 ¢l 12y

3 Bounded extremal problems (BEP)

Consider the following bounded extremal problem (BEP, or norm constrained best ap-
proximation issue), for e € Ranb; C [L?(S)]? (see the comment above for e € [L%(S)]?)



and M > 0:
(BEP) Find ¢, € Wy*(Q), V2 doll2(gy2 < M such that

Lo min 165 [0] — e”[L2(S)]3 = (|65 [¢o] — ‘3“[L2(S)]3 :
¢€W0 (Q)7”v2 ¢||[L2(Q)]2§M

3.1 Well posedness

Proposition 1 There exists a unique solution ¢, to (BEP); whenever e ¢ b} [WOI’Q(Q)] ,
the constraint is saturated: ||V @o||12(qy2 = M, for any M > 0.

Note that some constraints M > 0 would be saturated as well if e € b3 [Wy*(Q)] with
e = b3 [¢] for some ¢ € W, *(Q) with V20|l 22 = M-

Proof: First, because of the equivalence of the norms already mentionned in Section 2.4,
the convex set

{6 € W32(@Q), IV2 0ol 12 < M}

is closed in the Hilbert space W, *(Q) thus in Wh2(Q) (for W,*(Q) is closed in W2(Q)).
Then, since b} is linear and continuous, the set of approximants

A= [{6 € Wd*(Q), V2 bollyaqye < M}
is convex and closed in [L?(S)]®. This implies that there exists a best approximation
projection from [L?(S)]* onto A and ensures both existence and uniqueness of the solution
0, € A.

Next, assume that ||V, ¢o||[L2(Q)]2 < M. In this case, the minimum value of the criterion
is achieved by ¢, interior to the approximation set. We then get by differentiating the
square ||b% [¢o] — e||[2L2(S)]3 of the criterion with respect to ¢, that for every 6, € Wy*(Q),

(b5 (o] — € b3[05]) 125y = (b3 b3 [Do] = bsle] s 0p)12(q) = 0

Hence, bs b} [¢o] — bs [€] is orthogonal to W,*(Q) in L*(Q) and, by density of W, *(Q)
in L?(Q), we must have b3 b% [¢,] — b3 [e] = 0. Thus, b} [¢,] — e belongs to Dg = Ker bs.
However, both b3 [¢,] and e belong to D3, so does their difference. Hence b3 [¢,] —e = 0,
which implies that e = b} [¢,] € b5 [W,*(Q)]. O

3.2 Critical point equation (CPE)

Proposition 2 Let e € Ranbj \ bj [Wy*(Q)] < [L2(S))° and M > 0. The solution ¢,
to (BEP) satisfies the following critical point equation (CPE) on Q). More precisely there
exists a unique A > 0 such that ||Va ¢oll;r2gy2 = M and

b3 by [Po] — A Dz ¢ = bs €] . (6)



Proof: By differentiating with respect to ¢, the square of the criterion as above and also
that of the constraint ||V ng()||[2L2 QpP =M 2 achieved in (BEP), we obtain that there exists

a unique value of the Lagrange parameter A € R such that for every d5 € Wy*(Q),
(b3 [¢o] — €, b5 [5¢]>[L2(S)]3 + MV2d,, Vs 5¢>[L2(Q)]2 =0. (7)
Thus, for every o, € VVO1 ’Q(Q), because 4 vanishes on the boundary of @,
(b3 b3 [@0] — b3 [€] = AV2 Va0, , 0g)12(q) = 0.

Therefore, bs b [ps] — bs [€] — A Aggh, is orthogonal to Wy (Q) in L*(Q) whence to L*(Q)
itself, since W,*(Q) is dense in L?(Q). This establishes (6) with \ € R.
Finally, that A > 0 can be seen as follows. We get from (7) that V¢ € W,*(Q):

(b5 [@0) — €, b5 [@ol)zasyp = A V2 Pollipagpe = —A M. (8)

Because ¢, achieves a minimum, the above quantity is negative as detailed in the proof
of [5, Thm V.2 (3)]. Thus A > 0. That A # 0 is finally ensured by assumption on e
(namely, e € Ran b3 \ b3 [WOI’Z(Q)] ). O

Alternative proofs of Proposition 2 are available. One could directly obtain (CPE) from
the result established in [4, Thm 2.1] and recalled in [1, Prop. 4] which furnishes critical
point equations associated to solutions of quite general extremal problems in Hilbert
spaces.

Observe that (8) links together the Lagrange parameter A, the constraint M and the
error (criterion) in (BEP) and implies that A — 0 as M — 4o00. Argument: use density
result of Section 2.4.

4 Critical point equation (CPE): iterative resolution
scheme

For o > 0 and n > 1, write: Precise what A > 0.

1
b3 b3 [Pn—1] — A Do ¢ = b3 [€] — E (én — On-1) ,
or equivalently:

0 (b3b [Pn1] = AA20n) = 0b3 [€] — (Pn — Pn1) - (9)

Proposition 3 Let ¢y € WOI’Q(Q). Then, for o small enough, (9) defines a sequence (¢p,,)
of functions in Wol’Q(Q) that converges in L*(Q) to the unique solution ¢, € Wol’Q(Q) of
the critical point equation (6).

Actually, ¢, (forn > 1) and ¢, € C*(Q) are Holder continuous functions for0 < a < 1/2
and (¢,) converges to ¢, in C*(Q).



Proof: For n > 1 and ¢,,_; € VVO1 2(Q), we first show that there exists a unique solution
dn € W3 (Q) to (9). Indeed, for ¢, ¢ € W,2(Q):

a(¢, ) =(d, V)2 + oA (Vad, Vath)rag)2 -

defines a continuous positive definite (coercive) bilinear form a on [W,*(Q)]?. Then, the
scalar product of (9) with any ¢ € W,*(Q) can be written as:

a’(¢na @D) = <(1 - Qb3 b;) ¢n—1 + Qb?) [6] ) ¢>L2(Q) )

which admits a unique solution ¢, € W, ’Q(Q) from Lax-Milgram theorem [5, Cor. V.8§].
Next, substract (9) from (6) to obtain:

_Q)‘AQ (¢n - ¢o) + (gbn - gbo) = _QbS b; [gbn—l - ¢o] + (gbn—l - ¢0) 3 (10)
and take the scalar product with ¢, — ¢, in L*(Q):
Q/\ ||V2 (an - ¢O)||[2L2(Q)]2 + ||¢n - QSOHi?(Q) = <(1 - Qb3 b;) [¢n—1 - ¢o] ) gbn - ¢0>L2(Q)

< = 0bs b3l l[dn—1 = Pollr2(q) 1Pn — oll2(q) - (11)

The Poincaré inequality (5) in W;"*(Q) implies that there exists a constant C' > 0 (de-
pending only on ) such that:

oA
o 160 = Gollzig) < X 1V2(6n = G0y -
whence, back to (11) and dividing both sides by [[¢n — ¢ol| 12, We obtain:

11 — 0bs b3l
||¢n - ¢O||L2(Q) S 1 + o\ d ||¢n—1 - gboHLz(Q) .
C2

Next, the operator b3 b3 : L*(Q) — L?*(Q) is positive definite since b} is injective, whence
Cauchy-Shwarz inequality implies that

* * * * 12
Ibsb3ll = sup (b3 b3 &, d)r2i@) = sup (B bl7aiq) = B3I -
$EL2(Q) $eL2(Q)
||¢HL2(Q)§1 ||¢HL2(Q)§1
Ici, preuve pédestre de ||bsbi|| = ||b%]|* et ci-dessous pour || — obsbi|| =... ; références
bouquins opérateurs [Kato, Chap. I, Section 6.4, (6.25)]'.
Together with (2) this ensures that 0 < ||bs b|| = [|b%]|* < % for b > 0. In particular, if

1—pb* >0 (if 0 < p < 1/b?), the operator I — pbz b is also positive definite on L?*(Q)
and again
O0<|II—obsb3ll = sup ((I—0bsb3)¢P)r2q) < 1.

$€L2(Q)
oMl L2 (@)=t

1Ou comme corollaire d’Hahn-Banach car b} continu, voir e.g. cours M2 d’Emmanuel Fricain, Analyse
fonctionelle et théorie des opérateurs, math.univ-1illel.fr/$\sim$fricain/cours-M2-2009-2010.
pdf.



Therefore, we obtain

. 1
160 = Goll12(q) < K |dn—1 = boll2(g) » With & = Lo = 1,

CQ

which establishes that [|¢, — @ol| (g, decreases to 0 as n — oo.

Next, since b3 b3 : L*(Q) — L*(Q) is continuous, it then holds that [|b3 b5[¢n — ¢olll 12y —
0. Further, we see from (6) and (9) that A, ¢, and A, ¢, belong to L*(Q), for n > 1.
Because @ is bounded and Lipschitz-smooth, we use [7, Thm B, 2.] which implies that
¢, and ¢, belong to W3/22(Q), whence in particular to W52(Q) for 0 < 8 < 3/2. Now,
(10) implies that |As (¢n — ¢o)ll 12(g) — 0- As a consequence of [7, Thm 0.5, (b)] it then
holds that ¢, — ¢, — 0 in W#2(Q) for 1/2 < 8 < 3/2. Finally, if 1 < 3, the continuous

embedding of Sobolev spaces W#?2(Q) into spaces of Hélder continous functions C*~1(Q),
see [6, Thm 4.53], ensure that ¢, — ¢, — 0 in CP71(Q). O

Remark that in Proposition 3, it atually holds that ¢,, (for n > 1) and ¢, € C*(Q), since
@ is Lipschitz-smooth [6]7.

5 Conclusion

- Related spectral issues, Dmitry: about eigenfunctions of Poisson 2D and conjugate,
and of b3 b5. Their use in order to compute solutions to moments recovery issue and to
(BEP)?

- Consider other (non zero) extensions of bs[m] outside @ (like by dipolar field, see notes
[Dmitry]) to be used as constraints? Or / and other extensions of m outside S?

- Comment about Hardy spaces of gradients of harmonic functions, express b3 and solu-
tions to (BEP) in terms of projections on Hardy space, see [1, 3].

6 To be considered

6.1 More about b3 and b3

Remark 2 Utile 7
From Section 2.3, for ¢ € W012(Q) attention, up to X & 2.

—bs by [¢] = (V2 : (Ph*XS (Ph*v25> - ( g; > Ppx xs (Ph*(Rlam1+R2axz) 5)))
Q

— (v2 : (Ph *Xs <Ph * Vs 5)) - [a’% Foy > Xs (8“ Py % aﬂ xgh) 1Q

_ (2V2 - <Ph*XS (Pm%@) _ [Vg‘ng*XS |:V3 <Px3*$)Hx3:h)|Q :

Similarly, note that for ® € WY2(R?), using harmonicity at xs = 2h of Py, x ®:
(Vs + Pyy x Vg (Pyy * @), [Az (P, x D)) =0.

wg=h lz3=2h

Thus, if S = R?, the above expression for bz b3[¢] would coincide with —2 Py, *Ayg.

8



- Characterize b} [WOIQ(Q)} and 0% [L*(Q)].

- Continue analysis of b3b3. Operator b3b; : L*(Q) — L?*(Q) compact, since so is
bi . L* — L? (add proof) whence also bs.

- Is it true that (for ¢, ¢ > 0) we have:

¢ H¢HL2(Q) < Hbg¢H[L2(S)]3 , o€ LHQ),

V2@l ez S N05 ¢l ragsys » ¢ € We*(Q).

Probably not uniformly in general, as discussed with Sylvain, but under additional as-
sumptions? And probably yes from injectivity property if ¢, ¢’ could depend on ¢?
Discussed with Aline: use thm inversion locale or fonctions implicites?

- Because Kerb; = {0}, orthogonality property see [2] implies that Ker bz b5 = {0}! in
this case, Ran bs b§ = bg b [L*(Q)] dense in (W, *(Q)? and) L*(Q)?! (bs b} [W012(Q)] and
continuity prop.?)

6.2 For (BEP)

- Discuss error bounds from our estimates in [9)].
- Continue analysis of (BEP), study (CPE).

6.3 Operators a, a* and (CPE)
Virer ?! Garder ce qu’il faut en termes de b3 et b3.

From (1), using commutation relations between convolution with the Poisson kernel and
application of the Riesz transform, we can set:

bs[m] = —% Vs -alm],
with the operator a : [LZ(S)]?’ — [LQ(Q)]Z,
Ph*ﬁl—Ph*(RlTAﬁg)) ( (ml_Rlﬁli’) ))
a[m] ( Py x my — Py, % (Rymg) 0 hx my — Ry ms 0

The adjoint operator a* : [L2(Q)]° — [L2(S)]” is defined at ® € [L2(Q)]* by

d V0 P,
a*[®] = P, x {Rl}_&) =Dpx | By | s,

RQ Rl (I)l + Rg (I)Q

Indeed, one can check that (a*[®], m) 1253 = (P, a[m]) 122

Whenever ¢ € Wy(Q) C L*(Q), Up to po/2, check sign
v25 811 ~

a*[V2¢] :b§[¢] = P, % R; v q’g = P, % (912 ¢ on S.
RQ 2 Rl al?l + RQ a$2

9



because for ¢ € Wy *(Q), ¥ € WH2(S):
(@ [Vad] , Vo) a2 = (Va2d, @[Vat]) oo = —(¢, Va- a[Vat]) 1202
= (9, b3 [Vaul) e = (B3 10] » Vo) pacsys

Working with a, a* rather than with b3, b3 could simplify. Discuss kernels, ranges, and
others, of @, a* from similar considerations for bs, b5.

Observe that a could be added a silent for b3 term d, Vs - d = 0 (divergence free).
6.3.1 Formulations of (BEP), (CPE)

(BEP) can the be stated as: find ¢, € W, ?(Q), ||V oll(r2(gy2 < M such that

¢EWO (Q)vHv2 ¢”[L2(Q)]2SM

The above critical point equation (CPE) stated as (6) can then be derived directly under
the following form (on @), see also [1], for A > 0:

Va-aa'[Vado| + AV2 - Vady =V [aa” + A1| [Va¢,| = —V2-ale].
Hence, using (3), see also Remark 2:
Vi ([aa” + NI] [Vag,| +ale]) =0 (12)
& [na” + A1) [Vag,] +ale] L V2W5*(Q) in [L2(Q)]

6.3.2 Computation of ae;], b3 [e;]
Consider now the functions ¢ — e; € [L2(S)]’ introduced in Section 2.4 for i = 1,2, 3.
New Installer avant, continuer...

On @,
63[61] :—%8xlph*(1\/0)

Oz, Prx (1V0) (2 &m //dhm_t t
o it dt—//awldhsm_t g
AL VL R W

from [9, Prop. 1].

For x € Q,

Continue... check:

bsle] () — HOMv8 {( ! + ! } ,

21 | (z1 —s)2+h%  (z1+5)%+ h?

comment bs[es], compute:

blesl(@) ~ [ (@1 =0 + (2 = 12) (@] ]

S

ti1=—s

10



Ex Voir...
Recall from Section 6.3 that Vs - a [e;] = —b3 [e;], we have on Q:

a[el]:Ph*<1\60> , a[eg]:Ph*(leO) | a[eg]:_Ph*(%ng} )

We make use below of results in [9, Sec. 3] concerning the functions k¢, £; : R? — R,
defined for t € R? by:

i - oo (5250,

s Ty — 1o
ly(x) = —argsinh <<<$1 L h2)1/2) :

Because ki(x) = kz(t) and l¢(x) = —l4(t), we have from [9, Prop. 1]:

ahtz kw(t> = 1/dh(w - t)37
@t1t2 Ew(t) = —(1’1 — tl)/dh(a: — t)3

Consider first at € Q,

P, * (1
h*( \/O 27’(’ //dha:—t

From [9, Prop. 1] we have:

e - [ oo 2 fue] ]

to=—s

Therefore,
aleii@) = 5 [[kee], ] () el =gz [le@] 1 (1)
ka(t)] Z:S ];ZS = kx(s,8) — kx(—5,8) — kz(s, —5) + kz(—s, —5).

Use of [9, Prop. 2, Lem. 1]? Ou formule de sommation des arctan?
Next, in order to compute ales] at € @,

P, x R; 1\/0
hx Bl 27r//dh

From [9, Prop. 1] we have:

Py xRy [1 VO] ( / Oty la = ! Hﬁm(t)r ]8 ;

277 t1=—s Jdta=—s
and 1 s s
Pyx By [LV 0] () = —— W(mw(t)]tz_s ]tl_s



Therefore,

[=0], ],

1 t1=—s ditg=—s 1 ga;(t) s s
ales](x) = —— -

o [[6(1‘271‘1)(0]8 ) 2 H: ( g(xg’ml)(t) )] i|

Continue computations.
We also see from the above computations that for ¢ € I/VO1 ’Q(Q), 1=1,2,

s e ¢>L2(Q) =(ale] , Vs ¢>[L2(Q)]2

=7 Jf e //dhw_t I e e

hffsfo ftot) (@2, 21)daxdt, i
—2 [ [fo (@) fulm)dmdt, i=2.

ti=—s dto=—s

to=—s i| ti=—s

check signs -+, do i =3
~ functions fi, g, fi(x) = —fz(t), ge(x) = gx(t); links between fi(x) and 0., ki(x),
gt(x) and 0y, l¢(x) from:

aTz ft( ) = 361932 (CB) ) am gt(w) = amm gt(w> :

6.3.3 Other possibility to solve (CPE)

Remettre en bs et b3, use Fourier basis.

From (12) together with the use of a suitable (complete) family of test functions like,
with Q = [-R, R]*:

U(x) = (2] — R?) (23 — R*) ¥(m) € Wy*(Q),

for vp € W2(Q) polynomials? See [9] and related computations (use Sylvain’s Maple
primitives-utiles.mw).
Indeed, for such ¥, we get

(laa™ + N1 [Vado] +ale], Va¥) 22 =0
whence
(L+A) (Vado, aa*[vﬂ’b[m(@)}? = —(ale], V2‘1’>[L2(Q)12 =—(e,a [V2‘I’]>[L2(5)]3 (13)
for the unique A\ > 0 such that
HV2¢0H[L2(Q)]2 =M.

Section 6.3.2 for ale].
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6.4 About m and other extremal problem

Comment about dual roles of () and S.

e Tests for unidirectionality: what is specific about unidirectional m,? Do they
belong to Ran b357?

e Tests for m = myp with (restricted) compact support in £ C S? Recovery of
partial moments?

e What is special in Sections 2.4, 2.3, 3 whenever:

-m € Ranbj = D§? m € Ranb;? m € b [W&Q(Q)]? Consider m,,, mg, action
of by b% (or of aa*).

- m smooth (for instance extended from mpg if F smooth): m € [W&’Q(S)}g?

e Links with dual bounded extremal problem on magnetization (see work by Doug
and Michael): minimize
d
Hb?)[m] - b3||L2(Q)
among constrained m € [L2(S)]*, or mixed problem? Look at b% by or a* a.

Complete bibliography below; see [2].
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