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Abstract

This paper considers the Cauchy problem for a conservation law with a variable unilateral constraint,
its motivation being, for instance, the modeling of a toll gate along a highway. This problem is solved by
means of nonclassical shocks and its well posedness is proved. Then, the solutions so obtained are shown
to coincide with the limits of the classical solutions to suitable conservation laws with discontinuous flux
function that approximate the constrained problem.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to constrained Cauchy problems of the form
Ip+0:(f(p)=0, (t,x)eRT xR,
p(0,x) = po(x), x €R, (1.1)
flp@,0)<q®), teRY,

o being the scalar conserved quantity. (Throughout, we let R* = [0, +oo[.) This problem is
motivated by the modeling of a toll gate along a road. In this case, p is the (mean) traffic density,
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f(p) = pv(p) is the (mean) traffic low and v(p) is the (mean) traffic speed at density p. In
other words, we deal with the classical Lighthill-Whitham [13] and Richards [15] (LWR) model
which states the conservation of the total number of vehicles and postulates that traffic speed is
a function of traffic density. In this framework, ¢(#) is the maximal flow of traffic that can go
through the gate at time #. Our main result is the global well posedness of (1.1) in L.!".

In the literature, the LWR model is typically considered on the whole real line or on the half
line x > 0. In the latter case, the model is supplemented with both an initial datum at t =0 and a
boundary datum along x = 0 describing the inflow into the road. Similarly, but less considered in
the literature, it is realistic to assume that also the outflow is subject to a constraint. The present
result, as a byproduct, ensures also the well posedness of the initial-boundary value problem
with an unilateral constraint on the outflow at the boundary. Similarly, these results are easily
extended to the initial-boundary value problem

dp+03c(f(p)=0, (r,x)eRT x[0,L],
p(0, x) = po(x), xe[0,L],
f(p(t,0) = fo(r), teRT,

flp@t, L)) <q(), teR*,

(1.2)

that refers to a road segment of length L with an inflow at time # and x = O prescribed by fo(¢)
and an outflow at x = L constrained by ¢(t).

In any of the problems considered above, assume two threshold fluxes ¢g; and g are given
with g1 < ¢2. Then, apparently, the solution p; corresponding to g; also “solves” the problem
with constraint g;. On the contrary, the entropy condition for (1.1) introduced below, see Defini-
tion 3.2, automatically selects only maximal solutions, i.e. those solutions that allow the maximal
flow through the gate which is also compatible with the constraint.

The paper is organized as follows. First, in Section 2, we consider constrained Riemann prob-
lems. Section 3 is devoted to the constrained Cauchy problem proving existence and continuous
dependence. Then, we approximate (1.1) with a scalar conservation law with flow discontinuous
in x

1, x ¢[—e, ¢l
ks(t,X):{M x el[—e, ¢],

max [’

{8,p+8x(kg(t,x)f(p))=0, (1.3)

p(x,0) =po(x),

and we show that the usual weak entropy solution to (1.3) converges to the nonclassical solution
of (1.1)as ¢ — 0.

All the proofs are collected in Section 4 and in Appendix A.

Finally, we mention that conservation laws with unilateral constraints are considered also
in [1], but with entirely different tools, motivations and results.

2. The constrained Riemann problem

This section is devoted to the Riemann problem

dp + 3 (f(p) =0,
l .
,0(0,x)={'o if x <0, (2.1

p ifx>0
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Fig. 1. Examples of fundamental diagrams considered here.

under the constraint

f(p(1,0)) <gq, 2.2)
q being constant, with the assumptions

(R1) f:[0, R]+— Ris Lipschitz, f(0)=0= f(R), f'(p)(p — p) > 0 for a.e. p,
(R2) ¢ €[0, f(p)],

for a suitable p € ]0, R[. While the former is a regularity assumption, the latter is an obvious
consistency requirement, see Fig. 1. We denote below by R the standard (i.e. without the con-
straint (2.2)) Lax [12] or Liu [14] Riemann solver for (2.1), i.e. the map (¢, x) R(p!, o )(x/t)
is the standard weak entropy solution to (2.1), see [3, Chapter 5] for its construction.

Definition 2.1. A Riemann solver R? for (2.1)—(2.2) is defined as follows.

If f(R(p', p"))(0)) < g, then RY(p!, p") =R (p", p").

l A .

Otherwise, R4 (,Ol, pr)(x) — { R()‘i s ,0)()6) lfx <0,

R(p, p")(x) ifx>0.

Above, p and p, with ¢ < p, are the solutions to f(p) = ¢, see Fig. 1. Note that when the
constraint is enforced, at x = 0 a nonclassical shock arises. The solution so obtained is a weak
solution to (2.1) but it violates the entropy condition as soon as g < f(p).

The Riemann solver RY generates a semigroup S? whose orbits are solutions to Cauchy prob-
lems. A necessary condition for the L' continuity of S9 is the consistency of RY, see [5,6].

Definition 2.2. The Riemann Solver R is consistent if the following two conditions hold:

R, u™)(x) = u™ } ;o {R(ul,um), if x <X,
Cl — = R(u', =
(€1) R™, u")(x)=u" (u “ ) Rw™, u"), ifx>x,

I r : =

R(ul,u’")z{?i(“’”)’ ffxéaf,

(C2) R(ul,u’)(i):um = uw, l‘fx>x_,
um7 1f.x<x,

R(um,ur): ! ) -

R(u 7ur), lf.x>x

Both (C1) and (C2) are enjoyed by the standard Lax [12] and Liu [14] solvers. Essentially,
(C1) states that whenever two solutions to two Riemann problems can be placed side by side,
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Fig. 2. Consistency of a Riemann solver.

then their juxtaposition is again a solution to a Riemann problem, see Fig. 2. (C2) is the vice
versa.

Proposition 2.3. The Riemann Solver defined by Definition 2.1 enjoys the following properties,
for all p*, p" €0, R]:

(RS1) (t,x) —~ (RI(p!, p"))(x/t) is a self similar weak solution to (2.1) in the sense of Defini-
tion 2.1;

(RS2) RI(p', p") € BV(R; [0, R);

(RS3) RYI(p!, p") satisfies the constraint (2.2) in the sense that

lim f(R7(p', p")(x) <q and  lim f(R7(o', p")(x)) <

x—0—
(RS4) RY is consistent in the sense of Definition 2.2.

Moreover, the map R4 : [0, R]> — L

1oc (R; R) is uniformly continuous.

The proof is deferred to Section 4.1.

Aiming at the initial-boundary value problem (1.2), the whole construction above should be
repeated with several natural modifications. Alternatively, we achieve the same goal defining as
solution to the constrained Riemann problem at the boundary

dp+d(f(p) =0, (t,x) eRT x]—00,0],
00, x) = po, x € ]—00,0], (2.3)
f(p,0)<q, teRT,
with pg € [0, R] and g € [0, f(p)], the restriction to |—o0, 0] of the solution to (2.1)—(2.2) with
o' = po and any p” € [0, 5]. In fact, any such choice of the right state yields the same solution

for x < 0. We only remark here that the “maximality” intrinsic in the entropy condition implies,
for instance, that if f(pg) < ¢ and pg > p, then the constant function does not solve (2.3).

3. The constrained Cauchy problem

Consider now the Cauchy problem (1.1) under assumptions (R1) and

(R3) ¢ e BV(RT; [0, f(p)D).
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The constraint (2.2) and the consequent Definition 2.1 may well cause sharp increases in
TV(p(t,-)). The simplest example is provided by a constant initial datum pg(x) = p and a con-
straint

f(p) ifr <1,
‘I(I):!%f(/s) ifr>1.

At time t = 1, two shocks arise from x = 0 and the total variation jumps from 0 to 2(p — p),

where /5 < 4 and £(5) = f(p) = 5 f (D).
To overcome this difficulty, following [4,16],we use the nonlinear mapping

W (p) =sgn(p — p)(f(P) — f(p)) (3.1

and bound the total variation of ¥ o p. In fact, ¥ is one-to-one, but possibly singular at p = p.
Indeed, it is immediate to see that if p € BV(R; R), then TV(¥ o p) < || f'[lco - TV(p), while

TV(p) may well be infinite with ¥ (p) finite, as in the case of f(p) =p (1 —p), p =1/2 and
_ytool
P=Ln=3n X[%+%’%+23?n111)['

Definition 3.1. A weak solution to (1.1), is a map

(1) p e COR*; LI (R, [0, R]));

(2) forallt e RT, W (p(r)) € BV(R; [0, R]):

(3) Jr®(0,x)po(x)dx + f0+o° Jr(Pp ¢ + f(p)dxp)dxdt =0, for ¢ € CL(R?*; R);
(4) forae.t € RY, limy0- f(p(t,x)) <q@), lim, 04 f(p(t,x)) <q().

The above limits exist and are finite because of (2). The present nonclassical setting allows
the introduction of the following entropy condition.

Definition 3.2. A weak solution p € C°(RT; LI (R, [0, R])) is an entropy solution to (1.1) if for
every k € R and for every ¢ € C!(R?; RY)

400
/ f (1p — K3k + sen(p — B (£ (o) — £(k))ds) dux di
0OR
“+00
+/|,00 — k|p(0, x)dx +2 / (1 — %)f(k)(p(t,O)dt >0. 3.2)
R 0

Remark 3.3. Definition 3.2 selects the maximal solution, for a nonclassical stationary shock at
x = 0 separating states o and p with f(0) = f(p) < ¢(¢) turns out to be nonentropic.

To state the first well posedness result, it is useful to introduce the translation 7; by (7;¢q)(t) =
g(t +1). Below we introduce a map S7: Rt x D — D, D being a suitable subset of L! containing
the initial data of (1.1). We then denote by S¢ the map S : Rt x D+ D defined by S’,q (p,q) =
(87 p, Tiq) with D =D x BV.
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Theorem 3.4. Let (R1) and (R3) hold. Then, for every constraint ¢ € BV(R™; [0, f(p)]) there
exists a map S?:R* x D+ D such that

(CRS1) D2 {p e L'(R; [0, R]): ¥(p) e BV(R; R)};
(CRS2) SY is a semigroup, i.e. Sg =1Id and Stq1 ) S,q2 = S,q1 +ty5
(CRS3) SY is nonexpansive in p, i.e. for all py, p2 € D

157 p1 = S 02| 1 < llot = P2l

(CRS4) if pg and q are piecewise constant, then for t sufficiently small, S{ py coincides with the
gluing of the solutions to standard Riemann problems centered at the points of jump of
po and to (2.1)—(2.2) at x = 0;

(CRSS5) for all py € D, the orbit t — S{ pg yields a weak entropy solution to (1.1), according to
Definitions 3.1 and 3.2.

The proof uses the standard technique of wave front tracking, see [3], and is deferred to Sec-
tion 4.2. The above statements (CRS1)—(CRS4) are clearly modeled on the definition of Standard
Riemann Semigroup, see [3, Definition 9.1] and provide an analogue to it in the present con-
strained (and nonautonomous) setting. The Lipschitz estimate (CRS3) is proved with suitable
modifications of the techniques in [11] or [3, Section 6.3].

It is now easy to tackle the initial boundary value problem

o+ 0x(f(p)=0, (t,x) e RT x ]—00,0],
00, x) = po(x), x € ]—00,0], (3.3)
flp@,0)<q@), teRT,

Indeed, as in the case of the Riemann problem, a solution to (3.3) is obtained restricting to x < 0
a solution to (1.1) with initial data, say, po(x) = 0 for x > 0. The extension to (1.2) is immediate,
see [7] as a general reference on initial boundary value problems for scalar conservation laws.

The above nonclassical construction can be seen as a singular limit of the classical theory.
Indeed, recall the conservation law (1.3) where g satisfies (R3). As ¢ — 0, the flow k. (¢, x) f (p)
converges in L! to the flow in (1.1). As noted in a similar example in [2] the solution p, to (1.3)
fails to converge to the (classical) solution of

dp + 0x f(p) =0. (3.4)

Actually, we show below that the solutions to (1.3) converge in L! to the weak entropy solution
to (1.1) in the sense of Definitions 3.1 and 3.2.

More precisely, (1.3) essentially fits in the framework provided by [9, Theorems 4.5, 5.5
and 6.5], see also [4,8]. Nevertheless, we state the following well posedness result for (1.3) in
a slightly different setting than that in [4,8,9]. In the present form, the theorem below can be
proved with the same techniques used in Theorem 3.4, see Section 4.3 and Appendix A for the
proof.

Theorem 3.5. Let (R1) and (R3) hold. Then, for every positive € and every constraint q €
BV(R™; [0, f(p)]) there exists a map S¢: Rt x D+ D such that
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(eRS1) D2 {p e L'(R; [0, R]): ¥ (p) e BV[R; R)};
(eRS2) §° is a semigroup, i.e. S§ =1d and Sf, o Sf, = S}, 1,
(eRS3) S¢ is nonexpansive in p, i.e. for all py, pp € D

IS 1 = 7 2|11 < llor — P2l

(eRS4) if po and q are piecewise constant, then for t sufficiently small, S py coincides with the
gluing of the solutions to standard Riemann problems for (1.3) centered at the points of
Jjump of po;

(eRSS) for all py € D, the orbit t — S} pg yields a weak entropy solution to (1.3), according
to [9, Formula (4.19) and Definition 5.1].

Finally, the following result provides the connection between the nonclassical construction in
Theorem 3.4 and the classical one in Theorem 3.5.

Theorem 3.6. Fix pg € D. For ¢ > 0, call p, the solution to (1.3). Then, as ¢ — 0, p, converges
in LllOC to a function p which is the (unique) weak entropy solution to (1.1) in the sense of

Definitions 3.1 and 3.2.
4. Technical proofs
4.1. Proof of Proposition 2.3

Preliminarily, we introduce the following notations: A(p) = f’(p) is the characteristic speed
fehH=f"

P is the speed of a (possibly nonentropic) shock between p

at p while A(p!, p") =
and p’.

(RS1) Is immediate, since the standard solution to Riemann problems is in BV and Definition 2.1
amounts to juxtapose standard solutions.

(RS2) Self similarity is obvious. Off from x = 0, R? yields weak solution because so does k.
Along x = 0, the Rankine—Hugoniot conditions are satisfied, since the jump between p!
and p” is a (possibly nonentropic) stationary shock.

(RS3) Note first that both limits exists and are finite since R?(p’, p”) € BV(R). For simplicity,
let us consider the case f” < 0. We look at the left limit lim,_,o— f(R2(p!, p")(x)) (the
study of the right limit being essentially analogous):

(@) If RI(pl, p™)=R(p', p"), by Definition 2.1, (2.2) holds.

(b) If R(p!,p) consists of a classical Lax shock with negative speed, then
lim, 50— R(p', p)(x) = p, and (2.2) holds.

(c) If R(p’, p) consists of a shock with positive speed, then f(p') < ¢ and p! < g, so
that R7(p!, p) = R(p', p”) and (2.2) holds.

(d) If R(p', p) is a rarefaction, then p! > p, so that the rarefaction fan has strictly nega-
tive speed and lim,_,o— R (o', p)(x) = p, which implies (2.2).

(RS4) Consistency directly follows from the analogous property of the standard Liu solver.

Finally, note that the region S on the left and above the thick line on Fig. 3 corresponds to the
states (p!, p”) where R9(p', p") = R(p!, p"), i.e. when Definition 2.1 yields the standard Lax
solution. In the region /V/, on the right and below the thick line, a nonclassical solution is selected
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Fig. 3. Standard (above left) and nonstandard (below right) solution to (2.1)-(2.2) as provided by RY.

~

t t b

P p p p

X X X

Fig. 4. Representation of RY (ol p") for case ,o(l) =0, py €10, o[: left, for (o, p") € S, middle for (o', p") = (,o(l), )
and right for (p!, p") e N.

and RY(p', p*) # R(p', p"). Therefore, due to the properties of the standard Riemann solver, it
is sufficient to prove the continuity of R? in each point (,o(l), ) along the thick line.

Let us consider the case ,o(l) = p, py € [0, p[. Then, RY (pé, py) = R(p(l), ©p)- The solution
Re(p!, p") for (p!, p”) in a neighborhood of (,o(l), p;) is represented in Figure 4. Let [a, b] be
any bounded real interval and let (p!, p") vary in a neighborhood of (, py)- It (o', p") €S,
then RY(p!, p") = R(p', p") and continuity follows from the standard properties of the Liu
solver [14]. If (o, p") € N/, then

b
/ [RY (o', 07) (x) = R (05, pg) ()| dx
= f [R(p', 0")(x) = B| dx + f [R(5, ") (x) = R(p, py) ()| dx
[a,b]INR— [a,b]NR+
<" =p)b—a)+ G- »AP,p)
+ [ RGN = R(5. )0 dx
[a,b]NR+

which is arbitrarily small as (p’, p”) approaches (,o(l), 00)-
The cases ,oé €1p, R], py = p and ,o(l, =0, py = P are similar.
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4.2. Proofs of Theorem 3.4

Fix a positive n € N, n > 0 and introduce in [0, R] the mesh M,, by
M, = f~1(27"N).

Let PLC, be the set of piecewise linear and continuous functions defined on [0, R] whose deriv-
ative exists in [0, R] \ M,,. Let f" € PLC, coincide with f on M,,. Clearly, if f satisfies (R1)
and (R3), then so does f".

Similarly, introduce PC,, respectively PC;", as the set of piecewise constant functions defined
on R, respectively R™, with values in M,,, respectively in f(M,,). Let ¢" € PC; coincide with
g on f(M,). Note that if g satisfies (R2), then so does ¢". We write

P= P Xl ] with p} € M,
o
n___n n . n —n
4" =45 Xy, (O + D A Xusape) Withgh €27"N (4.1)
p>1

and we agree that for « = 0, x,, = 0. Both the approximations above are meant in the strong L!
topology, that is lim, - 4 o [|¢" — ¢l gy = 0 and lim, 1 o0 | 0" — pllL1g) = O.

Let D, = {p € PC,: ¥(p) € BV(R; R)} and D, =D, x PC;". On any (o", ¢") € D,,, written
as in (4.1), define the Glimm type functional

T(p"q") =3 1W(ona) =¥ (Po)| +5 X lafar —apl +v. (42)
o tg 20
where y is defined by

0 if p"(0—) > p > p"*(0+) and
y = F("(0+)) = f(p"(0-)) =q"(0),
4(f(p) —q"(0)) otherwise.

For small times, an approximate solution p" = p" (¢, x) to (1.1) is constructed piecing together
the solutions to the Riemann problems

dp+ 3 (f"(p)) =0, dp + 3 (f"(p)) =0,

po ifx <O, Pu if x < xq,
x,0) = , ,0) = . 4.3
P 0) {,01 if x >0, plx.0) {pa+1 if x > xq, (4.3)

Note that the solutions to the former Riemann problem in (4.3) is constructed by means of RY,
the solutions to the latter by means of R. In both cases, for fixed ¢ the solutions are piecewise
constant in x. Their juxtaposition yields a well-defined (exact) weak entropy solution p” to

0" + 0k (f"(p")) =0,
p" (x,0) = py(x), 4.4)
p"(t,0) < q" (1)
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; ) pl pr
o P P

Fig. 5. Notations for the proof of Lemma 4.1.

as long as either two discontinuities collide, or the value of the constraint changes. In both cases,
a new Riemann problem arises and its solution, obtained in the former case with R and in the
latter with R4, allows to extend p" further in time. We define S/ (o;,q") = (0" (¢, -), T;q") the
approximate Riemann Semigroup.

Lemma 4.1. For any n € N and (p;,q") € D,, at any interaction, the map t — T (t) =

T(S‘;1 (0y»q")) either decreases by at least 27", or remains constant and the number of waves
does not increase.

Proof. The proof is obtained considering the different interactions separately, depending on the
position of the interaction point x and on the flows of the interacting states. We will consider
interaction points x < 0, the case x > 0 being symmetric. It is not restrictive to assume that at
any interaction time either two waves interact or a single wave hits x = 0.

(I1) x # 0. As in the usual scalar case, either two shocks collide (and the number of waves
diminishes) or a shock and a rarefaction cancel (and ¥ diminishes), see Fig. 5, left.

(I2) A wave hits x = 0 coming from the left and f (o) < q" (1), the front crosses x = 0 and no
new wave is created. With reference to Fig. 5, second from the left, if p™ = p” then each of
the three terms in (4.2) remains constant, hence 7" (f+) = 7' (t—). Otherwise, if o™ and p”
result from an application of R, then y increases at 7. However, 7" remains constant and no
new waves are created.

AY @) =¥ (p") =¥ (") +4(f (D) —q(D))
= ([ (o) —w (™) + ¥ (") — ¥ (e")])
=0.
(I3) A wave hits x = 0 coming from the left and f(,ol) > ¢" (). Then, necessarily, p" < ol < p.

In this case, new waves are created at (7, 0) (see Fig. 5, second from the right). The func-
tional changes as follows:

AT(E) = T(t_—l—) — T(t_—)
=(|& (") =¥ P+ ¥ —¥@|+ | —¥ ("))
—(|%(o') =¥ (0")| +4(f(®) — q" (D))
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==2(f (o0 + F(H) =2 (o)
< _22—1’1

b

where p < p are defined by f(p) = ¢"(f) = f(p) and we used the inequalities f(p') >
f(p")and f(p) > f(p").

(14) p' = p" = p and the constraint ¢" jumps downward, see Fig. 5, right. Hence ¢"(i+) <
f(p) < q"(t—). Two waves exit the point (¢, 0). In both cases p < p and p > p, we com-
pute:

AT (@) = ([¥(p) =¥ D)|+[¥ (D) =¥ (D] + | (B) = ¥(p)])
— (5lg+) —q(@)| +4[f(p) — ¢"G-)])
= f(p) —q@-)
<-27",
where g4 < p4 are defined by f(6+) = q"(t+) = f(p+).
(I5) p! < p < p" and the constraint ¢” jumps downward. Then ¢"(i+) < f(p') = f(p") <
q"(1=).
AT (@) =¥ (o) =¥ D)+ | (B~ ¥ (P +[¥ (@) — ¥ ()]
— (o) = (") =5|g"(+) — ¢" )| = 4] F (D) — q(-)]
=q(t+) —q(t—)
<=27"
(16) p' > p > p” and the constraint ¢ jumps downward. We necessarily have f(p') = f(p") =

q" (r—) and the discontinuity at (—, 0) is a nonentropic jump resulting from the constrained
Riemann solver.

AY (@) =¥ (o) =¥ (D) + ¥ (D) =¥ D) +[¥ (D) — ¥ ()]
= (lw (o) = w(p") +5lg+) —q@-)])
=q(t+) —q(t-)
<=2
(7) p' > p > p" and the constraint ¢” jumps upward. Here, p > 5 > p. The same computations
as in the latter case show that 7 is strictly decreasing:
AY @) =¥ (p") =¥ D)+ ¥ (D) =¥ (D) + ¥ (B) — ¥ (o")]
= (lw (o) =w(p") +5lg+) —q@=))
=q(t+) —q(t-)
< =27 O
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As an immediate consequence, we have:
Corollary 4.2. The total number of interactions is finite.

A standard procedure based on Helly’s Compactness Theorem, see [3, Theorem 2.4] allows
to exhibit a weak solution to (1.1). In the present case, thanks to Definition 3.2, the limit is also
an entropy solution.

Lemma 4.3. Problem (1.1) admits a weak entropy solution.

Proof. Since all other possible discontinuities are entropic in the classical sense, it is suffi-
cient to verify the entropy inequality (3.2) against a test function with support contained in
[T1, T2] x [—4, 8], for some & > O sufficiently small. Let us assume the weak solution p presents
a discontinuity along x = 0 which does not satisfy the usual classical entropy inequality. Hence,
apart from a countable set of times, we may assume p(z,0—) = p(¢t) and p(¢,0+) = p(¢), with

p(t) <p<p(t)and f(6(1) =q(t) = f(o(1)).
Integrating by parts the left-hand side of (3.2) one gets

fsgn p(1) — k) —sgn(p(1) — k))(g(6) — f(K))g(t,0)dt
0

(. q®
+2f(1 _ q—)f(k)(p(t 0)dt >
) f(p)

Since ¢(t,0) > 0, it is sufficient to check that

(s0(50) ~ ) =sen(50) ~ ) (a0~ 70) +2(1= 20 ) ety =0

for a.e. t € [T1,Tz], and all k € R. It is easy to check that if k < p or kK > p, then
one gets 2(1 — ?Et))) f(k) > 0. On the other hand, if p < k < p, easy calculations give

g1~ F5) 20 O

The rest of this section is devoted to the Lipschitz estimate (CRS3).

Proposition 4.4. Fix two initial data py, py. Then, the corresponding weak entropy solutions
S? p1 and S] p> to (1.1) with the same constraint q satisfy

157 o1 = ST p2 | < llo1 = P2l

Proof. We denote pi(t,x) = S/ pi(x) and py(t,x) = S/ po(x). Take k,k’ € R and a smooth
function ¢ = ¢(s, x,t, y) > 0 with compact support contained in the set where s, > 0. Since
p1, p2 are entropy solutions to (1.1), they satisfy condition (3.2):
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f/(}m(s,x) — k|30 (s, x, 1, )

+sgn(p1 (s, x) —k)(f (p1(s.x)) — f (K)o (s, x,1,y))dx ds

+2f<1 - %)f(k)go(s 0,7, y)ds > 4.5)

/f(}pz(f,y) —k’\aﬂp(s,x,t,y)
+sgn(pa(t, y) — k) (f(p2(t, ) — FUK))dyp(s, x, 1, ) dydt

+2 1—& F&ep( t,0)dt > (4.6)
%) (s, x, .

Set now k = po(t, y) in (4.5) and integrate w.r.t. #, y. Similarly, set kX’ = p;(s, x) in (4.6) and
integrate w.r.t. s, x. Then add the two results, and get

//f (|:01(S,x)—,02(t,y)|(8s§0+3z(p)(s,x,t,y)

+sgn(pi(s, x) — p2(2, 1)) (f (0105, ) = f(p2(t, )@ + By0) (5, x, 1, y)) dx dy ds dr

+2///‘(1_%) (Pz(f,y))QD(S,O,t,y)dydsdt

+2/ff(1 — %) (p1(s, x))@(s, x,1,0)dx ds dt > 0. (4.7)

Take
S+t x+y s —1 X—y
’ 7ta == 9 5 8 Py 48
@(s,x,1,) 1/f<2 2)h<2>h<2> (4.8)

where ¥ = (T, X) > 0 is a smooth function with compact support contained in the half plane
T > 0, and 8, h > 1, is a smooth approximation of the Dirac mass at the origin. More precisely,
given a C*° function § : R — [0, 1] such that fR(S(z) dz=1,58(z) =0forall z¢[—1, 1], define
0n(z) = hé(hz) and ay(2) = ffoo 05 (s) ds. We then have

@5+ B9 (5. x, 1, y)—arw(szt x;y)8h<sgt)5h(x;y>, 4.9)
(0 + ,0)(s, %, 1, y)-axw(sg’ x?)%(s;’)(sh(x;y). (4.10)

For h sufficiently large, the support of ¢ is contained in the set where s > 0, t > 0. Replac-
ing (4.8), (4.9) and (4.10) in (4.7), and performing the change of variables

s+t s —t Xty X—Yy

T = , S = , X = , Y =
2 2 2

inequality (4.7) becomes
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/f//(lm(TH,XJrY) — (T = S, X = V)|3ry (T, X)

+sgn(pi(T+ S, X+Y)—po(T =S, X =) (f(01(T+ S, X+7))

— f(p2(T = S, X = Y)))ax ¥ (T, X))84(S)8n(Y)dX dY dSdT

q(T +5) y v
+2///<1 — W)f(pZ(T -3, y))5h(5)8h<—§>W(T, E) dydSdT
q(T =9 . .
“/ / / (1 } W)f (o1 (T + s,x>)5h(5)5h<5)w<ﬂ 5) dxdSdT

> 0. 4.11)

We let h — oo in (4.11) and we rename the variables 7', X, thus obtaining

//(|p1(t’x) - pZ(tax)‘ oy (t,x)
+ sgn(p1(t, x) — p2(t, X)) (f (018, X)) = f (p2(2, %)) ¥ (£, x)) dx dt

+2 / (1 - %)(f(mu, 0)) + f(pa(t.0))) ¥ (1. 0)dr > 0. (4.12)

For ¢ > 0, let us define the Lipschitz function

—%x—l, x €[—2¢, —¢],
; x €[—¢,¢],
-x—1, x € [g, 2¢],

, lx| > 2e.

O (x) =

n—= O

p—

Note that @, — 1 in L (R) as ¢ — 0, and it vanishes in a neighborhood of x = 0. Take any @
smooth with compact support contained in the half-plane ¢ > 0, and set ¥ = @O, in (4.12):

//(|Pl — 0218, @ + sgn(p1 — p2) (f(p1) — f(02))0: @) O dx dt + J (e) >0,

where we have set J(¢) = ff sgn(p1 — p2)(f (1) — f(p2))P O dx dt. We now pass to the limit
as ¢ — (. Observe that

e—0 e—

1 0 —&
lim J (e) = lim — { / sgn(p1 — p2)(f(p1) — f(p2))® dx
0 —2¢
2¢e

- f sgn(p1 — p2)(f(p1) — f(p2))® dx ¢ di

&
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= f{sgn(m(t, 0—) — p2(2,0-)) (f (p1(t,0-)) — £ (p2(z,0-)))
0

—sgn(p1(z,0+4) — p2(2, 0-0)) (f (1 (£, 04)) — £ (p2(z,04))) } dt,
and the integrand in the last term is non-negative for a.e. 7, by the Rankine—Hugoniot conditions

satisfied by the traces of p; and pp at x = 0, and the concavity of the function f. Hence we
recover

/f(lm — 21 3@ +sgn(p1 — p2)(f (p1) — f(02))0x P) dx dt >0,

and we can proceed with standard arguments to get the conclusion. O
4.3. Proof of Theorems 3.5 and 3.6

Proof of Theorem 3.5. The proof follows closely the construction in [4]. We explain below the
main arguments, leaving the details to Appendix A.
We denote f.(p) =k:(t, x) f(p), and define the nonlinear mapping

W (p) = sgn(p — p)(fe(p) — fe(p))- (4.13)

Forany T' > 0, let p;, " be piecewise constant approximations of pg, g defined as in (4.1), such
that

im 06 = ool iy =0, Te(pf) STV 0 po),
im la" —a|i@e, =0, TV(¢".10,T1) <TV(q,[0,T]). (4.14)

We construct now a wave front tracking approximate solution p” to (1.3) as in [4,10]. At each
time 7 € Jtg_1, 18], p" is made of constant states separated either by p-waves, or by k.-waves
sited at x = —¢, &. To measure the strength of a wave w connecting two states p~ and p*, we
use the Temple functional

| AW, | if w is a p-wave,
T.(w) =1 4|Af:(p)| ifwisake.-waveand p~ < p™T,
2|Afe(p)| if wisake-waveand p~ > pt.

We define the functional 7 (p”" (¢)) as the sum of the strengths of the waves. Interaction estimates
similar to those in Lemma 4.1 ensure that 7 verifies

Y. (0" (1) < Yo (p"(t—)) +5|q" (t+) — ¢" (1 —)| (4.15)

at any interaction (see Appendix A for a detailed analysis of all possible interactions). It follows
that for every t € [0, T']
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Ye(p" () <Telpg) +5 ) |ap — af_1| <TV(¥: 0 po) +81(5) +5TV(q)
B=1

STV o po) +8f(p)+5TV(g).

Hence the total variation of W, (p") is bounded independently of n (and of €). An application of
Helly’s compactness theorem [3, Chapter 2] yields the existence of solutions to (1.3). Uniqueness
and the entropy inequalities are proved as in Lemma 4.3 and Proposition 4.4. - O

Proof of Theorem 3.6. Fix a flow f, an initial datum po € D and a constraint ¢g. Approximate
po in L! with a PC function p, valued in M,, and such that 1% (o) < TV.(¥; o po). For any
positive sequence &, converging to 0, let p” be an approximate solution to (1.3) constructed as
in the proof of Theorem 3.5 with ¢ = ¢, and p;, be the exact solution to (1.3). Then, for all n,

e, (0" (1)) STV(¥, 0 po) + 81 (p) +5TV(q)
STV o po) +8f(p) +5TV(g).

An application of Helly’s theorem ensures the convergence of the p” to a limit p. To show that
p solves (1.1), it is enough to pass to the limit in n under the integrals in the definition of weak
entropy solution. Finally,

Jim |, (1) — p(1) || < im | e, @) — 0" (1) || + im |p" () — p®)]| =0
completing the proof. O
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Appendix A

We present here the study of the various interactions that leads to (4.15). We will focus on
interactions involving k.-waves at x = —¢, the case x = ¢ being completely symmetric. We
consider first the interaction between a p-wave and a k.-wave, see Figs. 6-8. Then we list the
various interaction types between a k.-wave and a g-discontinuity, see Figs. 10—13. Finally we
analyze how a p-wave behaves across a g-discontinuity, see Fig. 15.

(Ie1): A p-wave hits x = —e coming from the left and f(p') < ¢"(f). We assume p” > p
(the other case being entirely analogous) and recall that f.(p1) = q" () f(p1)/f(p) = f(p")

and f:(02) = q" () f(p2)/f(p) = f(p):

AY:(D) =4[ f(5) = 4" D] + [We (p2) — e (o1)]
—|w (o) =¥ (p")] =2f(B) —¢" )| =0.
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P2
/ qn(a ””””””” :””: *************
ol t /
P plps b op1pt
Fig. 6. Notations for case (Ie1).
Pl p
/ T e —
Ao AN
P1 r ‘
P prore pop

Fig. 7. Notations for case (Ie2).
(Ie2): A p-wave hits x = —e coming from the left and f(,ol) > q"(1):
AY:(t) = \‘1’(,01) — (D) +2[f(p) —q" (D] + [P (D) — Pe(p1)]
— ¥ (0') =¥ (") — 4|1 (B) —q" @)
==2(f(p') = £(o")) <0,

(Ie3): A p-wave hits x = —e coming from the right and o' > p. Since fe(p) =q" (@) f(p1)/
f(p)= f(p")and fe(02) =q" (D) f(p2)/f (D) = f(p"):

AY(F) =¥ (p2) =¥ (pD)| +2|f(p) — ¢" ()]
—2|f(B) = q"@O)| = [ (p") — e (0")| =0.
(Ie4): A p-wave hits x = —e coming from the right and p’ < /:

AYe(f) =¥ (p2) =W (pD)| +2|f(p) — q" ()]
—4l7) - D] - [ (6) — s (07)] =
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P2
qn (ﬂ “““““““““ —o\ T
t_ 7n E\\\
p \
P1 )
pl P P
ppppp
Fig. 8. Notations for case (Ie3).
P2
e G
t_ T AR 5
p ) =
P1 X
¢ u 3
prp’ p p" p2

Fig. 9. Notations for case (Ie4).

(Ie5): The constraint g” jumps downward at 7. Assume first that p < p and ¢" (7—) > f(p) >
q" (t+):
AY, (1) =|¥(p) =¥ (P)| +2|f(p) — ¢" ()| + | ¥ (p) — W (1)
—4[f(p) —q" ()]
q" (t+)
q"(t-)

=44"(1—) = 24" (+) — f(p) (1 +

<4g" (=) — 2" (i4) — q"(z‘+)<1 + 2 U.“)
q"(t—)

N G V.

- <4+—qn(t-_))(q (T—) — q"(14))

<5(Cln(f—)—qn(t_+)),

since ke (7+, %) f (p1) = S8 £ (p),
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P b
=) O
t ()L S—
p P1 ‘
p pLp p
Fig. 10. Notations for case (I¢5).
P2
=) LN
t ER) A N
p P1 ‘
P P1 P2

Fig. 11. Notations for case (I¢6).
(Ie6): The constraint g” jumps downward at 7. If p < g and f(p) < ¢"(t+):

AY: (1) =4|f(p) = q" ()| + |We(p2) — We(p1)| — 4| f (D) — " (1))

=4(q”(f—)—q”(f+))+q —(q" () — ¢"(i+))

<S(q" (1) — 4" (@),

since kg (4, x) f(p1) = ZZS—“_L; f(p) and k. (14, x) f (p2) = f(p).
(Ie7): The constraint ¢" jumps downward at £. Assume now that p > p,and ¢g" (t—) > f(p) >
q"(t+):

AY ()= |¥(p) — W ()| +2|f(p) —¢"TH)| —2| f(p) — ¢" ()|
f(p)

— 2" (=) — a" (F s
(¢"(G—)—q (t+))+q”(t—)

(¢" (=) —q" (1)

<3(¢" (1) — 4" (@),
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since f(p2) = 383 f(p). The case f(p) < q"(i+) is handled similarly.
(Ie8): The constraint g” jumps upward at ¢. If p < p:
AYo (D) =4|F(p) — q" GH)| + [We(p2) — Welo)| — 4| F (P) — ¢" (1)
f(p)
q"(t—)
<=3(¢"(+) —¢"(-)) <O.

(¢"(T+) —q" ()

=4(¢"((—) —q" () +

(I€9): The constraint ¢" jumps upward at ¢. If p > p:

AY, (D) =|¥(p) — ¥ (p2)| +2|f(p) —q" ()| 2| f(p) — q" ()|
f(p)
q"(t—)

<—(¢"(+) —q"(@-)) <0.

(¢" () —q" (@)

=2(¢"({-) —q" () +

P2
q"(t=) S N\
; NS NN
p P1 Y
Pl? ‘02
Fig. 12. Notations for case (Ie7).
P2
7 (7 | S NS
t =) N
p P1 -
P P2 P1

Fig. 13. Notations for case (I€8).
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P2
Q)N
L qn(t__) ”””””””””” AN
P P1 -
P1 P2 P
Fig. 14. Notations for case (I€9).
pl 7 —
B P Q) SN
t —
qn(t_ A\
1% P -
P

Fig. 15. Notations for case (I¢10).

(Ie10): In the interval ]—e, [, the constraint ¢” has a jump at r = 7. Consider a p-wave
between p! and p”, with p! < p < p” (the other cases are similar).

AT (7)) = A|w(0') — e (o)

=2(¢"(+) —¢"((-)) + ) (£(p") + £(0")) (1

3 q”(t'+))
1)

q"(t—)
<4lg"(+) —q" ()|,

since k. (t+, x) f(p) = an—ir; ke(t—, x) f(p).
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